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Abstract

A linear two-dimensional singularly perturbed convection-diffusion boundary-value
problem is considered. The problem is discretized by the upwind finite-difference
method. The analysis of this method on Shishkin-type meshes has been well-
established, but the discretization mesh in this paper is the original Bakhvalov mesh,
introduced in 1969 as the first layer-adapted mesh. We analyze the error of the numer-
ical solution in the maximum norm and prove first-order pointwise accuracy, uniform
in the perturbation parameter. This is the first complete analysis of this kind for two-
dimensional convection-diffusion problems discretized on the Bakhvalov mesh. Our
numerical experiments validate the theoretical analysis.
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1 Introduction and the model problem

In this paper, we consider the two-dimensional singularly perturbed convection-
diffusion problem

—eAu — b (x, Yuy — by(x, yuy +c(x,y) u= f(x,y) on £ =012
u=20 on ["'=0%2,

ey
where ¢ is the perturbation parameter such that 0 < ¢ < &* « 1, by, by, c and f are
sufficiently smooth functions, and b1 (x, y) > 1 > 0, ba(x,y) > B2 > 0, c(x, y) >
0 for all (x, y) € £2. We refer the reader to [9, 20] (see also [22, Theorem 7.17]) for a
detailed exposition of the compatibility conditions guaranteeing that the problem (1)
has a unique solution u in some suitable normed space. In general, the solution u of
the problem (1) has exponential boundary layers along the edges x = 0 and y = 0.
As opposed to this, when setting by (x, y) = 0, by(x,y) = 0, and c(x,y) > 0 on
£2 in (1), one gets singularly perturbed reaction-diffusion problems whose solutions
typically have characteristic boundary layers along all four edges of the unit square.

Singularly perturbed differential equations arise in various practical applications
and mathematical models. For example, convection-diffusion problems are found in
many formulations of fluid flow problems (such as the linearization of the Navier-
Stokes equations and transport problems) and semi-conductor device simulation.
More details on these two significant applications can be found in [30, pp. 1-
4], whereas mathematical models involving systems of reaction-diffusion problems
appear, for example, in simulation of chemical reactions, wave-current interaction,
and biological applications [3, 6].

When solving singular perturbation problems such as (1) numerically, the goal is
to design numerical methods that yield solutions that converge to the corresponding
exact solutions uniformly in the perturbation parameter ¢. This task is very challeng-
ing because the conventional numerical methods do not give satisfactory results when
applied to singular perturbation problems [8]. Therefore, special methods are devised
to achieve parameter-robust convergence. In the research literature, there are two
main approaches: the use of exponentially fitted finite-difference operators on uni-
form meshes and the use of layer-adapted meshes with certain discretization methods.
The former is less popular in spite of the fact that fitted schemes, like the II’in-
Allen-Southwell (I-A-S) scheme, work well when applied to the one-dimensional
analogue of (1). However, their extensions to 2D problems are difficult to analyze,
and even impossible in the case of reaction-diffusion equations [8, Example 2.2].
Indeed, a recent result due to Roos and Schopf [32] shows that one can achieve first-
order convergence with the I-A-S scheme on uniform meshes for two-dimensional
convection-dominated problems, but with restricted assumptions by (x, y) = b1(x)
and by(x,y) = ba(y). A similar result is obtained in [10] for exponentially fit-
ted Galerkin and Petrov-Galerkin methods. Another rare successful use of uniform
meshes in a very unique setting to obtain e-uniform convergence for one-dimensional
quasilinear convection-diffusion problems is the inversion method introduced by
Vulanovi¢ and Nhan [37], but this special approach remains inapplicable to 2D
problems.
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As opposed to the fitted-operator approach, the use of layer-adapted meshes—
from their first appearance more than five decades ago—has attained much attention
of singular perturbation researchers. As early as in 1969, Bakhvalov [2] introduced
his phenomenal idea of the mesh construction for one- and two-dimensional reaction-
diffusion equations in such a way that the mesh is dense inside the boundary layers
and coarse outside the layers. Essentially, in the layers, the mesh points are gener-
ated by a function which corresponds to the inverse of the boundary layer function.
Moreover, the Bakhvalov mesh-generating function is continuously differentiable on
the whole interval of integration. The Bakhvalov-type meshes due to Vulanovi¢ [39]
generalize the Bakhvalov mesh still retaining the elegant smooth property of the
mesh-generating function. However, the smoothness of these Bakhvalov-type meshes
generally results in implicitly defined transition points between the fine and coarse
parts of the mesh. This makes the error analysis more complicated than in the case
of the meshes with predefined transition points, such as Shishkin-type meshes in the
sense of Roos and LinB [17, 29] (see also [27]). The Shishkin-type meshes modify
the original piecewise uniform Shishkin mesh [34] keeping its transition point. They
are distinct from the Bakhvalov-type meshes because their mesh-generating func-
tions are not smooth. For more detailed exposition of the layer-adapted mesh design,
we refer the reader to Roos’ most recent survey [33], as well as to the monographs [7,
22, 30, 36], where the analysis of numerical methods applied on these meshes can
also be found.

Reaction-diffusion problems are more easily solved and analyzed [31, Section 1.1]
than the convection-diffusion problem (1). For instance, when finite-difference meth-
ods are used for two-dimensional reaction-diffusion elliptic problems, the complete
analysis for Shishkin meshes is given in [5, 13], whereas a simpler unified analy-
sis for both Bakhvalov-type and Shishkin-type meshes can be found in [12]. On the
other hand, when a convection-dominated problem is discretized by finite-difference
methods on Bakhvalov-type meshes rather than Shishkin-type meshes, the analysis
becomes much more difficult and delicate [33, Section 1.2]. Indeed, the analysis of
Shishkin-type meshes for the problem (1) was accomplished in 1999 by Linf} and
Stynes [18, 19] (see also their 2003 survey [17] and the error-expansion analysis
on the standard Shishkin mesh by Kopteva [16]). This happened even before the
first central finite-difference error analysis of reaction-diffusion problems obtained
in 2005 by Clavero et al. [5], and later in [4] for the use of a third-order HODIE finite-
difference scheme. However, for Bakhvalov-type meshes no similar result, even
for the standard upwind scheme, has been known for two decades (see [31, Ques-
tion 6]). The very first attempt to solve this important open problem is given in
a recent work by Nhan and Vulanovi¢ [28]. The main result in [28] is a com-
plete analysis of the one-dimensional analogue of (1) discretized on the simplest
Bakhvalov-type mesh from [39] for which the transition point can be written explic-
itly, but the authors also briefly outline an extended analysis for 2D problems. An
early use of this simplest Bakhvalov-type mesh for two-dimensional problems can
be found in [40], where a second-order hybrid finite-difference method is designed
and analyzed. However, the problem considered there is much simpler than (1)
(ba(x,y) = 0 and b1(x,y) = bi(x) are assumed) and e-uniform convergence is
not proved.
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The purpose of the current paper is to provide for the first time a complete anal-
ysis of the original Bakhvalov mesh when it is employed to discretize the stationary
convection-diffusion problem (1) by the upwind scheme. Therefore, our result fills
a long-standing theoretical gap in the analysis of the Bakhvalov-type meshes for
higher-dimensional convection-diffusion problems. The analysis presented in this
paper is even more compelling because, in 1D, several special techniques have
been used to provide parameter-uniform convergence proofs for Bakhvalov-type
meshes, such as the use of the hybrid-stability inequality [1, 14, 15, 23, 29] and the
preconditioning-based analysis proposed recently in [24-26, 38], but none of them
has been extended to 2D problems (cf. [22, Remark 9.2] and [24]). On the other hand,
the truncation error and barrier function approach, which has been widely used in the
analysis of Shishkin-type meshes [11, 18, 19, 21, 35], has not been applied to any
Bakhvalov-type mesh even for 1D problems until the recent appearance of [28]. It
is the same truncation error and barrier function approach from [28] that we follow
here.

The paper is organized as follows. In the next section, we review some well-
known preliminary results regarding the behavior of the exact solution and we also
introduce the upwind difference discretization on an arbitrary mesh. This is followed
by Section 3, where we describe the Bakhvalov mesh for the convection-diffusion
problem (1) and established its important properties for the later analysis. A complete
truncation error analysis is given in Section 4, and then an appropriate barrier func-
tion is constructed in Section 5 and used to prove the parameter-uniform convergence.
Numerical results that support our theoretical findings are reported in Section 6.
Finally, a short concluding remark is presented in the last section.

2 Preliminaries and the upwind discretization

In accordance with the established practice, we use C to denote a generic posi-
tive constant independent of & and the discretization parameter N. Let C"(£2) and
C"1(£2) be the spaces of functions defined on £2 whose derivatives up to the n-th
order are continuous and, respectively, Lipschitz-continuous. Let || - ||, denote the
L>®-type norm in C"(£2) and | - |,,, |- |n.1 denote the L*°-type seminorms in C"(£2)
and C™1(£2).

Lemma 1 (Shishkin-type decomposition) Suppose that f satisfies the compati-
bility conditions (see, for instance, [19, Theorem 2.1]). Then the boundary-value
problem (1) has a classical solution u € C3! (fZ) and this solution can be
decomposed as

u=S+E+Ey+ Eqp,
where, for all (x,y) € 2, we have
IS, +elSly; < C, 2
ak—HZ

()

< Ce ke Pr1v/e, 3
dxkay =te e ®
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?;—;fﬁ(x,y) < Cefe e, “
and 8k+EE12
0y x, )| < Cs_(k+£)e_(ﬁ‘x+ﬂ2y)/8, 3)
for0 < k + £ < 3. Furthermore,
ILEi(x, y)| < Ce™Pr/e, ©)
|LEx(x, y)| < Ce e, @)
and
ILE12(x, y)| < Ce™Prithonie, ®)
Let 2V = {(xi,yj): i,j=0,1,..., N} be the discretization mesh, where the

mesh point coordinates x; and y; satisfy

O=xp<x1<:---<xy=1 and O=yy<yi<---<yn=1
We denote I'N = ' (" 2V, and also set iy ; = x; — xi—1, hyi = (hyit1 + hyi)/2
and hy ; = y; —yj—1, hy j = (hy j+1 + hy j)/2. Given a mesh function {wf}’} on
2N, we discretize the problem (1) by the standard upwind scheme as follows,
LV = (—g(D,% +D2) = by ;DY — by Df + ci,-) w = fij on @N\I'V,

w{}’:O on I'V,

9)
with
D2*wV = ! DfwN — D-whN D2wV = L DYwN — D7wN
XTI T x Vij x Vij ) YU T R y Yij y Yij )
X,1 VsJ
N N
DV = Y " Yicti o e v Yl T Wi
x wij ’ X wij - s
hyi Ry it
N _ .. N N _ . N
D-wV = Wij — Wi DtwN = Wij+1 — Wi
y Vij T hy ’ y Yij T hy :
V.J y.j+l1

We split £V into LY + EQ’, where

N, N _ 2 I P T N, N _ 2 . nt).,N
L w;; = (—EDX —by,ij D} +c,/) w;; and Ly w;j = (—sDy - bz,uDy ) w; -

The matrix associated with the discrete operator £V is an M-matrix. Therefore,
the following discrete comparison principle holds.

Lemma 2 The operator LV satisfies a discrete comparison principle, that is, if { Vjj }
and {wij} are two mesh functions satisfying {v,~~,~| < wjj on N, and |£Nv,'j| <

ENwij on 2N\ I'N, then |v,~j| < wjj on V.

We also have the standard truncation error bounds for the discrete operator £V as
below.
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Lemma 3 (cf. Lemma 3.2 in [19] and Lemma 8 in [18]) Let g(x, y) be a smooth
function defined on 2. Then the following estimates for the truncation error hold:

2 32

0
E)]cvgij—(ﬁxg)ij < C (hy,i + hxiv1) (bij —g;(x,Y)‘ +e —é;(x,y) )
ax 0 ax 0,1
(10)
and
Xit+1 83g X 2g
EN,-~—£X~‘<C/—,-d/—,»d,
xgj ( g)lj — (8 i 8X3(€ y/) ;-_’_ o axz(g y/) ;
(11)

for0 < i, j < N, with analogous estimates for ‘Ejyvg,-j - (Eyg)l.j ‘

3 The Bakhvalov mesh for convection-diffusion problems

The original Bakhvalov mesh is presented in [2] as a discretization mesh for the
reaction-dominated problems with characteristic boundary layers. In this section, we
adopt his idea and describe the version for the problem (1) with exponential layers.
Furthermore, a careful analysis of mesh properties that are needed for the later error
analysis is also given.

The coordinates of the mesh points, x; and y;, of the Bakhvalov mesh are gener-
ated by functions A1 (#) and A, (¢) with ¢ € [0, 1] in the sense that x; = Aq(#;) and
yi = M(t;), where t; =i/N fori =0, 1,..., N. Then we form the mesh folid using
the Bakhvalov mesh points (x;, y;). For simplicity, from now on, we only consider
identical mesh-generating functions A and XA», denoting them jointly by A.

The mesh-generating function A is defined as follows:

o= [ror rel0,al,
Y@+ @ ), el ],

with ¢ (t) = ae¢p(t) and ¢ (¢) := In fort € [0, g), where a and ¢ are fixed pos-

—1
itive mesh parameters such that g € %O, 1) and ¥'(0) < 1, thatis, ae* < q. Speaking
of the mesh points on either the x- or the y-axis, the value of ¥ () represents the
transition point from the mesh graded in the layer to the uniform mesh outside the
layer. The transition point is defined implicitly via o, which is the solution of the
nonlinear equation

V() + ¥ (@l —a)=1
(the part of A on [«, 1] is the tangent line from the point (1, 1) to ¥, touching ¥ at
(cr, Y (@)).

Remark I If we want the points x; and y;, i = 0, 1, ..., N, to be generated by two
different respective functions A and X,, then each function has its own constants a
and g, and consequently, different values of «.
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Since we do not know the point « in general, we consider auxiliary points o1 and
a such that

V() = 7

The line through the points (g, 0) and (1, 1) has the slope 1/(1 — g) and it is steeper
than the tangent line from (1, 1) to v (¢), whose slope is ¥'(a). Therefore, o <
a) < g because ¥’/ (¢) is monotonically increasing on [0, ¢). Similarly, we also have
0 < ay < «. Figure 1 illustrates this construction graphically.

We now prove some properties of the Bakhvalov mesh. We state them for 4;,
which stands for both &y ; and Ay ;,i =1,2,..., N.

1
and ¥/ (an) = 1.
—q

Lemma 4
hi1<hi<—, i=2,3,...,N, 12
ll_l_(l—q)N L (12)
and
q—ae<a<gq—a(l —q)e. (13)
. 1
Proof It is easy to seethatqb”(t):m>0f0rte[0, q), and
q—
M) = Y1), tel0al (14)

¥v'(a), t€la,ll]
Therefore, A’ (¢) is non-decreasing and (12) follows from

hi—t <hi = [ N(s)ds < N7\ (1)

N < N e = L ie2 N (15)
= W(O[)_ W(Oll)—(l_q)N, L =2Z,...,1V.
1
To show (13), use ¥'(ay) = 0 again to get
-9
1
agd(ay) = L
g—ar 1—g

1

0.9
0.8
0.7
06
P
051
04

03

02
0.1 /_/[(
0 T L s

Fig. 1 The Bakhvalov mesh-generating function, A(¢) on [0, 1] (left) and its zoomed-in portion (right) for
e=10"%,g=1/2,anda =2
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It follows that ¢y = g — (1 — g)ae which yields the second inequality in (13). A
similar work with v/ (a3) = 1 yields the remaining estimate in (13). O]

The estimates (13) imply important lower and upper bounds for ¢ — o, which are
occasionally used later in the error analysis:

all —gq)e <qg—a < as. (16)
Let J be the index such that
tj—1 <a <ty. 17

The next lemma provides more estimates of the mesh width in the layer region.

Lemma 5 Lett; < q. Then we have

LN <hi<ae, i=1,2....J—1 (18)
q

Proof By (17), fori < J — 1 we have

hi =ag [} ¢'(s)ds = §¢'(ti-) = § ;=5— = CNT".
On the other hand,
hi =ae [} ¢'(s)ds < §¢'(t) = & A7 < F =iy < ass
which completes the proof of (18). O]

Remark 2 Without the condition ¢t; < g, the estimate in Lemma 5 are true for i <
J —2.

We now consider step-size estimates for the case g < ;. We also define
ty-1+ty  J— 1/2
2 N

ti—12 =

Lemma 6 Let g < tj. Then the following estimates are satisfied:

—  When o <tj_1/2, we have

hy>@N)™". (19)
— Whentj_12 < a, we have

hj_1 <2as. (20)

Proof First, consider a < £;_12. Inthiscase, h; = x; —x;_; = (x; —xo) + (xo —
xj—1) with x, = ¥ (). It follows that
hy > x; —xg =¥ (@)(t; — o) = asd’(a)(t) — @)
> A (1 —a) = 2 (= tm1p) = 5y
— q—«a = q—« = 2N’
where we used (16) in the last inequality.
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Second, fort; 1,2 < a, because t;_1 < tj_1/2 < & < g, we have

hji =ae [/ ¢/(s) ds < ' (t7-1) < % - =

f q—1j-1
ag

e« ——— <2ae

= N tj_ip—tji-1 — ’

which gives (20). O]

4 The truncation error analysis

The numerical solution wlg}l of the upwind finite-difference discretization is decom-
posed analogously to its continuous counterpart:

N N N N N
wij =Slj +E1,l’j+E2,l'j+E12,ij’
for which

Vsl =8y, LYEY;

= (LE);, LVEY,; = (LEy);, LYEY, ;; = (LEn); on 2N\ TV,
and
N N N N N
Sij = Sij, E],ij = Eyij, E2,ij = E jj, E12,ij = Ep;jonl". 21
Let
N (i) = (Luyyy = £V (wiy —wl) . 1=ij=N-1,

be the truncation (consistency) error of the upwind discretization of the problem (1)
on the Bakhvalov mesh. We establish the upper bounds for the truncation error by
using

o )| < [ (55 52) e (v,
+ ‘EN (Ez,ij - Eé\’,})) + ‘L‘N (Elz,ij - Ellvzz;)‘ @2)

where we set

and
= ‘CN (S,'j — SN>‘ + ‘[:N (El’,'j — E{Yij)‘
+]ey (B2 = 3 ) [+ |2} (B - B3 )]

We will bound each term of 7:;;- and ri)} separately. For the regular part S of the
solution, the standard argument (see also [19]) is applied by invoking Lemma 1 and
the first estimate in Lemma 3, as well as the mesh property (12) to obtain
|2 (s —sY)| = onTand | (5= s))| = eNTT for 1=, j= N-1.

(23)
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Let
i —1
= ,Blhx k
X B
Eij - kl |1 (1 + T

and let El)j be defined in the same way with 8, instead of S;.
In the next two lemmas we provide the truncation error estimate for the layer parts
E1 and E, as well as for the corner part E».

Lemma 7 Let afy > 2. Then, for any j = 1,2,...,N — 1, the bound on
Efcv (El,ij - E{VU)‘ can be given as follows.

— Fori>J,
Y (B - E{YU)‘ <CN (24)
- Fori<J-2
Y (Evi— EY)| s c (VT e EENTY). (25)
— Fori=J -1,
c(n! +s—1E%N—1), if hei < e,
Y (Evi - EY,)| = o ! 26)
g c(n! +h;i+1Eij_l>, if hyi> e
Also,
Y (Eaiy - B3)| s v @7)

Proof Throughout the proof, let 1 < j < N —1. For the detail of this proof technique,

we refer the reader to [28, Lemma 3.1].
We begin by asserting (24) fori > J + 1. We apply (11) to E, use (3), and note
that in this case t;_; > t; > «. Then we have

e (Evij - E{VU)’ < CN“WW(1141)e e PH-D/e < CN~1g2e=ah19(@)
_ api
< CN“le72 (e #@) P < CN1e2 (u) <cN,
q

where we have used (16) and a8 > 2 in the last inequality.
To prove (24) for i = J, we consider two cases: & < N~ lande > N~ First, for
i=Jande < N~ ! our approach is

ﬁ)/:/ (El,,'j — E{VU)‘ <

and then we bound each term on the right-hand side separately. Using the estimate
(6)ati = J we get

£ ()| + || (28)

- e\ g — o\ .
[(LLED)j| < CeProale < C(e?@)™ < C | —— < C(e)® < CN7!,
q

(29)
where we used (16).

@ Springer



Numerical Algorithms (2021) 87:203-221 213

As for |,C)]CV (El’,'j)

, we have

Eiv (El’,‘j) < Pi);' + ij + R;Cj, (30)

2
X _ .
where Pl.j =¢ ‘DxEl,u

X __ .. + ..
, Qij _bl,lj |Dx El,tj

, Ri-cj = ¢jj |E1,ij’ , and

P} < Chihe Pmi/e < ON (e7?@-0)" < CN (e + N7 < N7,
where we have used fj_| < o < 7 and (16) again. The same argument is employed
to get Q)}’j < CN~!. For R’J"j, it is clear from (3) that

Ry ;< Ce Prrile < N7,

because of the arguments used in (29).
Second, for i = J and ¢ > N~!, it follows that hy,;j < Ce because of (12).
Therefore, we use (11) to continue as follows:

Y (Evij— EY;)| = ONTlem2emhrurive < ON~lem2emPinile < oN 7L
This completes the proof of (24).
We combine the estimates (25) and (26) and prove them together. We consider two

subcases:

1. whent;_1 <g—3/N,and
2. wheng —3/N <ti_| <a.

Subcase 1. Note that, when t;_; < g —3/N,we have ti;1 < g —1/N < ¢, so
M(tiv1) < aed’(t;11) due to (14). Hence,

< C871N71 <#) (g*‘lb(ti—l))uﬂl/z e*ﬁlxi—l/(z«’:‘)

\q—li+1
< Ce“N‘lEfj.
Here, fori =1,2,...,J —2,weused hy; < ae due to Remark 2, and fori = J — 1,

the assumption %, j_1 < ¢ in (26).

Subcase 2. Note that in this case we have (¢ — t,_1) < 3N~'. Hence, we can
proceed as follows:

Eiv (El ij— E{")‘ < Cg~le=Pixi-1/2¢ p—P1xi—1/2¢
; N3 —
< Ce~leP1i/2e) oPihyi/ 2e) (e—qs(n_l))“ﬂlﬂ
<Ce'ESNT.
This completes the proof of (25) and the first estimate in (26).

Lastly, we show the second estimate in (26), thatis, wheni = J — 1 and A, ; > ¢,
by considering the following cases:

—1 = _
ChiiESNT 15 <q
cy (El,i,- - E{YU)‘ <lcent, g<ty&a<t,_, G
“1 fx a1
Chx,iHEij , q<tJ&ot>tJ_1/2.
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First, when t; < g, due to (12), one gets ¢ < CN -1 We again use the estimate in
the form of (28), invoking (16) and (6) to get

(LEv);j| < CePro/e < ChiLES (eotr-0) 2 < ChiyEj_ ;N7\
(32)
For Py_, j (and analogously for Q% _, j), we use (16) and (18) again to obtain
1 —Bixs_ -1 7 —1 -1 5 —1
Pj 1 ; =Chg ;e Prou=ale < Ch Ej , j[e+2N7"] < Chx,JE)chl,jN(:”é)
This implies that |£)ICV (El,ij)| < Ch;ljl’fjj‘_1 ].N_1 and, together with (32), asserts
the first case of (31).
Forh,;>¢e,i=J—-1,a < tj—l/z and g < tj, we use (19) to get
<CN™!

a
Pi_y; S Chl_jeProale < cnll) (e—w-2) < CN (q—;J—2>
because ;-1 < g < ;. We apply a similar argument to Q% _, ;, and also

ap1/2
) <

|(£El)ij| < Ce Pr-1/e < C (e*¢(tj—l))aﬁl/2 <C (‘1—’_!—1 CN— L.

q

ﬁfcv (El’,-j — E{Vij)) < CN~!, which is the second estimate

This implies that
in (31).

For hy; > & (again, ¢ < CN~'by(12),i=J—-1,a > tj—12,and g < ty,
because of (20), we can bound P}C—l,i and Q’}_l’j as in (33), and ](L’El),-j| as in
(32), which yields the last case of (31).

For ﬁiv (EZ,ij — Eé\a/l'.i>
arbitrary hy ;,

, because of (4) and (11), we can easily show that, with

£ (Eaij = EY;)| = € (ehaii + gy sCNT! 1 =isN -1,

where we used the property hy; < CN-Y i =1,2,...,N. This completes the
proof. O

Lemma 8 Let aBy > 2. The upper bound on , forany j =

1,2,..., N — 1, satisfies the following.

Y (v - EY )

— Fori > J,
cy (E12,ij - EJIVZU)’ <cNL
— Fori<J-2
cy <E12,ij - Ei\é”)‘ <C (Nf1 + sfll:?ij*I) .
- Fori=J-1,

c (N*l + e*IE;‘jN*I) if hyi <e,

c (N*l n h;}HEj‘jN*I) if hyi> e

E}](V (E]Z,ij - Eivz’ij)‘ =
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Proof We observe the following two key estimates that make the analysis in the proof
of Lemma 7 work for the E12 component. Lemma 1 implies

ILE1(x, y)| < Ce Pri/ee=Prr/e < cemPrv/e,

and )
]
YER ()| < CemigPraseg—parie < comip—Privle,
axi - -
Hence, arguments analogous to those in the proof of Lemma 7 can be applied to
prove the assertions. O

Combining Lemmas 7 and 8 with (23) and invoking (22), we arrive at the main
result of this section, the truncation error estimate for the upwind discretization of
the problem (1) on the Bakhvalov mesh.

Theorem 1 Let afy > 2 and aBy > 2. Then the truncation error of the upwind
discretization of the problem (1) on the Bakhvalov mesh satisfies

|£N (Ml]) — (Lll)ui < T{;- + Ti>j)"

where for rl."j andany j = 1,2,..., N — 1, we have,
- fori>J,
<N, (34)
- fori <J -2
s C(NT e ERNTY)
- fori=J—1,
Cc(N! +8_1Ef.N_1> if hei <e,
Ti); = 1 -1 " 1 (35)
C(NTV LG EENTY) if By > e,
whereas rli-,for anyi =1,2,..., N — 1, can be bounded as follows:
- forj>J,
7, <CN7!,
- forj<J-=2
@ =C(NT e BN
- forj=J—1,
-1 —1 7Y ar—1 .
,_fe(vreentEN ) ihse

T . = _
TT (N LG EGNTY) if by s

5 The barrier function and uniform convergence result

We now proceed to form a barrier function. Set

)/UZ)/,);-FV,;}’ ISZ’JSN_17
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with
v =C(l—x)N~'+ GE;N™" and v =Ca(1 - yON~I+ CLEI N,

where Cy, k =1, 2, 3, 4, are appropriately chosen positive constants independent of
both ¢ and N.

Lemma 9 Let aB; > 2 and aBy > 2. Then, there exist sufficiently large constants
Cr, k=1,2,3,4, such that

N N N y y .

LY=LV + L Vu z lj+Kij Zfi);'"‘fijs l=i,j=N-1

where _

ki = CIN ™! + Calmax{e, hyip1}] 7 ESN T,
and

/cl.yj = C3N~! 4 Cy[max{e, hy,j+1}]71Ei)}N*1.

Proof It is easy to verify that LY y;; > «} 5 and [,N Yij > /c)] see, for instance, [11,

27, 35]. Therefore, using Theorem 1, we will show that

‘L']<KJ 1<j<N-1,

for various values of the index i.
Let 1 < j < N — 1 throughout the proof again. It is clear from (34) that

i <CN'<CONT' <k, i=J 41 N—1

It remains to prove that ri’;- < Kixj fori < J—1.Ifi <J —3,then hy ;1 < as
because of Remark 2, in which the estimate (18) holds for i < J — 2. Therefore,

‘L'l-); <C (N7l +871E_ij71) <cN7! +C28711§ij7 < K”, foranyi < J — 3. (36)

Next, fori = J — 2, J — 1, we consider two cases: hy; > ¢ and h,; < ¢. First,
when hy,; > e, itis clear that hy ;{1 > hy; which immediately yields r}‘_l i =
Ky 1, - because of (35).

Fori = J —2and hy j_» > ¢ (which implies CN~! > €), we can also prove that
T SCWNT R LB, N,

by invoking (28), (30), iy, 7—2 < ae by Remark 2, while analogous arguments can
be used to obtain the bounds of Q);—Z,j’ , and |(£E12)J,2,j |

Second, we consider h,; < candi = J —2,J — 1. If hy ;41 < &, we have
the same situation as in the estimate (36). On the other hand, when &, ;11 > ¢ for
i =J —2,J — 1, this implies that max{e, hy j+1} = hy i+1 and ¢ < CN~L, so, by
modifying the approach in (33), we can also show that

Tz] <C(N +hxl+l

Ex N’l).

Similar arguments, when applied to Q7

i , and |(£xE12),~j’ give,

T <Chy i ESNT' <k, i=J-27-1
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Using analogous reasoning for rz., we are done. [

Theorem 2 Let affy > 2 and aff> > 2. Then, for the upwind finite-difference method
applied on the Bakhvalov mesh to the convection-diffusion problem (1), the error
satisfies

Ujj —wN

J<CN7', for 0<i, j<N.

Proof 1t is straightforward from (21) that

Ujj — W;; =0§]/l'j on FN.

N
tj

Furthermore, Lemma 9 gives
’ﬁN (u,-j — wf}’)‘ < [,NJ/,'J' on £V \ rv.
Applying the discrete comparison principle, Lemma 2, we complete the proof. [

Remark 3 The above e-uniform convergence result is more robust than what can be
proved when the upwind scheme is used on the standard Shishkin mesh, in which
case In N-factors occur in the error. Moreover, proofs of e-uniform convergence on
Shishkin-type meshes usually invoke the assumption ¢ < N~! (see [18, Assumption
3] and [22, page 12], for instance), which our proof method does not require.

6 Numerical results

In this section, we illustrate the numerical performance of the Bakhvalov mesh
as the discretization mesh of the standard upwind difference scheme for the
two-dimensional convection-diffusion problems of type (1). We consider two test
problems. The first one is taken from [22, page 261],

—eAu — (x +uy — (P +3)uy+ u= fx,y) on 2 =0, 17

u=0 on [I'=0812, 37)

where f(x, y) is chosen so that
u(x, y) = cos (%x) (1 - e*z"/‘?) (1—y)? (1 _ e—3y/g)

is the exact solution. It is clear that the solution has exponential boundary layers along
the x = 0 and y = 0 edges. In this test problem, b1 (x, y) > 2 and by(x, y) > 3 for
(x,y) € £2. Therefore, the choice of the Bakhvalov mesh parameter a = 2 satisfies
afi = 2 and aB, > 2 as required by Theorem 2. We also choose g = 1/2.

The computed errors, denoted by Ey, are shown in Table 1, together with the rate
of convergence p which is approximated numerically as

N InEy —In Ery
P n2
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Table 1 Problem (37): errors and rates for the upwind discretization on the Bakhvalov mesh with a = 2
andg =1/2

€ N =26 N=27 N=28 N=2° N =210
10~! 2.406e—02 1.235e—02 6.259¢—03 3.151e—03 1.581e—03 En
0.96 0.98 0.99 1.00 - P
1072 2.894e—02 1.448e—02 7.241e—03 3.618¢—03 1.808e—03 En
1.00 1.00 1.00 1.00 - )
1073 2.998e—02 1.531e—02 7.769e—03 3.913e—03 1.965¢—03 En
0.97 0.98 0.99 0.99 - P
1074 3.039e—02 1.566e—02 7.947e—03 4.002¢e—03 2.008e—03 En
0.96 0.98 0.99 0.99 - )
103 3.058e—02 1.571e—02 7.971e—03 4.014e—03 2.014e—03 En
0.96 0.98 0.99 1.00 - P
10-¢ 3.074e—02 1.574e—02 7.974e—03 4.015e—03 2.014e—03 En
0.97 0.98 0.99 1.00 - )
1077 3.084e—02 1.577e—02 7.981e—03 4.016e—03 2.015¢—03 En
0.97 0.98 0.99 1.00 - )
1078 3.092e—02 1.580e—02 7.988¢—03 4.018e—03 2.015¢—03 En
0.97 0.98 0.99 1.00 - )
1079 3.098e—02 1.581e—02 7.993¢—03 4.019e—03 2.015¢—03 En
0.97 0.98 0.99 1.00 - )

Table 9.1 in [22] shows the errors for the same test problem with ¢ = 10~% when
the standard Shishkin mesh and the Bakhvalov-Shishkin mesh are used. We point out
that the errors in Table 1 are less.

Our second test problem is

—eAu — [xsin (Zy) + 1ur— [ve* + 1]uy + [x? + 2] u = 5y sinx cos ()
on £ =(0,1)2,
u=0 on I'=2052,

(38)
for which we do not know the exact solution. Therefore, we compute the errors by the
double-mesh principle [7]. We use the same mesh parameters like above, a = 2 (here
br(x,y) > 1fork =1,2and (x, y) € £2) and ¢ = 1/2. The upwind approximations
and the rates of convergence are shown in Table 2. A computed solution when N = 26
and ¢ = 1073 is plotted in Fig. 2.

7 Conclusion
Motivated by a long-standing open question in [31], related to the finite-difference

analysis of convection-dominated problems, we generalized the new approach of
the truncation error and barrier function technique, recently introduced in [28],
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Table2 Problem (38): errors and rates obtained by the double-mesh principle for the upwind discretization
on the Bakhvalov mesh witha =2 and g = 1/2

€ N=2 N =26 N=27 N=28 N=2°
10~! 5.618e—03 2.985¢—03 1.539¢—03 7.819e—04 3.940e—044 En
0.91 0.96 0.98 0.99 - P
1072 1.602e—02 9.487¢—03 5.241e—03 2.779¢—03 1.436e—03 En
0.76 0.86 0.92 0.95 - )
1073 2.097e—02 1.277e—02 7.344e—03 4.038e—03 2.142e—03 En
0.72 0.80 0.86 0.91 - P
1074 2.197e—02 343e—02 7.753e—03 278e—03 2.276e—03 En
0.71 0.79 0.86 091 - )
103 2.214e—02 1.353e—02 7.811e—03 311e—03 2.294e—03 En
0.71 0.79 0.86 0.91 - P
10-¢ 2.220e—02 1.355e—02 7.822e—03 4.316e—03 2.296e—03 En
0.71 0.79 0.86 091 - )
1077 2.223e—02 1.356e—02 7.826e—03 4317e—03 2.297e—03 En
0.71 0.79 0.86 0.91 - P
1078 2.225¢—02 1.357e—02 7.828¢—03 4.318e—03 2.297e—03 En
0.71 0.79 0.86 0.91 - )
100 2.227e—02 1.358e—02 7.830e—03 4318e—03 2.297e—03 En
0.71 0.79 0.86 0.91 - P
0.2

Fig.2 The computed solution by double-mesh principle to the test problem (38)

0 o
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from one-dimensional problems to 2D problems. Moreover, one of the simplest
modifications of the Bakhvalov mesh was used in [28], whereas in the present
paper, we considered the original Bakhvalov discretization mesh. For the upwind
finite-difference scheme, we proved first-order convergence uniform in the per-
turbation parameter. We also confirmed the theoretical results experimentally. Our
novel technical approach opens the door to the analysis of other unanswered ques-
tions related to Bakhvalov-type meshes in conjunction with convection-diffusion
problems.

References

1. Andreev, V., Kopteva, N.: On the convergence, uniform with respect to a small parameter, of monotone
three-point finite difference approximations. Differ. Equ. 34(7), 921-929 (1998)

2. Bakhvalov, N.S.: The optimization of methods of solving boundary value problems with a boundary
layer. USSR Comp. Math. Math. Phys. 9, 139-166 (1969)

3. Britton, N.F.: Reaction-Diffusion Equations and Their Applications to Biology. Academic, London
(1986)

4. Bujanda, B., Clavero, C., Gracia, J.L., et al.: A high order uniformly convergent alternating direction
scheme for time dependent reaction-diffusion singularly perturbed problems. Numer. Math. 107, 1-25
(2007)

5. Clavero, C., Gracia, J.L., O’Riordan, E.: A parameter robust numerical method for a two dimensional
reaction-diffusion problem. Math. Comput. 74(252), 1743-1758 (2005)

6. Estep, D.J., Larson, M.G., Williams, R.D.: Estimating the error of numerical solutions of systems of
reaction-diffusion equations. Mem. Amer. Math. Soc. 146(696), viii+109 (2000)

7. Farrell, P.A., Hegarty, A.F., Miller, J.J.H., O’Riordan, E., Shishkin, G.I.: Robust Computational
Techniques for Boundary Layers. Chapman & Hall, Boca Raton (2000)

8. Franz, S., Roos, H.-G.: The capriciousness of numerical methods for singular perturbations. SIAM
Rev. 53, 157-173 (2011)

9. Han, H., Kellogg, R.B.: Differentiability properties of solutions of the equation —s?>Au + ru =
f(x,y)in a square. SIAM J. Math. Anal. 21, 394-408 (1990)

10. Hegarty, A.F.,, O’Riordan, E.: M. Stynes. A comparison of uniform convergent difference schemes for
two-dimensional convection-diffusion problems. J Comput. Phys. 105(1), 24-32 (1993)

11. Kellogg, R.B., Tsan, A.: Analysis of some difference approximations for a singular perturbation
problem without turning points. Math. Comput. 32, 1025-1039 (1978)

12. Kellogg, R.B., LinB, T., Stynes, M.: A finite difference method on layer-adapted meshes for an elliptic
reaction-diffusion system in two dimensions. Math. Comp. 77(264), 2085-2096 (2008)

13. Kellogg, R.B., Madden, N., Stynes, M.: A parameter-robust numerical method for a system of
reaction-diffusion equations in two dimensions. Numer. Meth. Part. Differ. Equa. 24(1), 312-334
(2008)

14. Kopteva, N.: On the convergence, uniform with respect to the small parameter, of a scheme with
central difference on refined grids. Comput. Math. Math. Phys. 39, 1594-1610 (1999)

15. Kopteva, N.: Uniform pointwise convergence of difference schemes for convection-diffusion prob-
lems on layer-adapted meshes. Computing 66, 179-197 (2001)

16. Kopteva, N.: Error expansion for an upwind scheme applied to a two-dimensional convection-
diffusion problem. SIAM J. Num. Anal. 41, 1851-1869 (2003)

17. LinB, T.: Layer-adapted meshes for convection-diffusion problems. Comput. Methods Appl. Mech.
Eng. 192(9-10), 1061-1105 (2003)

18. LinB, T.: An upwind difference scheme on a novel Shishkin-type mesh for a linear convection-
diffusion problem. J. Comput. Appl. Math. 110(1), 93—104 (1999)

19. LinB, T., Stynes, M.: A hybrid difference scheme on a Shishkin mesh for linear convection-diffusion
problems. Appl. Numer. Math. 31(3), 255-270 (1999)

20. LinB, T., Stynes, M.: Asymptotic analysis and Shishkin-type decomposition for an elliptic convection-
diffusion problem. J. Math. Anal. Appl. 262(2), 604-632 (2001)

@ Springer



Numerical Algorithms (2021) 87:203-221 221

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.
36.

37.

38.

39.

40.

LinB, T.: Robust convergence of a compact fourth-order finite difference scheme for reaction-diffusion
problems. Numer. Math. 111, 239-249 (2008)

LinB, T.: Layer-Adapted Meshes for Reaction-Convection-Diffusion Problems Lecture Notes in
Mathematics, vol. 1985. Springer, Berlin (2010)

LinB, T., Roos, H.-G., Vulanovi¢, R.: Uniform pointwise convergence on Shishkin-type meshes for
quasilinear convection-diffusion problems. SIAM J. Numer. Anal. 38, 897-912 (2001)

Nhan, T.A., Stynes, M., Vulanovié, R.: Optimal uniform-convergence results for convection-diffusion
problems in one dimension using preconditioning. J. Comput. Appl. Math. 338, 227-238 (2018).
https://doi.org/10.1016/j.cam.2018.02.012

Nhan, T.A., Vulanovié, R.: Preconditioning and uniform convergence for convection-diffusion prob-
lems discretized on Shishkin-type meshes. In: Advances in Numerical Analysis (2016). Article ID
2161279

Nhan, T.A., Vulanovi¢, R.: Uniform convergence on a Bakhvalov-type mesh using preconditioning
approach: technical report arXiv:1504.04283 (2015)

Nhan, T.A., Vulanovi¢, R.: A note on a generalized Shishkin-type mesh. Novi Sad J. Math. 48(2),
141-150 (2018). https://doi.org/10.30755/NSJOM.07880

Nhan, T.A., Vulanovi¢, R.: Analysis of the truncation error and barrier-function technique for a
Bakhvalov-type mesh. ETNA 51, 315-330 (2019)

Roos, H.-G., LinB, T.: Sufficient conditions for uniform convergence on layer-adapted grids. Comput-
ing 63, 27-45 (1999)

Roos, H.-G., Stynes, M., Tobiska, L. Numerical Methods for Singularly Perturbed Differential
Equations Springer Series in Computational Mathematics, 2nd edn., vol. 24. Springer, Berlin (2008)
Roos, H.-G., Stynes, M.: Some open questions in the numerical analysis of singularly perturbed
differential equations. CMAM 15, 531-550 (2015)

Roos, H.-G., Schopf, M.: An optimal a priori error estimate in the maximum norm for the II’in scheme
in 2D. BIT 55(4), 1169-1186 (2015)

Roos, H.-G.: Layer-adapted meshes: milestones in 50 years of history. Appl. Math.
arXiv:1909.08273v1 (2019)

Shishkin, G.I.: Grid Approximation of Singularly Perturbed Elliptic and Parabolic Equations (In
Russian). Second Doctoral thesis, Keldysh Institute Moscow (1990)

Stynes, M., Roos, H.-G.: The midpoint upwind scheme. Appl. Numer. Math. 23, 361-374 (1997)
Stynes, M., Stynes, D.: Convection-diffusion problems: an introduction to their analysis and numerical
solution, vol. 196. 156 pp (2018)

Vulanovié, R., Nhan, T.A.: A numerical method for stationary shock problems with monotonic
solutions. Numer. Algor. 77(4), 1117-1139 (2017)

Vulanovié, R., Nhan, T.A.: Uniform convergence via preconditioning. Int. J. Numer. Anal. Model.
Ser. B 5, 347-356 (2014)

Vulanovié, R.: On a numerical solution of a type of singularly perturbed boundary value problem
by using a special discretization mesh. Univ. u Novom Sadu Zb. Rad. Prir. Mat. Fak. Ser. Mat. 13,
187-201 (1983)

Vulanovié, R.: Non-equidistant finite difference methods for elliptic singular perturbation prob-
lems. In: Miller, J.J.H. (ed.) Computational Methods for Boundary and Interior Layers in Several
Dimensions. Boole Press, Dublin (1991)

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


https://doi.org/10.1016/j.cam.2018.02.012
http://arxiv.org/abs/1504.04283
https://doi.org/10.30755/NSJOM.07880
http://arxiv.org/abs/1909.08273v1

	The Bakhvalov mesh: a complete finite-difference analysis of two-dimensional singularly perturbed convection-diffusion problems
	Abstract
	Introduction and the model problem
	Preliminaries and the upwind discretization
	The Bakhvalov mesh for convection-diffusion problems
	The truncation error analysis
	The barrier function and uniform convergence result
	Numerical results
	Conclusion
	References


