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Abstract

In this paper, we establish unconditionally optimal error estimates for linearized
backward Euler Galerkin finite element methods (FEMs) applied to nonlinear
Schrédinger-Helmholtz equations. By using the temporal-spatial error splitting tech-
niques, we split the error between the exact solution and the numerical solution into
two parts which are called the temporal error and the spatial error. First, by intro-
ducing a time-discrete system, we prove the uniform boundedness for the solution
of this time-discrete system in some strong norms and derive error estimates in tem-
poral direction. Second, by the above achievements, we obtain the boundedness of
the numerical solution in L°-norm. Then, the optimal L? error estimates for r-order
FEMs are derived without any restriction on the time step size. Numerical results
in both two- and three-dimensional spaces are provided to illustrate the theoretical
predictions and demonstrate the efficiency of the methods.
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1 Introduction

In this paper, we focus on error estimates for linearized backward Euler Galerkin
FEMs applied to the generalized nonlinear Schrédinger-Helmholtz equations defined
by

1% 4+ Au+ ¢ f (Juhu =0, (1)

ay — BEAY = f(lul)|ul?, 2
forx € Qand ¢t € [0, T], where 2 is a bounded and convex (or smooth) domain in
R? (d = 2, 3). The initial and boundary conditions are taken to be

u(x,0) =ug(x), forx € Q,

u(x,t) =Y (x,t) =0, forx €92, t €[0,T]. &)

Here i = +/—1, «, B are real nonnegative constants witha + 8 # 0,and f : R — R
and ug : Q2 — C are given functions. The complex-valued function u(x, t) stands
for the single particle wave function, v (x, t) is a real-valued function which denotes
the potential. The above system may describe many different physical phenomena
in optics, quantum mechanics, and plasma physics. The system (1)—(3) defines the
Schrédinger-Poisson model [7, 18, 22, 27, 28, 30] when o« = 0. When 8 = 0, the
system (1)—(3) reduces to a generalized nonlinear Schrédinger (GNLS) equation [3,
33, 34]. The other Schrodinger system such as the Schrodinger-Poisson-Slater model
can found in [5, 37, 44].

In the past several decades, there are numerous works devoted to the theoretical
analysis for various Schrodinger type equations (see, e.g., [6, 38] and the references
therein). We refer to [30, 37] for the existence and uniqueness of solutions of the
Schrodinger-Poisson type equations in R? (d = 2, 3). In [11], Cao et al. proved the
local and global existence of a unique solution of the Schrodinger-Helmholtz equa-
tions. Numerical methods and analysis for the nonlinear Schrodinger type equations
can be found in [4, 9, 29, 35, 40] for finite difference methods, in [2, 7, 36, 45]
for FEMs, and in [8, 12] for spectral methods. In [2], Akrivis obtained optimal L?
error estimates of the Crank-Nicolson Galerkin FEMs for the GNLS equation by a
classical energy method. But this optimal L? error estimates required the time step
condition T = O(h?/*) (d = 2, 3) for both linearized and nonlinear schemes, where
T and & denote the time step size and the mesh width, respectively, and d represents
the dimension of space. In [42], Tourigny obtained optimal H' error estimates of the
implicit backward Euler and Crank-Nicolson Galerkin finite element schemes for the
GNLS equation by using a nonlinear stability theory, which required the time step
conditions T = O(h%/?) and T = O(h?/*) (d = 1, 2, 3) for the two schemes, respec-
tively. In addition, optimal error estimates of finite difference schemes under certain
time step conditions can be found in [5, 36]. In [39], Sun and Wang established two
linearized Crank-Nicolson finite difference schemes for coupled cubic Schrodinger
equation in three-dimensional space, and derived optimal L? error estimates of the
schemes unconditionally.

In the practical computations of solving nonlinear partial differential equations,
linearized schemes are usually more efficient since at each time step, the schemes
only require solving a linear system. However, they typically suffer from the time

@ Springer



Numerical Algorithms (2021) 86:1495-1522 1497

step restriction conditions. In order to derive the optimal error estimates of linearized
backward Euler Galerkin FEMs, one usually needs to prove the boundedness of
numerical solutions in L*°-norm. For this purpose, by using the induction method
with an inverse inequality, one has

U L < [|Rpu™ || Loo + IIthu" = UjllL=
< Cllu"llpg2 + Ch‘jlthu” = Ujll2
< Cllu"||g2 + Ch~2(t + W't
S C9

where U ,’Z and u" are the numerical solution and the exact solution, respectively;
Ry, is a Ritz projection operator; r is the degree of the Galerkin FEMs; and C is a
generic positive constant. However, the above inequality leads to a time step con-
dition T = (’)(h%) (see [13, 14, 19, 31] for more details). This condition may lead
to the use of an unnecessarily small time steps and make the computations much
more time-consuming in practice. Recently, a new method was proposed by Li and
Sun [23, 24] to derive unconditional stability and convergence of a linearized back-
ward Euler Galerkin FEM for the time-dependent Joule heating equations. Moreover,
this method was used in [25] for a nonlinear equation from incompressible misci-
ble flows in porous media, in [16] for the Landau-Lifshitz equation, in [17] for the
time-dependent Ginzburg-Landau equations, and in [43] for the generalized nonlin-
ear Schrédinger equation. This new method is based upon an error splitting technique
by introducing a corresponding time-discrete system. After deriving a priori estimates
for the solution of the time-discrete system, one has

U Lo < IRRU™ || oo + ||Rh(£" = Uyl
< IR U™ + Ch™2|RyU" — U} |l 12
<C+chd
S C’

where U" is the solution of the time-discrete system. Therefore, the boundedness of
U} in L*-norm can be obtained without time step restriction.

In this paper, applying the error splitting technique proposed in [23-26], we study
two linearized backward Euler schemes with r-order Galerkin FEMs (r > 1) for
the time-dependent nonlinear Schrodinger-Helmholtz equations (1)—(3). The first
scheme is semi-decoupled, and at each time step, one needs to solve for \IIZH firstly,

and then to solve for U ,;’H. The second scheme is fully decoupled, which is pre-

sented in numerical experiments. At each time step, it allows us to solve for \IJ;:H
and U ,'I’H in parallel. We only consider the theoretical analysis of the first scheme
since it can be easily extended to the second one. However, the efficiency of the sec-
ond method is verified in numerical experiments. In our analysis, by introducing a
corresponding iterated time-discrete system, we prove the uniform boundedness for
the solution of this system in some strong norms and derive error estimates in tem-
poral direction. Next, we split the finite element error into two parts, the error in
the temporal direction plus the error in the spatial direction, and derive the bound-
edness of the numerical solution in L°-norm. Then, the optimal L? error estimates
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for r-order FEMs (r > 1) are derived without any restriction on the time step size.
Numerical results in both two- and three-dimensional space are presented to illustrate
the theoretical predictions and demonstrate the efficiency of the method.

The rest of the paper is organized as follows. In Section 2, a linearized backward
Euler Galerkin FEM for the nonlinear Schrédinger-Helmbholtz equations (1)—(3) is
presented. We split the error function as a temporal error function and a spatial error
function by introducing a corresponding time-discrete system. Section 3 provides a
priori estimates for the temporal error and suitable regularity for the solution of the
time-discrete system. In Section 4, we obtain the t-independent spatial error esti-
mates in L2-norm. In Section 5, we derive the uniform boundedness of numerical
solutions in L-norm and establish unconditional optimal L? error estimates of the
r-order (r > 1) Galerkin FEMs. In Section 6, we present the fully decoupled lin-
earized backward Euler Galerkin FEM and provide some numerical examples for
both two- and three-dimensional models to illustrate our theoretical analysis. Finally,
conclusions are given in Section 7.

2 Preliminaries

Before presenting the schemes, we introduce some notations, definitions, and pre-
liminary lemmas which will be used in the analysis. Let €2 be an open, bounded
convex polygonal domain in R? or polyhedral domain in R3 with Lipschitz continu-
ous boundary 9€2. Let Wk*l’(Q) (k € N, 1 < p < +400) denote the standard Sobolev
space equipped with the norm || - ||yy«.» [1]. The space H k() is the standard Hilber-
tian Sobolev space of order k with norm || - || gz« [1]. All other norms will be clearly
labeled.

Following the classical finite element theory [10], we define t, = {K} to be a
quasi-uniform partition of  into triangular (in R?) or tetrahedral (in R%), let h =
maxyger, {diamK} and 0 < h < 1. For every K € 7, and a nonnegative integer
I, Pi(K) is the space of the /th-order polynomial on K. With these notations, we
introduce the following finite element space

Vi={vy, €C(Q): vy € P,(K)and vy, = 00n dQ, VK € 13,},
where r > 1is afixed integer. Let 0 = #p < t; < -+ < ty = T be a uniform partition
of the time interval [0, T'] with time step size T = T/N, t, = nt and u”" = u(-, t,),
Y" = (-, t,) for 0 < n < N. For any sequence of functions { f ”}flV:O, we define

fn+1 _ fn
T

DTf"H: forn=0,1,2,---,N — 1.

For any two complex functions u, v € L*(R), the L? inner product is defined as
follows:

(u,v) = / u(x)-vx)dx,
Q

where v denotes the complex conjugate of v.
Let Ry : HO1 (2) — Vj, be a Ritz projection operator defined by

(Vv = Ryv), Vw) =0, for w € Vj.
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By the classical finite element theory [10, 41], we know
lv— Rpvll2 + AV = Rpv)ll 2 < ChY vl ps, “4)

and
IRrvllwrr < Clivllyie, ¥p>1, )

foranyv € HS(Q NHN(Q), 1 <s <r+ L
With above notations, a linearized backward Euler Galerkin FEM is to find
U}:‘H, w;f“ € V}, such that

(DU vy — (VU Vo) + (W FqUDUTT  v) =0, Yo e Vi, (6)

a(Wpt @) + B2V Vo) = (FAULDIUL, ¢), Yo € Vi, (D)
with the initial value U 2 = Rjugp and \IJhO satisfies
a (W), @) + B2 (VW}, Vo) = (f(uoDluol*, ¢), Yo € V. ®)
Multiplying (6) by U ;ZH and integrating it over 2 to get
. ”U}IIL—HH%Z i n n+1 n+1,2 n+1 n n+12
i——— ;(Uh, Up ™) = IVU, i+, FAUR DU Nl = 0.

Taking the imaginary parts of the above equation yields
13+ 132 = Re(Wy U+ < IUR 1200 2,
and then, we have
|IU}’;+1||L2 < U2z forn=0,1,---, N — 1. ©)

For analyzing the linearized scheme (6)—(7), we introduce a time-discrete system
corresponding it as follows:

IDTUl’LJrl + AU"+1 + an+1f(|Ul‘l|)Ul‘l+l — O, (10)
a " — BRAWTH = F(UTDIUTP, (1)
with the initial and boundary conditions

U= ug, in €2,

Urtl =0, vt =0, onae, (12)

forn=0,1,---,N — 1, where V9 = wo satisfies (2) at t = ty. The homogeneous
Dirichlet boundary condition ¥ = 0 is imposed on 9€2; thus, the classical regularity
theory of PDEs [15] shows the boundedness of || WO z2- In addition, it is easy to see
that U"*! satisfies the following estimate

U™ M2 < MU0 2 = lluollz2, for 0<n <N —1. (13)

The main idea to our proof in this paper is the error splitting technique proposed
in [23-26]; by this technique, we separate the errors into the temporal error and the
spatial error as

1 1
"t = U e < = 0 U = U2,

1 1
Iy — Wt < I+ — W o et —
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With the splitting, we can prove that the temporal error is O(t) and the spatial error
is (’)(h2), from which and the inverse inequality, we can obtain the uniform bound-
edness of numerical solutions U}’ +1and vy *1in L%-norm. Then, the optimal error
estimates can be easily obtained.

In the remaining of this paper, we assume that /) : R — R (I = 0, 1) are locally
Lipschitz continuous, i.e., for any ry, rp, € [—M*, M*],

Q1) = FO)| < Lagslry —ral, (14)

where Ly« is the Lipschitz constant depended on M* and f©) denotes the /th-order
derivative of f. We also assume that the solution to the initial and boundary value
problem (1)—(3) exists and satisfies

”M()” Hr+l + ”M ||L°°((O,T);H’+1) + ||I/lt ||LOO((O’T);HV+1)
(15)
Hlurell 20,7y 51y + 1 Lo 0,7y 1y < M.

The discrete Gronwall’s lemma plays an important role in the analysis; we recall

from [21] as follows:

Lemma 1 (Discrete Gronwall’s inequality) Let At, H and a,, by, ¢,,, d,, (for inte-
gers n > 0) be nonnegative numbers such that

l l l

al—i—Ath,, < AtZdnan—}—Athn + H forl € N,
n=0 n=0 n=0

Suppose that Atd,, < 1, for all n, and set o, = (1 — Atdn)’l, then

! I l
a; + At Zb,, < exp (At Zandn) (At ch + H)forl e N.
n=0 n=0 n=0

Remark 1 If the first sum on the right-hand side of (1) extends only up to [ — 1, then
estimate (1) holds for all At > 0 with g, = 1.

In our analysis, we need the following lemma and we refer to [15] for the details
of the proof.

Lemma 2 Let m be a nonnegative integer, and assume g € H™(Q) and 92 is C" 2.
Suppose that v € H(} (S2) is the unique solution of the boundary value problem

av— pPAv =g in Q,
v=0 on 092

Then v € H"2(Q) and the following estimate holds

vl gmiz = Cligllam,

where C depending on m, Q and o, B.

Remark 2 Lemma 2 is also valid for convex domains when m = 0.
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We recall the Gagliardo-Nirenberg inequality [1, 32] in the following lemma
which will be frequently used in our proofs.

Lemma 3 (Gagliardo-Nirenberg inequality) Let u be a function defined on Q and
0*u be any partial derivative of u of order s, then

. -
187 ullLr < ClIO™ullG  Null 4 + CllullLa,
for0<j <mand%§a§lwith

1

J 1 m 1
) 4 a(r_ )+(1_a)q’

d

+

exceptl <r <ocoandm — j— % is a non-negative integer, in which case the above

i L
estimate holds for s <a< 1.

Since the triangulations t;, is assumed to be regular, for each v, € Vj, the
following inverse inequality holds [10]:
lonllze < Ch™%flugll 2 for d =2, 3. (16)

For the simplicity of notations, we denote by Cp a constant dependent upon
o, B, f,and M givenin (15). We denote by C a generic positive constant involved in
some classical inequalities, such as the Gagliardo-Nirenberg inequality and inequal-
ities for Ritz projection, which depend upon the domain €2 and the shape regularity
parameter of the mesh. Also we denote by Cys a generic positive constant indepen-
dent of n, h, and t and can absorb the constants Co and C, which could be taken
different values in different places.

3 Temporal error estimates

In this section, we will estimate the error functions u"*! — U”+! and y"t! — @r+!
and establish the boundedness of the time-discrete solutions in some norms.
Under the regularity assumption (15), we define

Mo == max_[[u"[lzo + llu' ||z + 1,
0<n<N

which is a positive constant dependent on M and independent of t, %, and n. Let
en—H — un+1 _ Un+1’ nn+1 — 1)[/n+l _ \I,n—H_

The system (1)—(2) at t = t,,1 can be rewritten as

iDTunJrl + Aun+1 + 1pn+1f(|un|)un+l — Rn+1’ (17)

ay" = BEAYT = f(u ) + QM (18)
where

R =D — iy (1) + 9 f (D — gLt utt
Q= f(lu™ DI = f(u Dlu" .
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Subtracting (10)—(11) from (17)—(18) leads to
iDre"! 4 Aent! 4 RIF = R (19)

O[n"+1 _ .32A77"+1 — Qill+1 + Qn+17 (20)
where
R =y f (i purtt — L p U U,
Q! = fUu Dl — FAUTHIU".
By Taylor formulation, (14), and the regularity assumption (15), it is easy to see
that ]
N-1 2

2
19" l,2 + (Z T||R"H! ||iz> < Cor. 1)

n=0

Theorem 1 Suppose that the system (1)—(3) has a unique solution u,  satisfying
(15). Then, there exists positive constants r(’)* such that when t < ré“, the time-discrete
system (10)=(12) has unique solutions U™, W™+ =0, 1,---, N — 1, and there
holds

1 1 1 1 1 1
e 2 + 1™ e + e g + 20" e + 10" e < Cir, (22)

1
N-1

2

||Um+‘||Hz+||wm+‘||H3+<Zr||DTUm+‘||§,2) <cy, (23)
m=0

where Cg, Car are two positive constants dependent on M and independent of

m, h, T.

Proof System (10)—(12) are linear elliptic equations, and following the classical the-
ory of elliptic PDEs and the bound (13), we can find the solution of system (10)—(12)
exists and is unique. Before proving (22) and (23), we use mathematical induction to
prove the following estimate

JU™ Y < Mg, for m=0,1,---,N —1. (24)

We first prove that the above estimate holds for m = 0. Choosing n = 0 in (19), we
have
iDre! + Ae' + R} =R, (25)
an' — g2An! = QL. (26)
From (11) and Lemma 2, we have

1 2 < CIlf (oD luol* Nl 2 < Colluolly4 < Car

By the embedding H?(Q) < L*(£2), we have

Wl < CIW 42 < Cur (27)
From (26), (21), and Lemma 2, we have
In'll2 < In' g2 < QY2 < Cor. (28)
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Noticing that
RE = ¢! fuohu' — ¥ f(uohU' = n' f (uohu' + W f(Juol)e’,
and using (27) and (28), we have
IR 2 < " fluohu'll 2 + 19" £ (uohe' |2
< Coln'llz2 + Coll¥ o< lle! |l 2
< CuIn'll2 + lletll2)
< Cu(lle'll 2 + 7). (29)
Testing (25) by ¢! and taking the imaginary part of the resulting equation to get
le'l7, = —eIm(R{, ") + tIm(R', e
< Tl Rilzlle 2 + IR 2 et o

By (29) and (21), we get

A

letll;2 < Cur, (30)

whent < 1 = min{ﬁ, (CC—Ag)Z}. From (25), (29), and (30), we know

le'll .2

1
Ae! )2 < + IR 2 + IR I 2 < Cyr + Cyut 4+ Cot? <3Cy, (31)

T

when T < t7. Next, we estimate ||e1 Lo < CCM‘[% ford = 3 and d = 2, respec-
tively. For d = 3, by the Gagliardo-Nirenberg inequality in Lemma 3, (30), and (31),
we have

1 103 144 1 1
le e < Clle II};zlle ”22 +Clle llp2 = CCyts. (32)
Similarly, for d = 2, we know
1 1 1 1
le' Iz < Clie' 12, lle' 12, + Clle' ;2 < CCyT? < CCyTd.  (33)
Therefore,

1 1 1
U Ml < llullzee 4 lle” flzee

A

B 1
< flu'|l + CCyti
< My,
m. Thus, (24) holds for m = 0. Now, by mathematical
induction, we assume (24) holds for m < n — 1. Then, from (11), we have
19" g2 < CLAAUDIU" Pl 2
< CollU" 34 < CoClIU" |10 < Cit. (34)

when 7 < 1 =

A

Noticing that

Q! = (£ = FAUD) " + FAU™D (I + U ]) ("] = U"1),
we have
1 2 < (D= AU D) " Pll 2+ 1L AU D (Ju™ 14107 1) (1" | = 1Ol 2
< Culle" 2, (35)
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here, (14), (15), and the induction assumption are used.
From (20), (21), (35), and Lemma 2, we know that

I 2 < I e < CAQT 2 + 119" 12)
Cu(lle" 2 + ). (36)

IA

IA

We rewrite R’f‘“ as

R = 0 L D 0 Q) = fQUPD)u e U et
(37)
and then we have

IR e < ™ F Qe Du iz + 19" (F Qu) = FAUTD)u" 2
W U 2
Cour(In™ W2 + 11" M2 + lle” 1 2)
Cu(le" g2 + lle*ll2) + Cur, (38)
here, (34) and (36) are used.

Next, we prove that (24) holds for m = n. Testing (19) by &"*! and taking the
imaginary part of the resulting equation to derive

IA

IA

1
o7 (1" I = lle"17) = ~Im(R}*!, ") + Im(R"H!, ")
T
+1 1 1 1
< IRT 2l M2 + IR 2 lle" 2
142 2 2 12
< Cu(lle"™M72 + 1€"13,) + Cut? + CullR™12,.

where (38) is used. Summing up the above inequality and using the discrete
Gronwall’s inequality and (21), we know that there exists 73 > 0 such that

le"* M2 < Ci, (39)
when 7 < t3. The above estimate shows that
IDe" 2 < Cu
with which and (19) and (21), we have
1ae" 2 < D™ 2 + IR 2 + IR 2
< Cy + Cyt + Cot? <3Cy, (40)

when 7 < 7. By the same techniques used in the proof of estimates (32) and (33),
one has 1
le" L < CCyTa.
Thus, we have
U™ e < " poe + fle" ) oo

" oo + CCys
Mo, (41)

IAIA

when t < 15. Thus, (24) holds for m = n. The induction is completed.
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From (36) and (39), we can easily obtain
le" 2 + " 2 + 0" Tl e < Cir (42)
From (34) and (40), we have

+1 +
" g2 < Gy,

NU™ e < 1™ g + e g < 0 g + Clae+ e < o @)
Furthermore, by (43), (11), and Lemma 2, we arrive at
" s < CUFAUDIU P g1
< CILF/ QU DVUMU" P12 + CI2f (U DIUT VU | 2
< CollVU" | 21U 700 + CollU™ | VU | 2
< Cpy. (44)

Testing (19) by Aé"*! and taking the real parts of the resulting equation lead to
IAe" 112, = —Re(R1H!, Ae"™!) + Re(R"H!, Ae" ™)

+1 1 1 1
IRY 2l A" 2 + IR 2| A" 0

IA

IA

1
Slae g, + IRYFHZ, + IRMH2,,
which shows that

1142 +1,2 12
A2, < 2t (IRIFZ, + IR 2,).

Summing the above inequality fromn = Oton = N — 1 and using (21), (38), and
(39), we have

N-—1 N—-1 N—-1

12 +1,2 12 2
dorlae T, <2 Tl RITIT 42 ) IR, < Cut
n=0 n=0 n=0

From above inequality, we can easily get

N-—1 N-—1 N-—1
12 12 12
S ID UG, < Y D™ 3 + ) T D,
n=0 n=0 n=0
N—-1 C N—-1
12 M 12
< DT g + = (D tllae™ )
n=0 n=0
< Cu. (45)

For proving the remaining estimates, we need to bound ||72’1H'1 | 1. From (37),
one has

IRT g < 1™ A D™ ™ g + 10T (FAu™) — £QUD)u"
HIW LU e
=11+ +1s, (46)
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where
i < IV FAu Du e + ™ Qu ) Vi )
Hin" T FQu Va2
< Cull V"t 2,
Iy < VYT FqUt e o + 19 Ut VU e ™

Hw UV

< Coll V"™ slle" Ml 16 + Coll W™ I Lo VU™ | 131l | 16

+Coll ¥ | Lo Ve 12

< CulVe ™,

I < V"N (F(u™) — FAUD)u" 2
I (F quVat — FAUTHVU) "
+I T (Fqu) — £AUD) VU

=1, +1; + I3,
here,

Izl < C0||V\I/n+le"un+l ”L2
Col VU™ slle™ |l o lu™ | oo
CoCllW" | 2 IVe" || 2l 2
CullVe"ll 2,
3 < 1T (u™) — £ qUTD) VT a4+ 1N U Ve T 2
< CollW" e Vuu | 2 4 Coll W T Ve u" | 2
< CulVe'|l 2,
I3 < CulVe"|| 2.

INIATA

Combining estimates 71, Z», and Z3 into (46), and using (42), we have
IR g < CuIVe 2 + IVe ll2) + Ce. (47)
Testing (19) by —D,e"+! leads to

—i[Dee" 2, 4+ (Ve D Vet — (R, Dreth) = —(R'F!, Drenth,
(48)
Taking the real parts of above inequality, we have
(Ve 2, — [[Ve"|2,) < [Re(RT, Dre™t )| + [Re(R"™!, D)),
(49)
Testing (19) by R’]’H and taking the imaginary parts of the resulting equation, we
have

Re(D " RITH — Im(Ver ™!, VR = Im(R!, R, (50)
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By (38), (39), (47), and the Young’s inequality, we obtain

[Re(D-e" 1, RITH| < [Im(Ve"!, VRITH| + [Im(R™F!, RITY)|
< IV M 2 VR 2 + IR 2 IR 2
< %nvw“niﬁ%nm’ﬁ‘ ||iz+%||7z"+‘||iz+ %IIR’I’“ I
< Cu(IVe" 7, + Ve |7 + %IIR"“ 17, + Cut®. (51)

Meanwhile, we write the second term on the right-hand side of inequality (49) as
|Re(R”+l, D"
= [Re(Dru"™" — iy (ta1) + Y™+ £ (" u !
L D,e"+1)|
< [(De"*! = uy(ts1), Dee™ )|+ | (" (" Pu !
L D,e”+1)| (52)
Testing (19) by Dou! — u;(t,41) leads to

i(Dre"™, D™ — i (ty40)) — (Ve T, V(D™ — uy (t11)))
+(’R7+1, Drun+] - Mt(tn+l)) = (Rn+1’ DrunJrl - Ut(tn+l))-

By (38), (39), and the Young’s inequality, we can obtain
|(Dten+1, Drun+l - ut(tn+1))|

1 1
< SIVE™ L+ SIDe™ ™ — () 7

1 1
FI D" =y (a1 + EIIR’{“ 172+ S IRz

1 1
= SIVE T + Cull Do — e ng D 0 + IR + Cue?. (53)

Testing (19) by ¥+ f(lu"Dut! — " £ Du"*! yields
i(Dre”H, wn+1f(|un|)un+] _ ¢n+]f(|un+1 |)un+])
—(Ve" L V@ D = gt )
R D = e )
_ (Rn+l’ I//n+1f(|un|)un+1 _ wn+1f(|un+l|)un+l).
Thanks to the above equation, (38), (39), (14), and (15), we have

|(Dr€n+l, 1//n+1f(|un|)un+l _ wn+1f(|un+1|)un+l)|

A

1 1 1
SV g + Curlla™ T — w7 + EIIR'fHIIiz + IR

IA

1 1
IV g, + SR, + Cut. (54)
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Combining estimates (51), (52), (53), and (54) into (49), we have
IV 12, — Ve I3, < Cut(IVe" 2 + [IVe" [ 12) + 3T IR 12,
+CMT | Dot =y (g )13, + Cut?

Summing the above inequality up and applying the discrete Gronwall’s inequality,
(15) and (21), we know that there exists 74 > 0 such that

IVe" iz < Cur. (55)
when 7 < 74. Testing (19) by Ae"*! and taking the real parts to arrive at

1,2
1ae™ 2,

1
= ——Im(Ve", Ve" ) + Re(RIT!, Ae"t1) + Re(R"H!, A"
T

IA

1 1
S UV IL Ve 172+ S 1A T, + IRTHIL, + IR T, (56)

Thanks to (21), (47), (39), and (55), we have

" 2 < CyT2. (57)
Taking 7§ = min{y, 72, 73, 74}, and combining (42), (55), (57), (45), (43), and (44),
the proof of Theorem 1 is completed. O

4 Spatial error estimates

In this section, we will derive the r-independent estimates for U ntl _ U}’f“ and
gl \IJZ‘H in L2-norm.
By Sobolev embedding inequalities and (5), we know

|RRU™ Lo < CIIRWU lyy16 < CIIU™ w16 < CNU" |2, n=0, 1,---, N.

Similarly, || Ry W" |0 < C||¥"|| g2, n =0, 1,---, N. With these estimates, we can
define

My = maxo<p<n—1 IR\ U™ || Lo + R U 1 + 1,

My = maxo<p<N—1 Ry Lo + | RpWO Lo + 1,

where M| and M, are two positive constants dependent on M and independent on t,
h, and n.

Let eZ‘H = U;;‘H — R UL, nZ‘H = \I'Z“ — R, Wt From the full discrete
scheme (6)—(7) and the time-discrete scheme (10)-(11), we have the following error
equations:
i(Dref ™, v) — (Ve ™, Vo) — Ry, v) = (D (U™ — R, U™, v), Vv e Wy,

(58)
a(pt ) + B2V Vo) = =95t @) + (U — R W )
+ BV — Ry, Vo), Vg € Vi, (59)
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where

Ry =wrt rqurhuttt = Wt QU U

Q! = fAUTDIUT P — fFAURDIUR .
Theorem 2 Assume that the unique solution u, ¥ of system (1)—(3) satisfies (15).
Then the full discrete system (6)—(7) has unique solution U ,’[’H, \I!ZH, m=20,1,--
-, N — 1, and there exists T, > 0, hy, > 0 such that when t < tj, h < hy,

eyl + It < Coh?, (60)

Ve 2 4+ 1Vt 2 < Chh, (61)

where C is a positive constant dependent on Cg, Car , M, and independent of
m, h, 1.

Proof The existence and uniqueness of solution of (6) follows the uniform bound (9).
Since the coefficient matrix of (7) is symmetric and positive definite, thus the exis-
tence and uniqueness of solution of (7) is ensured. Now, we prove the error estimate
(60) by mathematical induction. Since U B = Rpuop, by using (4) and (15), we obtain

0 0 0 0
llepllz2=1U; = RpU°ll 2 < U} = woll 2 + U — uoll 2 < Ch?|luoll 2 < Curh?.

(62)
From (8) and (2) at t = 0, we have
(W0 — W) g) + pAH(V(WY — ), Vo) =0, VYo € V. (63)
When g = 0, from (4), (15), and (63), we obtain
1wy — Ry WOl 2 < 190 — Ry WOl 2 < CRPIW 2 < Cuh®. (64)
When g # 0, from (4), (15), and (63), we have
IV — Ry¥)| 2 < Cuh. (65)

For deriving the estimate w0 — \112 |;2, we will use the Aubin-Nitsche techniques.
Let g € L*(Q), take ¢ € H*() N H} () as the solution of

ap — BPA¢ =g in Q, with ¢ =0 on I.
From Lemma 2, we know ||| 52 < C||g||Lz. Choosing g = wo — \11,?, one has
W0 — w2, = a(W0 — W), ¢ — Pugp) + B*(V(W0 — W), V(¢ — Prop))
CR Y0 — Wl 2@l g2 + CRIV(E® = T 2 (1]l 2
CCR* W0 — w7, + CChIV(WO — W) 290 — WPl 2.

Al

A

Where P, ¢ is the elliptic projection of ¢p. Choosing k| = (ZCC’)’%, when h < hy,
the above estimate along with (4) and (65) implies that

W — WPl 2 < Cuh?, (66)
with which and (4) shows that
1w — Ry WOl 2 < [1W)) — W0 12 + 190 — Ry WO 2 < Cyh®. (67)
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Combining estimates (62), (64), and (67), and applying the inverse inequality (16),
we have

d
1UDI e < IRWU oo + 1UY — RyUC Lo < [R4UC| L + Ch™2Cyh? < My,
d
WP oo < [IRRWO oo + W) — RyWO|| oo < [|RpWO |10 + Ch™2Cpyh? < Mo,
whenh < hy = (CCM)_4%/. We rewrite Qé as
Ql = (f(IUD) — FAUFNIUC + £AUIHAUC| + 1UH AU = 1UPD),
and then we have

19412 < CollU® — ULl 12 1U°N2 e + CoNU I oo + 1UL N o) IU° — UP|l 12
< CullU® = U|l,2 < Cuh?.

When g = 0, from (59), it is obvious to see that 9
1! = Wil < Cullell 2 +h?) < Cuh?®. (69)

When B # 0, after choosing ¢ = 77}11 and n = 0 in (59), and using (4), we have
V¥ = w)li2 < Culieyll 2 +h) < Cih. (70)

Subtracting (7) from (11) with n = 0, we obtain
a(W! — Wl g) + AV — W), Vo) = (Q), 9), Vo € V.
Now, we use the Aubin-Nitsche techniques again. Choosing g = W! — \Il,t in (4), we
find
! — w7,
=a(W' =W, ¢ — Pup) + A (VW' — W), V(g — Prgp))
—(Q3. ¢ — Puop) + (Q3. ¢)
CR2 W' — Wl 2118l g2 + CRIV P — WD 2119
+CR* Q121191 g2 + 1931 2111 2
CCR*|W! — w17, + CCIW! — Wil 2 (RIVE = W)z + Q5] 2)-
where & < h1, and by (68) and (70), we have

IA

IA

1! — Will2 < Cuh?. (71)
Combining (69) and (71), and using the inverse inequality and (4), we have

W e < IRy Lo + ||Rh‘1;1 — Wl
< IRyW || L + Ch™2 ||R,Z\111 — Wl
< IRV + CCyh*™2 < My,

when h < hy = (CCM)_ﬁ. Noticing that

Ry =W =) rUDU + WL (FAUD — FAUIYU + 95 £ (U DHU = U,
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and from (4), (62), and (71), we have
IR 2 < Col ' — Wil 21U 12 + Coll Wyl IU° = Ul 211U I e
+Coll W, = U = Uyl 2
Cru(IW' = Wiz + llepll 2 + %)
Cullefll 2 + k). (72)

We choose v = 8;1; and n = 0 in (58)

A

IA

illep 122 — leplZ, + lley — epl22) — 27| Vep 2, — 2T(R). ef)
= 2i(U"' = RyU', e}) — 2i(U° — Ry UC, ¢}).
Taking the imaginary parts of the above equation and applying (4) and (72), one has
(e
lepll?, + 27 [Im(R), )| + 2[Re(U' — RyU', ¢})| + 2Re|(U” — R, U, ¢})|
lepll3 427 IRM 2 llepll 2 420U = RaU Ml 2 llep Il 2421 U° = RaUP 2l Il 2

IA

IA

IA

1
Cuh® +2Cw (el + 1) llejll 2 + Sl li72 + 410" = RaUT I,

+4)|U° — Ry U°I7,

A

7
Cuh* + gne,iniz,

whent < 75 = ﬁ. Then, combining (69), (71), and (4), we find

lepll 2+ Inpll 2 < Cuh?,

which shows that (60) holds for m = 0.
We assume that
leg 2 < Coh®, (73)

holds for m < n — 1. By the inverse inequality (16) and the induction assumption
(73), we can obtain

NUM o < IRRU™ 1o + | RRU™Y — UMY 1o
d
< |RWU™ 1o + Ch™2|RyU™ — UM 12
d
< IRRU™ |1 + CCih>™2 < My,

form <n—1,andh < hy = (CC(’))fﬁ. By the same techniques used in the proof
of estimates (69) and (71), we can obtain

[ — Wit o < Cudllef Il 2 + h?) < CuCh?, (74)
from which and the inverse inequality (16), we can derive that

1 1 1 1
[ o < NIRRT [ oo + [ RRWMT — W oo

_d
IR, W™ oo + Ch™2 || Ry W™+ — Wit

IA

A

IRR" Lo + CCy CHR22 < My,

IA
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whenh < h3 = (CCMC(’))fﬁ. Noticing that
Ry = (Wt —wpth rqur Uttt + et (Fqut - fAUp Ut
n+1f(|Uh |)(Un+1 U]:l+1),
and from (74), we have

IR 2 < Car(IWm ! — @ o - [lef 12 4 h2)

75
< Culle* 2 + 1), (72)

Next, we will prove that (60) also holds for m = n. Choosing v = e”“ in (58) and
taking the imaginary parts of the resulting equation yield

e T2, = lefl?, + llep™ = epl?,) — Im(REH ef )
=Re(D (U"+1 RhU"“),eZ“).

Summing up the above equation and applying (4), (75), and the induction assumption
(73), we have

+1
lep ™17,

n
<Cut Z lep ™2, + 7 Y IDU™ T = RyU™ D 2l 2 + Caah?

m=0
<Cut Z lep ™7, + 7 Z I D (U~ RhUn+])||L2+TZ lep ™72 +Carh*
m=0 m=0

<Cyrt Z lef M2, + 7 Z WD U2, + Cuh®.

m=0

By the discrete Gronwall’s inequality and Theorem 1, there exists t¢ > 0, such that
||€h+ ;2 < Cyh?,
with which and (4) and (74), we have
e ™22 + Iy 2 < Coh.

Thus, (60) holds for m = n. Since the T-independent property of estimates in (60),
we can obtain the H! error estimate by the inverse inequality:

IVel ™2 < Ch e 2 < Cuhy IV 2 < CR Yl < Cue

Thus, taking 7, = min{z], 75, 76}, hj, = min{hy, ha, h3}, we complete the proof of
this theorem. O

5 L2 optimal error estimates
In this section, we will derive L? optimal error estimates for the r-order (r > 1)
Galerkin FEM by using the results in the above sections.

From (4), (22), and (60)-(61), we have optimal error estimates for the linear
Galerkin FEM (r = 1) as follows.
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Corollary 1 Under the assumptions of Theorem 2, the full discrete system (6)—(7)
has unique solution U;l”H, \IJZ'H, m =0,1,---,N — 1, and there exists tj > 0,
hg, > 0 such that when © < t(, h < hy,

™ = U e+ 1y = < O+ ), (76)
IV@™ = U Dl + IVE" T =t < Clic+ b, (77
where C i is a positive constant dependent on C, CS' R C(’), M, and independent of

m, h, T.

For r > 1, the above estimates are not optimal for the r-order Galerkin FEM.
However, we can derive the uniform bounds of the numerical solutions in L°-norm
from Theorem 2 as:

_d
1UM oo < IRWU™ |l poo + CRT2 | RRU™ — UM 10 < My, (78)
d
I oo < (IR | poo + CRT2 | R — w5 < My, (79)
forn =0,1,---, N —1when t < ¢}, h < h,. By the above uniform bounds, we can

obtain optimal L? error estimates given in the following theorem.

Theorem 3 Assume that the system (1)—(3) has a unique solution u,  satisfying
(15). Then the full discrete system (6)—(7) has unique solution U}'l"H, \IIZH, m =
0,1,---, N — 1, and there exists Ty > 0, hy > 0 such that when t < 7, h < hy,

”um—H _ U;;IH—IHLZ + ||,(pm+1 _ \IJ;ln-f‘l”Lz S C*(_L, +h}’+1)’ (80)

where C* is a positive constant dependent on C, CSr , C{ C1, M, and independent
ofm, h, t.

Proof The exact solutions u and v at t = 1,41 satisfy
i (tn 1), v) = (V" Vo) + (" (" hu* v) =0, VeV, (81

a1 o) + BAVY" T V) = (F(u" DT ), Yo e Vi (82)
Subtracting (6)—(7) from the two above equations, the error functions éZH =U ,’ZH —
Ruu"tL, ﬁZH = \IJZ“ — Ryt satisfy
(D&t )= (Ve Vo) =Ry v) = —i(De Ryt — s (141), ), Vv € Vi,

(33)
alitt o) + AV Vo) = (@5 o) + a(p" T = Ryt )

+ B (VAT = Ry, Vo). Yo eV, (84)
where

Rgl‘l’l — wn-ﬁ-lf('un-}-l')un-i-l _ \Ij;ll+1f(|U;ll|)U]:l+l
— 1pl’l“rl (f(|uﬂ+l|) _ f(|un|))un+l + (¢n+1 _ \I’Z+1)f(|un|)un+l
+U (D = FAURD)U + it FqUp D@t — opth
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Qi = F(u" MW" — FqURDIULN
= (£ = FAuD) " + £ DA™+ ) QT = Ju))
+(£ ™) = FAUED) U™ P + £AURD(u™] + U D(u" | = [ULD.

By (4), (14), (15), and (78), we can derive

195 2 < Cur (™ — w2 + lu™ — Ul 12)
< Cu(r +h T ,2).

By the same techniques used in the proof of estimates (69) and (71), we can obtain
I — Wit s < Curllgg g2 + Cu(z + 7, (85)
from which and (79), we find
RS e < Cu1& e + 1832 + 7 + 7. (86)
Thanks to (4) and (15), one has

~0 0 0
€N 2 = I1UY — Ruuoll 2 < U — uoll 2 + llwo — Ryuoll 2
< Ch" Muolly41 < Cyh™1, (87)

and

n
1 2
T Y DRy = w(tg )13

m=0

IA

n n
1 1,2 1 2
20 Y D Rpu™ ! = D™, 4+ 20 Y D™ — w (t )11
m=0

m=0

n
2 1 12 2 2
Cth2r+h 2 | Deu™" g1 + 227 Muee 720, 7). 12)

m=0

Cp (t2 + B2+, (88)

IA

IA

Choosing v = EZH in (83) and taking the imaginary parts of the resulting equation
to arrive at

1
~n+1)2 112 n+1_ =n 2 +1 =041
Z(llez 72 = el + 118, —éplly.) —Im(RE™, &™)

= —Re(Dy Rpu" — s (tay1), 1)
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Summing up the above equation and using the Cauchy-Schwarz inequality, (86), (87),
and (88) lead to

sn+1 +1 ~n+1
ez, < ||eh|| +27 Z IR Nl 2liey™ N2
L
m=0

+21 Z I Dz Ryt — wy (b )1l 2 18772

m=0
<IN, + Curr 32 1812, + Cut X IREH 2,
m=0 m=0
n
+Cut Z ”DrRhM’H—1 _“t(tn-i-l)”Lz
m 0
< CMT Z |I~1’L+1 +CM(T2 +h2(r+l)).
m=0

By the discrete Gronwall’s inequality, there exists 77 > 0, such that
185 2 < Cu(x + 1D,
when T < 77, with which and (4) and (85), one has
™t = Ut e+ ™ = Wt e < (e + 07,

Let rj = min{z7, 7/} and h < hy,, we finish the proof of Theorem 3. O

6 Numerical experiments

In this section, we provide numerical experiments to illustrate our theoretical anal-
ysis in the previous sections. All computations are performed with the public finite
element software package Freefem++ [20]. In our tests, we choose the unit square

= [0, 1]? as a two-dimensional domain, and the unit cube € = [0, 1]° as a three-
dimensional domain. For the unit square, a uniform triangular partition with K + 1

NG

nodes in both horizontal and vertical directions is made and the mesh width & = Z.
For the unit cube, a uniform tetrahedra partition with K + 1 nodes is used in each
direction, where the mesh width & = */75

We also test the fully decoupled linearized backward Euler Galerkin FEM,
which is under an explicit treatment of the nonlinear terms, the scheme is to seek

U;Z'H lﬁ”'H € V}, such that
(DU vy — (VU Vo) + (U F(UIDUT  0) =0, Yo e Vi,  (89)

(W ) + BAVYIT V) = (FAURDIULZ, @), Yo € Vi, (90)

with the initial value U 2 = Rjugp and \IJ}? satisfies (8).

The scheme (6)—(7) can be seen as a semi-decoupled scheme. At each time step,
we need to solve (7) for CIDZJrl firstly, and then to solve (6) for U [l”rl. However, the
second scheme (89)—(90) is fully decoupled. At each time step, we only need to
solve the two systems for U;;H and <I>Z+1 in parallel. In this paper, we only give
out error estimates for the linearized scheme (6)—(7). The analysis presented in this
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paper can be easily extended to the second linearized scheme (89)—(90), which will
be confirmed numerically in this section.

Example 6.1 Firstly, we consider the following Schrodinger-Helmholtz equation

i3+ Au+yu=f inQx[0,T]
ay — B2AY = |ul* + f» inQ x [0, T,
u(x,0) = uog(x) in 2,
u=%=0o0ndQ x|[0,T],

O

where © = [0, 1]2. In our computations, the right-hand side functions f and f, and
the initial condition u( are determined by the following analytical solution

u = @D sin(x) sin(y) sin(w x) sin(ry),
V= ety —x)d — y) sin(x) sin(y).

Choosing « = B8 = 1, we solve system (91) by the linearized backward Euler
scheme (6)—(7) and the full decoupled scheme (89)—(90) with a linear finite element
approximation and a quadratic finite element approximation, respectively. To con-
firm the optimal convergence rate in the L?-norm, we choose t = h? for the linear
finite element approximation and T = A3 for the quadratic finite element approx-
imation, respectively. We present numerical results in Tables 1, 2, 3, and 4 at time
t = 0.5, 1 and 2. From Tables 1, 2, 3, and 4, we can see that the errors in L2-norm
are proportional to 4”1 r = 1,2, which agrees with the theoretical analysis and
indicates that both schemes are optimal convergence in L?-norm.

In Theorem 3, we obtain the optimal L? error estimate O(t + A" 1) uncondition-
ally for r > 1. In order to show the unconditional stability of the linearized backward
Euler schemes (6)—(7) and (89)—(90), respectively, we solve problem (91) by using
linear and quadratic FEMs with four different time step size r = 0.2, 0.1, 0.05, 0.01
on gradually refined meshes with K = 10/, j = 1,2, .-, 10. The L2%-norm errors
att = 1 are presented in Figs. 1 and 3 for the linear FEM and in Figs. 2 and 4 for
the quadratic FEM. From Figs. 1-4, we can observe that for a fixed 7, the L?-norm
errors converge to a small constant when the mesh refine gradually, which shows that
the two proposed schemes are unconditionally stable and the time step restriction is
unnecessary.

Table 1 L? errors and convergence rates of scheme (6)—(7) for the linear FEM with 7 = A (Example 6.1)

luC, 1a) — Upll 2 1 Ctn) — Wil 2
1=05 1=10 1=20 1=05 =10 1=20
K= 0.0273794 0.0444186 0.12359 0.0164891 0.0271717 0.0806786

K =10 0.00748559 0.0123097 0.034446 0.00439038 0.00741496 0.0224784
K =15 0.00189676 0.00315147 0.00887508  0.00112123 0.00189579 0.00578652
K =20 0.000457536  0.000772402  0.00222922  0.000281548  0.000476131  0.00145742
Order 1.9677 1.9486 1.9310 1.9573 1.9449 1.9302
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Table2 L2 errors and convergence rates of scheme (6)—(7) for the quadratic FEM with T = h3 (Example
6.1)

NG ta) = Upllge 1 Cytn) — Wyl 2

t=0.5 t=1.0 t =20 t=05 t=1.0 t=20

K =5 0.00154718  0.00254359  0.00695364  0.00073431 0.00122696  0.00367027
K =10 0.000191754 0.000317961 0.000867978  8.82192e—005 0.00014703  0.000427802
K =15 2.41982e—005 3.99274e—005 0.000108698 1.08854e—005 1.80736e—005 5.17009e—005
K =20 3.03817e—006 5.00694e—006 1.36122e—005 1.35488e—006 2.24561e—006 6.36941e—006
Order 2.9936 2.9962 2.9989 3.0274 3.0313 3.0568

Table3 L2 errors and convergence rates of scheme (89)—(90) for the linear FEM with 7 = h? (Example
6.1)

lu, ta) — Upll 2 1Y) — Wil 2
=05 =10 1=20 1=05 =10 1=20
K= 0.027412 0.0445033 0.12423 0.01649 0.0271753 0.0807532

K =10 0.00750842 0.0123248 0.034678 0.0043911 0.0074156 0.0225129

K =20 0.00190664 0.00314295 0.00894202  0.0011216 0.00189508 0.00579642
K =40 0.000460519 0.000768194  0.00224572  0.00028166  0.000475817  0.00145967
Order 1.9651 1.9521 1.9299 1.9572 1.9452 1.9299

Table 4 L? errors and convergence rates of scheme (89)—(90) for the quadratic FEM with t = &3
(Example 6.1)

G, ) = Uyl 2 19 Cotn) — Wyl 2

K =5 0.00155008  0.00255114  0.0070211 0.000734449  0.00122758  0.00368969

K =10 0.000192266 0.000318406 0.000874192  8.826e—005  0.000146908  0.000429441
K =20 2.42213e—005 4.00706e—005 0.000109631 1.08891e—005 1.806e—005  5.19031e—005
K =40 3.03873e—006 5.02906e—006 1.37123e—005 1.35524e—006 2.24423e—006 6.39408e—006
Order  2.9982 2.9955 3.0000 3.0273 3.0318 3.0575
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Linear FEM

Linear FEM
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Fig.1 L?-norm errors for the linear FEM computed by scheme (6)—(7)
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Fig. 2 L2-norm errors for the quadratic FEM computed by scheme (6)—(7) (Example 6.1)
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Fig.4 L?-norm errors for the quadratic FEM computed by scheme (89)—(90) (Example 6.1)

Example 6.2 Next, we consider the following high order Schrédinger-Poisson-Slater
system
8% 4+ Au+ Yu + |ul*u = f inQx[0,T]
—AY =ul®>+ f» inQ x [0, T],
u(x,0) = ug(x) in 2,
u=1v% =0 ond2 x [0, T],

where © = [0, 1]°. The exact solutions « and ¢ of above system are given as follows:
u =2 HEENS(1 453 x(1 — x)y(1 — ),
¢ = 5(1 + 312 + sin(r)) sin(3) sin(%)(l —x)(1—=y),

and the right-hand side functions f; and f and the initial condition uq are determined
by the exact solution and system (92).

92)

To show the unconditional stability (convergence) of the linearized backward
Euler scheme (6)—(7), we solve problem (92) by using linear and quadratic FEMs
with four different time step size T = 0.2, 0.1, 0.05, 0.01 on gradually refined meshes
with K = 105, j = 1,2, - -, 10. The numerical results at ¢ 1 are presented
in Fig. 5 for the linear FEM and in Fig. 6 for the quadratic FEM. We can observe

80 90

70

100

Linear FEM Linear FEM
—=7=0.2 5= 7=0.2
—*-7=0.1 - 1=0.1
-<4-7=0.05 —<7=0.05
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50 60 80 90

K

30 40 100

Fig.5 L2-norm errors for the linear FEM computed by scheme (6)—(7) (Example 6.2)
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Fig. 6 L2-norm errors for the quadratic FEM computed by scheme (6)—(7) (Example 6.2)

that for a fixed 7, L2-norm errors converge to a small constant when the mesh refine
gradually, which also shows the unconditional stability of the proposed schemes.

Example 6.3 Finally, we consider the high order Schrodinger-Poisson-Slater system
(92) in three-dimensional (3D) space with Q2 = [0, 113. The exact solutions are given
as follows:

u = 10e+Hy+IS5 (1 453 x(1 — x)y(1 — y)z(1 — 2),
¢ = 10(1 + 3% + sin(r)) sin(3) sin(%) sin($)(1 —x)(1 — y)(1 — 2).

We solve the high-order Schrodinger-Poisson-Slater system (92) in 3D by the lin-
earized backward Euler scheme (6)—(7) with a linear FEM. We present the numerical
results at t+ = 1 in Fig. 7, which are obtained with four different time step size
T =0.2,0.1,0.05, 0.01 on gradually refined meshes with K =4j, j=1,2,---,7.
Although some previous works give that the error estimates in 3D often required
stronger time stepsize conditions than that in 2D, the results in Fig. 7 illustrate that
the scheme (6)—(7) is unconditionally convergence for the 3D model.

Linear FEM (3D) Linear FEM (3D)

(-, 1) = T

Fig.7 L2-norm errors for the linear FEM computed by scheme (6)—(7) (Example 6.3)
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7 Conclusions and future works

In this paper, we have proved unconditionally optimal error estimates of the lin-
earized backward Euler FEMs for the generalized nonlinear Schrédinger-Helmholtz
equations. This optimal error estimate has no restriction on the time and spatial steps.
Numerical results in both two- and three-dimensional space are presented to confirm
the theoretical predictions and demonstrate clearly the unconditional stability of the
proposed schemes. The analytic method in this paper can be considered to analyze
other nonlinear physical models in future works.
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