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Abstract

In this paper, we study a class of block collocation boundary value methods for the
first-kind Volterra integral equations. The numerical algorithm is constructed by uti-
lizing approximations to the exact solution in future steps. The solvability of the new
method is not ensured, even for the uniform mesh. Therefore, we discuss its solv-
ability by studying the special structure of the collocation equation and present the
sufficient condition for the existence of the collocation solution. Furthermore, we
exploit the convergence property with the help of interpolation remainders. Finally,
numerical experiments are conducted to show the effectiveness of the new boundary
value method and verify given theoretical results.

Keywords Volterra integral equation - Collocation - Boundary value method -
Convergence analysis

1 Introduction

Recently, boundary value methods for solving the second-kind Volterra integral equa-
tion (VIE) are investigated by several authors. This idea comes from numerical
studies of ordinary differential equations (ODE) [1]. In contrast to its linear multi-
step counterpart, the boundary value method for solving ODE reconstructs the initial
value problem as a boundary value problem. By developing the reducible quadrature
rule with such methodology, Chen and Zhang devised boundary value methods for
solving Volterra integral and related functional equations [2]. Afterwards, researchers
gave comprehensive studies on such class of algorithms [3-5]. On the other hand,
with the help of multistep collocation methods, Ma and Xiang constructed a class
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of collocation boundary value methods for the second-kind Volterra integral equa-
tions in [6]. Numerical experiments showed this class of algorithms had a wide stable
region and was able to solve highly oscillatory integral equations efficiently. With the
help of fractional Lagrange interpolation, its further extension to the weakly singular
problem was studied in [7].

In this paper, we consider the numerical solution of Volterra integral equation of
the first kind,

t
/ K(t — s)u(s)ds = g(t), t € [0, T]. (1)
0

Here, K () and g(¢) are sufficiently smooth in [0, 7], g(0) = 0, and |K (0)| > O.
These conditions guarantee a unique solution of (1) (see [8, pp.64]). Applications of
VIE (1) frequently arise in geological prospecting, fault movement, scattering prob-
lem, and analysis of causal processes [9-11]. Although VIE (1) can be solved by
Laplace transform techniques in some special cases (see [12—14]), we have to resort
to numerical methods in the general case.

Among existing algorithms, the collocation method is well-known for its low
computational cost and attracts much attention [8]. Let

In={t, : 0=tg<t;<---<ty=T)

denote a uniform mesh, where 7, = 9 + nh, h = T /N, and define the set of collo-
cation parameters {c j}?=1 with 0 < ¢; < 1. Then, the collocation grid is determined
by I; and {cj}’;’zl, that is,

Xp={tn+cjh,j=1,---,mn=0,1,--- N —1}.

Immediately, the collocation solution u, (¢) is computed by the collocation equation

In-‘erh
f Kty +cjh —s)up(s)ds = g(t, + cjh), )
0
where
m m v — ¢t
un(s) = un(ty +vh) = Y un(ta +cjh) [ ——— v e .11
j=1 k=1,k#j €

By choosing 0 < ¢y < ¢ < -+- < ¢ <1 with

e T
—1m =
"] LD,
j=1
the classical collocation method results in an approximation with a global order of
O(h™) as h — 0 in the piecewise polynomial space [8, pp.123]. Particularly, in the

case of ¢;; = 1 and
m—1

o [T =L e,

j=t

the convergence rate of the collocation method is able to attain O (W 1) [8, pp.130].
On the other hand, to develop high-order algorithms without increasing colloca-
tion points, researchers usually employ multistep algorithms (see [15—17]). In [18],

@ Springer



Numerical Algorithms (2021) 86:911-932 913

Zhang and Liang considered a class of multistep collocation methods for the first-
kind Volterra integral equation by using approximated values of the solution in
previous steps. To compute the solution u(¢) in [t,, ty+1],n = r, ..., N — 1, they
rewrote the collocation polynomial uj,(¢) as follows:

r—1 m
wh(ty +vh) = > Bi(un(ta—i) + Y Bj()up(ty + cjh), v €10, 1],
i=0 j=1
where the basis functions B; (v), B j(v) were constructed by satisfying the following:

{ ?1(_p) = SlvaBl(c]) = 0’ lv P = 0’ o I — 1’
Bl(_p) = 07 Bl(cj) = 81]’ l5,l = 1’ ey ML

Then, the multistep collocation solution was obtained by imposing the collocation
polynomial uj, (¢) at collocation points {t,+c;jh, n =0,1,--- ,N—1, j =1, ..., m},

gty +cjh) = h Zuh(thrcjh)/ ! K (h(cj —v))Bj(v)dv
j=1 0

r—1

0 Y ) /0 "Kh(e; — v)By()dv

p=0

r—2 1
+ hZ/ K(h(n =1+ c; — v)up(y + vhydv
1=0 70

n—1 r—1

1
+ h Z Zuh(n_,,)/ K(h(n — 1+ cj — v))B,(v)dv
I=r—1 p=0 0
n—1 m

1
+ h Z Zuh(t1+cjh)f K(h(n =1 +c; — v))B;j(v)dv.
0

I=r—1 j=1

Zhang and Liang discussed the existence and uniqueness of the collocation solution
for VIE (1). Furthermore, they developed the convergence condition for 2- and 3-step
collocation methods.

The main purpose of this paper is to study the block collocation boundary value
method for VIE (1). The remaining parts are organized as follows. In Section 2, we
construct the k-step collocation boundary value method with N blocks (B s CBVMy).
In Section 3, the solvability and convergence analysis are studied with the help of
the theory of Toeplitz matrices. Experiments contained in Section 4 give a numerical
illustration and verify theoretical results derived in the previous section. Finally, we
present some concluding remarks.

2 Block collocation boundary value method

In this section, we will focus on the construction of By CBVM for VIE (1), which
can be considered as an extension of the classical collocation method by relaxing the
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restriction of ¢; < 1. To make the statement more readable, we discuss BjCBVM;
firstly, which corresponds to ¢ = 0, ¢ = 1, and ¢3 = 2 in the collocation parameter
set Xj.

By defining the local Lagrange basis

2 .
sly= ] =L velo.1.i=012
. ., L=
J=0,j#i
we rewrite the collocation solution uy (¢) in [t,, f,+1] as follows:
un(tn + vh) = Yy ) + Yns 191 (V) + yuy23(v), v € [0,1,n =0,1,--- , N =3,

where y, := up(t,),h = T/N. In the last subinterval [fy_»>, fy], we rewrite the
collocation polynomial uj, () as follows:

up(ty—2 + vh) = yn_16y (v) + yn o} (v), v € [0,2],

where
A1 v-(G+D
b= || —=— veln.2i=01
J=0,j#i
The above approximations guarantee the fact that previous values yi, y2, -+, yy—2

do not appear in the collocation polynomial uj, (¢) in [tx—_2, f5], which helps to prove
the solvability and analyze the convergence property of By CBVMj.
Now, we arrive at the collocation equation,

In
/ K(t, —s)up(s)ds = g(t,), n=1,2,--- N, 3)
0

or equivalently,
n—1 .1 2
g =hy [ K= j=v) (
j=0"0 i=0
N-3 1 2
glt)=hy fo K(h(n— j —v) (
~ —
n—N—]|-2 1 R
+hf K(h(n— N +2—0)) (ZyN_1+i¢il(v)) dv,n=N—1,N.
0

i=0
4)
Before illustrating By CBVMy, we introduce some notations firstly. Let a,, (1) =

yj+i¢il(v)> dv,n=1,--- ,N =2,

1

Vi+id] <v>) dv

m—1
Z aiti, then m x m Toeplitz matrix T [a,,] is defined by the following:
i=—m+1

ay  a—1 -+ A_pgl

al ao e a—m+2
Tland=1| " ..

am—1 Gm-2 -+ 4o
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Furthermore, denote the following:

1
d_ji= /O K (h(j — v} 0)dv, )
R j—N+2 R
dj;:= /0 K(h(j — N +2 — )¢} (v)dv, (6)
withi =1,2,.--, N, and define Laurent polynomial Dfn (t) as follows:
o (1) = Z di—1it!, i=0,1,2. (7
j=—m+1

In the remaining part, we let M:=M (a : b, c: d) denote the submatrix formed by
taking a block of entries of (b —a + 1) x (d — ¢ + 1) from the original matrix M,
where its (i, j) element is determined by M(i, j)=M(a+i—1,c+j—1),and
let O, xp denote a zero matrix of size a x b.

Letting

Co= (TRYI1:N,1:N—2) Onxs),

Ci = (Onx1 TIOLIA:N,1: N —2) Onx2),

Cr = (Onx2 TIOXI(1: N, 1: N —2) Onx1),
we can get the compact form of (4)

hA(1:N,2: N+ 1)y=b —hyyA(1:N,1:1), (®)
where

y1 g(t)

» g(n)

y=\| . |, b= . ,
YN g(tn)

A=Co+Ci+Cr+ S, yo=¢g0),

and Sisa N x (N + 1) sparse matrix with the only nonzero elements

S(IN-1:N,N:N+1) = (d’Y‘”’ aN-L1 ) :
dyo dn

The coefficient matrix in (8) is a Toeplitz matrix without regard to the last 2 x 2
submatrix, or equivalently, A(1 : N, 2 : N 4 1) can be represented by the summation
of a Toeplitz matrix and a sparse matrix. For the Toeplitz matrix, we are able to embed
it to a circulant matrix, which allows a fast calculation of matrix-vector multiplication
[19]. Hence, it is expected that (8) can be solved efficiently with Krylov subspace
methods such as GMRES.

Let us turn to the general B NCBVMk. Firstly, we divide [0, 7] into N parts, that
is, [Ty, T11, [T1, T»], - - -, [Tx_, Tyl with Ty = 0, Ty, =T. Secondly, applying k-
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step collocation boundary value method to VIE (1) on each interval [T}, T;4 ] with
the stepsize h; = (T4 — T;)/N, we obtain, forn=1,--- ,N,n=0,--- ,N — 1,

&[T p (I p

> K@ —)up(s)ds + | K@ — s)up(s)ds = g(t™). 9)
j=0"Ti 7

Here, for j = 0,1,--- ,N,m =0,1,--- N —1, welettf’ = Tz + jhy;, and

uy (t) denotes the collocation solution. In [t;;‘, t;;jrl],j =0,1,---,N —k —2, we
express uj, (t) as follows:

k+1
un(tf +vhi) = 3 un(y)gf (v). (10)

i=0

and in [tly\;/l—k—la t]’\'}], we rewrite uy(t) as follows:

k
un(ty__y +vhi) = O un(th_ o). (1n
i=0
Here,
k+1
gk = [] —Li=01 k+1,
j=0jzi n T
and

k .
ory = T] oUAED ok

P
J=0.j# /

Forn=1,..-, N—k—1, substituting (10) and (11) into (9) results in the following:

A=l N—k=2 k+1 R
g =y h; Y / Kty — 1] =vhy) D up(t], )¢f (v)dv
f:O Jj=0 0 i=0
n—1 k+1 N 2 k 2
+ th/o K@t — 1t 4y — vhs) Zuh(tfv_kﬁ)(i’f(v)d\’
f:O i=0

k+1

n—1 .1 .
a3 [ K= =) S une] ok,
=0 i—0
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and forn = N—k, ---, N, substituting (10) and (11) into (9) results in the following:

A=l N—k=2 . k+1 R
g(th = Zh; > / K@y —t! —vh]c)Zuh(tj’.JriM){‘(v)dv
ji—o =0 70 i=0
-1 k+1 R 2 k s n
+ Zh}/ Ky =t} 4y —Vhy) D un(tf_ )éF (v)dv
ig 0 i=0
N—k=2 .1 k+1 A
+hy Y. / K(hi(n—j —v) Y un(th, )¢k (v)dv
j=o 7O i=0
n—N+k+1 k . .
+ h/o K(hy(n— N +k+1—=v))> unty_ )éf (v)dv,
=0
Furthermore, denoting
k.a . ! . k
i = [ KaG = e (12)
o J—N+k+1 "
dil': = fo K(hy(j— N +k+1—v)¢f(v)dv, (13)
we have the the following:
. A 0 A .
WAy = Y A i =01, kL (14)

Jj=—m+1

Then, we derive k + 2 Toeplitz-like matrices,
Cf‘f' = <0in T[aﬁ’v"f’](l N, 1:N—k—-1) ONX(k_i+2)),i =0,1,---,k+1,

and a sparse N x (N + 1) matrix Sk with the only nonzero elements

sk, sk Ak,
dNik,O dNik,l szk,k
d’\k,n d’\k,n o dAk’ﬁ
SYAN —k:N.N—k+1:N+1)= N—k+1,0 EN—k+1,1 N—k+1,k
k P k.h
dy'o dN,nl dy'y
Letting
1
k.o,
i = fo Kt — 1 —vhp)pf v, (15)
j—N-+k+2
Ak‘ S A
di,le: = fo K —1h__; — vhp)gf (n)dv, (16)
we can construct, for/ =0,1,--- ,k+ 1,
Akv s '"'k, 5
P = (Onw CF“PANT N =k = 1) Onsieisn) )
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with a N x N matrix

ko, Gk,aB ko, B
d}(,O,l d}(,l,lB e d]l(,N—l,l
O, o, NN
~koo,B d2,0,l d2,1,l e dZ,Nfl,l
¢ = . . . .

)

ko, Gk,aB ko, B
dN,O,l dN,l,l dN,Nfl,l

and a sparse N x (N + 1) matrix S%PB with the only nonzero elements

ko, B ko, B sk,o,B
di'NZio dinoin Ak
c’l;k,a,B d’\k,a,B o d"k,oc,ﬁ
SkeB(L NN —k+1:N+1=| 2V10 72N 2NLE
"k,oz,.B "k,a,.B . "k,a,.B
dy =10 AN N-11 " AN N-1k
Letting y; = (uh (tg), up (t?), cee Mh(t,;{;) )T denote the approximate values in
the interval [T}, T;4 ], we arrive at the compact form of (9),
n—1
AS(L N, 2N+ Dy N+ 1) =gz —ya (DAL N, 1 1)—ZA§1[3yB, (17)
B=0
where
g(t]
g(t2ﬁ) A k+1 . R o k+1 “~ AB
g = | AL =St Ol Ak g =8P N
© j=0 j=0
g(y)

According to the definition of the local Lagrange interpolation polynomial, we know
thaty,(1) =y, (N + 1) forn=1,--- ,N — 1.

3 Solvability and convergence analysis

In this section, we study the existence and convergence of the collocation approxi-
mation computed by (17). In contrast to classical collocation methods, the boundary
value solution cannot be obtained step-by-step or in a recurrence relation. All values
are computed simultaneously by solving the linear system. Therefore, the existence,
uniqueness, and the convergence property of the collocation solution up(#) in (9)
should be reconsidered in detail.

To begin with, we study the special case for which the kernel in VIE (1) is K (¢) =
1. The more general theory of the existence of the block collocation boundary value
solution can be established with the help of such special case.
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3.1 Thecaseof K(t) =1

Let us consider the nth block. It follows that
A Ai-1 N—-1 . . n—1 .1 A
gy = Zh; > fo w (1] +vhy)dv + hj Z/O wp(t] +vhydv.  (18)
j=0 Jj=0 j=0

Forn=N—-1,N—2,---,0, computing g(t”+l) g(t,f’) successively results in the
following:

1 A A A
hﬁ/ up(tf +vhy)dv = g(t ) — g(t}),n=0,1,--- N — L. (19)
0

Rewriting the coefficient matrix of the above linear system with notations in
Section 2 leads to the following:

k
k T r
s (0 4) o
Here,risa (N —k — 1) x (k+ 1) matrix, T/\‘, isa(N—k—1)x (N —k—1) Toeplitz
matrix generated by the Laurent polynomial

k,n j
cN k-1 = Zdu i’
j=—k
and
ki ki ki
dN k,0 dN k,1 dN k.k

Sk, n Sk, n k,n
dN k+1,0 dN k+1,1 777 dN—k-H,k

Ak i Py Ak i
dN,O dN,l dN,k

Now, (19) is transformed into the following:

" () — gty h = yjdig
vy " — o(t

Bjc\/ 2 _ g(z) ' g(]) ’ @1
i gl —g(th )

To examine the solvability of (21), it is enough to study the inverse of Tj\lj and R’I‘V.
Now let us review some auxillary results. Suppose that there is a Laurent polynomial

b(t) = Z b,t". Then, we can define an infinite Toeplitz matrix by the following:
n=-—00

bo by b_y - -
by by b_y ---
Tbl=15, by by ---
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Let T denote the complex unit circle. Then, as ¢ moves once around the
counterclockwise-oriented T, b(¢) traces out a continuous and closed curve. The
winding number of b(¢) denoted by windp is the number of times this curve sur-
rounds the origin counterclockwise. Particularly, assume b(¢) # O for all # € T and
b(z) has only finitely many nonzero coefficients, that is,

b(r) = Z bt

j==r

then, we can obtain by a direct calculation as follows:

J 1
b(t) =t7"bs [ [ —8p ] —m) =17"b0),

j=1 i=1

where |§;] < 1 for all j and |u;| > 1 for all i, and b(7) is called the condition
polynomial for b(z). Let p;(r) =t —§; and q;(t) = t — u; Then, we have Windpj =
I,windg, =0forj =1,---,J,i=1,---, 1. Therefore, the winding number of
b(t) can be computed by wind, = J — r. Moreover, since b(¢) # 0 for all t € T,we
know the operator T [b] is an invertible modulo compact operator, that is, there exists
an operator B such that both BT [b]—1 and T[b] B —1I are compact (see [20, Theorem
1.9]). Besides, its index is —windy. Hence, we arrive at the following fact.

Lemma 1 [20, pp.10] The operator T[b] is invertible on [P (1 < p < 00) if and only
ifb(t) # 0 forallt € T and windy, = 0.

Denoting T,,[b] by T[b](1 : n, 1 : n), we have lim T,[b] = T[b]. It is noted that

n—oo

the invertibility of T,,[b] is determined by T'[b], that is,

Lemma 2 [20, pp.63] Let b(t) belong to Wiener algebra. Then,
lim sup||(T,,[b])7] || < oo if T[b] is invertible,

n—00

lim ||(T,,[b])_1 || = oo if T[b] is not invertible.
n—oo

On the other hand, R;‘\, is non-singular due to the linear independence of the local
basis functions. Therefore, the coefficient matrix in the linear system (19) is invertible

when ki (1) belongs to Wiener algebra and windck,,; =0.
N—k—1 N—k—1
Next, to study the convergence property of the collocation error, we introduce the

remainder representation from the approximation theory.

Lemma 3 [8, pp.43] Assume

e Forgiven abscissaa <& < ... <&, <b, let

en(fi)=f() =Y _Lij0)f(&)). t €la,b]

j=1
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denote the error between f(t) and the Lagrange interpolation polynomial of
degree m — 1 with respect to the given points {&;}.
o f(t)eCla,blwithl <d <m.

Then, e, (f; t) possesses the integral representation as follows:

b
en(fi 1) = / ca(t, ) FD(s)ds, 1 € [a, b], 22)

where the Peano kernel k,(t, s) is given by the following:

1
Ka(t. ) = = 1 = 9% ZL (OIGE
. p

Here,

0, t<s
_ P .__ ) )
(t = 9)y = { (t —s)P, t>s.

With the winding number and remainder theory in hand, we give the condition for
the solvability of By CBVM and its corresponding convergence rate in the following
theorem.

Theorem 1 Assume the given functions K (t) and g(t) describing VIE (1) satisfy
K(t) = 1 and g(t) € C*2([0, T1). Furthermore, suppose that the winding number
och «—1 @) is zero. Then, By CBVM leads to a unique solution as h — 0, and the
collocation error admits as follows

leqllo = OR*H, A =0,1,--- N —1, (23)

whereh = max  {h;}, e; = (en(t™), en(y, -, en(tin?,
j=0,- ,N—1

Proof Since the winding number of cl;\}"_k_l (1) is zero, we get Blli, in (19) is invertible
due to Lemmas 1 and 2. Therefore, (19) can be solved uniquely, or equivalently, (18)
has a unique solution.

The remaining work is to study the convergence property of BjzCBVMy. Let
en(t) :=u(t) — uy(t), then we get the error equation

n—1  N-1 .1 . n—1 .1 R

0:2/1;2/ eh(t]]-+vhjc)dv+hﬁ2/ en(t} + vhy)dv. (24)
A . 0 ; 0
j=0 Jj=0 j=0
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A similar differentiation as that employed in (19) leads to the following:

1
h,,/ en(t? +vh)dv =0, j=01,--- N —1. (25)
0

According to Lemma 3, we have the following:

1 k+1
m(/iEZQOﬁﬂ¢ﬂwmu+0w?%)=wxj=0«~,N—k—z
0 =0

j-N+k+2 K A R
hi / > en(th i )fdv+ 0T | =0, j=N—k-1,--- N1
0 i=0

Sinceeh(tl.j) =0 forj=0,1,---,Ai—1,i=0,1,---,N — 1, we get the
following:

Bhe; =r;. (26)

Here, B, is defined by (20), e; is defined by (e, (1)), e, (), --- , en(th) )T , and
the elements of r; are O (h**1). Since the norm of the inverse of lei, is bounded as
N — oo by Lemma 2, we have the following:

leqllo = OR*TY), h — 0.

This completes the proof. O
By taking k& = 1,2,3,4 in B 5 CBVM;, we arrive at the fact
that correspondmg condition polynomials ¢ (z), c2(2), ¢3(¢), andcq(r) for

cN 2 (8, ci, 3(8), anch 40, c?vns(t) are as follows:

N S S
a=nt T3 T

i 3, 2, 5 1
Q) =P+ 4 —

g "3 T T
i 251, 323, 11, 53 19
= —r*"+—— —2 4+ - —,
SO =2%" T30’ 30" T30 720
_ 95 ¢ 1427, 133, 241, 173 95
Gut) = —t"+—4t" — —t"+ ——t"— ———t — —.
288° 14400 240" " 7200 1440 288

In Fig. 1, we show the roots dlStI'lbuthIl of above polynomlals It can be seen

that winding numbers of cN 2 (1), cN 3(8), cN 4(), and cN 5(t) are zero, which
coincide with the condition in Theorem 1.
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k=1 k=2

)
0.5
-0.5
-1
k=3 k=4
1 1
0.5 0.5 o\
O
0p of--o 5
-0.5 : ' O/
-1 -1
-1 0 1

Fig. 1 Distribution of roots of condition polynomials for various k
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unit circle
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-2 -15 -1 -05 0 0.5
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|
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Akoo/

3.2 The case of general K(t)

In this subsection, we consider a general kernel function, which can be written as
follows:

K@) =K@©0) +:K®@) (27)

with K (0) # 0. We summarize the main theoretical result in the following theorem.

Theorem 2 Assume the given functions K (t) and g(t) describing VIE (1) satisfy
K(©0) # 0, K(1) € Ck2([0, T]) and g(t) € C*2([0, T). Furthermore, suppose

that the winding number of cN «—1() is zero. Then, By CBVMj leads to a unique
solution as h — 0, and the collocation error admits to the following:

leqllo = ORKTYH, A=0,1,---, N —1, (28)

whereh = max_ {h:}, e = (en(t]), en($3), -+ en(tp))".
j=0,--,N—1

Proof Noting the local representation of the collocation solution uy(¢) for fixed 7
andn =0,1, ---, N — 1, we have as follows:

n—1
gt = Zh Zf K" —(r +vh; ))uh(t +vh;)dv

j=0 Jj=0

l o o A
thi Z/o K, — (t] + vhp)uy (¢} + vhy)dv. (29)
i=0
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Forn=N—-1,N—-2,--.,0, computing g(t,f‘ﬂ) — g(t,f’) successively results in the
following:

g () — gl

n—1 N—1 . . A}
= th Z/o K (ty,y = (t] + Vh)uy(t] + vhy)dv
j=0 =0
n—1 N—1 . ) . ?
_ Zhj Z /O K(l,rzl — (l/j + Vh]é))uh(tj + Vh]?)dV
j=0 =0

n 1 N N N
+h; Z/o K(t:+l — (l‘;’ + vh,;))uh(t}’ + vhy)dv
=0

n—1 1
—hi Z/ K, — (] + vhp)uy (¢} + vhy)dv (30)
j=070
By denoting
g(t]) — g(tf) — LAG] + Lac);! |
; g(th) — g(t}) — LAG, + LAG! 1
b" = ’ 1 . ’ : and1=1] . |,
g(th) — g(th_) —LAGh +LAGh | 1
where
Pl S et S S R .
Lag, = th Z / K, — (1] + vhe))uy (1] + vhs)dv,
A ; 0 . .
j=0 Jj=0

we obtain the matrix form of (30)

M .1=b". 31
or equivalently,
M, 0 0 I b
TR T [ KN N 2

—_
<
O

My o—=My 1o My =My 1y - My y
with
~ 1 A A A
Mlnj = hﬁ/o K(tin — (I7 + Vhﬁ))uh(t;l + vhy;)dv.

Noting that Ml" j= O (h;) and utilizing the mean value theorem, we have as h; — 0,

ij_l - Mzﬁ—l,j—l = O(h’%) for j < i. Employing Gaussian elimination leads to
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the following:

M, 0 -0 1 bl

0 M!, ... 0 1 b + O(hy)
oo - (33)
0 0 oMby )\ bl + 0(hy)

According to (27), M; j_1 can be decomposed into the following:

A 1 A 1 A
M = h;,K(O)/O un(t? + vhy)dv + h,%/o (1 = 0)K (i (1 = v))up(t? + vhy)dv.

Hence, for sufficiently small /4, the linear system (29) has a unique solution when
B,’i, defined in (20) is invertible and the norm of its inverse is bounded as N — oo.

Now, let us consider the collocation error ey (¢) = u(t) — up(t). By a similar
deduction, we have as follows:

i-1  N—-1 . ) . .
0= Zh; > /O Kty — (t] +Vh))ey(t] + vhy)dv
j=0 =0

n—-1  N—-1 .| . .
- Z h; Z /0 Kty — (] +vhi)ey (t] + vhy)dv
j=0 =0

n 1 R R R
+h; Z/O K, — (7 4+ vhy))e, (¢! + vhy)dv
=0

n—1 .
—h; Z / K () — (¢} + vhp)en(t] + vhy)dv (34)
/0 '
For j =0,1,---, N — k — 2, with Lemma 3 in mind, interpolating e, (t]j + th.) at
tJ’ tj+1, cee t}+k+1 leads to the following:
. k+1 R
J _ J k k+2
en(t] +vhy) = _Xéehoﬁ,-)qsi () + 0", (35)
1=
On the other hand, we have, for j =N —k—1,--- ,N — 1,
R k .
J J 2k k+1
en(t] +vhy) = ;eh(%m)@ ) + 0”5, (36)
1=

By the mean value theorem, we have the following:

K (1= (6] +v0 ) =K (1= (1] +vh ) = (hjhi) K 6. & € G =]y 1y = 1),

Forf =0,---,n—1,andi =1, ---, N, the fact that eh(tij) = 0(hk+1) implies
ERR? | — ERR? = O(h*1?),
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where
. n—1 N—1 1 . R N
ERR? = Zh; > /0 K (i, — (t] +vh))en(t] + vh)dv.
j=0 =0

Let d denote a N x 1 vector with its nth element being ERRﬁ — ERRﬁ_l. Then, (34)
can be rewritten in the compact form,

E'.1=d" (37)
or equivalently,
EY,— EY E% <o 0 1 d?
2,0. 1,0 ?,1 = 2 ’ (38)
Eyo=En_10 Exg = Ey_ig o By )\ dy

with
1
Einj = hﬁ/ K(tin — (t;l + Vhﬁ))Eh(t;l + vhj;)dv.
' 0

Noting that E; ; goes to zero fori < jash — 0, and E; ; withi < j is one order
higher than E; ;, we have by Gaussian elimination as follows:

Ely 0 - 0 1 dr

0 Ef, - 0 1 di + O (hF+3)

S : | = . (39)
o o0 - Efy,J\1 di + O (h*+3)

Hence, for sufficiently small /, we arrive at the fact by utilizing Lemmas 1 and 2 as
follows:

leilloo = OB, = 0.
This completes the proof. O

4 Numerical experiments
In this section, we carry out some tests to illustrate the numerical performance
of BgyCBVM firstly. Then, the first-kind Volterra integral equation arising in the
scattering problem is solved by collocation boundary value methods.
Example 1 We utilize B NCBVM/{ to solve the following VIE of the first kind,
t
/ cos(t — s)u(s)ds =tcost,t € [0, 2]. 40)
0
The solution of this equation is as follows:

u(t) =2cost — 1.
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We firstly consider BjCBVM; with k = 1 and £k = 2, respectively. Com-

puted results are shown in Table 1, where “error” denotes |e;| 0, and “order” is
CITOIprevious

computed by log, . Then, we divide the interval [0, 2] uniformly into

CITOT current . . .
4 parts and apply CBVM; to each subinterval. The convergence rates are given in

Table 2. In Table 3, we present the computed results by utilizing B3CBVMy, with
T1 = T/5, T, = 3T /4 in the coarse grid.

It can be found in Tables 1, 2, and 3 that convergence orders for B ]\A,CBVMl and
BjCBVM; are 2 and 3, respectively, which are in accordance with the theoretical
estimates given in Theorem 2.

Example 2 In the study of acoustic scattering, a class of single-layer potential
equations can be changed into the following:

t
/ Jo(w(t — s)u(s)ds = g(1), 1 € [0, T], (41)
0

by polar coordinate and spatial Fourier transforms [9]. Here, Jo(¢) denotes the first-
kind Bessel function of order zero. Furthermore, with the help of Laplace transform
[21], the exact solution can be represented as follows:
t
ut) =g'@)+ a)/ Mg(s)ds.
0 t—s

Letting T = 2 and w = 10, we illustrate the performance of B NCBVMk in
Tables 4 and 5. Moreover, we show the convergence property of BjCBVM; with
respect to w in Fig. 2, where the moment integrals are computed by Lommel function
[22].

Numerical results given in Tables 4 and 5 verify the estimates in Theorem 2 again.
In Fig. 2, we can find ||e; || o Scaled by the asymptotic order, that is, |e; oo -»'?. The
moderate varying circles in this figure imply | e; || - @'/? behaves as O (1) when w
goes to infinity, or equivalently, ||e; | - behaves as O (w~Y/?). Therefore, B K CBVMg
shares the property that the higher the oscillation of the kernel function, the better the
approximation. By employing the methodology in [23], it is expected to develop the
convergence rate of Bz CBVMy in terms of the frequency w. The details are ignored
for simplicity.

Table 1 Absolute errors and convergence rates of BjCBVM;, for example 1

B1CBVM; B1CBVM;

Error Order Error Order
N =16 343 x 1073 - 9.35 x 10~ -
N =32 9.72 x 1074 1.82 1.14 x 10~ 3.03
N =64 2.57 x 107 1.92 1.41 x 1073 3.02
N =128 6.60 x 1075 1.96 1.75 x 107 3.01
N =256 1.67 x 1072 1.98 2.18 x 1077 3.01
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Table2 Absolute errors and convergence rates of B4CBVM;, for example 1

B4CBVM| B4CBVM,

Error Order Error Order
N =16 5.79 x 10~* - 1.52 x 1073 -
N=32 1.44 x 107* 2.01 1.90 x 107 3.00
N =64 3.58 x 107 2.00 2.38 x 1077 3.00
N =128 8.94 x 1076 2.00 2.97 x 1078 3.00
N =256 223 x 107° 2.00 372 x 1079 3.00
Table 3 Absolute errors and convergence rates of B3CBVM;, for example 1

B3CBVM, B3;CBVM,

Error Order Error Order
N =16 3.87 x 10~ - 1.60 x 107+ -
N=32 9.63 x 1077 2.01 2.02 x 1073 2.99
N =64 240 x 1073 2.00 2.53 x 107 3.00
N =128 6.00 x 107° 2.00 3.16 x 1077 3.00
N =256 1.50 x 107° 2.00 3.96 x 1078 3.00
Table 4 Absolute errors and convergence rates of BjC BV My for example 2

BiCBVM; BiCBVM,

Error Order Error Order
N =16 232 x 1072 - 6.21 x 1073 -
N=32 2.58 x 1073 3.17 6.41 x 1074 3.28
N =64 2.83 x 107* 3.19 7.79 x 1073 3.04
N =128 3.44 x 107 3.04 9.07 x 10°° 3.10
N =256 8.74 x 1076 1.98 1.08 x 107 3.07
Table 5 Absolute errors and convergence rates of B3CBVM;, for example 2

B3;CBVM; B3;CBVM,

Error Order Error Order
N =16 5.62 x 1073 - 1.13 x 1073 -
N =32 1.25 x 1073 2.16 144 x 10~ 2.98
N =64 2,95 x 1074 2.09 1.77 x 1073 3.02
N =128 7.16 x 1073 2.04 2.19 x 107 3.02
N =256 1.76 x 1073 2.02 2.72 x 1077 3.01
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B1CBVM1 B1CBVM2
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Fig.2 The asymptotic order of BjCBVM;, with respect to the frequency w

5 Final remark

The main results of this paper are contained in Sections 2 and 3. By employing mul-
tistep interpolation, we have derived the block collocation boundary value method.
For the first-kind VIE of convolution-type, the sufficient condition for uniqueness
and convergence property of collocation boundary value solutions is established.

N=16 i N=64

Pointwise Error

Fig.3 Pointwise errors of BjCBVM; for example 1
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Table 6 Absolute errors and convergence rates of the modified B,CBVM,

El E2

Error Order Error Order
N =16 5.78 x 1073 - 1.92 x 1073 -
N=32 7.20 x 107° 3.01 238 x 1074 3.01
N =64 9.00 x 1077 3.00 2.99 x 1073 3.00
N =128 1.12x 1077 3.00 3.75 x 1070 3.00
N =256 1.41 x 1078 3.00 4.69 x 1077 3.00

To construct the collocation solution, we rewrite uy (¢) in [fy_r—_1, tx] as follows:

k

wh(ty—k—1 4+ Vh) = Y up(tn—k4i) i (v),
i=0

which leads to relatively poor approximations in the final several steps (see Fig. 3).
In fact, the numerical performance of the collocation boundary value method can be
improved by employing the local representation in [#y_k—1, #x] as follows:

k1
itn (N k-1 +Vh) = Y un(in—k—140)$i (v),
i=0
\ N=16 . N=64
10 . . : 107 : , ,

Pointwise Error
S

0 0.5 1 15 2 0 0.5 1 15 2
t t

Fig.4 Pointwise errors of modified BiCBVM; for example 1
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which leads to a modified block collocation boundary value method. According to
the remainder theory of Lagrange interpolation, we have as follows:

k

i (k-1 + vh) = Y itp (N —kyi)hi (v) + OB,
i=0

Therefore, i, () can be considered as a perturbation of uj,(#). The existence and
convergence rate of the modified collocation solution uy(¢) can be deduced with the
help of BjyCBVM;. We employ the modified collocation method with k = 1 to
solve VIE in examples 1 and 2 again. Computed results are presented in Table 6.
Here, “E1” and “E2” implied tested problems are the same as those in example 1
and example 2, respectively. It can be found that the convergence rate increases to
k 4 2 in these numerical experiments. Furthermore, we show pointwise errors of the
modified collocation method in Fig. 4. We find solutions of (40) in the last several
steps to have been properly approximated (compared with Fig. 3).
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