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Abstract

In this paper, two-grid methods (TGMs) are developed for a system of reaction-
diffusion equations of bacterial infection with initial and boundary conditions. The
backward Euler (B-E) and Crank—Nicolson (C-N) fully discrete schemes are estab-
lished, and the existence and uniqueness of the solutions of these schemes are proved.
Moreover, based on the combination technique of the interpolation and Ritz projec-
tion and derivative transfer trick which are important ingredients in the TGMs, the
superclose estimates of order O (h* + H*+ 1) and O (h* + H*+t?) in H'-norm are
deduced for the above schemes, respectively, where % is fine mesh size, H is coarse
mesh size, and t is time step size. Then, by the interpolated postprocessing approach,
the corresponding global superconvergence results are obtained. Finally, some other
popular finite elements are discussed and numerical results are provided to verify the
theoretical analysis, which show that the computing cost of TGMs are only half of
Galerkin finite element methods (FEMs) for the test problem.

Keywords Bacteria equations - B-E and C-N schemes -
Galerkin FEMs and TGMs - Supercloseness and superconvergence
1 Introduction

We consider the following bacteria equations [1]:

u; = dyAu — aju + appv, x,1) e 2 xJ,
vy = daAv — apnv + g(u), x,1) e 2 x J, )
ux,t) =v(x,t) =0, x,t) e 2x J,

u(x,0) = up(x), v(x,0) =v9(x), x € Q,
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where @ C RZisa rectangle with boundaries parallel to the axis, J = (0, T], T >
0. Here, u and v represent the average concentration of bacteria and the infective
human, respectively. Hence, —ajju describes the natural mortality rate of u, ajrv
is the growth rate of u due to v, and —ajpv is the natural damping of v due to the
finite duration of infectiousness of humans. g(u) represents the force of infection
of u against v, which is twice continuously differentiable functional and satisfies
the Lipschitz condition. We assume that the initial values u(x) and vo(x) are given
smooth functions. At the same time, d1, d2, a11, ai2, and ayy are positive constants.

The problem (1) established the spatial transmission model of bacteria under the
environment pollution of human, which has important research significance and there
have been some works about it. For instance, the existence of periodic plane wave
solutions was analyzed in [2], and the asymptotic stability of plane wave solutions in
the bounded and unbounded domains were studied for 1D case in [3]. Moreover, the
nonconforming FEM with EQ|*' element was applied to this problem in [4], and opti-
mal error estimate with order of 0(h2) in L2-norm and the superclose estimate with
order of O (h?) in H'-norm were deduced for the semi-discrete scheme, respectively.
Besides, the superclose estimate of order O (h>+1) for the C-N fully discrete scheme
was also obtained. The backward and central difference finite element schemes were
proposed and their priori error estimates in L2-norm were derived with order of
O(h*+1) and O(h%+12), respectively in [5]. Meanwhile, the existence, uniqueness
and stability of traditional solutions under different boundary conditions were stud-
ied in [6-9]. However, there is no consideration on the estimations of the solutions u
and v on the energy norm.

As we know, TGM is a very efficient algorithm for solving nonlinear PDEs [10—
12], in which the nonlinear problem is first solved on the coarse mesh with size
H and then a simple linearized scheme (one Newton like iteration) is dealt with
on the fine mesh with size # (h <« H). Later on, some developments on this
aspect were also achieved, such as unconditional optimal error estimate of order
O(h + H? + v) in H'-norm and order O (h? + H3 + 1) in L?*-norm were deduced
in [13] by introducing an auxiliary time discrete system, and the superclose esti-
mate in H'-norm was improved to order O(h* + H* + 1) in [14]. Furthermore,
TGM also has been applied to the reaction—diffusion problems [15, 16], Sobolev
problems [17], Navier—Stokes problems [18, 19], Maxwell’s problems [20], and
SO on.

In this paper, we shall take the bilinear finite element, for example, to develop
two-grid algorithms for the problem (1), and then to investigate their superconvergent
behavior in H'-norm through the combination skill of the interpolation and Ritz
projection of [21] and derivative transfer trick.

The remainder of the paper is organized as follows. In Section 2, we give the
B-E and C-N schemes and their briefly proofs of the existence and uniqueness of
solutions, and then deduce the superclose estimates for the above two schemes in
H'-norm, respectively. In Sections 3—4, we present the approximate schemes with
TGMs and study their superconvergence properties. In the last section, we provide
some numerical results to verify the theoretical analysis.

Through out this paper, without ambiguity, we use the standard Banach space
WP (Q) withnorm | - |, » and if p = 2, we can simply denote W*2(Q) by H*(Q)
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with the inner product (-, -). Then, we equip a function space L”(J; X) with the

1
norm || gllzr(;x) = (fj llg(, t)||§ dt)ﬁ and if p = oo, the integral is replaced by
the essential supremum. The generic constant C > 0 is independent of n (time level),
H, h, and 7, and may have different values in different places.

2 Superclose estimates for Galerkin FEMs
2.1 B-Escheme case

Let 9, be a regular rectangular partition of  with 4, and 17}? be the bilinear finite
element space which vanishes on 9€2. We define the Ritz projection operator Ry :
H} () — V as follows:

(V(Ryw — w), Vup) =0, Vo, € V. )

At the same time, let Ij, be the associated interpolation operator over 170, then, for

w € HO1 QNH 3(£2), we can obtain the following estimates according lemma 2
in [21]:

lw — Rywllo + AIV(w — Ryw)llo < Ch*|lw2, ?3)
I Ihw — Rywlly < Ch*{lw]3. “)

The weak formulation of the problem (1) is to find (u, v) : J — Hj (Q) x H} (),
such that

(W, @) +di(Vu, Vo) + ai(u, ¢) —apn(v, ¢) =0, V¢ € HL(Q),
W, ¥) +da(Vo, Vi) +an, ¥) = (gw), ¥), V¥ € HI(SQ), )
ux,0) =upx), v, 0 =v9(x), xe€.

LetO0 =1ty <t <... <ty =T be auniform partition on [0, 7] with t and ¢" =
¢(x, t,), for ¢ is a generalized function. Then, we may pose the following B-E fully
discrete scheme of the problem (1) to find (U}, V') € \7,? X \7}? forn=1,2..., N,
such that

(D UL, ¢1)+d1 (YU}, V) +aii (Uf, dn)—an2 (Vi ¢n) =0, Vo € V),

(DL VI yn) +do (VVE, V) +an (Vi ¥n) = (g (U}) . ¥n) . Vym € V),
U = Ryuo(x), VY =Ryup(x), x€,

(6)

where D ¢" = (" — ¢" 1) /1.
Now, we define a new finite element space W;, = {x4 = Uy, Vi)" : Uy,
Vi, e Vho} endowed with the scalar product (x1;,x23). := (Ul U2y) +

(V1,, V2y) where xiy, := (Uip, Vi) (i = 1,2) and the norm ||x,]2 := ||Uh||(2) +
Vi ll3- Then, let

F(xy) = Fi(Un, Vi) \ _ ( —anUp +an2Vi < — [ Yn
WENFRWUL ) T\ s —anvy )0 TP T\ v )
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Obviously, the function F(-) satisfies the Lipschitz condition, and the problem (6)
can be rewritten as to find XZ e Wy forn=1,2..., N, such that

{ (DX}, @), + (D*VX), V), = (F (x}), Pn),. Y, € Wy, o

0 _ (770 /0
x; = (Uy. V) -
where D* = diag(d,, d»).
Throughout this paper, we assume that the solution (u, v) to problem (1) exists
and satisfies the following:
letll oo 3 @)y F W0l oo 3y + uell2: w2y + el 2 2@
Flluwl oo g1 )y + el Lo v @)y + Nuwll Lo, v (@)
Hivall oo, m1 @) = € (3

Theorem 1 The problem (7) has a unique solution (U}, V).

Proof 1t is similar to the proof of [22] (see pages 236-237).
Now, we consider the following theorem which gives the superclose estimate of
the problem (6). O]

Theorem 2 Let (u, v) and (U w Vi ) be the solutions of (5) and (6), respectively,
then we have the following:

|Up = |, + Vi = "], = Ch? + ).

Proof Lett =t, in (5), we get the following:

{ (Deu™, $p)+di (Vu", V) +ari (", ) —ann ", ¢) = (r{', dn) . Vo€ Vy,
(Dev", Yi) +da (VU™ V) +an (v, Yin) = (g W"), Yin) + (15, ¥n) . Y € V),

)
where
2 2
r'f — D‘L'un - I/t?, and ||r{l ||0 S ‘C”utt”Lz([l‘n_l,t,,];Lz(Q))’ (10)
2 2
ry = D" — v, and |}, < oo, 2@ (11)

Denote u" — U;! = u" — Rpu" + Rpu" — Up) =" +&", V" = V! =v" — Rpv" +
Rpv™ — Vi i= x" +y".
Then, subtracting (6) from (9), we obtain the following:
(D:&", ¢n) +di1(VE", Vo) +ann(§", ¢n) — ara(y”, ¢n)
= —(Den", op)—di1 (V" , V) — an (", ¢w)+ ara(x", ¢n) + (r}', én) . (12)
(Dey", ) +d2(Vy", V) + an(v", i)
= —(De )", Yn) —do (V" V) — an(x", ¥u) + (™) — g (U}) . ¥n)
+ (5, vn) - (13)
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Noticing that,
(VE", D ve™ = (IVE" 1§ — IV&" I3+ 1Ve" — Ve IF) /o). (14)
(V¥ DeVy™ = (IVy" I = IVy" I + 1Vy" = 97"~ 13) /2). (19)
Then, let ¢, = D-£" in (12) and ¥, = D, y" in (13) to have the following:
1D 13 + i (V€713 = 196" 13) /20) +an (16" 1F - 16"~ 1F) /7
< | = di(V", DeVE") = (Den”, Deg™) = an (", Do) +ain(y" + ", Deg™)
5
+(rf, DEM)| =) Dy, (16)
i=1
1Dey" I +d2 (197" 13 = 197"~ 15) /@0 + a2 (1" 1 = 1"~ 1) /7
< |=d2(VX", D:Vy") = (D: X", Dey") — ann(x", Dry")

5

+ (g™ — g (U}), Dey") + (4, Dey™)| = Z E;. (17)
i=1

Here, by use of (2), we have D1 = 0, E; = 0. And observing that || D, ¢" ||% <

! fli”_l ||¢;’ H(Z) ds (see [13]) and (3), we can get by Cauchy inequality and Young
inequality that,

IA

In
ch* <a121 |3 + (2a122 + a§2> "3+ ! / (||u,||§ + ||v,||§) ds)
Ih—1

3 1
+2ai,lly" 1§ + ZID<E" 5 + S 1Dev" I3

IA

In
Ch4<||u”||%+||v"||%+r‘/ (||u,||%+||vz||%)ds)+2a%2||y"||é

In—1
3 2 1 2
+Z||Dr§”||0 + Z||DrJ/n||o-
Considering (10)—(11), we find that
2 2
D5+ sl = 7 (el e  0elag,,ncan)
1 2 1 2
+Z||D,$”||0 + Z||Dr)/"||o~

Under the assumption of g(-), we have at once the following:

A

1
[Eal < elu” = Ul I1D<y" o < 2¢* (16”13 + " 13) + 711 Dev" I

IA

1
Ch*|u™ |13 + 22 (1€" 13 + ZnDry"né.
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Then, substituting above results into (16)—(17), we can get the following:
co (N1} = 18" 13) /20 + co (1™} = Iy~ 13) /20)
In
< cht (r‘l f (e 13 + 10r13) s + 13 + ||v"||%)
h—1
+C7 (Il + Nl )
L2([ty—1,121; L2 (2)) L2([ty—1,11;L2()
+2a2,ly" 12 + 22 (1E113, (18)
where cg = min{d, dy, 2a;1, 2ai2}.

Multiplying (18) by 2t and summing fromn =1,...,m (1 <m < N), we have
the following:

2 2 4 2 2
co (IE™ I3+ 1™ 13) = Ch* (e pragany + 101320 2y

2 2
+||u”L°°(J;H2(Q)) + ”v”Loo(‘];HZ(Q))>

+CT2 (||utt||ioo(J;L2(Q)) + ”vtt”ioc(‘];LZ(Q)))

m m
+arat, Y lly" I+ 4Ty 18"

n=1 n=1

Thanks to discrete Gronwall’s lemma, when ¢y — 4a%27: > 0 and ¢o — 4c%1t > 0,
we have the following:

16" 13-+ 17" 13 = Ch* (W12 oy 100 B gy + 180 ey

2 2 2 2
+|| U”Loc(J;HZ(Q))) +CT (”Mn”LDO(J;LZ(Q)) + ” vt[”LOO(J;LZ(Q)))
<C(h*+ %),
which together with (4) completes the proof. O

2.2 C-N scheme case

For the purpose of obtaining higher accuracy in time, we shall pose the following
C-N fully discrete scheme of the problem (1) to find (U fis V,?) € Vh0 X Vh0 forn =
1,2..., N, such that

(DU}, ¢n)+dy (YU}, V) +an (U}, gn)— arz (V) én)
(D VI, ) +do (VV], V) +axn (Vi vin) = (g (U, ¥
U = Ryuo(x), VP = Ryuo(x), x€,

=0, Ve eV,
n). Yy eV

(19)
where ¢" = (¢" + ¢~ 1)/2.

Theorem 3 The problem (19) has a unique solution (U}’f, V;?)
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Proof Similar to (7), we shall rewrite the problem (19) as to find XZ e Wy, for
n=1,2..., N, such that

{ (D X}, @), + (D*VX], VO,) = (F (X)), ®p),, VPy € Wy, 20)
W)

Xh = (Uh’

Here, we shall first multiply (20) by 27 and remark it as (G, (x};) , ®5), = 0,
where G, : W, — Wj is a continuous functional. Then, with the Lipschitz
continuous property of F(-), we have for given x; ! as follows:

(Gr(@n), ®1)x = 2(Ps =X~ 1) +7(DV (@4 +x57"), Vs ).

¢ Xn—l
_92t (F <h+Th) i q)h>
*

2 n—1 2 . 2
= 02 = x| o ([ min 21V®2
* reo (D)
— max M|Vl |vx; 7! )
rea (D) *
—CT(|FO) [l + 11Pnll + IX " 111D
3 2 -1 2 2
> (1-3CT) 1ol ”*—CrnF(O)u*
+r( min_[A][|[V®;|2 — max |x|||V<I>h||*||sz‘1||*>
reo (D) reo (D)
3 _
> (1—50r) @412 — (1 + C)Ix; |12 — Ce||F(0))?

max |A|
rea (D) H n—1
4 min |A]

re€a (D)

*

max |A|

n— 1” +CT||F(0)||,E+r<& ‘VX

q2 |:(1 + CT) 4 min |A|

>:| to ensure
*
(G (@), @p)s > Ofor [ @yl = g, when T < 79 < .

Further, by the Brouwer’s fixed point theorem, we see that the equation G, (x) = 0
has a solution x € B; = {®; € Wy; [[®s]l« < g}. In fact, if we assume that
Gp(®Pp) # 01in By, then the mapping Gn(®p) = —qGp(Dp)/11GR(Pp)] « 1s contin-
uous from By to itself, and therefore has a fixed point ) € By, with > = o), ||£ =
—q(Gp(®p, P1))x/IGn(Pr) %, which contradicts (G (Pp), @p)x > 0. So, there
exists a solution xj, of (20) in By, namely the problem (19) has a solution (U fi V;)

Now, we give a briefly proof of the uniqueness of the solution (U{l‘, V,:‘) of
the problem (19), when the solution (u, v) of the problem (1) is smooth and 7 is
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sufficiently small. In fact, let x1 = (Ui, V7) and x2 = (U, V») be two solutions of
the problem (19). Then by subtraction, we have as follows:

2(x1 — X2, Pp)x + T(DV (X1 — X2), V)«
x; +x'7! X2 +x! 7!
:szl—h_FZ—h’qjh )
2 2
*
Choosing ¢, = X1 — X2, we find the following:

2 . 2 2
2lx; = x2lx + 7 min |A][V(x1 —x2)[l¥ = Crllxi —Xall}.
»ea (D)

When t < 19, we can conclude that ||x; — X»||x = O, thus, U; = U, V| = V>, and
the problem (19) has a unique solution (U fi V,f) The proof is completed. O

Theorem 4 Let (1, v) and (U fi V}f) be the solutions of (5) and (19), respectively,
then we have the following:

U — ||, + | Vit — "], < Ch* + 7).
1 1

Proof Lett =1, ) in (5), then we can get the following:
2

(Do, )y (V=4 Ve ) +an (=4, ) —arz (v~ ¢n) = (1} 2, m) . VeV,
v

nel .
(D V", Yp)+da (Vl)"i%,vwh)+azg <v"’%,1//h)=( (u”*%> 1[/h>+<r2 2, h>: Vlﬁhev}?,
2D
where
2 3
}'l—l n—s n—s
ri 2 = Do —u; >, and |r ° 05 a||um||§2([[n71‘tn];L2(Q)), (22)
n—% n "—% n—% 2 ‘L'3 2
}’2 = D‘L’U — Y ’ and r2 = 6_4”Utn||L2([l‘,,,1,l‘n];L2(Q))' (23)
0

We write as before u" — Uy} = u" — Rpu" + Rpu” — Uy} :=n" +&", V' =V =
V" — Rpv" + Ryt — Vil i= "+ "

Then subtracting (19) from (21) and choosing ¢, = D &", Y, = D y", we can
get the following:

(D:£", D&") + dy (VE", VD ") + a1 (", D.£")
= —(D:n", D:E") — di(Vi", VDE") — a1 (7", D:&") + a1n(x" + 7", D:£")

_1
n (rf 2, D,g”) —d (sz" — v, VDT%'") —an (12” — U3, Dré”)

8
i (7' =073, Deg") = Y01 4
i=1
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(Dey", Dey™) +dr(Vy",VDy™) + an(y", D:y")
= _(Dan» DTJ/") - dZ(v)_(nv VDrVn) - azz(i", Dr)/”)

_ _1
+ (g(zZ") —g(Uy), D,y”) + <r; z D,y") —dy (Vz')" - Vv”_%, VD,)/")

8
—an (7" = "2, Doy ) + (g (w72) — @), D) =DK1 29
i=1

Collecting (24)—(25), the left side of the equation (LHS) can be estimated as follows
in the same way as (14)—(15):
LHS = ID:£" 13 + i (1V&" 13 - 1V€"~ 1) /2r)
+an (1”15 — 1€"~13) /@) + 1 Doy I

+d (19713 = 197"~ 13) /27)

+ax (I7"13 = 1y"~"13) /o). 26)
So, our purpose now is thus to drive error estimates of Il.” and K l” i=1,...,8).
As in the estimation of D;, E; (i = 1,...,4, j = 1,...,3), we have the

following:

IA

4 3
S+ K;
i=1 i=1

3 [in 3a}
4 2 2 11,-n2
Ch (h /, (a3 + 10 13) ds + 21" 13

_ 3a} _
+ (3a%, +243,) ||v"||%) + =22 (11 + 1y 13)
1 ny2 1 n2
+31D<E"15 + 21 Dey" I3
In
ch't (rf (e 13 + 110r13) s + 13 + ||ﬁ"||%)
In—1

IA

3“122 ny2 n—12 1 w2, | ny2
+T (ll)/ g+ 1y ||0)+§||Dr§ ||0+§||Dr7/ g

and by use of (22)—(23), we can get that

3
13+ &3] < S (lwl? + vl )
5 51 =128 L2([ty—1.t1: L2(R)) L2 ([ 1,11 L2())

! > 1 2
+5I|Dw§"llo + EHDryn”o-
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. . I 1 3
Then, we have the following estimation with ||¢" — ¢" ™2 ||(2) < % tt”_l lldello ds,

2.3 .

[N N ¢ 3aj; 7 ! 2 2) 4 anlenz

|7 + 13 + K7| < 0 luwlly + llvelly ) ds +3|| & ||o+6|| ¥ g-
Ih—1

Furthermore, by the Lipschitz continuous property of g(-), Kj and Kg can be
estimated as follow:

- - - _1
K5+ Kg| el = Of gDyl +e | —u""2 | 1Dey"llo
- _ 3c2¢3 i 1
<3¢ (JE"I3 + 1"18) + 253~ [ hualids + 3102”1
In—1

In

_ 3¢ _
< Cra 3+ € [ tualfas + 25 (16713 + 16" 1R)

In—1
1 n2
+§I|Dr7/ llo-

Hence, substituting above results into (24)—(25), we can get the following:

co (16717 = 18" 1) /@) + o (Iv"1F = 17"~ 1) /2D)
2 n2 n—12 3¢ (1ony2 n—12
< 3ah, (1" I3 + 17"~ 13) + 5 (1613 + 1" ~"13)
In
+Ch' (r”[ (e 13 + 1o 13) ds + 1" 1 + ||ﬁ"||§>
In—1

t)l
+C7? f (Nl + Nl + eI+ weli3) ds + 1 + K2 @7)
n—1

Then, multiplying (27) by 2t and summing fromn = 1,...,m (1 <m < N), we
have the following:

co (NE™ I3+ 1y™ 1) = Ch* (e pagay + 101022051y
2 2
+|IM ||LOO(J;H2(Q)) + ||v||L°°(J;H2(Q)))

+C'L'4 (”uttt”iOO(J;LZ(Q)) + ”vttt”ioo(l;LZ(Q)))

m m m
+3atyt Y Ny 1§+ 3T Y IEmIG+ 2T Y I
n=1 n=1

n=1

m
+2r ) K¢ (28)
n=1
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m
By use of the derivative transfer trick, we can rewrite 2t ) Ig as follows:

n=1

s 5 o))
= 2i {(V (ﬁn _ un—%) , Vsn) _ (V (ﬁn—l . un—%) ’ VSn—l)]
(7)) e

—2i{<v (ﬁ” —u"—%) —v(ﬁ”—l —u"—%>,vs”—1)}. (29)

)
th—1 2
[ (=) maoras | (30)
tnf% 2
2 fae
1 n—1
lzn—l — un_% = TZ + Z (f (S —t 3) Uy (s)ds
1’17%
h—2
+ f (s =1, 3) wutds | 31)
ln—%
2 1 3 2 t o]
T —5 n—s T n—sx
4 (utt S =y 2) =7 i }2 ut(s)ds. (32)
n—3
Then, by Cauchy inequality and Young inequality, we can get the following:
" 1 3
Z {(V (ﬁ" _ un—§> v/ (ﬁn—l _ un—§> , Vén_l)}
n=1
m
< 3 (CPNVualag, iz + T1VEIR)
n=1
m
< CTHVuwll} o g2y + T 2 IVE G (33)

n=1
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So, we have the following:

m
1
E : n 4( = 2 2
2t l 16 =< Ct <Ul ||Vutt||LOO(J;L2(Q)) + ||Vuttt”L00(‘];L2(Q)))
n=

m
+or[VE™ 3 +21 Y VE"3. (34)

n=1
Similarly, we can get the estimate as follows:

m
1
27 Z Kg = Ct4 (;2||Vvtt||ioo(J;L2(Q)) + ”vvttl”ioo(J;LZ(Q))> + U2||V)/m||(2)

n=1

m
+27 ) VY G (35)

n=1

Substituting (34) and (35) into (28) with o; = ¢o/2,

co (NE™ I3+ 1™ 13) 12 = Ch* (1t ey + 10803520
2 2
+”u”L°°(J;H2(Q)) + ||v||Loo(J;H2(Q)))
+C‘C4 (”uttt”%m(.];HI(Q)) + ||Uttt||%oo(J;Hl(Q))

+”Vutt||ioo(‘];L2(Q)) + ”Vvtt”ioo(‘];LZ(Q)))

m m
+at Y Iy IT + et Y IIEI, (36)
n=I1 n=1

where ¢ = 3a}, +2, ¢ =3¢t + 2.

Thanks to discrete Gronwall’s lemma, when ¢g/2 —c;t > O and ¢p/2 — c2Tt > 0,
we have the following:

16713 + 1" 17 < Ch* (112 2y + 1080225, 1200

2 2
+||u||L°0(J;H2(Q)) + ||v||LOC(J;H2(Q)))
+CT4 (||utt[||ioo(J;H1(Q)) + ||Uttt||iw(J;H1(Q))
+||Vutt||ioo(J;L2(Q)) + ||Vvtt||ioo(J;L2(Q))>
< Ch*+ 1,

which together with (4) completes the proof. O
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3 Superclose estimates for TGMs
3.1 B-Escheme case

We define another bilinear finite element space \7,3 C Vho (h €« H <« 1) on the
coarse grid. Then, TGM for the B-E scheme can be described as follows.

Step 1:  On the coarse grid J, forn = 1,..., N, solve (U}, V}j;) € \72 x \713
for the following nonlinear system, such that

(DeVip V) + o (Vi Vi) +an (Vi vin) = (¢ (Ug) ¥m) . Yom € Vg,

(DU}, ¢1) +di (VUG Véu) +an (U, ¢u) — an (Ugy, du) =0, Véu € vy,
UY = Ruyu®, V) = Rpyd".

(37)
Step 2:  On the fine grid J, forn = 1, ..., N, solve (U}, V}') € V? x V? for the
following linearized system, such that

(D= Vi wn) +d2 (Vi V) axe (Vi vn) = (g (UR) +8' (UR) (U =UR)  vm) . Vi eV,

[ (DU, 1) +d1 (VU Vo) +an (UL, ¢n) — a2 (U, ¢1) =0, Y € V7,
UP=Ryu®, V)=Ry".

(38%)

By the similar arguments to Theorem 2, we can easily prove that (38) has a unique
solution.
Now, we present the superclose estimate of the above TGM.

Theorem 5 Let (u”,v"), (Ugy, Vi), and (U;), V}') be the solutions of (9), (37), and
(38), respectively. Then, we have the following:

I Tgu" — UGIT + 1 gv" — Vallf < C(H* + 1), (39)

[ Inu" — U3 + 0" — VP2 < C(h* 4+ H® + ©2). (40)

Proof From Theorem 2, (39) is true obviously. So, we only need to prove (40).
In fact, by Taylor expansion, we have the following:

g@") = g (UR) +8 (UR) (u" = Upy) + 8" w*) (u" = UR)* /2. u*
=Uj+0@@" —Up) 0<6<1).

Setu" — U! = u" — Rpu" + Ryu" — Up} =17 +§”, vt =V =" — Ry +
Rpv" — Vit = " 4+ p".
Then, subtracting (38) from (9), and choosing ¢, = D E" Yy = D.y". We get that
(D:&", DE") + di(VE", VD.E") + ay1 (§", D:£")
= —d (Vﬁn’ D,V%‘") - (D‘L’ﬁnv Dté:’l) —apl (ﬁn, Drén) + 012()7’ + Xn7 Dr“;:")

5
+(rf, DE") =) A (41)

i=1
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(DT);na DT)’;n) + dZ(V);n9 VD‘L’J;n) + a22()7n7 D‘L’J;n)
= _dZ(v)zn, DIV);n) - (Dz)?n, Dr);n) - 022(2n7 Dr);n)
+ (&' (UR) " = UR), De7") + (15, De7")

6
+ ("0 (" = Up)? /2. D7) = 3 B “2)
i=1
We write as before, collecting (41)—(42), and we have the following:
LHS = [IDE"13 +dy (1VE" I3 = IVE"~13) /o) + ant (13 — 1E""1) /=
+1De7" I + 2 (197715 = 197" ~"13) /27)

+ax (1713 = 17"~ 13) /7. 43)

Here, in the same way as the estimates of (16) and (17), we can get the following
estimates:

5 5
D Ait) B
i=1 i=1

< 245 17" 1% + 22 |1E" |13

In
+Ch' (r—lf (g3 + 1 13) s + 13 + ||v"||%)
Ih—1

2 2
+Ct (Hutt”LOO(J.LZ(Q)) + ||U[I||Lm(j;L2(Q)))

+IDE" 13+ ||DT 3. (44)

Moreover, due to H! < L#, interpolation theory, and (39), we have the following:

1Bl < ¢ | = UL |54 1D<7" o
= e (" = 10w By + 1" = U 13 4) 107" o
< e (CHA "By + 1" = URIR) 1De7" o = CCH* + T D7 o
sC(H8+r4>+—||Df "113- (45)

Altogether, we can see the following:

co (1713 = 18" 1) /22 + 0 (15713 = 17"~ 1) /2

In
< Ch* (r*/ (Mg 13 + 1o 13) s + ||u"||%+||v"||%>
Iy

1—1

+C72 (Il 200y + 1001220y ) F 20T 17" 1 + 262 0E" I
+C(H® 4+ . (46)
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Multiplying (46) by 27 and after integration, we have the following:

co (IE" I3 +17™13) = Ch* (e sy + 1002 ey
2 2 8
+||u||L°°(J;H2(Q)) + ”U”Lm(J;HZ(Q))) + CH

2 2 2
+CT (”utt”LOO(J;LZ(Q)) + ”v[[”Loc(J;LZ(Q)))

m m
+Had, T Y PR + 4 Y EME
n=1

n=1

So, by discrete Gronwall’s lemma, when ¢y — 4a%2r > 0 and cg — 4c%t > 0, we
have the following:

B+ 07" < C* (sl s iy + 1022y + 100 gy
HIV I gerian) + CH®
+C7 (a3, 20y) + 1001321200 )
< C(h4+H8+r2),
which together with (4) completes the proof. O
3.2 C-Nscheme case
We first establish TGM for the C-N scheme of the problem (19) as follows.

Step 1:  On the coarse gri(} ﬂH,for n =1,..., N, solve the following nonlinear
system for (U’ZI, V;’,) € Vg X Vg, such that

(D Vi ) +do (VVE VUH) +an (Vi ve) = (g (UF) . vu), Y¥u € VY,

[ (DU, bu) +di (YU}, Véu) +ann (Ufy, du) —arn (U, ¢u) =0, Vo € Vi),
UY = Ryu®, Vi) = Ry’

47)

Step 2: On the fige griq T, forn = 1,..., N, solve the following linear system
for (U}, V}) € V}? X Vf, such that

(DVils yn)+ o (V Vi, W)+ an (Vi v) = (2 (UF;) +¢' (UF) (U3 =U)  vi) . Vo€V,

(DU ¢n)+dy (VO V) + a1 (U], ) — arz (U, ) =0, Ve, € V2,
UY = Ryu®, V2 = Ry

48)
Similar to the proof of Theorem 3, we see that (48) has a unique solution.

Now, we present the superclose estimates of the above TGM of (47)—(48).

@ Springer



138 Numerical Algorithms (2021) 86:123-152

Theorem 6 Ler (1", v"), (U}fl, V;}) and (U;I’, V}f) be the solutions of (21), (47),
and (48), respectively. Then, we have the following:

|2 = U |3+ | 1" = Vi |} < c* + o), (49)
| = U} + | 1" = V> < et + HS + 4. (50)

Proof From Theorem 4, (49) is true obviously. So, we only need to prove (50).
In fact, by Taylor expansion, we have the following:

2@ = g (UF) + ¢ (T3) (@ — T) + " w*) (@ — T)’ /2, u*
= O} 40 (@ —UL) 0<0<1).

Letu" — Uy = u" — Rpu" + Ryu" — Ul = 7" + ", v" — V}' = v" — Ryv" +
Ryv" — V}:l = x4 P

Then, subtracting (48) from (19) and choosing ¢, = D.£", ¥, = D, p", we can
get error equations at once:

(DeE", DE") + dy(VE", VDE") + ani €, D.E")
= —(D:7", DE") — di (V)" VD.E") —an (7", D£")

+an(x" + 7", D" + ("T 2, D )—Clu (ﬁ" —Mnf%,Drgn)
8
tap (5” _ 3, D,é”) —d (Vﬁ” — V"3, VD,E ) Z (51)

(D 7", D ") + da(VP", VDo 7") + an (7", Do ™)
= —(Dr)?", Dt?n) - d2(VX~na VDﬂ;n) - aZZ()Zna Dr);n)

_1
+ (r; 2, D,;?”) — (Vﬁ” _ Ve, VDT;?") —ax (ﬁ” NS D,;?”)

(s (w4) 2@, D7) + (&' (Tf) @ — 0F). D:7")

n (g”(u*) @ — )’ /2, Dty") =Y G (52)
i=1
Then, similar to the estimates of /", K' (i = 1,...,5,7,8) in Theorem 4, we can

easily get the following:

7 6
dYar+) G <
i=1 i=1

i(n "3+ 17 1||0)+—(||s I3+ 1E""13)

In
+Ch? (z“ f (3 + 111 13) s + 113 + ||ﬂ"||%)
Ih—1

til
+C7? ( / (||um||% o ol + eI + 1o 13) ds
Ih—1

+IIDE"IZ + ||Dr " (53)
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Thanks to the Lipschitz continuous property of g(-), Gg can be bounded,

n —n 7n ~n 762 ~n 2 Zn 2
G4 = el ~ 0yl 1070 = 5 (7] + [&]7) + 510003
_ 7¢2 (120112 o 12
< Ch4||u"||%+7(\5" T IHO) ZID" (54)

Moreover, with the help of H! <> L*, interpolation theory, and (49), we can get the
following:

Gyl = C " = T4 [ 4 107" lo
< C (1" = 1@ 134 + 1@ = U313 4) 1D o
4\ =n i 2 4 2
< € (HH@ 134+ M = OF13) 107"l < CCH* + THID:7" o
=

C(HS + 1% + 7||th"||%. (55)
Then, substituting (53)—(55) into (51)—(52), we have that

co (16717 = 18"~ 1) /27 + <o (1713 = 17" 1}) /27
» ~n—1 7 (e et g2 8
=2 (17”13 + 17" 13) + == (W13 + 0" 13) + c i

In
+ch (r‘ / (e + 1 13) ds + 1" 13 + ||a"||%)

In—1

In
+C? f (NI + o3+ e + e l3) ds + 5§ + G (56)
th—1

Multiplying (56) by 27 and summing fromn = 1,...,m (1 <m < N), we have the
following:

0 (”ém”% + ”J;m”%) = Ch4 (”I/t[ ”%,Z(J;HZ(Q)) + ||vt||%2(J;H2(Q)) + ”u”im(J,HZ(Q))
2 8
+||v||LOO(J;H2(Q))) + CH

+CT4 (||utt||ioo(J;L2(Q)) + ||vtt||ioc(J;L2(Q)))
m m

+3apyr Y NPT+ 7T Y IEMIT
= n=1

m m
+2r Y I +2r ) GY. (57)
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m m
Similar to the estimate of 2t ) I and 2t ) K¢, we can obtain the following:
n=1 n=1

m m
1
2t E Jé,l +2t E G;l =< CT4 (;"Vutt||ioo(1;L2(Q)) + ||Vuttt||iw(J;L2(Q))
n=1 n=1

1 2 2
+;4 ” Vvtt”LOO(J;LZ(Q)) + ”Vvttt”Loc(‘/;LZ(Q)))

m
+o3 [ VE™ |7 + o0 [VF" P + 21 Y IVE"

n=1

m
+21 3 IV (58)

n=1

So, substituting (58) into (57) with 03 = 04 = c(/2, we have as follows:
0 (”ém ”% + ”J;m ”%) = Ch4 (”M; ”%AZ(J;HZ(Q))—F ”vt ”%2(1#.]2(9)) + ”u”izx(J’HZ(Q))
2 8
+||v||L°°(J;H2(Q))) + CH

+CT4 (l'utt”ioo(l;LZ(Q)) + ||vtt||ioo(J;L2(Q)))

m m
+at Y 17T+ et Y IEI, (59)
n=1

n=1

where ¢ = 3a}, +2, ¢3 =7c* + 2.
Then, by discrete Gronwall’s lemma, when co/2 — c¢17 > 0 and ¢p/2 — c27 > 0,
we have the following:

”é}m ”% + ”)7111”% S Ch4 (”ul”%AZ(J’HZ(Q)) + ”vl ”iZ(J;HZ(Q)) + ”I’t”ioo(‘]’HZ(Q))
2 8
+||v||L°°(J;H2(Q))> + CH
+CT4 (”I'ttt”ioc(‘/;LZ(Q)) + ||vtt||ioo(J;L2(Q))>
< Ch* + H® + 1%,
which together with (4) completes the proof. O

4 Global superconvergence analysis of TGM

Now, we start to derive the superconvergence results by applying the interpolated
postprocessing operator H%h (see [24]), satisfying the following:

M2, w—wl|, < Ch|wls, we HQ), (60)
2h 1 .
Im3,w], < Cllwl, Yw e s3,

where Sé‘ is the biquadratic finite element space.
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Theorem 7 Under the assumption of (8), we have the following:

W' — T2, U 2+Hv”—l'[2 v
2hh1 2h ' h

2 - C(h* + H® + ©?), for B-E scheme (a),
1 = | c(n* + H + %), for C-N scheme (b).
(61)

Proof We start to prove (61(a)), and (61(b)) can be treated in the same way. As usual,
we shall write the error as a sum of two terms: u — H%h Up=u— H%h Inu+ H%h Inu—

H%h Uj,, then by use of (60), we have the following:

2 2 2 4
Joe = 113, 110 1 = Ch*uls.

2

Again applying (60), with the help of Theorem 3, we obtain the following:

2 2 2 2 2 2

< Ch*+ H® +1?).

Together with the estimates above, it is easy to see that
2 2 2 2 2 2 2 4 8 2
o= s = ol - <t
Similarly, we can get desired result of v as follows:
2 2 4 8 2
- thVhHI <Ch*+ H® 4+ 7Y,
This completes the proof. U

Remark I In Theorem 2, if we use Rj, alone, how to construct an interpolated post-
processing operator H%h to satisfy H%thu = H%hu is still an open problem. In
addition, if we only use the operator I, and the estimation (V(¢ — I¢), Vo) =
O(h?)||9|13¢nll1 proved in [23], it will result in the following:

[f = D[} + [V = 1" [

4 2 2 2 2
S Ch (”ut ||L2(J;H3(Q)) + ”UZ ||L2(J;H3(Q)) + ”M ||LOO(J;H2(Q)) + ”U”LOO(J;HZ(Q)))

+CT2 (”utt”ioo(];LZ(Q)) + ”vtt”ioo(‘];l}(g))) . (62)

Obviously, the requirement of u;, v; € L2(J; H3()) in (62) as well as [25] is higher
than that u;, v, € L*>(J; H*(R)) in Theorem 2. This is the main reason why we use
the combination technique in our work.

On the other hand, in the proof of Theorem 4, the derivative transfer trick is crucial
to estimate J¢' and K. Otherwise, how to get the superclose estimate of order O (h*+
H* + 72) in H'-norm is also an open problem.
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Remark 2 Our analysis presented herein are also valid to some other popular finite
elements:

(i) For the conforming linear triangular element space \7}? [23], we have the
following:

(V(u = L), Vo) < Ch*||ull3llvlli, u € H(Q) N Hy(Q), v € V;). (63)

So, we can get the results of Theorems 2, 4-6 by use of (63) and applying the
combination technique as our paper.

(ii)) For the nonconforming elements erm [26, 27] on square mesh, EerOt [28, 29]
and CNerot [30] on rectangular mesh, there holds foru € H 3Q) N H(} (2) as
follows:

0,ve f/}? , for Q" and EQ}™" elements,

Ch2[lull3llv]l1, v e VY, for CNQI element,
(64)

(Vi(u—TIpu), Vpv) < {

du -
> /3 o-vds| = 0UD) s [vlln, v € V), (65)
KeJ, K

where ITj, is the corresponding interpolator over \7;?, V), denotes the piecewise

2 ~
gradient operator, and ||.||, = (; |.|i K) is the norm on Vh0 So, we can also

get the results of Theorems 2, 4—6 through (64)—(65).

(iii)) For the quasi-Wilson element [31] on rectangular mesh, the modified quasi-
Wilson element [32] on arbitrary quadrilateral mesh and the quasi-Carey
element [33] on triangular mesh, since their consistency error estima-
tions can reach order of O(h%) when the exact solution (u, v) belongs to
H(} QNH 3(Q), it can be proved that Theorems 2, 4—6 are also valid to these
finite elements.

However, for the rectangular Wilson element [34] and the triangular Carey ele-
ment [35], how to get the desired results of our work still remains open, for their
consistency error estimations only can reach order of O (h).

5 Numerical experiment
In this section, we present numerical example to demonstrate the theoretical analysis.

Setting the domain 2 = [0, 1] x [0, 1], and the finial time 7 = 1. Then, we consider
the following problem:

ur —diAu +aju —apv = fi, x,1)exJ,
v,—dzAv+a22v—u2/(1+u2)=f2, x,1) e 2 x J, 66
ux,t) =vx,t) =0, x,1)eQxJ, (66)
ux,0) =upx), v(x,0) =v9x), x € Q.
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Fig. 1 Error reduction results of # and v at # = 0.1 for B-E scheme(left) and C-N scheme (right)
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Fig.2 Error reduction results of u and v at # = 0.5 for B-E scheme(left) and C-N scheme (right)
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Fig.3 Error reduction results of # and v at ¢ =1 for B-E scheme(left) and C-N scheme (right)
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Table 7 Errors and CPU cost of the Galerkin FEM and the TGM (B-E scheme)

wo e -gop| e -5 ceutme e —0p| |-V cPUime
(s) (Galerkin (s) (TGM)
FEM)

0.1 7371503 74505¢-03 219 73719¢-03 7462903 119

02 58580e03  59655¢-03 477 58585¢-03  59716e03 235

03 5.1876e-03 5292403 83.1 5.1876e03 5287203 429

04 46783¢-03  47756e03 999 46778¢-03 4760903 535

0.5 42310e:03  43218¢-03 1244 42301e03 4300503 649

0.6 47970e-03  48831e-03 1450 47959¢-03  48578¢:03 753

07 43407¢-03  44226e-03 1663 4339503 43956e-03 872

0.8 3.1346e-03  32126e03 1879 3.1333¢:03  3.1857e03 9838

0.9 2836503  29113e-03 2021 28353¢-03  2.8856e-03  109.1

I 25668¢-03  2.6386e-03 2210 25656-03  2.6147e03 1173

where f1, f2, ug, and vy are computed from the exact solution as follows:
(u(x, y, 1), v(x, v, 1) = (e 'sin(wx)sin(ry), e 'sin(zrx)sin(wy)).
In order to confirm the superclose and superconvergence orders in Theo-

rems 2, 4-6, we choose H?> = h and use Newton iterations on coarse mesh
in our computation. It can be seen from Tables 1, 2, 3, 4, 5, and 6 that

[ =] e = 3,07 | - v o — 12,V

Table 8 Errors and CPU cost of the Galerkin FEM and the TGM (C-N scheme)

,and ‘ ’ are convergent
1 1

wo e -y e -5 ceutme  Jur—2,0p] o -3, cPUtime
(s) (Galerkin (s) (TGM)
FEM)

0.1 1.4415¢-03 14573¢-03 234 1.4416¢-03 14601e-03 119

02 1.1426e-03 11642¢-03 459 1.1427¢-03 11660e-03 234

0.3 1.0116e-03 1.0327e-03  68.5 1.0117¢-03 1.0321e-03 348

04 9.1232e-04  93186e04 917 9.1224e04  92922e04 460

0.5 82510e-04  84331e-04 1140 82494e-04  83920e04 574

0.6 7.7106e-03  7.7279%-03 1354 77104e-03  7.7229e-03 683

07 69769¢-03  69933¢-03 1583 6.9766e03  6.9879%-03  79.6

0.8 6.1129¢-04 6269404 1817 6.1103e:04 6214104 919

09 55317e-04  56817e-04 2042 5.5290e-04  5.6283¢-04 1035

I 50057e04  5.1496e-04 2269 5003204 50997¢-04 11438
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at order of O (h?) for B-E and C-N schemes, respectively, which coincide with our
theoretical analysis. At the same time, we present the error reduction results at 7 =
0.1, 0.5, and 1 in Figs. 1, 2, and 3, respectively,where errU stands for ||u" — 122/1 U,Z’ Il

and errV stands for ||v" — 122h ‘7,:‘ II1.

On the other hand, we also compare the CPU cost of the Galerkin FEMs to the
TGMs for B-E scheme in Table 7 with the same partition (2 = 1/16) and for C-N
scheme in Table 8 with the same partition (2 = 1/36) on a different time level. We
can see that the TGMs take almost half as much CPU time as the Galerkin FEMs.
Therefore, the proposed TGMs are very efficient algorithms.

Funding information This work was supported by the National Natural Science Foundation of China
(Nos. 11671369 and 11271340).
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