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Abstract

In this paper, a stable collocation method for solving the nonlinear fractional delay
differential equations is proposed by constructing a new set of multiscale orthonormal
bases of Wzlﬁo. Error estimations of approximate solutions are given and the highest

convergence order can reach four in the sense of the norm of Wzl’o. To overcome the
nonlinear condition, we make use of Newton’s method to transform the nonlinear
equation into a sequence of linear equations. For the linear equations, a rigorous
theory is given for obtaining their e-approximate solutions by solving a system of
equations or searching the minimum value. Stability analysis is also obtained. Some
examples are discussed to illustrate the efficiency of the proposed method.

Keywords Nonlinear fractional delay differential equations - e-Approximate
solutions - Newton’s iterative formula

1 Introduction

Nowadays, fractional differential equations have been a hot topic in the field of dif-
ferential equations for their widespread applications in many science fields [1, 2].
Among them, fractional delay differential equations begin to arouse attentions of
many researchers. These equations have also many applications in various areas such
as control theory, biology, and economy [3, 4]. Since some models have a great deal
to do with past condition, the insertion of a time delay makes these models more real-
istic. Therefore, the development of theory and numerical algorithms about fractional
delay differential equations is of importance. For example, Hu and Zhao [5] give
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the condition of asymptotical stability of nonlinear fractional system with distributed
time delay by utilizing the function monotonous properties and the stability theorem
of the fractional linear system. Pimenov et al. [6] use a BDF difference scheme based
on approximations of Clenshaw and Curtis type to get the numerical solution of the
following equation:

DEy@W = flt.y0), 3¢ =), 0=t <L, 0<p =1, 0
y =9, —t=<t=0.

For (1), Moghaddam and Mostaghim [4] use the fractional finite difference method
to obtain its numerical solutions. Saeed et al. [7] draw on the steps method and
Chebyshev wavelet method to solve the nonlinear fractional delay differential
equation:

{ Dgy(x) = h(x)+ fly(x), y'(x), y(px—1), ¥'(px — )], 0=x < b, 1 <a <2,
yx) =¢x), —b=x=0,

)
and get their approximate solutions. However, to our best knowledge, there are few
articles about the study of fractional delay differential equations especially with
regard to nonlinear fractional delay differential equations.

Newton’s iterative method is a very powerful tool to solve the nonlinear prob-
lems. Many researchers have been studying and generalizing Newton’s iterative
method and they use it to solve nonlinear problems. Deuflhard [8] in his monograph
constructs adaptive Newton algorithms for some specific nonlinear problems. Kras-
nosel’skii et al. [9] in their monograph study the Newton-Kantorovich’s method, give
a modified Newton-Kantorovich’s method and solve the problem of the choice of
initial approximations. Xu et al. [10] use quasi-Newton’s method to linearize a non-
linear operator equation, and so on. Theoretical analysis shows that the convergence
order of Newton’s iterative formula is order 2.

Motivated greatly by the abovementioned excellent works, in this paper, we deal
with the nonlinear fractional delay differential (2) in the condition p = 1, that is the
following equation:

{ D¢y(x) = g(x) + flx, y(x), Y (x), y(x = 1), y'(x=1)], 0 <x <1, I <a <2,
yx) =y(x), —7=x=0,

3)
where f has continuous second order partial derivative, g(x) € C[0, 1] and yp(x) €
C?[—1, 0] which are known functions. T > 0 is a constant delay. The fractional
derivative is in the sense of Caputo and y(x) € C I[—1, 1] is the unknown function.

In this article, we develop a stable and effective collocation method to solve (3).
The collocation method is one of the most efficient methods for obtaining accurate
numerical solutions of differential equations including variable coefficients and non-
linear differential equations [11-14]. The stability of collocation methods has always
been an important topic. At present, the definition of its stability is that when there
are many collocation nodes, the resulting equations are not ill conditioned and the
results are still valid. For a stable collocation method, we can improve the accu-
racy by increasing the number of approximation terms. Accordingly, it is particularly
important to establish a high-precision and stable collocation method.
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The choice of bases of a space is important for a collocation method. Approximate
solutions with different accuracy can be derived by using different bases for the same
equation. For obtaining higher accuracy solution of the nonlinear fractional differen-
tial equation, we construct a new set of multiscale orthonormal bases of Wzl’o, give
error estimations of approximate solutions, and prove in Section 3 that the highest
convergence order can reach four in the sense of W21,0.

Noting that the problem of initial value selection of the Newton’s iterative method
has been well solved in [9], so in this paper we transform (3) into a list of lin-
ear equations by using Newton’s iterative method. Then a new stable collocation
method is proposed to solve these equations. Compared with [15], the final numerical
experiments show that our method is better in dealing with this kind of equations.

The remainder of this paper is organized as follows: In Section 2, some rele-
vant definitions and properties of the fractional calculus and the space W21 and Wzl’0
are introduced. In Section 3, we construct a set of multiscale orthonormal bases of
Wzl‘o and give an error estimation of the approximate solution. In Section 4, we con-
struct the e —approximate solution method and apply this method to solve the linear
fractional delay differential equation. In Section 5, we analyze the stability of the
e—approximate solution method. In Section 6, we make use of Newton’s method to
transform the nonlinear equation into a sequence of linear equations. In Section 7,
we give the algorithm implementation of Newton’s iterative formula for solving the
nonlinear fractional delay differential equation. In Section 8, three numerical exam-
ples are given to clarify the effectiveness of the algorithm. In the last section, the
conclusions are prensented.

2 Preliminaries and notations

In this section, some preliminary results about the fractional calculus operators and
reproducing kernel spaces are recalled [16—18].

Definition 2.1 The Riemann-Liouville (R-L) fractional integral operator Ji' is given
by

1 * 1
JSu(x) = —/ (x =% u(s)ds, a > 0,
0 L@ Jo
where I'(a) = [ x* le™dx.
Definition 2.2 The Caputo fractional differential operator Dy is given by

D¢u(x) = ﬁ/o (x =)y ®W)ds, n—1<a <n, n=la].

r

Theorem 2.1 Let u(x) be the exact solution of (3), then D¢u(x) € C[0, 1].

Proof By the assumption, one has

|D&u(x)| = |~ %u" (x)] < o0.
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Since integrability of a function is equivalent to its absolute integrability, one has

/ lu”(s)]ds < r(z / (x — )" (5)|ds < oco.
Taking x = 1, we obtain u”(x) € L'[0, 1]. Thus, u(x) and u’(x) are absolutely
continuous on [0,1]. Hence, D¢u = g(x) + flx, u(x), u'(x), u(x —7),u’'(x —1)] €

Clo, 1]. O

Definition 2.3 Assume that n is a positive integer, then we denote

AC™"0, 1] = {u()|u™ Y (x) is absolute continuous in [0, 11}.

W) = W) 0, 1] = {u(x)|u(x) € AC[O, 11, u € L?[0, 11}.

The inner product (-, -); and the norm || - || of W21 are given by
1
(u,v)1=u(0)v(0)+/ W ()0 ()dx, u) = v/ @x), ux), Yu,veW,.
0

It is easy to see that W21 C CI0, 1]. Similar to [17], we can prove that W21 is not
only a Hilbert space, but also a reproducing kernel space with the reproducing kernel

I+x, x <y,

r(x,y>={1+y’x>y_

Definition 2.4 The inner product space Wzl’0 is defined as Wzl)o = Wzlyo[O, 1] =
{fux) € W21 |(0) = 0} with the inner product

1
(u,v); = / u' (x)v (x)dx, Yu,v e Wzl’o.
0

Lemma 2.1

lu(x)llc < V2lu@)lh, Yu(x) e Wi,

where ||u(x)||lc £ max |u(x)|.
x€[0,1]

Proof For any u(x) € W/, we have

(@) = | @), 7, YD1 1< w1 - e i = lu@)l - vrix, x)
= @) VT +x < V2[u)].

Thus [lu(x)llc < vV2[u@)]1. O
The following definition will be used in Section 6.
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Definition 2.5 The inner product space WS is defined as Wy = Wr0,1] =
{Jé" u(s)|u(s) € W21’0[0, 1]}. And the inner product and the norm of Wé" are given by
(U, v)g = (Dgu(s), Dev(s)Hi

1
= /0 (Dgw)' ($)(DEw) (s)ds, [u(¥)lle = v/ (@(x), u(x))a ,

where u, v € W5,

Remark 2.1 Similar to [19], one can prove that W3 is not only a Hilbert space, but
also a reproducing kernel space.

3 Construction of the multiscale orthonormal bases of W;,o and error
estimations

In this section, we construct the multiscale orthonormal bases of W21 0 by the famous
Legendre multiwavelets, and give error estimations of approximate solutions.
Define the cubic Legendre scaling functions in the interval [0, 1] [20],

n’(x) = 1,

n'(x) = V32x — 1),

n?(x) = V/5(6x* —6x + 1),

> (x) = V720x> — 30x% + 12x — 1),

and then cubic Legendre multiwavelets are given as

ki (x) = —/15(224x% — 216x2 + 56x — 3), x € [0, 1),

0

P = ko(x) = \/§(224x3 — 456x2 4 296x — 61), x €[4, 1],

S [ ks (x) = \@(168%3 — 132002 +270x — 1), x € [0, 1),
ka(x) = \/;(1680;9 — 3720x% 4+ 2670x — 619), x €[5, 1],

S - [ ks(x) = —\/B(256x3 — 174x2 430 = 1), x [0, 1),
ke(x) = @(256)53 — 594x2 4 450x — 111), x €[4, 1],

S [ ko (x) = \/%(420;9 —246x +36x — 1), xel0 L),
kg(x) = \/%(420;«3 — 1014x2 4 804x — 209), x € [4, 1],
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. 1
- | meTr -, e 55,
0 _ A0l ST ,
¢ik(x) = ﬁ o2 x—k = ‘/z kz(zt—lx —k), x € [/;r_j’ %]’
0, else,
. 1
» s -, v e 5,
1 — ST il T _
Pi () = V2l -l = V2 ka2 7'x — k), x € [I;—_%, %],
0, else,
. 1
» s -, v e T,
2 _ Aoty ST , 1
Pi) = V2T =0 = V2 ot i, x e (5 k),
0, else,
. 1
- | me -, x e 55,
3 - Ut 1Y B AN~ _ 1
i (x) = ﬁ 2 x—k) = \/E kg(zl—lx —k), x € [I;F% , 126’-5-%]
0, else,
wherei =1,2,---,k=0,1,2,.-- 271 — 1,

Denote
{oi 12, 2 P, 0" (), n? (), P (1), @0 (x), B! (%), p2(x), ¢ (x), P9 (1),
B9 (x), P (x), Py (x), D3y (x),
$31(x), P30 (x), B3 (x), 3 (x), -+ }.
Lemma 3.1 {¢; (x)}72, is a set of multiscale orthonormal bases osz[O, 1].

Proof For the proof one can refer to [21]. O

Theorem 3.1 {wl(xn, ]—{Jogo,(x)}, = {Jo‘n°<x) Jolnl(X) J&nz(X) J(}rﬁ(x)
Jie0(x), Jiol(x), JioP(x), Jid3(x), J %), Ji8d (x), Jidip(x), Jiea, (x),
Jolqﬁgo(x), Jolqﬁ%l (x), J01¢§’0(x), J01¢31(x), Jolqﬁgo(x), ---} is a set of orthonormal
bases of WZI,O[O, 1].

Proof Firstly, we show that {; (x)}72, is orthonormal in Wzl’o.
(Y (x), Iﬂj(x))l = (Jg i (x), Jg@; N1 = (@i (x), 9 (X)) 12 = &,
where §;; = { L g # J . So {y; (x)}2, is orthonormal in Wzl0

Next, we prove that {y; (x)}oo1 is complete in W20 Let £&(x) € W20 and
(E(x), ¥i(x))1 =0,i =1,2,--- . Thatis,

1
), i (N1 =), JJ(ﬂi(X))1=(§’(X),wt(X))L2=/0 E'(x) - gi(x)dx=0. (4)

By Lemma 3.1, {g; (x)}{2, is a set of multiscale orthonormal bases of L?[0, 1], and
we obtain &§'(x) = 0. Noting that §(x) € Wzl,o’ we have £(0) = 0. So £(x) =
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£(0) + f(fé’(t)dt = 0. Thus, {t;(x)}{2, is complete in W21’0 and {y; (x)}72, is a set
of orthonormal bases of Wzl,(y O]

Remark 3.1 Noting that

0, x € [0, e 1),
MRl —kyde, x e [5h, S,
Jol¢,'-11’<(X) =/¢ (x)dx = fz,k;lqb 2T 51
fz' ¢ (21 —kyde, x € (3.1,
O’ X € [O’ 2i— l)»
i—1 i—
=i j02 o nydr, x e [55, K5,
27T flermd,  xedE
0, x €0, 2,"1),
—1
= {2 F om0, x e 45
0’ X € (21 1,1]

=277 (Jle™ @k — k),

and we can see that J(} ¢™(x), m =0, 1, 2, 3 is multiwavelets in W21 0"
Definition 3.1 Let uu(x) € L?[0, 1]. If xu(x) satisfies the following conditions
1 ‘ 1
/ wx)-x/dx =0, j=0,1,2,---,r; f w(x) - x"Hdx # 0,
0 0
we call the Vanishing Moment of p(x) isr + 1.
Property 3.1 The Vanishing Moment of ¢' (x) isi +4, i =0, 1,2, 3.
Proof By specific calculation, we can reach that
1
/ ¢'(x)-x/dx=0,i=0,1,2,3; j=0,1,---,i+3,
0

and f01¢i(x) ~xit4dx #£0, i =0, 1, 2, 3. So the conclusion holds. O

Remark 3.2 According to Property 3.1, we obtain that the Vanishing Moment of
{¢' (0)}_, is at least 4.

Property 3.2 For any v(x) € Wzl’O[O, 1] and N € N4, we have

o) — Zalwl(x)nl— Z a;

i=N+1

where a; = (v(x), ¥; (x))1.
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Proof According to Theorem 3.1, {v;(x)}72, is a set of orthonormal bases of
W, 010, 1]. Hence,

v(x) =Y aii(x),
i=1

where a; = (v(x), ¥;(x))1. Thus,

N 00 N
lo@) =Y avi@IF = 1Y aivi@x) =Y a0}
j = i=1

i=1

o o

2 2

=1 Y avili= > a.
i=N+1 i=N+1

O

Let y(x) and y;(x) be an exact solution and an approximate solution of (3),
respectively. Denote

3 co 3 271
Y =Y aidgn' (x) + ZZ Y chidodix (o),
i=0 i=11=0 k=0
3 _ J 3 271
Y = aildgn )+ D Y e Jgdh (),
i i=11=0 k=0

where a; = (y(x), Jgn' ()1, cf = (y(x), Jg bh ()1

Lemma 3.2 Let y(x) € Wzl,o, | yPDx) |< M, Yx € [0,1],forsomej €
{2,3,4,5}. Then |c§k| < 2==DU=-UYDAp | = 0,1, 2, 3 where A is a constant.

Proof Without loss of generality, we first consider |c?k|.

1
/0 ¥ (X) @Y, (x)dx

@
el = | (v, Hgh) | = - ‘ [ veoshooas].
T

Expand y'(x) at x = Q,L_l

/ / k " k k
Y@ =ylg=)ty i s )\¥—5=7)
k

) j=1

v @) k k+1

+(j — ! (x 2i—1 L E€ -1’ oi—1 )"
k+1

k+1

Sk 2 k 2T
(21‘ l)/_kl Pl (x| + (2i—l)/_,€l (x i— 1>¢ (x)dx‘

i— 5i—

= y() /1
‘fz i ); _(f))! <x _ 2i_1) ¢ (x)dx| .

Thus, we have

<

0
Cik
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The first integral of the above inequality

k+l

/i ¢lk(x)dx—«/— f ¢(2’1 Ckydx f=2"x —k V2

i—1
’ -1 1 i—1 0
dt = — dt =0,
[oo) =) e
by using Property 3.1.

Similarly, one can obtain that

ktl k!
/i’_ <x = 1>¢> (x)dx = 0, -/-i 1 <x k ) ¢> (x)dx
_k_ ko

k+1 3
2i—1 k 0
= 0, / (X — _—l) d)ik(x)dx =0.

while

# () dx

— y() k /1 M £t k /1
/2 1 y (5) R ¢f)k(x)dx < /_ T -
(T 1)‘ 2 G —-n z%l 2

k+1 i—1
M i—1 [ k\’ 0 mi1
= V2 /»k (x—F) [6°@" 1% — ko ax
20—

1

M i-1 ! 0 o i-1
:mﬁ A<2”> ‘¢(r)‘(> dt (1 =2""x—k)

__M ! zf’l ‘(i)o(l)‘dt
- (j — D! 26=DG=12) [,

<2~ G=DG=1/D g pp.

17—
where A = ,max {ﬁfo t/ 1|(]5l(t)|dt}. one has

|C?k| < 2=E=DG=1/2 A M.

In the same way, one can derive that |cfk| < 2=U=DU-UDAM | =1,2,3. S0
the conclusion holds. O]

Theorem 3.2 Assume y(x) € Wzl’o, lyD(x)| < M, Y x € [0,1], forsome j €
{2,3,4,5}). Then || y(x) — y;(x) 1< C-2=Y=DJ where C is a constant.
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Proof Using Property 3.2 and Lemma 3.2, we can derive

oo 3 2711 oo 3 2i-1-]
Iy —y@ =Y Y hﬁ¢ﬁu> DD IRCHE
i=J+11=0 k= 1 i=J+11=0 k=0
00 3 2i-1—1
SAM | Y0 ), ) @imhusly
\l:J+l =0 k=0
[o)0]

=AM | Y 272-DG-D .4 < C. 270D/
N i=J+1

WhereC=AM,/l_2_4w. O]

4 Linear fractional delay differential equations

In this section, we construct the e-approximate solution method for solving (3) with
f being linear, i.e.,

Dgy(x) = h(x) +a(x)y(x) +bx)y' (x) +c(x)y(x — 1) +d(x)y'(x — 1), 0<x <1, 1 <a <2,
y(x) =yo(x), —7=<x=0,

O]

and analyze the convergence order of the e-approximate solutions.
a(x), b(x), c(x), d(x), h(x) € WJ[0,1], yo(x) € C*[—7,0] are known functions
and y(x) is an unknown function. T > 0 is a constant delay. Similar to Theorem 2.1,
we can prove D¢y(x) € C[0, 1]. Here, we further assume D¢ y(x) € Wzl.
Let
yo(x), -7 =<x <0,
“”‘{mwnﬁ%mLOstL

and
v(x) = y(x) — {(x).

Then (5) is equivalently transformed into

D¢v = g(x) +a(x)v(x) +bx)v'(x) + c)v(x —7) +d(x)v'(x — 1), 0 <x <1,

v(ix) =0, —1t<x<0,

(6)
where
g(x) = h(x) +a(x)¢(x) + bx)¢'(x) + c(xX)s(x — 1) +d(x)¢'(x — 7).

Introducing the symbols _’D"‘ and J,, we have _th = Dg, J¢, = J(‘)"
due to the fact that ~* D¢v(x) = F(Z_a) fﬁr(x — =" (t)dr = ﬁfg(x -
N~ (t)dt = DZv(x) and J* v(x) = ﬁffr(x — 0 ly(n)dr = ﬁf(j“(x -
N* ly)dr = J§'v(x). So we use the denotation D¢ and J§ below.
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Let w(x) = _”D‘év(x) = D¢ v(x). Thus, (6) is transformed into

o) =gx) +ax)J§ox)+ b(x)JS‘_la)(x) +c@)J§olx —1) +d(x)]6’_la)(x —1),0<x<1,
wkx)=0, —t<x=<0.

And v(x) = J*, TD{v(x) = J* 0(x) = J{o(x).
Defining an operator L : W21 0= W21 0

L(w(x)) £ o) — a(x)Jjw(x) — b(x)Jg_]w(x) —c(x)Jgokx —1) — d(x)JO“_lw(x — 1), 7

then (6) is equivalent to

L(w(x)) = g(x). (3)
Therefore, the solution y(x) of (5) can be obtained by
y(x) =vx) +¢(x) = Jfox) + ¢ (x). )

We need the following Lemmas for our aims.

Lemma 4.1 (J¢w(x)), € L'[0, 1] for any o(x) € W3 [0, 1] with & > 0.

Proof 1Tt is easy to see that
1 * 1 1 ol
JSo(x) = —/ x—=)""w@)dt = —f sl (x — s)ds.
0 I'(@) Jo (@) Jo
So we can derive

(o), = ﬁ/{)xsa_la)’(x —5)ds = %/OX(;C — )"/ (r)dr.

1 1
F(a)/o
1 : ! 1 /
@/o /0 (t —$)* o' (s)| dsdt
1 1 1 |
= m/() / (t —5)* "o (s)] drds
1 B
= mv/o |(,()/(S)| (1 _S)ads

1
< _r / |a)'(s)]ds < o0.
T+ 1)/

This implies (J{o(x)), € L'[0, 1]. O

Thus,

IA

'
/ (t — )% '/ (s)ds| dr
0

1
/ |(J§ w); | dt
0

IA

Lemma 4.2 Leta > 0. Then

. .
Jow € Wy gand | Jgoll </ Myllol,
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hold for any w(x) € Wzl’0 where My = —azrlz(a).

Proof We can find that

X
/ (J§ w),dt
0

X t
%/0 /0 (t — )% 1o/ (s5)dsds
= %/‘0 l (t —)* ' (s)drds

= %/xa/(s) </X(t — s)"‘ldt> ds

= T +1)f ' (s)(x — 5)%ds,

hold for any w(x) € W21 o- On the other hand, we obtain

Jeo(x) = @ )/ o®)(x —nH*"1d 1)/ o' (1) (x — 1)%dt,

BRCE
by using the integration by parts. Hence, we have Jjw(x) = fo (J§ w);dt and

J(‘)’a)(x) e AC[O, 1].
1 ! * -1 :
—Fz(a)/o (/0 x—0""w (t)dt) dx

Moreover, we have

1
/0 ((Jeox)),) dx

1 X X
< F%(a)/o (/0 (x —t)“*ldr/O (x—t)“la)’z(t)dt)dx
_ 1 lxot X ol n
= Fz(a)fo . (/(; x—D"""w (t)dt)dx
PR /I/X(x — ) 2 (t)drdx
~ a2 Jo Jo

_ 1! fl/l(x—t)“_lw’z(t)dxdt
al2() Jo J;i
- 1 21 — 1)%dt

< ! /1 2(1)dt
- w .
~ o’ () Jo

Then

Let My, = 21,2( -

1 1
[ (@owr) e < i, [ P = il <.
0 0

holds. So (J§w(x))} € L?[0, 1]. Noting that J§w(0) = 0, we have J§(x) € W,
and
17§, <Ml 0
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Lemma 4.3 Let a(x) € W, [0, 1], (x) € W, ([0, 1], & > 0. Then
1 ~
2 2 2
la(x)Jg @)l < 4lla(x)l |:—F2(a 7 Ma] lwlly,
holds.

Proof Using Lemmas 2.1 and 4.2, we have

||a(x)J8‘a)(x)||% = (e J§fox), a(x)Jfwx)),
1 /2
:/0 [(a(x)ng(x))] dx

1
_ /0 [d (1) I () + a(0) () ] dx

1

1
2/ [a’(x)ng(x)]zderz/ [a() (I ()] dx
0 0

IA

IA

1 1
205 0 ()% /0 a”(x)dx + 2[|a ()1 /0 (g @) dr

2lla ()|}
- T

2lla(x)|?
- T
_ 2a)l}
T2+ 1)
- 4la@)lIF
T T2+ 1)

4||a(x>||%[

/x(x — )% tw@)ds
0

/x(x — 0 lar
0

lw ) IEx% + 4lla(x) |13 My llwll}

2
+ 4la)? Mo}
C

2
llo> (o) I +4la() iMool

lw ()12 + 4lla(x) > My |o]|3

el
et } ol

So the conclusion holds. O]

Theorem 4.1 The operator L defined by (7) is a bounded linear operator from W21 0
to W2l o

Proof Obviously, L is a linear operator. Noting that a(x), b(x), c(x), d(x)
Wzl[O, 1], thus we know a(x), b(x),c(x),d(x) € ACI[O,1]. Denote M; =
max{[a() 1, 161, e, ld @)}

Let w(x) € WZI’O[O, 1], according to Lemma 4.2 and 4.3, and we have Jjw €

m

W21 0 and there exists an A;Ia such that
/5wl <+ My,
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1 1 -
la@)Jgw@)? < 4la@)l} [m ] lwl? < 4M? [ﬁ + Ma] lwl?,

1 - 1 .
le@) o — Dl < 4lle)ll [m + Ma] lwl? < 4M? [m + Ma] lwl?.

Similarly, there exists an Ma_l such that

IbC)Jg ()} < 416 I1F [le( 5 + My l] lollt < 4M7 [rz( ) + Mg 1] lollt,
ld(x)J§ " o (x = D)IIF < 4ld)IIF [le( S+ Mo 1] loll < 4m7 [m S+ Mo 1] ool
Therefore,
L@ = llox) —a@)Jfok) —bx) Iy o) — ) ok —1) —dx)Jy ok -0l
< o)l +4M, ””’”‘*/m Wy + 4, uwnl,lr%(a) My
= {1 +4M1\/F2®j+1) + My +4M1\/F21( 5 + Mg 1} o)1,
which implies L is a bounded linear operator from Wzl’0 to Wzl,o. O

Theorem 4.2 Suppose there exists a unique solution of the equation defined by (8),
then L is a bijection from W21 oo L(W21 o) and L' L(W21 0) = W21 o does not only
exist but is also bounded.

Remark 4.1 Ttis easy to see that L is a bijection from W21’0 to L(Wl (o) For the latter
part of the conclusion, we can define an operator J : Wzlg0 — Wz1 g0 J(w(x)) =
Jywx), ox) € Wzlyo. One can prove that the operator J is compact. Since the sum
of finite compact operators is still compact and {(/ — J)w (x)|w(x) € Wzl,o} is closed,

one can obtain that L™! : L(W21’0) — Wzl,o is bounded by the Inverse Operator
Theorem in the Banach spaces.

Definition 4.1 y(x) is called an e —approximate solution of (8)if || L(y) — g 1< ¢
for any given ¢ > 0.

Theorem 4.3 For any ¢ > 0, there exists a positive integer N such that for every

fixedn > N, w}(x) = Z i—0 ll//‘, (x) is an e—approximate solution of (8), where
{c7}!_ satisfies

lgx) — Zcﬁ(x)u]—mmng(x) chfl(x)n] (10)

i=0 i=0
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and
fix)=L(i(x)), i=0,1,2,3,---.

Proof Suppose w(x) is the exact solution of (8). By Theorem 3.1, there exists a
positive integer N such that for any n > N, there exists w, (x) = Z?:o c;i Vi (x) such
that

€

o) = en()lh = llo6) = 3 aviolh <
i=0

So we can derive
IL(@(x)) — L{@n (N1 < Lo x) — o ()1 < é.

Noting that L(w(x)) = g(x), we have [g(x) — L(wp(x)Ih = [gx) —
Y ocifit)lli < e. Thus, we obtain

lg(x) — L (Z c;kwi(x)> h=lgt) =Y ¢ fito)lh

lg(x) — L(w, ()

i=0 i=0
n
= min — i fi .
min |3 () Zczﬁ(X)||1<8
i=0
That is, @} (x) is an e—approximate solution of (8). ]

Next, we find the e —approximate solution of (8). Denote

S(er,ca,- 5 en) = lg) = Y _ci il (11)

i=0

According to the norm definition, we have

S(er, ez, 5 en) = (8(x) — icl'ﬁ(X), glx) — ic]—f_/(X))l
i=0 j=0
= (g(x), g(x)1 —2(g(x), icz'ﬁ(x})l + (Xn:Ciﬁ(X), Xn:cj'f/(X))
i=0 i=0 j=0 1
= (gx), g(x))1 —2 ’Zl ci(g(x), fitx)H + ’Zl icici(fi(xx fien.  (12)
i=0 i=0 j=0
For obtaining the minimum of the S(cy, c2, - -+ , ¢,), we solve the normal equa-
tions of (12)

98 -
— = —=2(g(x), fr()) +22c,-(fi(x), Je@x)1 =0, k=0,1,---,n. (13)

ac,
k i=0

Theorem 4.4 The system of normal (13) has a unique solution.
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Proof The system of normal (13) can be rewritten as:

(fox), fooN1 (fox), fiGN1 -+ (folx), fuGON o (g(x), fo

Fr@). o1 G, A - (A for | [ e (2(), fi()1

Fa)s fo1 () il - fu@). fu1 ) \en (€(0). fulO))
Denote

(fo(x), fo)1 (fo(x), frxNr -+ (fo(x), fa(X)1
(1), fo)1r (f1(), i)y -+ (f1(x), fu(X))

’

). FoN1 (fal)s FLODT -+ fal)s oGO

then G is a Gram matrix. So G is a nonsingular matrix if and only if
fo(x), fi(x), -+, fa(x) are linearly independent.
We prove that fo(x), fi(x),---, fu(x) are linearly independent. Let

lofox) + 1 fi(x) + -+ 1, fulx) =0.

We derive Y 1 L(i(x)) =0, or L3/ liyi(x)) = 0. Since L is injective, thus
Z:‘l:o liyi(x) = 0. Noting that {1}, (x)}?_, are linearly independent, we obtain /; =
0,i=0,1,---,n. Therefore, fo(x), f1(x), -, fu(x) are linearly independent, G

is nonsingular, and the system of normal (13) has a unique solution. O
Remark 4.2 The unique solution of normal (13) is denoted as (cg, ¢}, - - - , ¢;;). Sim-
ilar to [22], we can prove S(ci, c2, -+, cn) = S(cg, ¢}, -+, cy). Thus, (10) has a

unique solution determined by (13). The desired approximate solution y*(x) of (5)
can be obtained by (9).

Theorem 4.5 Assume that wf(x) = Z?:o a; JOl n'e)+Y 1, 213:02%:(;71 cll- kjolqbf (0
obtained by Theorem 6 is an e-approximate solution of Eq.(8), w(x) is the exact
solution of Eq.(8) and |0V (x)| < M, V x € [0, 1], for some j € {2,3,4,5}. Then
| ox) —oix) 1<C- 2=U=Dn where C is a constant.

Proof According to Theorem 3.2, one has || @(x) — @, (x) [[1= C -27U=n where
C is a constant. Thus, one can derive that

A

lo@) —wr)lli < IL7 - IL@)) = L@s )l = 171 - g() = L))

< IL7'MIg () = Lwn DIl = IL7IL(@(x)) = L(w, ()l
< IL7YILIex) — wu ()l < CILTHIL) - 27V~ = ¢ . 27U Dn,
where C = C||IL~|||IL]|. 0O
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5 Stability analysis

In this section, we consider the stability of our proposed method.

Assume A is a eigenvalue of the matrix G which is defined in the proof of Theorem
4.4, that is, there exists an X = [xg, x1,---,x,]7 € R X # 0, such that
GX = AX. Hence,

axo =35 o(fo, fid1 - xj,
axi =30 (fis fidr - xj,

Mn =35 _o(fus f1 - X

So we derive that

A=) (fio fir-xj = Y (L), L)) - x;

j=0 j=0

= (L)), Y L1 - xj = (LA (0)), Y L)) - x)1,

j=0 j=0

= (LW () - xi, ) L (6) - X)),

j=0
and
rYoxi = (ZmL(Wx)) BRI ACATENE
i=0 i=0 j=0

Thus, we have

2
MIXIR 0 =

L (Z xi i (x))
i=0

2
1

or

L (D) [

X101

n 2
— L ZLW(X)

| Xllgnsr 1

" 2
A Xi
L i Vi | = —
(;y v (x)) | (y ||X||Rn+1>
= IL@I} (u = Zy,-w,-(zo).
i=0
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Noting that {1/; (x)}72, is a set of orthonormal bases of Wzl’o, we have

Yoyivi| =Y Iy @IF =Y Il Il =) > =1.
i =0 i=0 i=0

i=0

2

2
llully =

1

Hence, we can obtain that
2 2 2 2
A= ||L@||] < ILI7 - flullf = LI

Thus, the largest eigenvalue A4, of G satisfies Ay < ||L||2.
On the other hand, we prove that the least eigenvalue of G satisfies A,;, > ﬁ

Otherwise, there exists {u,}, ||u,||1 = 1 such that ||L(u,)||1 < ﬁ
Denote w, = L(u,). Hence, |w,||1 < ﬁ and u, = L~ (w,). So we can derive
-1 -1 -1
L= luplls = IL7 (0 lls < NIL77 - lwnllt < 1L - =T L.
It is a contradiction. So we obtain A,,;, > ﬁ
Therefore, we have
Amax _ LI S
1 < Cond(G)y = 2% < 220 — (IL| - IL~" %
min W

That is, Cond(G)> < (|L|| - |IL~"))?, which implies that the spectral condition

number [23] of the matrix G is bounded, and the algorithm is stable.

6 Nonlinear fractional delay differential equations

In this section, we solve (3) when f is nonlinear. In order to obtain high-accuracy
approximate solutions, we employ F-derivative and Newton’s iterative formula.
Similar to the linear case, we denote

_ YO(x)v —T7T<x=< 0,
i = {YO(O) +xy,(0), 0<x <1,

and
z(x) = y(x) — ¢ (x).

Then, (3) can be written as

DEz(x) =g(x) + flx, @+ ), @+ '), G+ HE -1, @+ x -], 0=x =<1, 1 <a =<2,
z(x) =0, —1t<x<0.
Hence, there is no harm in supposing that the equation to be solved is

DE¢u(x)=g(x)+ flx,u(x),u'(x), u(x—1),u’(x —1)], 0<x <1, 1 <a <2,
ulx) =0, —t<x<0.
(14)
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Let u be the exact solution of the above equation and assume that D¢u(x) = o (x).
At the beginning of Section 4, we have proved that u(x) = Jjw(x) and w € Wzlyo.
Sou(x) € Wy.

Define an operator F : Wé" [0,1] — W2] [0, 1],

F(u) = Dgu — flx,u(), u' (x), u(x — 1), ' (x — )] — g(x), (15)

(14) is equivalent to the following equation

Fu)=0,0<x=<1l,1<a=x<2, (16)
u(x)=0, —1t<x<0.
o Y T 1
Lemma 6.1 Take any h € Wy, then ||h|ly < v Myl|hl||lo holds, where My, = I

Proof From the definition of W3, h = J§'hy with hy € W2] o- By Lemma4.2, ||A|; =

1§ h1lh < v Mallhill = v Mallhla- -

Theorem 6.1 Suppose that F is defined by (15), then

SR 3
F'ah = DEh— | h 4+ b+ — 2 p(x —
@) c |:3u LI Py Y

—i—Lh’(x — D] flx, u(x), u' (x), u(x—1), u’(x—r)] , (17)
ou'(x — 1)

where F'(u) refers to the Fréchet derivative [10].

Proof Let F(u) = Dgu — g(x) — flx, u(x), u’'(x), u(x —7),u'(x — 1)] 2 Fl(u)—
F>(u), here Fi(u) = Dgu — g(x), F2(u) = flx, u(x), u'(x), u(x — 1), u’'(x — 7)].

According to the definition of F-derivative and property of Caputo derivatives, we
have

0 Tl | D& +h) — g(x) = [DE@W) — ()] = g, =0.

So we can conclude that Fj(u)h = D¢h, thatis F{(u) = D¢. On the other hand,
d d d

flx,y,z, p,ql = flx, y0, 20, Po, 90l + | —(y—y0) + —(z —z0) + —(p — po)
ay 9z ap

0
+£(CI - 6]0)} FIx, yo, 20, po, gol + O(h?).

Substituting u (x)+h(x), u’ (x)+h'(x), u(x—1)+h(x—1), u'(x —1)+h'(x —7) for
v,2, pyq and u(x), u'(x), u(x —1), u’(x — ) for yo, zo, po, go in the above equation,
we get

Flx,u@) +hx), /' x)+h X)), ux —1)+h(x —1),u'(x = 1) + h' (x — 7)]
= f[-x’ u(x)’ M/(-x)a u(x - T), M/(-x - T)]
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() + () + = 7)
ou o ou’ x u(x — 1) T

+ a h/(-x_I)]f[xvu(x)au/(x)vu(x _t)a u/(x _T)]
ou'(x — 1)
+0(h?).

Therefore, AM > 0,

T I flx, (u+h)(x), w~+h)(x), @+ h)(x—1), (u+h) (x—1)]

—flx,u(x), u' (), u(x — 1), u’ (x — )]

9 3y 9

0
+———h (x = DI f[x, u@x), u'(x), u(x — 1), u'(x = )]y
ou'(x — 1)

< MIh13/Nhlle < MMo|RI2/Ihlle < MMylhlle — 0, (Il — 0),
where Lemma 6.1 is used. Thus,

faoh = | L s — e
Fy(u)h = |:auh(x) + 8u’h x) + o h(x — 1)

(x—1)
a / / U
t————h O —Df[x, ux), ' x), ulx — 1), 0’ (x —7) | .
ou'(x — 1)
Since F'(u)h = F/(u)h + F,(u)h, then the conclusion holds. O
1 2

Remark 6.1 An inequality used here is A2 < 2«/§||h||%. In fact, according to the
definition of the norm || - || of W21 and Lemma 2.1, we can obtain

1 1
Ih*)7 = /O (2h-h/)2dx:4/0 h% - (W)*dx

IA

1
4||h||%f0 ()2dx = 4h)| %)}

4W20RIID2IRI3 = 8IAIlT.

IA

Squaring on both sides of the inequality, and the inequality ||A%|; < 22|k ||% holds.

The Newton’s iterative formula for solving F(u) = 0 defined by (16) is
it = ug — [F' @)l F), k=0,1,2,--, (18)

with initial selection ug = 0, here F’(u) is defined by (17). Equation (18) can be
transformed into

F'(u) (kg1 —up) + Fug) =0, k=0,1,2,---,

which are linear fractional delay differential (5), so we can solve them by the
e—approximate solution method constructed in Section 4.
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Remark 6.2 One can refer to [9] about the method of selecting a initial value and the
convergence of Newton’s iterative formula.
7 Algorithm implementation of Newton's iterative formula

In this section, we will concretely show algorithm implementation of Newton’s
iterative formula.

Assume
n
w1 = Y ey J§ i (x),
i=0
n
we=Yy_ crid§vi(x), (19)
i=0
n
et —ue =y di i J§ Vi (%), (20)
i=0
where {ck ;}, {dk,;} are unknown. It is not difficult to see that
Ck+l,l = Ck,[ + dk,l (i = 07 lﬂ 27 R} n)7 (21)
wepr = we+ Y di i I (), (22)
i=0
n
Fup) = ZCk,twi(X)—f[x,uk(X),uﬁc(X),uk(x—f),uﬁc(x—t)]—g(x} (23)

i=0
Using (17) and (20), we have F’(uy)(ugs1 — ug)

0
= D¢ (upy1 — ug) — [M(Uk—&-l —uy) + ou (kg1 — ug)’
+m(uk+l —up)(x — 1)
0
—i—m(ukﬂ —up) (x — T)} FIx, g, up, ug(x — ), up(x — 1)1

n n n

B a _
S diiti () = | = Y deiJ§Vi () + — Y dii g i (x)
— 8l/tk i=0 auk i=0

de,fowxx—r)

+ 8uk(x —7) 4

+—8uk(x dez-]a i (x— T)]f[x u, g, up(x—1), up (x—1)]. (24

Denote

R(x) = | F'(up) (ups1

k=0,1,2,---. (25)
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error
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0.2 0.4 0.6 0.8 1.0
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error
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(c) n="513

Fig.1 The relative error curve with n = 65, 257, 513 when the exact solution is x23 for Example 8.1
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error

8.x107°
6.x107°
4.x107°

2.x107°

X
error
s.x1071 -
4.x1071 [
3.x1071
2.x10711 |
1.x10™!
1 L L Il L I L Il L L L L L Il X
02 04 0.6 058 1.0
(b) n = 257
error
1 I I Il I L L Il I I Il L I Il X
02 0.4 0.6 0.8 1.0
(c) n =513

Fig.2 The relative error curve with n = 65, 257, 513 when the exact solution is x*1 for Example 8.1
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Table 1 The comparison of infinity-norm of the relative errors at discrete points and estimates of the
convergence order on the interval [0,1] between the exact solutions x23 and x*! for Example 8.1

n %23 ECO x ECO
17 0.0001744 1.36584 x 107°

33 0.0000513 1.7648 1.18324 x 1077 3.52898
65 0.0000142 1.85935 9.00737 x 107 3.71549
129 3.9095 x 1076 1.85585 6.77928 x 10710 3.73190
257 1.0975 x 10~ 1.83273 527700 x 10~ 3.68334
513 3.1161 x 1077 1.81643 421943 x 10712 3.66446

Substituting the above equations (19), (23), and (24) into the (25), we solve the
following equations to obtain {dj ; }:

3R ,
220, i=0,1,2,---,n. (26)
ddy.;

To sum up, the algorithm is as follows:

Step 1 Homogenize the equation as (14).

Step 2 Input {1; (x)}, and compute {J(ftﬂi (x)}, for any 8 > 0.

Step 3 Input . Input the number of approximate items n. Set c¢p; = 0.
Step4 Begin the iterative procedure. From k = 0, do

(1) Compute uy by (19).

(2) Compute the F(ug), F'(ui)(ugs+1 — ux) according to (23) and (24).
(3) Compute R(x) by (25), solve the equations (26), and obtain the {dy ;}.
(4) Compute cky1,; =ck,i +di; (=0,1,2,---,n).

(5) If|lug+1 —ukllc = &, goto (1); or else go to Step 5.

Step 5 Output the last approximate solution ugy1 = Y ;_o Ck+1,i J§ i (x).

Using the software Mathematica, we can get the approximate solution wugy1(x).
We don’t need too much iterations to reach desired approximate solutions because of
high efficiency of Newton’s iterative method.

Remark 7.1 The algorithm can be extended to the caseof m—1 <o <m (m € N;)
for the fractional delay differential (3).

8 Numerical examples

In this section, the algorithm presented above is applied to solve linear and nonlinear
fractional delay differential equations. Three examples are considered to illustrate the
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error

— error(x, 1)
—— error(x, 2)
—— error(x, 3)

— error(x, 4)

error

— error(x, 1)
— error(x, 2)
—— error(x, 3)

—— error(x, 4)

error

1074

3 — error(x, 1)
—— error(x, 2)
107 -

; —— error(x, 3)
—— error(x, 4)
1078

0w 02 0.4 0.6 08 1.0
(¢) n =257

Fig.3 The relative error curve with n = 65, 129, 257 after 1, 2, 3, and 4 iterations when the exact solution
is x23 for Example 8.2
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error

— error(x, 1)
—— error(x, 2)
—— error(x, 3)

—— error(x, 4)

error

0.001 +
JOS — error(x, 1)
— error(x, 2)
107} —— error(x, 3)
—— error(x, 4)
10712
X
0.0
error
0.001 +
1070 & — error(x, 1)
— error(x, 2)
107 —— error(x, 3)
—— error(x, 4)
10712
0.0 0.2 0.4 0.6 08 o

(c) n =257

Fig.4 The relative error curve with n = 65, 129, 257 after 1, 2, 3, and 4 iterations when the exact solution
is x*3 for Example 8.2
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Table 2 The comparison of infinity-norm of the relative errors at discrete points and estimates of the
convergence order on the interval [0,1] between the exact solutions x23 and x*3 for Example 8.2

n x%3 ECO x43 ECO

9 0.001229870 0.000017226

17 0.000355909 1.78893 1.23037 x 107 3.80745
33 0.000105201 1.75837 930212 x 1078 3.72539
65 0.000029364 1.84102 6.26881 x 1077 3.89129
129 8.15525 x 107° 1.84825 412792 x 10710 3.92471
257 229599 x 1076 1.82861 279184 x 10~ 3.88613

efficiency of the suggested algorithm. The relative error here is defined as R;,, = T
with the exact solution u and an approximate solution u,, obtained by Theorem 4.3.
Basing on the numerical results, we adopt the formula log,[R,/R2,—1] to estimate
the convergence order.

Example 8.1 Consider the linear fractional differential equation with delay

DEy(x) = xy(x) + 51y (x) — y(x — 0.2) + £y'(x — 0.2) + g(x), x € [0, 1],
yx)=0, —02<x<0,

where g(x) is chosen such that the exact solution is x> or x*!. When the exact solu-

tion is x23, we solve the equation with n = 65, 257, 513, respectively, and obtain
the corresponding approximate solutions. The relative errors between the exact solu-
tion and the approximate solutions are displayed in Fig. 1. When the exact solution
of this example is chosen to be x*! which is of hi gher smoothness, the relative errors
are displayed in Fig. 2. One can see that the relative errors are decreased with the
increase of n. The results show that the error is decreased fast when the smoothness
of solution is increased. In Table 1, we provide some numerical results illustrating
the fact that the convergence order can be improved when smoothness of the solution
is improved. Even if the solution of the equation is less smooth, the computing error
is still acceptable for the engineering. Therefore, the algorithm is stable, reliable, and
adaptive.

Example 8.2 Let us consider the nonlinear fractional differential equation with delay

{ DEy(x) = (x + Dy(x) + 2 y(x)y(x —0.1) + g(x), x € [0, 1],
yx) =0, —01<x<0,

23 43

where g(x) is chosen such that the exact solution of this example is x~~ or x
The relative errors between the exact solution and the approximate solutions with
different times of iteration are displayed in Figs. 3 and 4 with n = 65, 129, 257 in
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Fig.5 The relative error curve
with n = 65, 257, 513, 1025 for
Example 8.3
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Table 3 The comparison of

infinity-norm of the absolute Step h Difference method n Present method

errors at discrete points with the

backward difference method on 1/10 0.0491843 9 0.0002360

the interval [0,1] for Example 5 0.0276172 17 0.0000604

83 1/40 0.0146507 33 0.0000150
1/80 0.00756493 65 3.80892 x 1076
1/160 0.00385284 129 4.4984 x 1077
1/320 0.00194804 257 24383 x 1077
1/640 0.000980855 513 6.1313 x 1073

both cases, respectively. The semi-log plots in error are displayed in Figs. 3 and 4.
In Table 2, we compare the infinity-norm of relative errors at the discrete points and
estimates of convergence order for both solution cases. The results show that our
method is still valid, stable, and adaptive when solving nonlinear problems.

Example 8.3 Consider the linear fractional differential equation with delay [15]

DEy(x) = y(x — 1) = y() +2x — 1+ fiyx®?, x € [0, 1],
yx)=x* —1=<x=<0.

The exact solution of this example is x2. The relative errors between the exact
solution and the approximate solutions are displayed in Fig. 5 with n =
65,257,513, 1025, respectively. One can see that the relative errors are decreased
with the increase of n . We compare the infinity-norm of absolute errors at the dis-
crete points with that from Ref. [15] in Table 3. The numerical results show that
our method has higher accuracy in this example and the computing errors may be
acceptable for engineering.

9 Conclusion

In this paper, we construct a new stable collocation method for solving a kind of non-
linear fractional delay differential equations. More suitable multiscale orthonormal
bases of WzlO are constructed, error estimations of approximate solutions are given,

and the highest convergence order can reach four in the sense of the norm of Wzl.
Newton’s iterative formula is used to linearize the nonlinear equation, and for the
obtained linear equations we develop an e-approximate solution method based on
multiscale orthonormal bases to solve them. A concrete algorithm implementation is
given. Numerical examples show that compared with [15], the presented method is
more accurate in dealing with this kind of equations.

Funding information The work was supported by the National Natural Science Foundation of China
(Grant No. 11501150).

@ Springer



1152 Numerical Algorithms (2020) 85:1123-1153

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License,
which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons
licence, and indicate if changes were made. The images or other third party material in this article are
included in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the
material. If material is not included in the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Sun, H.G., Zhang, Y., Baleanu, D., Chen, W., Chen, Y.Q.: A new collection of real world applications
of fractional calculus in science and engineering. Commun. Nonlinear Sci. Numer. Simulat. 64, 213—
231 (2018)

2. Xu, W.X., Sun, H.G., Chen, W., Chen, H.S.: Transport properties of concrete-like granular materials
interacted by their microstructures and particle components. Int. J. Modern Phys. B 32(18), 1840011
(2018)

3. Bhrawy, A .H., Taha, T.M., Machado, J.A.T.: A review of operational matrices and spectral techniques
for fractional calculus. Nonlinear Dyn. https://doi.org/10.1007/s11071-015-2087-0

4. Moghaddam, B.P., Mostaghim, Z.S.: A novel matrix approach to fractional finite difference for
solving models based on nonlinear fractional delay differential equations. Ain Shams Eng. J. 5(2),
585-594 (2014)

5. Hu, J.B., Zhao, L.D., Lu, G.P,, Zhang, S.B.: The stability and control of fractional nonlinear system
with distributed time delay. Appl. Math. Model. 40, 3257-3263 (2016)

6. Pimenov, V.G., Hendy, A.S.: BDF-type shifted Chebyshev approximation scheme for fractional func-
tional differential equations with delay and its error analysis. Appl. Numer. Math. 118, 266-276
(2017)

7. Saeed, U., Rehmana, M.U., Igbalb, M.A.: Modified Chebyshev wavelet methods for fractional delay-
type equations. Appl. Math. Comput. 264, 431-442 (2015)

8. Deuflhard, P.:: Newton methods for nonlinear problems: affine invariance and adaptive algorithms.
Springer, Berlin (2004)

9. Krasnosel’skii, M.A., Vainikko, G.M., Zabreiko, P.P., Rutitskii, Y.B., Stetsenko, V.Y.:: Approximate
solution of operator equations. Springer, Dordrecht (1972)

10. Xu, M.Q., Niu, J,, Lin, Y.Z.: An efficient method for fractional nonlinear differential equations by
quasi-Newton’s method and simplified reproducing kernel method. Math. Meth. Appl. Sci. 41, 5-14
(2018)

11. Bhrawy, A.H.: An efficient Jacobi pseudospectral approximation for nonlinear complex generalized
Zakharov system. Appl. Math. Comput. 247, 30-46 (2014)

12. Salehi, R.: A meshless point collocation method for 2-D multi-term time fractional diffusion-wave
equation. Numer. Algor. 74, 1145-1168 (2017)

13. Zhao, J.J., Xiao, J.Y., Ford, N.J.: Collocation methods for fractional integro-differential equations with
weakly singular kernels. Numer. Algor. 65, 723-743 (2014)

14. Patel, V.K., Singh, S., Singh, V.K.: Two-dimensional shifted Legendre polynomial collocation method
for electromagnetic waves in dielectric media via almost operational matrices. Math. Meth. Appl. Sci.
40, 3698-3717 (2017)

15. Morgado, M.L., Ford, N.J., Lima, P.M.: Analysis and numerical methods for fractional differential
equations with delay. J. Comput. Appl. Math. 252, 159-168 (2013)

16. Diethelm, K., Ford, N.J.: Analysis of fractional differential equations. J. Math. Anal. Appl. 265(2),
229-248 (2002)

17. Chen, Z., Lin, Y.Z.: The exact solution of a linear integral equation with weakly singular kernel. J.
Math. Anal. Appl. 344, 726-734 (2008)

18. Chen, J., Huang, Y., Rong, HW., Wu, T.T., Zeng, T.S.: A multiscale Galerkin method for second-
order boundary value problems of Fredholm integro-differential equation. J. Comput. Appl. Math.
290, 633-640 (2015)

@ Springer


http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1007/s11071-015-2087-0

Numerical Algorithms (2020) 85:1123-1153 1153

19.

20.

21.

22.

23.

Chen, Z., Wu, L.B., Lin, Y.Z.: Exact solution of a class of fractional integro-differential equations with
the weakly singular kernel based on a new fractional reproducing kernel space. Math. Meth. Appl.
Sci. 41, 3841-3855 (2018)

Alpert, B., Beylkin, G., Gines, D., Vozovoi, L.: Adaptive solution of partial differential equations in
multiwavelet bases. J. Comput. Phys. 182, 149-190 (2002)

Lakestani, M., Saray, B.N., Dehghan, M.: Numerical solution for the weakly singular Fredholm
integro-differential equations using Legendre multiwavelets. J. Comput. Appl. Math. 235, 3291-3303
(2011)

Cheng, X., Chen, Z., Zhang, Q.P.: An approximate solution for a neutral functional-differential
equation with proportional delays. Appl. Math. Comput. 260, 27-34 (2015)

Li, Q.Y., Wang, N.C,, Yi, D.Y.:: Numerical analysis. Tsinghua University Press, Beijing (2001)

Publisher’s note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	A new stable collocation method for solving a class of nonlinear fractional delay differential equations
	Abstract
	Introduction
	Preliminaries and notations
	Construction of the multiscale orthonormal bases of W12,0 and error estimations
	Linear fractional delay differential equations
	Stability analysis
	Nonlinear fractional delay differential equations
	Algorithm implementation of Newton's iterative formula
	Numerical examples
	Conclusion
	References




