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Abstract

In this paper, we present a time two-grid algorithm based on the finite difference
(FD) method for the two-dimensional nonlinear time-fractional mobile/immobile transport
model. We establish the problem as a nonlinear fully discrete FD system, where the time
derivative is discretized by the second-order backward difference formula (BDF) scheme,
the Caputo fractional derivative is treated by means of L1 discretization formula, and
the spatial derivative is approximated by the central difference formula. For solv-
ing the nonlinear FD system more efficiently, a time two-grid algorithm is proposed,
which consists of two steps: first, the nonlinear FD system on a coarse grid is solved
by nonlinear iterations; second, the Newton iteration is utilized to solve the linearized
FD system on the fine grid. The stability and convergence in L?-norm are obtained for
the two-grid FD scheme. Numerical results are consistent with the theoretical anal-
ysis. Meanwhile, numerical experiments show that the two-grid FD method is much
more efficient than the general FD scheme for solving the nonlinear FD system.
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1 Introduction

Consider a time two-grid finite difference scheme for the two-dimensional nonlinear
time-fractional mobile/immobile transport model [17, 22] as follows:

aa
u + ?“ —Autgu)=fx.y.00, (.y.0€R x0T, (1)

the initial condition is as follows:
(e, y,0) =ur,y), () €2, 2
and the boundary conditions are as follows:
u(x,y,t) =0, (x,y,t) €082 x (0, T], 3)

where & € (0, 1), 2 = (0, L1) x (0, Ly) with boundary 982, A = 2 + %22 is the

two-dimensional Laplacian operator, f(x,t), u®(x) are given smooth functions and
the nonlinear reaction term g(u) satisfies |g(u)| < Clul, |g’(u)| < C, C is a positive
constant [18]. In addition, the Caputo fractional derivative (cf. [24]) is defined by the
following:

9 1 ol dux,y,
—u(x,y, t) = U, y s)ds.

5 4)
1 rad—a)jy —s)- as

Equation (1) is a fractal mobile/immobile transport model that describes a range
of problems, including heat diffusion and the propagation of ocean sound, in physical
or mathematical systems with time variables that behave essentially like the diffusion
of heat through a solid [1, 22].

To approximate the fractional order mobile/immobile transport equation, the sig-
nificant progress has been made. For instance, Schumer et al. [28] first considered
the fractional mobile/immobile transport model. These transfer equations control the
long-term limit of the continuous-time random walk model, which implies the proba-
bilistic interpretation of the mobile/immobile convection-diffusion equation. In most
cases, the analytical solutions of some complex models are difficult to be solved;
thus, it is necessary to use numerical methods to approximate the analytical solu-
tions. Liu et al. [15] presented effective implicit numerical methods for a class of
fractional advection-dispersion models. The stability and convergence of the implicit
numerical methods were proved. Liu et al. [17] developed a finite difference method
and a meshless method for the fractal mobile/immobile transport model with a frac-
tional time derivative. Zhang et al. [35] proposed a novel implicit numerical method
for the time variable fractional order mobile/immobile advection-dispersion model.
Additionally, Liu et al. [22] developed a second-order finite difference scheme for
the quasilinear time-fractional mobile/immobile equation.

Recently, fractional partial differential equations (FPDEs) have developed more
and more rapidly and many good numerical methods have followed, such as finite
element methods (FEMs) [8, 10, 18, 36], finite difference methods (FDMs) [2-4, 7,
9,11, 17,22, 23, 25, 30, 31], finite volume methods (FVMs) [16, 39], discontinuous
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Galerkin methods [6, 32], weak Galerkin methods [37, 38], spectral methods [13,
14], and two-grid methods [12, 19-21].

For solving the nonlinear systems, a two-grid algorithm which is first proposed
by Xu [33, 34] has attracted much attention due to its high efficiency. First, for
space two-grid algorithm based on the FDMs, Dawson and Wheeler [5] considered
a two-grid finite difference scheme for nonlinear parabolic equations. They showed
superconvergence of the flux and the pressure in certain discrete H!- and L?-norms.
Rui and Liu [27] presented a two-grid block-centered finite difference method for
Darcy-Forchheimer flow in porous media. Built on [5], Li and Rui [12] considered
the case of fractional order, and established the error estimates on non-uniform rect-
angular grid. For a space two-grid algorithm established on the FEMs, Liu et al.
solved the nonlinear fourth-order reaction-diffusion problem [19] and the nonlinear
time-fractional cable equation [20]. The stability and the priori error estimates were
proved. Besides, for the time two-grid algorithm, Liu et al. [21] proposed a time two-
mesh algorithm combined with the finite element method for a time-fractional water
wave model. However, the time two-grid algorithm based on the finite difference
method has not been studied yet. Next, we shall consider that.

It is worth mentioning that compared with the two-grid FEMs [19-21], the two-
grid FDMs are relatively simple from the point of view of numerical calculation.
This means that our method will be favored by a large number of engineering sci-
entists. Furthermore, for the study of the two-grid finite difference method, our
article is different from Ref. [12]. Based on the finite difference method, Li and Rui
[12] employed a two-grid algorithm for the spatial direction. However, our article
uses a two-grid algorithm for the temporal direction. In addition, through numeri-
cal schemes and experiments, we can find that our method has the advantages of the
simple numerical calculation and the fast solution of nonlinear equations.

The main purpose of this paper is to establish a time two-grid finite difference
scheme for the two-dimensional nonlinear time-fractional mobile/immobile transport
model. The time derivative u, is approximated by the second-order BDF scheme,
the Caputo fractional derivative is discretized by the L1 discretization formula, and
the central difference formula for the spatial derivative. The time two-grid algorithm
is divided into two steps. Firstly, on a coarse mesh, we solve the nonlinear system,
and the Lagrangian interpolation formula is applied. Secondly, on a fine mesh, the
linearized system is solved. The time two-grid finite difference scheme is stable and
convergent with convergence order O (klzp_a + k4c_2a + h% + h%), where kr and k¢ are
the fine grid time-step size and the coarse grid time-step size, respectively. Numerical
results show that our method is more efficient than general finite difference method
in terms of the CPU time.

The structure of the remainder of this paper is constructed as follows. In Section 2,
some preliminaries are given. Section 3 devotes to the establishment of the two-grid
difference scheme. The stability and convergence of the two-grid FD scheme are
considered in Section 4. In Section 5, some numerical results are obtained by utilizing
the two-grid FD scheme and the general FD scheme, and some comparisons between
two methods are presented. The article ends with a brief conclusions section.
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2 Preliminaries

First define the time-step size on the fine grid k = kg :=T/ A, t, ;= nkp(0 <n <
) for positive integer .47, the time domain (0, 7] is covered by 2, = {£,]0 < n <
A}, Similarly, the time-step size on the coarse grid is k¢ := T/N, t, := nkc(0 <
n < N) for positive integer N and satisfies kc = Mkr for M > 2. For any grid
function Wi = {w" |1 <n < N} on £, we define the following:

3t(C)an — L(an _ wM(n—l))7
ke

D[(C)an — L(San _ 4wM(n—1) + wM(n—Z))’
2kc

and W, = {w"|1 <n < A7} on 2, we define the following:

1 1
8,(F)w" = —w" —w"h, D,(F)w" = —Guw" — 4w 4w,
kF 2kF
1 1
Srw" = Z(w" —w"h, D,w" = ﬂ(Sw” — 4" w2,

For two positive integers J, and Jy, let space-step size hy = L1/Jx, ho = L3/ Jy,
h = max({hy, hy}, we arrive at x; = ihy, y; = jhy. Denote 2, = {(xi,y)I0<i <
Jo,0<j<Jyland 2, =2, N 2,082, =2, NIS2.

Based on the grid function Wy = {w;;|0 < i < J;,0 < j < Jy} on £, we
denote the following:

1 1
— o 3 2005 o
8xwi+%’j = h_l(wl-i-l,] —wij), Sywij = E((walur%)j - wai,%’j)a
the notations §,w, , 1 I 85 wjj are defined similarly and the discrete Laplace operator
23

Apwij = (5)% + 3}2,)wij.
Also, for any grid function w, v € §2j, we define the following:

Je—1Jy—1

(w,v) :=hihy Y Y wiv,  wll =y, w),  [wlle = max |wijl,
<

i=1 j=1

Je—1Jy—1 Ji—1Jy—1
IScwll := [ hiha Y D Gewi iy )2 I8ywll = | hiha ) Y (Gew; ;)2
i=0 j=1 i=1 j=0

First, we define the grid functions as follows:

Ui =ulxj,yjt),  f = fxj, ), t), (xi.yj) €2, 0<n=<.A.

Employing the Taylor series expansion with integral remainder, we arrive at the
following lemmas.
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Lemma 2.1 [4] Suppose u(x,y,t) € C;‘:;‘,([O, L] x [0, L)), then it holds as
Sfollows:

9%u
53 (i o) = s2un

x Y ij

m? [T 0% 8%u
—ZI/O [W(xi+zh1,yj,tn)+@(Xi—zhl,yj,tn)} (1 —2)%dz,

9%u -

Tﬁ(xi’ Vjstn) = 85Uy

2 ot *u

_gz [W(xi, yj +zha, ty) + 37))4()% yj — zha, tn)] (1 -2)%dz.
0

Lemma 2.2 [2, 3] Assume V (t) € C3[ty_2, t,], then we arrive at the following:

1
V/(tn) - E[?’V(tn) - 4V(tn71) + V(tan)]

1
= —k2/ (V" (ta — kz) — 2V" (ty — 2k2)1(1 — 2)%dz, n>2,
0
and

1 1
V() — %[V(n) — V()] = k/ V" (to + kz)zdz.
0

Lemma 2.3 [26, 30] Assume V(t) € C2[0, t,,], it holds as follows:

—1
‘ V'(s) B k ATV (1)

<Ck*™, O<a<]l,
'l —a) (t,,—s)“ 'l —a)

APV (1) = aoV (1) — Z(an_,-_l — an—)V (&) — an—1V (t0).
i=1

where ay = [ z7%dz = K[+ D!~ — 117, 1> 0,

Remark 1In this article, C denotes a generic positive constant, not necessarily the
same at different occurrences, which is independent on the time-step size and the
space-step size.

3 Establishment of the two-grid difference scheme

Below, we first formulate the general finite difference scheme for nonlinear problem
(D)—=(3).
Considering (1) at the point (x;, y;, t;) and using Lemmas 2.1-2.3, we have the
following:
-1

k
WU + A Vi~ AU+ WU = £+ (RO, (53) € 2 (5)
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-1

D Uj; + mA‘;‘U{} — AU 48U = fif + (R,
(xi, yj) € $2p, 2<n=<., (6)
Ul =0,  (xi,y)€dy, lsns<.A, ©)
Ug =iy, (i, y)) € 2, ®)

where
(RD} = Clk+h} + 1)),
(R)f = CR*™+hi+h3), 2<n<.A. ©)
Omitting the truncation errors (Rl)ﬁ, 1 < n < 4, and replacing the function
Uji with its numerical approximation u;, we construct the following general finite

. 1y’
difference scheme as follows:
—1

it + gy ATy — A+ g = fifs (i vp) € 2n (10)
—1
Duty + gy Aty — Aty + g wip) = 1
(xi,yj) € §2n, 2<n<.W, (11)
ujj =0, (xi,y;j) € 082y, l<n<.J, (12)
0o_ 0
uig = u (i, yj), (xi, yj) € §2p. (13)

Now, we derive the two-grid difference scheme for problem (1)—(3). The process
is divided into three steps as follows.

Step L. On the coarse grid, noting that n = 0,1,--- , M, M + 1,--- ,2M,
.-+ ,NM = 4, we only calculate (pM)th level, 1 < p < N. Similar to the estab-
lishment of the general finite difference scheme, the coarse grid difference equations
are obtained by the following:

—1
5ol + T —ay Arwol = s + gworh = 1,

(xi, yj) € 2p, (14)

-1

k
M M M M M
DOl + —F(lc— 5 Af o)y — Anluc)yy +g(we)y ) = £

(xi, yj) € $2p, 2<p=N. (15)

Step II. Then based on M%M obtained in the step I, 1 < p < N, we utilize the

Lagrange linear interpolation to compute the value of u?il)MJrq on the coarse grid,

where 1 < ¢ < M — 1. In the time direction, employing the Lagrange interpola-
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(p

tion formula between the points (¢(p—1)m, 4 ) and (tpMm, u%M), we arrive at the

following:

DM+
Luc(tp-1yM+q) = M(cp Mt

Ip—DM+q — M _(p—)M
=————1uc +
lp-1M — IpM

p—1)M+q — L(p—DM M
C

M — Ip—1Mm

)(p DM %M%M, I<p<N, I<g<M-1. (16

Step IIL. Finally, based on u{. in the step II on the time coarse mesh k¢, the
following linear fine grid difference equations on the time fine mesh kr are given by
the following:

k—l
57 wp)l + T ey A W) = Anwr) + 8oy

+& (wO)Plup)y — W)l = £, (i, y)) € 2, (17)
k—l
DI up)h + ——E— A up)h — An(up)h + g((uc)t)
t 1 F(l ) 1 1
T (WOPlup)y — Wyl = ff, iy € 2p 2=n=A. (18)

4 Analysis of the two-grid difference scheme

Below, the stability and convergence of the two-grid difference scheme will be
derived. For the demand of analysis, we introduce some lemmas as follows:

Lemma 4.1 [4] For any grid functions w, v € Wy, we obtain the follows:

Jo—11y=1

(Bfw.v) = ~hihy )7 D Gawyyy Doy ),

i=0 j=1
Jx—l -/y_l

(BJw.v) = ~hihy ) Y Gyw; DGy, ).

i=1 j=0

Lemma 4.2 [2, 3] For any w" € Wy, 1 <n < N, it follows that
al 3 1
k', w') +k D (D", w") = TP = 2w 4 w1 4 ).

n=2
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Lemma 4.3 [30] For any G = {Gl, Gy, Gs, - } and Q we have the following:

N n—1
Z |:a0Gn - Z(an—i—l - an—i)éi - an—lQi| Gn

n=1 i=1

N
T~ 5 Tl—ot 5
S Y e ", Ly S}

l—a

where 0 < @ < 1,4 = S [(I 4+ 1)'= = [1=¥], 1 > 0,y = C or F.

Lemma 4.4 [29] (Discrete Gronwall’s inequality) If Z,, is a non-negative real
sequence and satisfies such as the follow:

+Zészs» m >0,

s=0

IA

where Am is a non-descending and non-negative sequence, ES > 0, then, we arrive
at the following:

m—1
meﬁm exp(Zfis), m > 0.
s=0
4.1 Stability

The energy method is applied to establish the stability of the two-grid difference
scheme. First, we derive the stability of coarse grid system.

Theorem 4.5 For the coarse grid system (14) and (15), for 1 <n < A and k¢ =
Mkp, the following inequality holds:

_ N
lugll < C (IIM%II +kc ) ||flM||) .
=1

Proof The above theorem will be proved by two steps.
(D). In the first step, we estimate the norm ||ugM|| for p = 1,2,---, N. Taking
the inner products of (14) and (15) with kcué’l and kcugM, respectively, we arrive at

the following:
c
ke (8 uM uly + i (A%l uM) — ke (A ul)

(19)
+he (gug), ug) = ke (M. ug).

C M M M M
ke <D( )uc > C )+ p(ll_a) (Aauc ’u% )_kC<AhuFC)‘ :MFC" )

(20)
e (g™, W™y = ke (M, WM, 2<p< N
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Then, for N > 1, we readily obtain the following:

N
M  pM M pM
ke (8(C)uc,uc + ke Z D;C)u% ,u% )—i—ﬁ Z(Af‘u% ,u]é )
p=2
M N M M 1)
ke 3 (A uf) + ke Y (s, >—ka (M, ug").
p=1 p=1

Next, we shall estimate each term of (21). Firstly, from Lemmas 4.1-4.3 and using
the Cauchy-Schwarz inequality, we have the following:

©) pM (©) pM pM
ke (81 u My ke 2 (D; )
e “c (22)
1
> 3ufM2 = L™ >M||2+ e 112 + 1 )12,
N 11—«
(A% pM - ) 012,
ra —a) ; = 2F(1 CZ” I” - 2F(2 e —a il
(23)
N
M M
—ke Y (Al ul)y = —kc Z(ua W2+ 18 1P < 0. (24)
In addition, we also have the followmg.
= M
(g(uc ), ub- My < Ilg(uc )Hu? M < Cllul" 112, (25)
and
M
Py < P (26)
Substituting (22)—(26) into (21), then it holds that as follows:
inu%’Mn2 Hlud™ 1)Mn2+ N 12 + 2 1%) — sy 11
(27)
< Ckc Z 1?12 + ke Z LM
p=1 p=1
Taking the appropriate § such that ||u M| = max IIM%MH, we obtain the
0<p<N
following:
%IIMCMII < zllu | < 4(|Iuc I+ IIMCII)
(28)

+2,—<2 —5y -l + Cke Z] 1P + ke Zl ILFPM.
p= p

When k¢ < 1/ 40), following from Lemma 4.4, inequality (28) becomes the
following:

XM < C(T) exp{Nkc} (nuc I+l + ke 3 ||fPMII)

r=! (29)

=C (Iluc I+ gl + ke Z ||pr|I>

p=1
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Similarly, using (19), we have the following:
lul || < CTYANulll + kel M) (30)
Thus, for any 1 < p < N, combining (29) with (30) we obtain the following:

M) < € (nucn + k¢ Z IIf‘MH) (31)

(D). In the second step, we estimate the norm ||u(p D M+q|| for1 < p < N and
Il<g=<M-1.
Noting that (16), it follows that
lu =DM = (1= udTOM + Ll
= M

N (32)
< (=DM 4 4P §C<||Mc||+kcl§ IIfIMII).

Using (31) and (32), we finish the proof.
Below, we construct the stability of fine grid system. O

Theorem 4.6 For the fine grid system (17) and (18), for 1 < n < A, it holds the
following: B
lup ) < Clug |+ lufll + max | £).
I<li<NV

Proof We take the inner products of (17) and (18) with k Fu}F and kg u’;, respectively,
then,

ke (8 ke ul) + ey (A%l ul) — kp(Apul, ul)

(33)
+hr(gue) + 8/ up) Wy —ul),up) = kp(f' up).
kp (DUl ) + o (A%ul k) — ke Aptd, ') )
+kr(gue) + 8 wg) Wy —ug), k) =kp(f", uk), 2<n=<J.

Then, summing for n from 2 to .4 and adding (33), we arrive at the following:

ke (8 ul, uk) + kp Z(D(%F, u't)

=2
L " 4
+F(1—(X) Z] (A;‘xul}:‘? M’};) - kF X:](Ahu’;?a u'y > (35)
n= n=
N
= —kr ) (guf) + &' W)Wy —uf), u'y) +kr Z (f" u'g).
n=1 n=1

Analogous to the process of (22)—(24), using Lemmas 4.1-4.3 and the Cauchy-
Schwarz inequality, we obtain the following:

g 12 = Fu 02+ b + a2y — zp(2 1
N N

=- Z g(uc) +g (uc)(up u’é‘)s u?:) +kr D (", ur]z:> (36)
n=1 n 1

N
X_: (gug) + &' (ug) Uy —ug), u'p I+kFZ||f”|I||uFI|
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moreover, we have the following:

g(ug) + &' i) = ug), wp)] < C(llug )

' (37)
+lg' @) oo 'z I + IIucll)IIuFII < Clug M Il + 1wg 1)
Choosing the suitable m such that [u';|| = max lu'z1l, and substituting (37)
0<
into (36), we get the following:
S’ || < sl < glukl + IIMFII)+ 2]"(2 0,) [
(38)

+Ckp Z(IIM’}:II + lugl) + kr Z ™1

n=1 n=1

When kp <1/ (6C), from Lemma 4.4, inequality (38) turns into the following:

N N
lu || < C(T) exp{A kr) (Ilu}cll F Ul + ke Y Nugll + ke 3 Ilf"ll)
(39)

n=1 n=1

n=1 p=1

B 1 . N N
< C | lNupl+ Nlupll +kr 3 Nugll+ke D2 01" -

Also, following from (33), we get the following:
lubll < CAuS N + kpllulll + kel £11D. (40)

Combining the above two inequalities and employing Theorem 4.5, it follows that

i Il < € (”“0” + el + ke Z LA™ 0+ kF Zl ||f"||> (41)

This completes the proof. O
4.2 Convergence

The convergence of the two-grid difference scheme is considered by the energy
method. Firstly, we shall derive the convergence of the coarse grid system as follows.
Let,
(ec)f = Ujf — (e, (xi, ) € $2n, 0<n<..
Subtracting (14)—(15), (12)—(13) from (5)—(8), respectively, we get the following
error equations:

55 e + o AL (el — An(e) + gWUM) = g((we)l)

(42)
Z(Rl)ll‘:lv (xz’}’])G-Qh,
D)™ + s A% )™ — Antec)?™ + gUI™) — g((ue)™) @)
=R, Gy)e@n, 2=p=N,
(ec)ﬁ =0, (xi, yj) € 982y, l<n<.t, (44)
(ec)j =0,  (xi,y)) € 2. (45)
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Theorem 4.7 Suppose u(x, y,t) € C;1 jf ?([O L1]1x[0, L2]1%x (0, T1) be the solution of

(5)—(6) and uc be the solution of (14)-(16), for 1 < n < A, it holds the following:

max |U" —ult|| < C(E™ + hi + h3).
1<n< A

Proof The proof consists of two steps:
. Taking the 1nner products o an with kce~ and kce, , respec-
(I). Taking the i prod f (42) and (43) with k é’l d k EM p

tively, summing up for p from 2 to N with (43) and adding (42), then we obtain the
following:

c c M pM
kc (8( )ec,ec + ke ZZD( )ec,ec)—}-r(1 Q)ZA“epC,eg)
p=
y pM  pM M
—kc Y (Aneq . eq ) = —kc Z (g(UP )—g(u ) 6 ) (46)
p=1 p=1
N
ke Y (RM M, 1<p<N.

p=1
Using Lemmas 4.1-4.3 and the Cauchy-Schwarz inequality, we arrive at the
following:

311, NM 2 (N DM 2 M2 2 2
gllec || 4(|| 1=+ llec |l +||ecll) 2F<2 a)llecll

< ke Z lg@PM) — g@P e | + ke Z IREM e

p=1 p=l1 47)
~ ul M, 2 ul pM,\ PM
< Ckc ) llec I*+ke 22 IRy llllec |-
p=1 p=1
Taking a suitable / such that ||e I = Omax ||ec ||, then it holds the following:
<p=<
FlefM| < 2||e I < 4(|I€c I+ |I€CI|)
M (48)
+ 3y €2l + Cke 5 lefY Il + ke 5 IRY -
p=1 p=1
Utilizing Lemma 4.4 and noting that (45), we obtain the following:
_ N
lleg™ |l < C(T) exp{Nkc) (neé! I+ llegll + ke X ||R$M||>
p=1
~ M 0 M ul pM (49)
< Cllecll + llecl +kcl RN +ke - IRl
p_2
< C(T)(llef | + kg + kg + 13 + k).
From (42), then we have the following:
leg Il < C(T)(lleg |l + ke IRY ) < C ke + T + h3). (50)
Utilizing (49) and (50), it follows that
1M < CkE+hn2+h}), 1<p<N. (51)
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dD.Forl < p<Nand1 < g < M — 1, we use the Lagrange’s interpolation
formula, then,
—DM+q _ -HM M
U(” Mtq — (] — %)U(/’ M %UP

e (52)
+=5=Up-1M+q — Lp—1)M) L(p—1)M+q — IpM)-
Subtracting (15) from (52), we have the following:
(p DM+q = q)e(p 1)M+ q pM
+U £ (t(p—)M+q — f(p—l)M)(t(p—l)M+q — tpM),
then, using the triangle inequality and (51), we get the following:
-HM N M "(E)llso
le ="M < (1 = e ™M+ e )+ L Pl= 2 .

< Ckg™* +h}+hd), 1<p<N, l<g<M-1.

Using (51) and (53), the proof is completed.
Secondly, the convergence of the fine grid system will be derived.
Let,
(er)y = Ujj — (up)i;, (xi,yj) € $2n, 0<n<.t.
Subtracting (17)—(18), (12)—(13) from (5)—(8), respectively, the error equations are
obtained by the following:

—1
5" (eF>JJ + %A“(m}] ~ Ah<eF>l‘J + (U — g(we)})
—g (WO — (@D = RDL iy € 2,

(54)

l
DI (er)li + pifea AF (er) — An(er) + g(UL) — g((uc)y)
g (WDL(wrD) — (@] = (R, (55)
(xi, yj) € $2p, 2<n=<.,

(ep)ﬁ =0, (xi,y;j) € 382y, l<n<., (56)
(er)j=0,  (xi,y)) € 2 (57)
O

4,43

Theorem 4.8 Let u(x,y,t) € C; v, +([0, L1] x [0, L2] x (0, T1) be the solution of
(5)-(6) and u'y; be the solution of (17)~(18), for 1 < n < .4, we have the following:

max 1U" — |l < Cky + kg + hi + h3).

1<n<

Proof We take the inner products of (42) and (43) with k pe}p and ke, respectively,
for A4 > 1, then we arrive at the following:

kr(8\F el el) +kp Z (DPen et

2
| N "= N
RN(E nZ tep. €p) —kp ngl(Ahe'}m e) (58)
N N
= —kr ) (g(U") — g(ug) — &' W)Wy —ul), ) +kp ) (R}, ).
n=1 n=1
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Noticing that
U™ — g(ul) — g (k)W — ul)
= g WU —ud) + 38" OU" — uf)? — g/ ) Wy — uf)
=g ket +1 ”(9")<ec>2

therefore,
/V

< C(|I€FII2 + lleg 12 ek ).
By Lemmas 4.1-4.3 and Cauchy-Schwarz inequality, it follows that

2lle” |I2 e ||2+|I6F||2+||6F|| ) — mlle,vll2
5 ; (60)
Ckr Z(Ilepll + lleg I + kr Z IRY Ik,
n=1 n=1
Taking m so that ||| = max le’l, and noting that (57), we have the
0<
following:
& 2
Hed I < del < 3lekl + Chkp 3 (llell + llet11?) + kr Z IRYI.  (61)
n=1 n=1

Utilizing Lemma 4.4, we get the following:
y _ | N , 4
lez | < Cexp{A'kr} | llepll +kr 3 llegl” +kr 20 IR (62)
n=1 n=1
From (54), using the same way, we have the following:
lepll < C)UleRll + kelleg I + kel R ). (63)

Substituting (9) and (63) into (62), and combining Theorem 4.7, it holds the
following:

leg || < CUkE + k% 4 h? + ). (64)
We finish the proof. O

5 Numerical experiment

In this section, we set Ly = L, = T = 1. All experiments are performed on a
Windows 10 (64 bit) PC-Inter(R) Core(TM) i7-8750H CPU 2.20 GHz, 8.0 GB of
RAM using MATLAB R2014b.

The two-grid difference (TGD) scheme (14)—(18) and the general finite difference
(GFD) scheme (10)—(13) are used to simulate the problem (1)—(3). To show the effec-
tiveness of the two-grid algorithm, we perform two numerical examples. Let utgp
and ugpp be the numerical solutions, respectively.
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Table 1 The L2-errors, convergence rates and CPU time (seconds) with 7 = 1/100 and M = 3

o kc kr EGrp ratefypn CPU(s) EtGDp ratef 5 CPU(s)
0.25 1/4 1/12 1.696213e-3 - 132.72 1.696341e-3 - 86.17
1/8 1724 5.169795¢e-4 1.714 251.62 5.169807e-4 1.714 169.23
1/16 1/48 1.640700e-4 1.656 480.42 1.640700e-4 1.656 322.63
0.75 1/4 1/12 3.618949¢-3 - 125.91 3.674818e-3 - 83.11
1/8 1724 1.515827e-3 1.255 242.38 1.271433e-3 1.271 161.31
1/16 1/48 6.623354¢e-4 1.194 460.25 6.630738e-4 1.199 310.53
Denote,

A
ratersp = log, (

Ergp(h, k) = max 1" —ukll,

I<n<

Ergp (h,2k) )
Etgp(h,k) )~

ratepgp = log, (

ETGD(2h,k))
Ergp(h.k) )

the notations Eggp (&, k), rate’GFD, and rate)éFD are defined similarly.

Example 1 In the first example, the nonlinear term is g(u) = u3 and the inhomoge-
neous term is as follows:

fx,y,)=[Q+a) (1 + @tl_“) + 272" sinx sinwy

+ (2T sinx siny)3.

The corresponding exact solution is as follows:

u(x,y, 1) = 1> *sinzxsinmwy.

When the spatial step J, = J, = 100 is fixed, in Tables 1 and 2, we present the
L2-errors, the temporal convergence orders and the CPU time for « = 0.25,0.75
by using the two-grid difference scheme (14)—(18) and the general finite differ-
ence scheme (10)—(13), respectively. The numerical results show that two difference
schemes are convergent with the order 2 — « in the time direction. Moreover, combin-
ing Tables 1 and 2, it can be seen that the two-grid difference scheme will save more
time than the general finite difference scheme as M increases. Fixed the time-step

Table 2 The L2-errors, convergence rates and CPU time (seconds) with 7 = 1/100 and M = 5

o kc kr EGrp rateggp CPU(s) ETGD ratefp CPU(s)

0.25 12 1/10 2.278547¢-3 - 112.67 2.281892e-3 - 59.28
1/4 1/20 7.141716e-4 1.674 207.24 7.142017e-4 1.676 106.27
1/8 1/40 2.249906e-4 1.666 391.88 2.249923e-4 1.666 199.63

0.75 12 1/10 4.573776e-3 — 105.81 5.428355¢e-3 - 57.72
1/4 1/20 1.899303¢e-3 1.268 198.29 1.967804e-3 1.464 103.21
1/8 1/40 8.190562¢-4 1.213 389.10 8.269552¢-4 1.251 191.31
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Table3 The L2-errors and convergence rates with kc = 1/256 and kr = 1/1024

o h EGrp rategep EtGp rateygp
0.20 1/4 4.114949¢-2 - 4.114945¢-2 -
1/8 1.019620e-2 2.013 1.019618e-2 2.013
1/16 2.542821e-3 2.003 2.542802e-3 2.003
1/32 6.353620e-4 2.001 6.353432¢-4 2.001
1/64 1.588730e-4 2.000 1.588543¢-4 2.000
0.50 1/4 3.989599¢-2 - 3.989596e-2 -
1/8 9.892164e-3 2.012 9.892145e-3 2.012
1/16 2.468250e-3 2.003 2.468233¢-3 2.003
1/32 6.176084e-4 1.999 6.175918¢e-4 1.999
1/64 1.552887¢e-4 1.992 1.552722¢e-4 1.992
0.80 1/4 3.833725¢e-2 - 3.833723e-2 -
1/8 9.526970e-3 2.009 9.526959¢-3 2.009
1/16 2.392026e-3 1.994 2.392016e-3 1.994
1/32 6.129641e-4 1.964 6.129538¢-4 1.964
1/64 1.684969¢-4 1.863 1.684867¢-4 1.863

A = 1024, the results in Table 3 reflect a convergence rate in space = 2 for two dif-
ference schemes. The results in the time-space direction are in good agreement with
the theoretical analysis.

500 T T T T T T T
—-©-= 0=0.25 (GFD) 2
450 | | =—¥— a=0.75 (GFD) g
— 4+ = a=0.25 (TGD)
---------- «=0.75 (TGD)
400 g
350 §
@ -t
©30f+ =l R
L=z
D
T 250 §
(&}
200 o 4
150 §
a
100 T 1
4
50 1 1 1 1 1 1 1
10 15 20 25 30 35 40 45 50

1k

Fig.1 The comparison of two methods for CPU time with 2 = 1/100 and M = 3
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Fig.2 The comparison of two methods for CPU time with 2 = 1/100and M =5

35

40

Figures 1 and 2 give the comparison of the two-grid difference and the general
finite difference scheme, respectively, and show intuitively that given the same accu-
racy the two-grid algorithm is much more efficient than the general finite difference
method in the temporal direction.

Example 2 In the second example, the nonlinear term is g(u) = u> and the exact
solution is given as follows:

u(x,y, t) = (1443 sinwxsinmy.

Table 4 The L?-errors, convergence rates and CPU time (seconds) with 4 = 1/100 and M = 2

o kc kr EGrp ratege,  CPU(s) ETcD ratetgp,  CPU(s)
0.25 1/4 1/8 6.119585¢e-3 - 290.91 6.474947¢-3 - 204.86
1/8 1/16 1.663753e-3 1.879 455.07 1.728943e-3 1.905 301.13
1/16 1/32 5.147191e-4 1.693 707.64 5.189988e-4 1.736 495.18
0.50 1/4 1/8 8.810485¢e-3 - 285.67 9.273411e-3 - 202.12
1/8 1/16 2.840304¢-3 1.633 437.77 2.952957e-3 1.651 296.21
1/16 1/32 9.893523e-4 1.521 702.43 9.971202e-4 1.566 488.93
0.75 1/4 1/8 1.635303e-2 - 280.28 1.835445¢e-2 - 198.17
1/8 1/16 6.567541e-3 1.316 427.03 6.734695¢e-3 1.446 289.91
1/16 1/32 2.711785e-3 1.276 690.12 2.723183¢-3 1.306 479.98
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Table 5 The L2-errors and convergence rates with kc = 1/256 and kr = 1/1024

o h EGrp rategep EtGp rateygp
0.25 1/4 7.357866€-2 - 7.357928e-2 -
1/8 1.897176e-2 1.955 1.897233e-2 1.955
1/16 4.778252¢-3 1.989 4.778809¢e-3 1.989
1/32 1.196736e-3 1.997 1.197283e-3 1.997
0.50 1/4 7.362154¢e-2 - 7.362216e-2 -
1/8 1.898381e-2 1.955 1.898436¢e-2 1.955
1/16 4.783566¢-3 1.987 4.784111e-3 1.988
1/32 1.200354e-3 1.995 1.200892e-3 1.994
0.75 1/4 7.390821e-2 - 7.390870e-2 -
1/8 1.907500e-2 1.954 1.907544e-2 1.954
1/16 4.825988¢-3 1.982 4.826421e-3 1.983
1/32 1.230567e-3 1.971 1.230968¢-3 1.971

The initial condition is #°(x, y) = sin7x sinzy and the corresponding source term
is as follows:
3—a ) . .
flx,y,t)= (121‘2 + 2712(1 + 4t3) + %) sinyx sinmwy
+ ((l + 4¢3 sin 7 x sin 7ry)3 .

In Tables 4 and 5, we give the numerical results with the initial condition
u®(x, y) # 0fora = 0.25,0.50, and 0.75 by utilizing the two-grid difference scheme
(14)—(18) and the general finite difference scheme (10)—(13), respectively. The nume-
rical results demonstrate that the two-grid difference method is more efficient than the
general difference method. Furthermore, the results also show that the convergence
orders in the space-time direction are approximately 2 and 2 — «, respectively.

6 Conclusions

In this article, a time two-grid algorithm based on the finite difference method
is proposed and analyzed for the two-dimensional nonlinear time-fractional
mobile/immobile transport model. The two-grid algorithm mainly includes two com-
putational steps: first, on the coarse grid a nonlinear system is solved, then a
linearized system is solved on the fine grid. The stability and convergence of the two-
grid difference scheme are proved. The proposed two-grid algorithm is implemented,
and the numerical results demonstrate that the two-grid algorithm is a more efficient
way to solve the nonlinear time-fractional mobile/immobile transport problem.
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