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Abstract

The aim of this paper is to study a classical pseudo-monotone and non-Lipschitz
continuous variational inequality problem in real Hilbert spaces. Weak and strong
convergence theorems are presented under mild conditions. Our methods generalize
and extend some related results in the literature and the main advantages of pro-
posed algorithms there is no use of Lipschitz condition of the variational inequality
associated mapping. Numerical illustrations in finite and infinite dimensional spaces
illustrate the behaviors of the proposed schemes.
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1 Introduction

The main purpose of this paper to study the classical variational inequality of Fichera
[13, 14] and Stampacchia [38] (see also Kinderlehrer and Stampacchia [25]) in real
Hilbert spaces. Precisely, the classical variational inequality problem (VIP) is of the
form: finding a point x* € C such that

(Ax*,x —x*) >0 Vx € C, (1)
Let us denote by VI(C, A) the solutions set of VIP (1).
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This problem plays an important role as a modeling tool in diverse fields such as in
economics, engineering mechanics, transportation, and many more (see for example,
[2, 3, 15, 26, 28]). Recently, many iterative methods have been constructed for solv-
ing variational inequalities and their related optimization problems (see monographs
[12, 28] and references therein).

One of the most popular methods for solving variational inequalities with mono-
tone and Lipschitz continuous mappings is the method proposed by Korpelevich [30]
(also independently by Antipin [1]) which is called the extragradient method in the
finite dimensional Euclidean space. This method was based on a double-projection
method onto the feasible set.

The extragradient method has been studied and extended in infinite-dimensional
spaces by many authors (see, e.g., [6-9, 20, 22, 23, 32, 33, 39, 41-44] and the ref-
erences therein). It is easy to observe that, when the mapping-associated variational
inequality is not Lipschitz continuous or the Lipschitz constant of the associated
variational inequality mapping is very difficult to compute, it is clear that the extra-
gradient method is not applicable to implement because we can not determine the
stepsize.

Khobotov [27] proposed the linesearch for the extragradient method and Mar-
cotte’s paper [34] contains its implementation. The first extrapolation method using
Armijo-type linesearch was proposed in [29] and the method [19] follows the same
approach (see comments of Section 1.3 in [28] and and Section 12.1 in [12]).

This modification in [19, 29] allows convergence without Lipschitz continuity of
the mapping-associated variational inequality in finite-dimensional Euclidean space.
The algorithm is of the form

Algorithm 1
Initialization: Given y > 0,/ € (0, 1), u € (0, 1). Let x; € C be arbitrary

Iterative Steps: Given the current iterate x,,, calculate x, . as follows:

Step 1. Compute
yn = Pc(xp — Ay Axy)
where A, := y[™" and m, is the smallest non-negative integer m satisfying
YI"Axy, — Ayl < pllxn — yall.
If x,, = y, then stop and x,, is a solution of VIP. Otherwise
Step 2. Compute
Xn+1 = Pc(xp — BnAyn),

where
(Ayn, Xn — )’n>

Bu =
! | Ayn2

Setn :=n + 1 and go to Step 1.
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Moreover, Algorithm 1 converges under the condition the mapping-associated
variational inequality is monotone and continuous on the feasible set in finite-
dimensional spaces. This brings the following natural question.

Question: Can we obtain convergence result for VIP using a new modification of the
extragradient method under a much weaker condition than monotonicity of the cost
function?

Our aim in this paper is to answer the above question in the affirmative. Precisely,
our contributions in this paper are:

— to construct another modification of extragradient algorithm that converges under
a weaker condition in an infinite-dimensional Hilbert space;

— to introduce a modification of extragradient method for solving VIP with
uniformly continuous pseudo-monotone mapping in infinite-dimensional real
Hilbert spaces;

— to use a different Armijo-type linesearch and obtain convergence results (weak
and strong convergence results) when the mapping is pseudo-monotone in the
sense of Karamardian [24]

— to compare, using numerical examples, our proposed methods with some meth-
ods in the literature. Our numerical analysis (performed both in finite- and
infinite-dimensional Hilbert spaces) shows that our methods outperform cer-
tain already established methods for solving variational inequality problem with
pseudo-monotone mapping in the literature.

We organize the paper as follows: In Sect. 2, we give some definitions and prelimi-
nary results to be used in our convergence analysis. In Sect. 3, we deal with analyzing
the convergence of the proposed algorithms. Finally, in Sect. 4, several numer-
ical experiments are performed to illustrate the implementation of our proposed
algorithms and compare our proposed algorithms with previously known algorithms.

2 Preliminaries

Let C be a non-empty, closed, and convex subset of a real Hilbert space H, A : H —
H is a single-valued mapping, and (-, -) and || - || are the inner product and the norm
in H, respectively.

The weak convergence of {x,}° ; to x is denoted by x, — x as n — oo, while
the strong convergence of {x,};° , to x is written as x, — x as n — oo. For each
x,y € Hand a € R, we have

Definition 2.1 Let T : H — H be a mapping.
1. The mapping T is called L-Lipschitz continuous with L > 0 if
ITx =Tyl < Llx —yll Vx,ye€H.

if L = 1 then the mapping T is called non-expansive andif L € (0,1), T
is called contraction.
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2. The mapping T is called monotone if
(Tx —Ty,x—y)>0 Vx,ye H.
3. The mapping T is called pseudo-monotone if
(Tx,y—x)>0=(Ty,y—x)>0 Vx,ye H.

4. The mapping T is called a-strongly monotone if there exists a constant
a > 0 such that

(Tx —Ty,x —y) > allx — y|* Vx,y € H.

5. Themapping T is called sequentially weakly continuous ifforeach
sequence {x,} we have: x, converges weakly to x implies x, converges weakly
to T'x.

It is easy to see that very monotone mapping is pseudo-monotone but the converse
is not true. For example, take Tx := ﬁ, x > 0.
For every point x € H, there exists a unique nearest point in C, denoted by Pcx
such that ||x — Pcx|| < |lx — y|| Vy € C. Pc is called the metric projection of H

onto C.

Lemma 2.1 [16] Given x € Handz € C. Then 7 = Pex < {(x —z,7 — y) >
0 VyeC.

Lemma 2.2 [16] Let x € H. Then

i) |Pcx — Pcyl|® < (Pcx — Pcy,x —y)Vy € H;
i) [[Pcx —yl*> < llx — ylI> = [lx — Pcx|* ¥y € C;
iii) ((I — Pc)x — (I — Pc)y,x —y) > |[(I — Pc)x — (I — Pc)yl>Vy € H.

Lemma 23 [5] Given x € H and v € H, v # 0 and let T =
{z € H:(v,z—x) <0}. Then, for allu € H, the projection Pr(u) is defined by

Pr(u) = u — max {0, w}
vl
In particular, if u ¢ T then
(v, u — x)
Pru)=u— ———>5—
[lv]]?

Lemma 2.3 gives us an explicit formula to find the projection of any point onto a
half-space.

For properties of the metric projection, the interested reader could be referred to
Section 3 in [16] and Chapter 4 in [5].

The following Lemmas are useful for the convergence of our proposed methods.
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Lemma 2.4 [11] For x € H and o > B > 0 the following inequalities hold.
Ilx = Pe(x —aAD)| _ llx — Pc(x — BAX)||

o B B
lx — Pc(x — BAX)| < [lx — Pc(x —aAx)||.

’

Lemma 2.5 [21] Let H| and H» be two real Hilbert spaces. Suppose A : Hy — Hj
is uniformly continuous on bounded subsets of H| and M is a bounded subset of H.
Then, A(M) is bounded.

Lemma 2.6 [[10], Lemma 2.1] Consider the problem V I (C, A) with C being a non-
empty, closed, convex subset of a real Hilbert space H and A : C — H being
pseudo-monotone and continuous. Then, x* is a solution of VI(C, A) if and only if

(Ax,x —x*) >0 Vx e C.
Lemma 2.7 [36] Let C be a non-empty set of H and {x,} be a sequence in H such
that the following two conditions hold:

1) foreveryx € C, lim,_ o ||X, — x| exists;
il) every sequential weak cluster point of {x,} is in C.

Then, {x,} converges weakly to a point in C.

The proof of the following lemma is the same with Lemma 2.3 and was given in
[17]. Hence, we state the lemma and omit the proof in real Hilbert spaces.

Lemma 2.8 Let H be a real Hilbert space and h be a real-valued function on H and
define K := {x € H : h(x) < 0}. If K is nonempty and h is Lipschitz continuous on
H with modulus 6 > 0, then

dist(x, K) > 6~ max{h(x), 0} Vx € H,
where dist(x, K) denotes the distance function from x to K.
Lemma 2.9 [31] Let {a,} be a sequence of non-negative real numbers such that
there exists a subsequence {an/.} of {an} such that An; < dn;+1 for all j € N. Then

there exists a non-decreasing sequence {my} of N such that limyg_, oo my = o0 and
the following properties are satisfied by all (sufficiently large) number k € N:

Ay = Amy+1 anday < Amp+1-

In fact, my, is the largest number n in the set {1,2, --- , k} such that a,, < a, 1.

Lemma 2.10 [45] Let {a,} be a sequence of non-negative real numbers such that:
ant1 = (1 —ap)an + ayby,
where {a,,} C (0, 1) and {b,} is a sequence such that

Q) YZoan =00
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b) limsup,_, ., bn <0.

Then lim,,_, oo a, = 0.

3 Main results
The following conditions are assumed for the convergence of the methods.

Condition 1 The feasible set C is a non-empty, closed, and convex subset of the real
Hilbert space H.

Condition 2 The mapping A : H — H is a pseudo-monotone, uniformly continu-
ous on H and sequentially weakly continuous on C. In finite-dimensional spaces, it
suffices to assume that A : H — H is a continuous pseudo-monotone on H.
Condition 3 The solution set of the VIP (1) is non-empty, thatis VI(C, A) # (.

3.1 Weak convergence

In this section, we introduce a new algorithm for solving VIP which is constructed
based on modified projection-type methods.

Algorithm 2

Initialization: Given y > 0,/ € (0, 1), u € (0, 1). Let x; € H be arbitrary

Iterative Steps: Given the current iterate x,,, calculate x, 4 as follows:

Step 1. Compute
Yn = Pc(xp — Ay Axy),

where 1, := y[", with m,, is the smallest nonnegative integer m satisfying
yI" (Axy — Ayn, Xn = yu) < pllxn — vl )
Let x, = y, or Ay, = 0 then stop and y, is a solution of VIP. Otherwise
Step 2. Compute
Xn+1 = PCn (xn),
where
C,:={x€eH:h,(x)<0}

and

hp(x) = (xp — yn — A (Axy — Ayn), X — yn). (3)

Setn :=n + 1 and go to Step 1.

Remark 3.1 We note that our Algorithm 3.1 in this paper is proposed in infinite-
dimensional real Hilbert spaces while the method proposed by Solodov and Tseng in
[40] was done in finite-dimensional spaces. Furthermore, our method is much more
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general than that of Solodov and Tseng [40] even with a more general cost function
than that of Solodov and Tseng [40]. This is confirmed in our numerical examples,
where we give examples of variational inequalities with pseudomonotone functions
which are not monotone (as assumed in the paper of Solodov and Tseng [40]) even
in finite-dimensional spaces.

We start the analysis of the algorithm’s convergence by proving the following
lemmas

Lemma 3.1 Assume that Conditions 1-2 hold. The Armijo-line search rule (2) is
well defined.

Proof If x, € VI(C, A) then x,, = Pc(x, — yAx,) and m, = 0. We consider the
situation x,, ¢ VI(C, A) and assume the contrary that for all m we have

Y™ (Axy—APc (xn—y 1" Axp), xn—Pc (Cea—y 1" Axy)) > | Xy —Pc (xy—y 1™ Axy)|I>
By Cauchy-Schwartz inequality, we have

yU" |Axn — APc(xp — yI"™ Axp) || > pllxn — Pc(xn — yI" Axn)|l. “)
This implies that

lxn — Pc(xy — yI™Axy) ||

|Axy — APc(xn — yI" Axp) || > 1 i (5)
We consider two possibilities of x,,. First, if x, € C, then since Pc and A are
continuous, we have lim,,  ||[x, — Pc(x;, — yI"™Ax,)|| = 0. From the uniform
continuity of the mapping A on bounded subsets of C, it implies that
lim ||Ax, — APc(x, — yI™Ax,)| = 0. 6)
m—00
Combining (5) and (6) we get
lim X0 — Pc(xn — y1I" Axp) |l -0 %)
m— 00 ylm
Assume that z,,, = Pc(x, — yI"™ Ax,) we have
(zm — Xn + yI"Axy, x —z;) >0 Vx € C.
This implies that
(P X Zm) + A X — 2) 2 0 Va € C. ®
ylm
Taking the limit m — oo in (8) and using (7) we obtain
(Axp, x —x,) >0 Vx € C,
which implies that x, € VI(C, A) is a contraction.
Now, if x, ¢ C, then we have
lim |x, — Pc(xn — yI" Axp)|| = llxn — Pcxa| > 0. )
m—00
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and
lim yI™||Ax, — APc(x, — yI"Ax,)| =0 (10)
m—0o0
Combining (4), (9), and (10), we get a contradiction. O

Remark 3.2 1. In the proof of Lemma 3.1, we do not use the pseudo-monotonicity
of A.

2. Now, we show that if x, = y, then stop and y, is a solution of VI(C, A). Indeed,
we have 0 < A,, < y, which together with Lemma 2.4, we get

0

_ lxn — yull _ lxn — Pc(xn — AnAxy) |l > lxn — Pc(xn — Yy Axp) |l
An An - 14 .

This implies that x,, is a solution of VI(C, A), thus y, is a solution of VI(C, A).
3. Next, we show that if Ay, = O then stop and y, is a solution of VI(C, A).
Indeed, since y, € C, itis easy to see that if Ay, = 0theny, € VI(C, A).

Lemma 3.2 Assume that Conditions 1-3 hold. Let x* be a solution of problem (1)
and the function h,, be defined by (5). Then h,(x*) < 0 and h,(x,) > (1 — w)|lx, —
yn||2. In particular, if x, # y, then hy,(x;) > 0.

Proof Since x* be a solution of problem (1), using Lemma 2.6 we have
(Ayn, x* — yn) 0. (1D
It is implied from (11) and y,, = Pc(x, — A, Ax,) that
hn(x*) = (Xn — Yn — A (Axy — Ayn), x* = Yn)

= (Xn = Yn — M AXn, X° = Yu) + A (Ayn, X — yn)

< 0.
The first claim of Lemma 3.2 is proven. Now, we prove the second claim. Using (2),
we have

hn(xn) = (xp — Yn — An(Axp — Ayn), Xn — Yn)

n = yull* = A (A — Ay, Xn = Vi)
= xn = yall? = pllxn — yull?
= (1= )llxn = yall*.

v

O

Remark 3.3 Lemma 3.2 implies that x,, ¢ C,. According to Lemma 2.3, then X,

is of the form

(Xn — Yn — An(Axy — Ayn), Xn — Yn)
lxn — yn — An(Axp — Ayn)”2

(Xxn — yn — An(Ax, — Ayy)).

Xn+1 = Xn —

Lemma 3.3 Assume that Conditions 1-3 hold. Let {x,} be a sequence generated by
Algorithm 3.1. If there exists a subsequence {xp,} of {x,} such that {x,,} converges
weakly to z € H and limy_; o0 ||Xp, — Yl =0thenz € VI(C, A).
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Proof From x,, — z,limg— oo [lXp, — yn, |l = 0, and {y,} C C, we getz € C. We
have Ynp = PC(xnk - )»nkAxnk) thUS,
<xnk - }“nkAxnk - ynkv-x - ynk> S 0 V.x (S C
or equivalently
1
—(Xnk - ynk,x - ynk) < <Axnk,.x — ynk> Vx e C.
Any
This implies that
1
T O = Yis X = Yg) + (A, Y = Xy} < (A%, X — 2y ) Vx € €. (12)
ng

Now, we show that
liminf(Ax,,, x — x,,) > 0. (13)

k— 00
For showing this, we consider two possible cases. Suppose first that
liminfy_, o0 Ay, > 0. We have {x,, } is a bounded sequence, A is uniformly continu-
ous on bounded subsets of H. By Lemma 2.6, we get that {Ax,, } is bounded. Taking
k — oo in (12) since ||x,, — yn, || = 0, we get

liminf(Ax,, , x —x,,) > 0.
k—o00

Now, we assume that liminfy_, oo Ay, = 0. Assume z,,, = Pc(xy, — A, .l_lenk),
we have Ankl_l > An,. Applying Lemma 2.4, we obtain

1
”xnk - an” =< 7||xnk - Ynk” — 0 ask — oo.

Consequently, z,, — z € C, this implies that {z,, } is bounded, which the uniformly
continuity of the mapping A on bounded subsets of H follows that

|Axn, — AzZy || = 0 ask — oo. (14)

By the Armijo linesearch rule (2), we must have
Do ™ (A = AP (= 17" A, X = P (i = b 171 Ax)) > ptllon = Pe (0 = 171 Axa) 1P
By Cauchy-Schwartz inequality, we have

A L M Axy, — APC (X, — el Axn )N > pllXn, — Pe(ng — dnl ™ Axn) |-
That is,

1 ||)an - an ”
—|Ax,, — A e 15
i Il Xnyg an” > )\nkl_l (15)
Combining (14) and (15), we obtain
lim ||xnk — Ty Il —0.

L Y 1
Furthermore, we have

<xnk - )‘nkl_lenk — ngr X — an> <0 Vx eC.
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This implies that

1

m(xnk — g, X — an) + (Axnka Ing — xnk> =< (Axnkvx _xnk> Vx e C. (16)
ng
Taking the limit kK — oo in (16), we get

liminf(Ax,,, x — x,,) > 0.
k— 00

Therefore, the inequality (13) is proven.
On the other hand, we have

<Aynkv x_ynk) = <A)’nk _Axnks X _xnk>+<Axnks x_xnk>+<Aynka Xng _ynk>- (17)
Since limy oo [, — Y, || = 0 and the uniformly continuity of A on H, we get

lim ||Ax, — Ayp, |l =0,
k—o00

which, together with (13) and (17) implies that
liminf(Ay,,, x — yn,) = 0. (18)

k—o00

Next, we show that z € VI(C, A). Indeed, we choose a sequence {€;} of positive
numbers decreasing and tending to 0. For each k, we denote by Ny the smallest
positive integer such that

(AVnjs X — yn)) + € = 0 Vj = Ny, (19)
where the existence of Ny follows from (18). Since {ex} is decreasing, it is easy to
see that the sequence {Ny} is increasing. Furthermore, for each k, since {yy,} C C
we have Ayy, # 0, and setting
_ AyNk

lAyn, 127

we have (Ayy,, vy, ) = 1 for each k. Now, we can deduce from (19) that for each k

UN;

(Ayng, x + €kvn, — ywg) = 0.
Since the fact that A is pseudo-monotone, we get
(A(x + €xvn), X + €cvn, — ) = 0.
This implies that
(Ax,x — yn) = (Ax — A(x + eon,), X + €xun, — YN,) — €x(Ax, vy).  (20)

Now, we show that limg_. o €xvy, = 0. Indeed, since x,, — z and limg_ o [|Xz, —
Yl = 0,we obtain yy, — z ask — oo. Since A is sequentially weakly continu-
ous on C, {Ay,, } converges weakly to Az. We have that Az # 0 (otherwise, z is a
solution). Since the norm mapping is sequentially weakly lower semicontinuous, we
have

0 < ||[Az|| < liminf || Ay,
k— o0
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Since {yn,} C {yn,} and €, — 0 as k — 0o, we obtain

( €k )< lim supy,_, o, €k
Ayl

0 < limsup |lexvpy, || = limsup = Tt Ayl =~
— 00 ng

k— 00 k— 00

s

which implies that limy_, o €xvy, = 0.

Now, letting k — o0, then the right hand side of (20) tends to zero by A is
uniformly continuous, {xu,}, {vy,} are bounded and limy_, o €xvy, = 0. Thus, we
get

liminf(Ax, x — yn,) > 0.
k—00

Hence, for all x € C we have

(Ax,x —z) = lim (Ax,x — yy,) = liminf(Ax, x — yn,) > 0.
k— 00 k— 00

By Lemma 2.6, we obtain z € VI(C, A) and the proof is complete. O

Remark 3.4 When the function A is monotone, it is not necessary to impose the
sequential weak continuity on A.

Theorem 3.5 Assume that Conditions 1-3 hold. Then any sequence {x,} generated
by Algorithm 3.1 converges weakly to an element of VI (C, A).

Proof

Claim 1 {x,} is a bounded sequence. Indeed, let p € VI(C, A) we have

%041 — PI* = 1P, %0 — PI* < X0 — pII* = 1 Pc, xn — xull?
— plI? = dist*(x, Cp). 1)

Il
=
N

This implies that
X041 — pll < llxn — pII.
This implies that lim,,_, » ||x, — p|| exists. Thus, the sequence {x,} is bounded and
we also have {y,} is bounded.
Claim 2
1 2 ? 2 2
[ﬁ(l = W lxn = ynll } < lxn — plI” = X1 — PII%,

for some M > 0. Indeed, since {x,}, {y,} are bounded, thus {Ax,}, {Ay,} are
bounded, thus there exists M > 0 such that ||x, — y, — X, (Ax, — Ay,)|| < M for all
n. Using this fact, we get for all u, v € H that

0 (u) — hn (| = {xn — yn — An(Axy — Ayn), u — V)|
< xn = yu — An(Axy — Ayn)lllle — vl
< Mllu —vl.
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This implies that £,,(-) is M-Lipschitz continuous on H. By Lemma 2.8, we obtain
i 1
dist(x,, Cp) > Mhn (xn),

which, together with Lemma 3.2, we get

) 1
dist(xn, Cu) 2 52 (1 = w)llxn — all®. (22)

Combining (21) and (22), we obtain

2 2 1 2 2
41 = PI" < llxn —2lI” = [ﬁ(l — WIxn = yall ] ,

which implies Claim 2 is proved.

Claim 3 The sequence {x,} converges weakly to an element of VI(C, A). Indeed,
since {x,} is a bounded sequence, there exists the subsequence {x,, } of {x,} such that
{xn, } converges weakly toz € H.

According to Claim 2, we find

lim |x, — yall = 0. (23)
n— oo
It is implied from Lemma 3.3 and (23) that z € VI(C, A).

Therefore, we proved that:

i) Forevery p € VI(C, A), lim,_,  ||x, — p|| exists;
ii) Each sequential weak cluster point of the sequence {x,}isin VI(C, A).

By Lemma 2.7 the sequence {x,} converges weakly to an element of VI(C, A).

3.2 Strong convergence

In this section, we introduce an algorithm for strong convergence which is con-
structed based on viscosity method [35] and modified projection-type methods for
solving VIs. In addition, we assume that f : C — H is a contractive mapping with
a coefficient p € [0, 1), and we add the following condition

Condition 4 Let {«,} be a real sequences in (0, 1) such that

o0
lim «, =0, E o, = 00.
n—>oo

n=1
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Algorithm 3

Initialization: Given y > 0,/ € (0, 1), u € (0, 1). Let x; € H be arbitrary

Iterative Steps: Given the current iterate x,,, calculate x,,41 as follows:

Step 1. Compute
Yn = Pc(xp — Ay Axn),
where X, := y[™, with m,, is the smallest nonnegative integer m satisfying
yI" (Axy — Ayn, X = yu) < e = ull.
Step 2. Compute
Xng1 = ot f(x) + (1 — O‘n)PC,, (xn),
where
Cp={x€eH:h,(x) <0}
and
hn(x) = (xXn — Yn — A (Axp — Ayn), X — Yu).

Setn :=n + 1 and go to Step 1.

Theorem 3.6 Assume that Conditions 1-4 hold. Then any sequence {x,} generated
by Algorithm 3.2 converges strongly to p € VI(C, A), where p = Py(c,a) o f(p).

Proof

Claim 1 The sequence {x,} is bounded. Indeed, let z, = Pc,(x,), according to
Claim 1 in Theorem 3.5, we get

2 2 ! 2]
lzn — pPI" = llxa — PII” — [M(l — X0 = yall } . (24)

This implies that
lzn — Pl = lIxa = pII.
Therefore,

llan f(xp) + (1 — atn)zn — pll
lon (f (k) — p) + (1 — @)z — Pl

Xn+1 — Pl

< anllfGn) = pl+ (1= a)lize — pll
< anll ) = FD +anll F(2) = pll + (1 — an)lizn — pl
< appllxy, — pll +anll f(p) — pll + (1 — an)llx, — pll
< [1 = (1 = p)lllxn — pll + an(l —p)@
< max{|lx, — pl. w}
-p

< = max(l - pl, L2220

—p
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This implies that the sequence {x,} is bounded. Consequently, {f(x,)}, {y»}, and
{z,,} are bounded.

Claim 2

lzn = Xnl? < 1xn — PI? = Ixns1 — PI + 200 f (Xn) — Py Xng1 — P).

Indeed, we have

I%nt1 — I = llan (f () — p) + (1 — @) (20 — DI
(1 —a)llzn — pII* + 200 (f (Xn) — Py Xng1 — D)
lizn — PI? + 20 (f (Xn) — Py Xng1 — D). (25)

On the other hand, we have

=
=

lzn — pI* = 1 Pc,xn — PI? < X0 — pI* = llzw — xall*. (26)
Substitute (26) into (25), we get

Xns1 = PI? < o = pIP = llzn — Xall” 4 200 (£ (6n) = P, Xng1 = p).

This implies that
lzn — xul1? < 10 — I = 1xXnt1 — PI? + 200 (f (Xn) — P, Xng1 — P).
Claim 3
1 2
(1 —ay) [M“ — )% — ynnz] < |1xn — pI* = lxns1 — pI* + anll f () — pII*.

Indeed, from the definition of the sequence {x,} and (24) we obtain

Ixnt1 =PI = llen(f o) — )+ (A — @) (@0 — DI
anll f ) = pIF+ (1= a)llzn — pI* — an(l — o)l £ (xn) — zall?

IA

1 2
anll f ) = plI*+ (1 = a)llxe — plI* = (1 — &) [Z“ — W) [1%0 — ||2]

IA

1 2
anll f ) = plIF+ llxn — plI* — (1 — ) [ﬁa — ) l1xn — yn||2] :
This implies that
1 2 : 2 2 2
(1 —op) M(l = Wxn = yull©| = lxn = P17 = xn+1 — PI° +onll f (x0) — pII~

Claim 4
2
l—p

X0t = plI* < (1= (1 = p)a) X2 — plI> + (1 = p)aty (f(P) =P Xnt1—p)-
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Indeed, we have

%041 — PII> = llan f () + (1 — an)zn — plI?
latn (f o) = F(P)) 4+ (1 =) (zn — p) + an(f(P)—p)II?

< ot (f ) = F(P)+(1—=0) zn— PIII* + 20 (f (P) = Py Xn1 = P)

< apll £ )= FDIP+ A=) llzn — plI2 4200 { £ (p) = P, Xnt1 — P)

< appllxy — plI* + (1 — a)llxny — plI* + 204 {f(p) = P, Xnt1 — D)
2

= (1= (1—p)ay)llx,—pl> + (1—p)ay — (f(P) = Py Xns1 — D).

27)

Claim 5 The sequence {||x, — 1%} converges to zero. We consider two possible
cases on the sequence {||x, — P12}

Case 1 There exists an N € N such that ||x,41 — p||> < ||x, — p||*> foralln > N.
This implies that lim,_ o || x, — pl||? exists. It is implied from Claim 2 that

lim |lx, — z,|l = 0.
n—00
Now, according to Claim 3,
lim |lx, — y.|l = 0. (28)
n—oo

Since the sequence {x,} is bounded, it implies that there exists a subsequence {x,, }
of {x,} that weak convergence to some z € C such that

limsup{f(p) = p, xp = p) = lim (f(p) = p. X, = p) = {f(p) = p.2=p). (29)

n—oo

Since x,, — z and (28), it implies from Lemma 3.3 thatz € VI(C, A).
On the other hand,

lxnr1 — znll = ol f (xn) — zull = O asn — oo.
Thus,
IxXn41 — Xpll = IXns1 — znll + llxn — zull = O asn — oo.

Since p = Pyjc,a) f(p) and x,, — z € VI(C, A), using (29), we get

limsup(f(p) — p,xn — p) = (f(p) —p,z2—p) <0.

n—oo

This implies that

limsup(f(p) — p, Xpt1 — p) < limsup(f(p) — p, xXpt1 — Xn)

n—0o0 n—oQ

+limsup{f(p) — p, x, — p) <0,

n—o0

which, together with Claim 4, implies from Lemma 2.10 that

Xp — pasn — o0.
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Case 2 There exists a subsequence {llxn; — plI?} of {llx, — plI*} such that 1%, —

plI? < ||lxn;+1—plI* forall j € N. In this case, it follows Lemma 2.9 that there exists
a nondecreasing sequence {my} of N such that limy_,~, m; = oo and the following
inequalities hold for all k € N:

I2m, — PI? < Xmet1 — Pl andllxe — plI* < [Xmet1 — pI* (30)
According to Claim 2, we have
Izme — Xmg 1> < 1% — PI? = 1Xmgs1 — DI + 20 (f Comg) = Py Xyl — D).
< @ (f (cmy) — Py Xmg+1 — P)
< g 1 f o) = plllxmgs1 — pll = 0 ask — oo.

According to Claim 3, we have

1 2
(l_amk)[ﬁ(l_ﬂ)”xmk_ytnk||2] <% =PI = 1xmgs1 = PI+Ftmy  f Gom ) — pII?

< | f Gomy) — 1> — 0 ask — oo.

Using the same arguments as in the proof of Case 1, we obtain
”xmk+l - )ka” -0

and
limsup(f(p) — p, Xm+1 — p) < 0.

k— 00

Since (27), we get
Xmet = PI? < (4= am (1= p))1xmy, — I + 20, (£ (P) = Py Xy 11 — P)
< (1= am (1 = p)Xmgt1 = Pl + 20, (f(P) = P, Xyt — D)
which, together with (30), implies that
Ixk = pI* < [Xmer1 — PI* < 2(f(P) = P X1 — ).

Therefore, lim sup,_, o, |xx — p|l < 0, thatis x; — p. The proof is completed.

O

Applying Algorithm 3.2 with f(x) := x; for all x € C, we obtain the following
corollary.

Corollary 3.7 Given y > 0,1 € (0,1),u € (0,1). Let x; € C be arbitrary.
Compute
Yn = Pc(xy, — ApAxy),

where M, is chosen to be the largest 1 € {y, yl, yl?, ...} satisfying
MAXy = Ay, X = yu) < wllxn — yall®
If y, = x,, then stop and x,, is the solution of VIP. Otherwise, compute

Xp1 = opx1 + (1 — o) Pe (),
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where
Cp:={xeH:h,(x) <0}
and
hn(x) = (xp — yn — An(Axp — Ayn), X — Yn).

Assume that Conditions 1-4 hold. Then the sequence {x,} converges strongly to p €
VI(C, A), where p = PV](C,A)xl.

4 Numerical illustrations

Some numerical implementations of our proposed methods in this paper are provided
in this section. We give the test examples both in finite-dimensional and infinite-
dimensional Hilbert spaces and give numerical comparisons in all cases.

In the first two examples, we consider test examples in finite dimensional and
implement our proposed Algorithm 3.1. We compare our method with Algorithm 1
of Tusem [19] (Tusem Alg. 1.1).

Example 4.1 Let us consider VIP (1) with

(2 + (x2 — DH( + x2)
Ax) =
—x? —x1(x2 — 1)2

and
C={xeR>:—10<x; <10,i =1,2}.

This VIP has unique solution x* = (0, —1)7 . Itis easy to see that A is not a monotone
map on C. However, using the Monte Carlo approach (see [18]), it can be shown that
A is pseudo-monotone on C. Let x1 be the initial point be randomly generated vector
in C,1 = 0.1, y = 2. We terminate the iterations if ||x, — y,|l2 < ¢ with e = 1073,
[I1l is the Euclidean norm on R?. The results are listed in Table 1 and Figs. 1, 2, 3,
and 4 below. We consider different values of u (Table 2).

Example 4.2 Consider VIP (1) with

0.5x1x0 — 2x0 — 107
Alx) =

—4x1 4 0.1x3 — 10’

and
Ci=xeR>:(x1 =22+ (xa—2% < 1}.

Then A is not monotone on C but pseudo-monotone (see [18]). Furthermore, the VIP
(1) has a unique solution x* = (2.707,2.707)T. Take l = 0.1, y = 3, and . = 0.2.
We terminate the iterations if ||x, — y,|» < & with & = 1072, The results are listed in

Table 3 and Figs. 5, 6, 7, and 8 below. We consider different choices of initial point
x1in C.
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Fig.4 Example 1 comparison with £ = 0.9

Next, we give the following two examples in infinite-dimensional spaces to illus-
trate our proposed Algorithm 2. Here, we compare our proposed Algorithm 2 with
the method proposed by Vuong and Shehu in [46] with o, = nlﬁ

Example 4.3 Consider H := L%([0, 1]) with inner product (x, y) := folx(t)y(t)dt

and norm ||x || := (fO] |x(t)|2dt)%. Suppose C :={x € H : ||x]j <2}.Letg:C —
R be defined by

gu) = ﬁ

Observe that g is L,-Lipchitz continuous with L, = % and % <gu)<1,VuecC.
Define the Volterra integral mapping F : L>([0, 1]) — L?([0, 1]) by

t
F(u)) := / u(s)ds, Yu € L*([0, 1]), 7 € [0, 1].
0

Then F is bounded linear monotone (see Exercise 20.12 of [4]). Now, define A :
C — L*([0, 1]) by

A)(t) :=gw)Fu)(t),Yu e C,t € [0, 1].

Table2 Example 1: comparison

of the inner loop to obtain A, 1% Proposed alg. 3.2 iter. Tusem alg. 1.1 iter.
0.1 77 17853
0.5 28 3099
0.7 30 2071
0.9 26 322
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Fig.8 Example 2 comparison with x; = (2.7, 2.6)7

As given in [37], A is pseudo-monotone mapping but not monotone since

3
(Av— Au,v—u)=——<0
10

withv =1and u = 2.

Take I = 0.015, y = 3 and u = 0.1 (Table 4). We terminate the iterations if
lx, — Pc(xn — A(xp)|l2 < & with ¢ = 1072, The results are listed in Table 5
and Figs. 9, 10 ,and 11 below. We consider different choices of initial point x| in C
(Table 6).

Example 4.4 Take
H:=L*(0,1) and C:={xe€H:|x|><2).

Define A : L2([0, 1]) — L?([0, 1]) by
t
Aw) (@) = e_”””2/ u(s)ds,Yu € L*([0, 1]), ¢ € [0, 1].
0

It can also be shown that A is pseudo-monotone but not monotone on H.

Table 4 Example 2: comparison

of the inner loop to obtain 4, Initial point x; Proposed alg. 3.2 iter. Tusem alg. 1.1 iter.
(1.5, 1.7 5 19902
2,37 3 19998
@nt 3 19998
2.7,2.6)7 3 19602
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Table 5 Example 3 comparison:

proposed alg. 3.3 vs Vuong and Proposed alg. 3.3 Vuong and Shehu alg.
Shehu alg.
X1 Iter. CPU (time) Iter. CPU (Time)
o2 82281 x 1073 1693 0.12414
2%): 29 1.1487 x 1072 1907 0.12442
s 33 13024 x 1072 2656 0.18212
0257 18210°
02
§ 0.15 ;:
L : L
t B £
AR e
= Y =
0.05 L
"'sb
“-.*'
, | *.».‘,..qe.*.‘__*_?_*_*_*_'_*_** ‘
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Fi . : __ sin(®)
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Fig. 10 Example 3 comparison with x| = 2%):
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Fig. 11 Example 3 comparison with x; = ==

2500

3000
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Table 6 Example 3:

Comparison of the inner loop to  Initial point x;

Proposed alg. 3.3 iter. ~ Vuong and Shehu alg. iter.

obtain A,
in(t)

=y 21 1692
5
5ot 28 1906
o) 32 2655

Table7 Example 4 comparison:

proposed alg. 3.3 vs Vuong and Proposed alg. 3.3 Vuong and Shehu alg.

Shehu alg.
X1 Iter. CPU (time) Iter. CPU (time)
s 29 8.9724 x 1073 1693 0.11536
2%1 38 1.1887 x 1072 1907 0.11993
w0 41 142321072 2656 0.16087

025 1510
* %+ Proposed Alg. 33
oo}
JGLAE g
Lo e L
= . =
0.05 ‘5','
.
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03 16
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Fig. 13 Example 4 comparison with x| = Zigt

Take ! = 0.015, y = 4, and u = 0.1. We terminate the iterations if ||.x,, — Pc (x, —
A(xa)|l2 < e with ¢ = 1072, The results are listed in Table 7 and Figs. 12, 13,
and 14 below. We consider different choices of initial point x; in C.

Remark 4.5

1. Our proposed algorithms are efficient and easy to implement evident from many
examples provided above.

2.  We observe that the choices of initial point x; and u have no significant effect
on the number of iterations and the CPU time required to reach the stopping
criterion. See all the examples above.

3. Clearly from the numerical examples presented above, our proposed algorithms
outperformed Algorithm 1 proposed by Iusem both in the number of iterations
and CPU time required to reach the stopping criterion. The same observation is
seen when compared with the algorithm proposed by Vuong and Shehu in [46].

4. Furthermore, comparison of our proposed algorithms 3.2 and 3.3 are made with
both algorithms proposed by Iusem and Vuong and Shehu using the inner loop

3
035 & 10
03
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o i
8] o2 8
| |
Zo0is *
£ i
0.1
0.05
o l !
o 5 10 15 20 25 30 3 40 45 0 500 1000 1500 2000 2500 3000

Number of iterations Number of iterations

- . . __ cos(t)
Fig. 14 Example 4 comparison with x; = ===
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Table 8 Example 4: comparison of the inner loop to obtain A,

Initial point x; Proposed alg. 3.3 iter. Vuong and Shehu alg. iter.
% 28 1692
35t 37 1906
% 40 2655

to obtain A, see Tables 2, 4, 6, and 8. Again, we could observe great advantages
of our proposed algorithms over others.

5 Conclusions

We obtain weak and strong convergence of two projection-type methods for solving
VIP under pseudo-monotonicity and non-Lipschitz continuity of the VI-associated
mapping A. These two properties emphasize the applicability and advantages over
several existing results in the literature. Numerical experiments performed in both
finite- and infinite-dimensional spaces real Hilbert spaces show that our proposed
methods outperform some already known methods for solving VIP in the literature.

Acknowledgments The authors would like to thank Professor Aviv Gibali and two anonymous reviewers
for their comments on the manuscript which helped us very much in improving and presenting the original
version of this paper.
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