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Abstract

We investigate an algorithm of gradient type with a backward inertial step in con-
nection with the minimization of a nonconvex differentiable function. We show that
the generated sequences converge to a critical point of the objective function, if a
regularization of the objective function satisfies the Kurdyka-Lojasiewicz property.
Further, we provide convergence rates for the generated sequences and the objec-
tive function values formulated in terms of the Lojasiewicz exponent. Finally, some
numerical experiments are presented in order to compare our numerical scheme with
some algorithms well known in the literature.
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1 Introduction and Preliminaries

Gradient-type algorithms have a long history, going back at least to Cauchy (1847),
and also a wealth of applications. Solving linear systems, Cauchy’s original moti-
vation, is maybe the most obvious application, but many of today’s hot topics in
machine learning or image processing also deal with optimization problems from an
algorithmic perspective and rely on gradient-type algorithms.

The original gradient descent algorithm

Xn+1 = Xnp — Svg(xn)a

which is precisely an explicit Euler method applied to the gradient flow

x(t) = —Vgx(®),

does not achieve very good convergence rates and much research has been dedicated
to accelerating convergence.
Based on the analogy to mechanical systems, e.g., to the movement, with friction,
of a heavy ball in a potential well defined by the smooth convex objective function g,
with Lg—Lipschitz continuous gradient, Polyak [26] was able to provide the seminal
idea for achieving acceleration namely the addition of inertial (momentum) terms
to the gradient algorithm. His two-step iterative method, the so-called heavy ball
method, takes the following form: For the initial values xg = x_; € R” andn € N
let:
Yn = Xp + 0o (Xy — Xp—1),
ey
Xn+1 = Yn — BuVE(xn),
where o, € [0, 1) and B,, > 0 is a step-size parameter. Recently, in [29], the conver-
gence rate of order O (%) has been obtained for the heavy ball algorithm, provided g

is coercive, the inertial parameter (o, ),eN is a nonincreasing sequence, and the step-

size parameter satisfies 8, = M, for some fixed ¢ € (0, 1) (see also [18] for an
8

ergodic rate). More precisely, in [29], it is shown that under the previous assumption

one has:

1

g(xy) —ming = O (—) .
n
It is worthwhile mentioning that the forward-backward algorithm studied in [12]

in a full nonconvex setting reduces to Polyak’s heavy ball method if the nonsmooth
term vanishes; hence, it can be viewed as an extension of the heavy ball method to
the case when the objective function g is possible nonconvex, but still has Lipschitz
continuous gradient with Lipschitz contant L. Indeed, Algorithm 1 from [12], in
case f =0and F = %H - || has the form: For the initial values xo = x_; € R™ and
n e N, let:

Xn+1 = Xn + oy (Xy — Xp—1) — .ang(xn)a 2)

where 0 < B < B, < B < +ocand a, € [0,], > O forall n > 1. In this

particular case, convergence of the generated sequence (x,),cN to a critical point of
the objective function g can be shown under the assumption that a regularization of
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the objective function satisfies the Kurdyka-t.ojasiewicz property, further g, B and
o > 0 satisfy:

1>3Lg+za§. 3)

Note that (3) implies o < %; hence, «; € [0, %) foralln > 1. If ﬁ and o are

positive numbers such that 1 > ﬁLg + 2«, then by choosing E € [é , dﬁ),

relation (3) is satisfied.

Probably the most acclaimed inertial algorithm is Nesterov’s accelerated gradient
method, which in its particular form: For the initial values xo = x_; € R"” andn € N
let:

Yn = Xp + nnﬁ(xn — Xn—1),
“)
Xnt1 = Yn —8SVEn),

for a convex g with Lipschitz continuous gradient L, and step size s < Lig, exhibits
an improved convergence rate of O(1/n?) (see [15, 23]), and which, as highlighted
by Su, Boyd, and Candes [28], (see also [5]), can be seen as the discrete counterpart

of the second-order differential equation:
3
X@) + ;)'c(t) —Vgx(@)) =0.

In this respect, it may be useful to recall that until recently little was known about
the efficiency of Nesterov’s accelerated gradient method outside a convex setting.
However, in [20], a Nesterov-like method, differing from the original only by a mul-
tiplicative coefficient, has been studied and convergence rates have been provided for
the very general case when a regularization of the objective function g has the KL
property. More precisely, in [20], the following algorithm was considered.

For the initial values xo = x_; € R" and n € N let:

Yn = Xp + %(xn — Xn—1),
©)
Xn1 = Yn —sVE(n),

wherea > 0, B € (0,1)and 0 < s < w Unfortunately, for technical reasons,

one can not allow B = 1 therefore one does not have full equivalence between Algo-
rithm (5) and Algorithm (4). However, what is lost at the inertial parameter is gained
I Ty
the sequences generated by Algorithm (5) was obtained under the assumption that
the regularization of the objective function g, namely H(x, y) = g(x) + %H y —x|%,
is a KL function.

at the step size, since for 0 < 8 < % one may have s € ) Convergence of

In this paper, we deal with the optimization problem:

t 0. ®
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where g : R”™ — R is a Fréchet differentiable function with Lg-Lipschitz contin-
uous gradient, i.e., there exists L, > 0 such that [|[Vg(x) — Vg(y)|| < Lgllx — y|
for all x, y € R™, and we associate to (P) the following inertial algorithm of gradient

type.
Consider the starting points xo = x_1 € R™, and for every n € N let:

Yn = Xp + 0y (Xp — Xp—1),

(6)
Xnt1 = Yn — B V),
where we assume that
—10 4+ /68 402 + 100 + 2
im ap=ae|— Y% 0} fim ﬂ,lzﬂando<ﬂ<w'
n—+oo 8 n—s 400 Lg(za + 1)2

Remark 1 Observe that the inertial parameter ¢, becomes negative after a number of
iterations and this can be viewed as taking a backward inertial step in our algorithm.
Of course, this also shows that after a number of iteration y, is a convex combination
of x,,_1 and x,, (see [16] for similar constructions), that is:

yn =1 = (—ap))xp + (—op)xy—1, —ay € (0, 1).

Another novelty of Algorithm (6) is that it allows variable step size. Moreover, it
can easily be verified that whenever o > —% one may take 8 > ng

We emphasize that the analysis of the proposed algorithm (6) is intimately related
to the properties of the following regularization of the objective function g (see also
[11-13, 20, 21]), that is:

LM M _ 1_2
H:R" xR —»R,H@JO—g@%%ﬂU x||°. )

In the remainder of this section, we introduce the necessary apparatus of notions and
results that we will need in our forthcoming analysis.

For a differentiable function f : R"™ — R, we denote by crit(f) = {x € R™ :
V f(x) = 0} the set of critical points of f. The following so-called descent lemma
(see [24]) will play an essential role in our forthcoming analysis.

Lemma 2 Let f : R" — R be Frechet differentiable with L Lipschitz continuous
gradient. Then:

L
FO = fO+ V@, y=x)+ Sy — x|, Vx,y e R™.

Furthermore, the set of cluster points of a given sequence (x;),cn Will be denoted
by o ((xn)neN)- At the same time, the distance function to a set is defined for A € R™
as

dist(x, A) = inf ||x — y|| for all x € R™.
yeA

Our convergence result relies on the concept of a KL function. For n € (0, +o0],
we denote by O, the class of concave and continuous functions ¢ : [0,n) —
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[0, +00) such that ¢(0) = 0, ¢ is continuously differentiable on (0, 1), continuous
at 0 and ¢'(s) > O forall s € (0, ).

Definition 1 (Kurdyka-t.ojasiewicz property) Let f : R™ — R be a differentiable
function. We say that f satisfies the Kurdyka-tojasiewicz (KL) property at x € R™
if there exists n € (0, +-00], a neighborhood U of X and a function ¢ € ®,, such that
for all x in the intersection:

UN{x eR": f(®) < f(x) < f(&) +n}
the following inequality holds:

@' (f ) = FEDIVFODI = 1.

If f satisfies the KL property at each point in R™, then f is called a KL function.

The function ¢ is called a desingularizing function (see for instance [6]). The
origins of this notion go back to the pioneering work of Lojasiewicz [22], where it is
proved that for a real-analytic function f : R™ — R and a critical point x € R™ (that
is V f(x) = 0), there exists @ € [1/2, 1) such that the function | f — f(X)|° ||V f|~!
is bounded around x. This corresponds to the situation when ¢(s) = C(1 —0)~ 1510,
where C > 0 is a given constant, and leads to the following definition.

Definition 2 (for which we refer to [2, 8, 22]) A differentiable function f : R" —
R has the Lojasiewicz property with exponent 6 € [0, 1) atx € crit(f) if there exists
K, & > 0O such that:

lf(x) = f®I° < KIVF@I, ®)

for every x € R™, with ||x —X|| < e.

In the above definition, for & = 0, we adopt the convention 0° = 0, such that if
|f(x) = F®)|° =0, then f(x) = f(X) (see [2]).

The result of Lojasiewicz allows the interpretation of the KL property as a re-
parametrization of the function values in order to avoid flatness around the critical
points. Kurdyka [19] extended this property to differentiable functions definable in
an o-minimal structure. Further extensions to the nonsmooth setting can be found in
[3, 8-10].

To the class of KL functions belong semi-algebraic, real sub-analytic, semiconvex,
uniformly convex, and convex functions satisfying a growth condition. We refer the
reader to [2—4, 7-10] and the references therein for more details regarding all the
classes mentioned above and illustrating examples.

Finally, an important role in our convergence analysis will be played by the
following uniformized KL property given in [7, Lemma 6].

Lemma 3 Let Q@ C R™ be a compact set and let f : R™ — R be a differentiable
function. Assume that f is constant on Q and f satisfies the KL property at each
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point of Q. Then, there exist e, > 0 and ¢ € Oy, such that for all x € Q2 and for all
X in the intersection:

(x e R" : dist(x, Q) <e}N{x e R": f(X) < f(x) < f&) +n} 9)
the following inequality holds:
o'(fx) = FENIVF) = 1. (10)

The outline of the paper is the following. In Section 2, we give a sufficient con-
dition that ensures the decrease property of the regularization H in the iterates, and
which also ensures that the iterates gap belongs to /. Further, using these results,
we show that the set of cluster points of the iterates is included in the set of critical
points of the objective function. Finally, by means of the the KL property of H, we
obtain that the iterates gap belongs to I!. This implies the convergence of the iterates
(see also [4, 7, 12, 20]). In Section 3, we obtain several convergence rates both for
the sequences (x;),eN, (Vn)neN generated by the numerical scheme (6), as well as
for the function values g(x,), g(y,) in the terms of the Lojasiewicz exponent of g
and H, respectively (see [14, 17, 20] and also [1] for convergence rates under geo-
metrical conditions). Finally, in Section 4, we present some numerical experiments
that show that our algorithm, in many cases, has better properties than the algorithms
used in the literature.

2 Convergence results

We start to investigate the convergence of the proposed algorithm by showing that H
is decreasing along certain sequences built upon the iterates generated by (6).

Theorem 4 Let (x,),en and (Yn)neN be the sequences generated by the numerical
scheme (6) and for alln € N, n > 1 consider the sequences:

A = @ AiLlyd + i) = 2041 (1 + tag1)
n — )
2B,
_ (2 = BuLg)an(l + opt1) — onttnt1
2By

o

and
o =An_1 +Chy.

Then, there exists N € N such that:

(i) The sequence (g(yn) + Snllxn — Xp—1 ||2)n>N is decreasing and &, > 0 for all
n>N. B

Assume further that g is bounded from below. Then,

(i) The sequence (g (V) + 8nllxn — xn—1 ||2)n>N is convergent;

(iii) anl llxn _xn—l”2 < +o0.
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Proof By applying the descent Lemma 2 to g, we have:

L
g@HQng»+Wﬂmme—%n+zwmﬂ—mw.

However, after rewriting the first equation in (6) as Vg(y,) = ﬁln(yn — Xp+1) and
taking the inner product with y,+; — y, to obtain:

1

(Vg(yn), Yn+1 — Yn) = ﬂ_(yn — Xn+1s Yn+1 — Yu)s
n
the descent inequality becomes:
Lg ’ 1
g@HD—EW%H—M”ngﬂ+FWwﬂMLMH—M> (11)
n
1 2
= g(yn) + /3_ (‘”)’n-i-l = Yull” + Vnt1 — Xnt1s Yu+1 — )’n>> .
n
Further,
Yn+1 — Yn = a1+ an+1)(xn+l — Xp) — o (Xp — Xp—1)
and
Yntl — Xl = Qpp1 (X1 — Xn),
hence:
1 Lg 2 Up+1
EntD+ — — = ) ynr1—=wull” < gyu)+ (Xn+1 = Xn, Yag1 — Ya). (12)
Bn 2 Bn

Thus, we have:
1ns1 = Yull® = 11 + 1) gt — 20) — ot (tn — XD |17
= (I4an+1)* 11— [ 4o 150 —Xn—1 1 =200 (14 1) (Xn1 — Xn, Xn — Xn—1),
and
(Xnt1 = Xn, Yna1 — Yn) = (X1 — Xn, (L4 1) g1 — X5) — 0 (X — Xp—1))

= (1 + o) 1 — | = e (X1 = X, X — K1)
Replacing the above equalities in (12) gives:

2- ﬂnLg)(l + an+l)2 — 2011 (1 + 0y 41)

gOn+1) + 28 ]
(2 — BuLo)a?
gy — #”xn - xn—1||2+
2- .BnLg)an(l + Qpt1) — Q1
B (Xn41 — Xn, Xp — Xp—1).
n

The above inequality motivates the introduction of the following notations:

B, = 2- ,BnLg)a,%
2By

and
Ay =An1+ By +Ch1 +Cy (13)
forallm e N, n > 1.
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In terms of these notations, after using the equality:
20041 = Xn X = Xno1) = (Xt = Xt IIP = X1 = %01 = o — X112,
we can write:
—CollXn1=Xn—1 1748 G )+ (An+Co) %1 =2nll> < ) +(=Co—=Bu) lxn—xn—111%. (14)
Consequently, we have:

— Cullxnt1 = Xn—1 1>+ Apllxn = x0—11> < (8(n) + nllxn — x0—111%)
—(gnt1) + Snt1 IXng1 — X 1P, (15)

Now, since o, — o, B, — Basn — +ooand« € (M,O),O<ﬂ <

2
% we have:
lim A, = (2 — BLy) (o + 1)? + 2a — 202
n—+oo 25 ’
2 — BL,)a?
lim B, = S Pl
n—>-+00 Zﬂ
lim C, = 2—-BLya(l +a) — o2 o
n—s4oo 28 ,
. (2_'3Lg)(2a+1)2+201—4a2
nﬂﬂoo T 2p >0,
lim 8. — (2 — BLy) (2% + 3 + 1) + 2o — 3a? ¥
n—s4o0 25 .

Hence, there exists N € Nand C > 0, D > 0 such that for all » > N one has:
C,<—-C,A,>Dandj, >0

which, in the view of (15), shows (i); that is, the sequence g(y,) + 8, llxn — Xn—1 1K
is decreasing forn > N.
By using (15) again, we obtain:

2 2 2
0 < Clixpgr — xp=111” + Dllxp — xu—11I” < (€(n) + Sullxn — xu—111")
2
—(8nt1) + Sn1llxns1 — xall),
for all n > N, or, more convenient, that:
0 < DIty = 5t I7 = (80w) + 8ala = xa-t1?) = (80ms1) + St hat = %al1?) . (16)

foralln > N.Letr > N. Summing up the latter relations gives:

,
DY n = w1 1P = (0w + Sullxw = xw-l?) = (80r) + 8l = 1)
n=N
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which leads to:

,
g + D Yy —xa 1l < gw) + Sy llan —xnal> (A7)
n=N

Now, taking into account that g is bounded from below, after letting r —> 400 we
obtain:

o0

2
D lxn = xa1l1* < +o0
n=N

which proves (iii).
This also shows that:

. 2
lim _[lxp — x4—1lI” =0,
n—s>+00

hence

. 2
lim &, llxp — xp—11” =0.
n—-—+00

But then, using again the fact that g is bounded from below, we have that the sequence
g(yn) + 8ullxn — xu—1|* is bounded from below and also decreasing (see (i)) for
n > N; hence, there exists:
lim  g(yn) + 8ullxn — xui1]” € R,

+00

n—-

Remark 5 By introducing the sequence:

anvz‘sn'(xn_xn—l)+Yna n>1, (18)

one can easily observe that the statements of Theorem 4 can be expressed in terms of
the regularization of the objective function since H (v, ) = (yn)+6nllxXn —Xn—1 IR
forallnm e N, n > 1.

An interesting fact is that for the sequence (H (yn, un)),>y to be decreasing one
does not need the boundedness of the objective function g, but only its regularity, as
can be seen in the proof of Theorem 4. The energy decay is thus a structural property
of the algorithm (6) and only the existence of the limit requires the boundedness of
the objective function.

Remark 6 Observe that conclusion (iii) in the hypotheses of Theorem 4 assures that
the sequence (x;, — X;,—1)neN € 12, in particular that:
Iim (x;, —x,-1) =0. (19)

n—- 400

Lemma 7 In the framework of the optimization problem (P), assume that the objec-
tive function g is bounded from below and consider the sequences (x,)neN and
(¥n)neN generated by the numerical algorithm (6) and let (u,)eN be defined by (18).
Then, the following statements are valid:
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(1) The sets of cluster points of (Xxp)neN, (Vn)neN and (Un)neN coincide and are
contained in the set o critical points of g, i.e.:

@ ((Xn)neN) = @((Yn)neN) = @ ((Un)neN) € crit(g);
(i) (W, Un)neN) C crit(H) = {(x,x) e R x R™ : x € crit(g)}.

Proof (i) We start by proving w((xy)neN) S @ ((Un)nen) and o ((xy)nen) <

®((Vn)nen). Bearing in mind that lim (x, — x,—1) = 0 and that the sequences
n—-oQ

(8n)neNs (on)nen, and (Bn)neN are convergent, the conclusion is quite straight-
forward. Indeed, if X € w((xp)nen) and (x,,)reN iS a subsequence such that

lim x,, =X, then:
k—> 00

lim y, = lim x, + lim oy - lim (x; — X;,—1)
k—>00 k—>00 k—> 00 k—>00
and

lim wu,, = lim &, - lim (x, —xp—1)+ lLm yy

k—>00 k—>00 k—> 00 k—> 00

imply that the sequences (x;; )keN, (Y )keN and (i, )ken all converge to the same
element X € R"™. The reverse inclusions follow in a very similar manner from the
definitions of u, and y,.

In order to prove that w ((x,),en) C crit(g), we use the fact that Vg is a continuous

operator. So, passing to the limit in Vg(y,,) =  (Ynp — Xnp+1) and taking into

B

account that limg__, 1o B, = B > 0, we have:
Vg(x) = lim Vg(yy)
k—> 00
1
S —
im B & Hm Cyn, = Xngt1)
k—> 00
and finally, as y,, — Xy, +1 = (Xn, — Xpp41) + &y - (Xp, — Xy —1), We obtain:
Vg(x)=0.
For proving the statement (ii), we rely on a direct computation yielding:
VH(x,y) =(Vg(x)+(x—y), (y —x)), (20)
which, in turn, gives
crit(H) = {(x, %) e R”" x R™ : X € crit(g)}

and allows us to apply (i) to obtain the desired conclusion. O

Some direct consequences of Theorem 4 (ii) and Lemma 7 are the following.
Fact 8 In the setting of Lemma 7, let (x,X) € @((Vn, Un)neN)- It follows that x €

crit(g) and:
lim H(yn, un) = H(X,X).
n—-aoo
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Consequently,

H is finite and constant on the set o ((Yn, Un)neN).

The arguments behind the proofs of the following two facts are the same as those
in Lemma 13 from [20].

Fact 9 If the assumptions from Lemma 7 hold true and if the sequence (x;)neN IS
bounded, then the following conclusions hold up :

(@) @((Yn, Un)neN) is nonempty and compact ,

@) | dim  dist((yn, un) @((Yn, un)nen)) = 0.

Remark 10 We emphasize that if g is coercive, that is limx |- 400 g(x) = +00, then
g is bounded from below and (x,),eN, (Vn)neN, the sequences generated by (6), are
bounded.

Indeed, notice that g is bounded from below, being a continuous and coercive
function (see [27]). Note that according to Theorem 4 the sequence D Z;: N llxq —
Xn—1 ||2 is convergent hence is bounded. Consequently, from (17), it follows that y, is
contained for every r > N, (N is defined in the hypothesis of Theorem 4), in a lower
level set of g, which is bounded. Since (y,),eN is bounded, taking into account (19),
it follows that (x,),en is also bounded.

Now, based on the conclusions of Lemma 7, we present a result which will be
crucial later on. For our next result, || - ||; will denote the 1-norm and || - ||, will
represent the 2-norm on the linear space R” x R™.

Lemma 11 Let H, (x,)neN, (Vn)neN, and (up)neN be as in all the previous results,
with the mapping g bounded from below. Then, the following gradient inequalities
hold true:

Qp

1
IVH(yn, unll2 < IVH (yn, un)llt < B IXn+1 —xnll + [(F) +2\/28n:| Nxn —xp—1ll 21
n n

and

2 o 2
||VH<yn,un>||§sﬂ2~||xn+1—xn||2+2[(,s”‘Vzan) +sn]nxn—xn_1|2. 22)
n

n

Proof First of all note that from our numerical scheme (6) we have Vg(y,) =
ﬂ]—n((x,, — Xpa1) + oy (X — x,—1)). In terms of the || - ||; on R™ x R™, we have:

IVH (Yns un)llt = 1 (V&) + n — un) » (un — ya)) It
= [IVg(yn) + n — un) I + llutn — yall

X = Xn—1ll +2v/ 285 llxn — X011l

< |+ 2
< —|lxpe1 — x —
B, "o,

which proves the desired inequality.
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Now, with respect to the Euclidean norm, similar arguments yield:

IVen) + G — un)I* + llun — yull?

2 2
[ve0m = V28 Gn = xu-n) |+ (V282) "+ ltw = 5 P
2 :
st = xll? 2 H ("’— - ﬂan) (= Xne1)
B2 B
completing the proof. O

IV H (3, un) 13

2
2
+ 28, - lxn — xp—1 %,

Our main result concerning the convergence of the sequence (x,),eN generated by
the algorithm (6) to a critical point of the objective function g is the following.

Theorem 12 Consider the sequences (x)ueN, (Vn)neN generated by the algorithm
(6) and let the objective function g be bounded from below. If the sequence (x,)neN
is bounded and H is a K L function, then:

o0
D lxn = xu1ll < +o0 (23)
n=1

and there exists an element X € crit(g) such that lim x, = X.

n—>-+00

Proof Consider (x, x) from the set w ((y,, Un)nen) under the assumptions of Lemma
7. It follows that X € crit(g). Also, using Fact 8, we get that lim H(y,, u,) =
n—-oQ

H (x, x). Furthermore, we consider two cases:

I. By using N from Theorem 4, assume that there exists n > N, withn € N,
such that H (yz, uz) = H(x, x). Then, since (H (y,, uy))s>nN 1s a decreasing
sequence, it follows that:

H(yp,uy) = H(x,X), forevery n > n,
Now, using (16), we get that for every n > n we have the following inequality:
0 < Dlly = xu—1 1> < HOns ttn) = Hur 1, tn41) = HE ) — HE, %) = 0.

So, the sequence (x,),>7 is constant and the conclusion holds true.
II. Now, we deal with the case when H (y,, u,) > H(x, X), for everyn > N.

So, consider the set 2 := w((yn, Un)nen). From Fact 9, we have that the set 2 is
nonempty and compact. Also, Fact 8 assures that mapping H is constant on 2. From
the hypotheses of the theorem, we have that H is a KL function. So, according to
Lemma 3, there exists ¢ > 0, n > 0 and a function ¢ € ©,, such that for all the
points (z, w) from the set:

{(z, w) € R"xR™ : dist((z, w), Q) < e}N{(z, w) e R"xR™ : H(x,x) < H(z,w) < n+H(x, X))}

one has that:
¢'(H(z,w) — H(X, X)) - [VH(z, w)|| = 1.
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On the other hand, using Fact 9, we obtain that ngrrioo dist((yn, un), Q) = 0. This
means that there exists an index n; € N, for which it is valid:
dist((yn, un), 2) < e, foralln > ny.
Let us introduce the notation:
= H(yy, uy) — HX, X).
Because

lim r,=0
n—>-—+00

and since
rn >0, foralln > N

then there exists another index n, > N, such that:
0<r, <n, foreveryn > nj.
Taking nn := max(n, ny) we get that for each n > n it follows:

@' (r) - IVH (yn, un)|| = 1.

Since the function ¢ is concave, we have:

orn) — @rnt1) = w/(rn) < (rn — ray1).
Thus, the following relation takes place for each n > n:

n — n+1
P(rng1) > ——
" IV H (yu, un)ll

On one hand, combining the inequality (16) and (21), it follows that for every n > n

Dllxy — xn—1l?

o(ry) — Qo(rn-i-l) > 1 o .
[—" + 2\/25,1} Nxn = xu—1l

—lxn — xn41ll +
Bn

Bn

On the other hand, we know that the sequences (o;)neN, (Bn)nen and (8,),en are
and (“—” n 2«/25,1)

,3 neN

_ n/ neN n
are bounded. This shows that there exists N € N, N > n and there exists M > 0,

such that:
1
sup {— s on +2\/25n} <M.
Bn  Bn

n>N

o(ry) —

(24)

convergent, and lim,,—, 4, B, = B > 0, hence

Thus, the inequality (24) becomes:
Dxp — xu—1 ”2

= X1l + lxn — xp—-11D) '

o) — @(rut1) = M (%, (25)

for every n > N. This implies that for each n > N, the following inequality holds:

M
lXn — xp—1l < \/5 (@) —@rng1)) - Ulxn — Xp1 l + X0 — Xp—11D)-
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From the well-known arithmetical-geometrical inequality, it follows that:

M
\/3 ~(@rn) = @rng1)) - Ulxn — Xppt | + X0 — Xp—11D)

X1 = Xnll + %0 — Xue1ll  3M
< Tt @) — etnen).
Therefore, we obtain:
11 = Xnll + 1% — X0l 3M
xn — x| < 2" 3 U +3p @0 =9l

Consequently, we have:

oM
2lxn = Xn—1ll = 1 = Xnall = 75+ (@) = @(ag) (26)

for every n € N, with n > N. Now, by summing up the latter inequality from N to
P > N, we get that:
i oM
D o =t < lxpsr = xpll = Iy = x5yl + 5 - (00g) = 9p4n)
n=N

Now, it is time to use the fact that ¢(0) = 0. In this setting, by letting P — +o00
and by using (19) we obtain:
— oM
D bt = Xl < —llxg — x5yl + T e(ry) < +oo.
< 4D
n=

It implies that:

00
Z lx, — xp—1ll < 400,

n=1
so the first part of the proof is done.
At the same time, the sequence (S,,),cN, defined by:

n
Su=Y_ lxi —xi1l
i=1

is Cauchy. Thus, for every ¢ > 0, there exists a positive integer number N,, such that
for each n > N, and for all p € N, one has:

Sn+p -5, <e.

Furthermore,
n+p n+p
Swtp—Si =Y lxi—xicll = | Y (i —xio0)| = Ixnsp — xall.
i=n+1 i=n+1

So, the sequence (x,),en is Cauchy hence is convergent, i.e., there exists x € R,
such that:

lim x, =x.
n—- 400
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Thus, by using (i) of Lemma 7, it follows that:

{x} = o((xn)nen) C crit(g) ,

which leads to the conclusion of the second part of the present theorem. O

Remark 13 Since the class of semi-algebraic functions is closed under addition (see
for example [7]), and (x, y) — %llx — vl is semi-algebraic, the conclusion of the
previous theorem holds if the condition that A is a KL function is replaced by the
assumption that g is semi-algebraic.

Note that, according to Remark 10, the conclusion of Theorem 12 remains valid
if we replace in its hypotheses that the conditions that g is bounded from below and
(xn)neN is bounded by the condition that g is coercive.

Finally, observe that under the assumptions of Theorem 12, we have lim,_, 4+
yp = x and

lim g(x;) = ngrgoog(yn) = g(x).

n—>-+00

3 Convergence rates

In the following theorem, we provide convergence rates for the sequence generated
by (6), but also for the function values, in terms of the Lojasiewicz exponent of
H (see also, [2, 8, 14, 20]). More precisely we obtain finite, linear and sublinear
convergence rates, depending the Lojasiewicz exponent of H, 6 is 0, or 8 belongs to
(0, %] orf e (%, 1), respectively. Note that the forthcoming results remain valid
if one replace in their hypotheses the conditions that g is bounded from below and
(xn)neN is bounded by the condition that g is coercive.

The following lemma was established in [14] and will be crucial in obtaining our
convergence rates.

Lemma 14 ([14] Lemma 15) Let (ey)n>n, # € N be a monotonically decreas-
ing positive sequence converging to 0. Assume further that there exist the natural
numbers ly > 1 and ny > n + ly such that for every n > ng one has:

en—ty — en > Coe?’ 27)
where Cy > 0 is some constant and 6 € [0, 1). Then, following statements are true:

(1) If6 =0, then (e,)n>5 converges in finite time;
G Ifo e (0, %] then there exists C1 > 0 and Q € [0, 1), such that for every
n =>no
en < C10";

(i) If0 e [%, 1), then there exists Cy > 0, such that for every n > ng + Iy
en < Caln — o+ 1)~ 7T,

In the proof of the following theorem, we use Lemma 14 (see also [2]).
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Theorem 15 In the settings of problem (P) consider the sequences (x;)neN, (¥n)neN
generated by Algorithm (6). Assume that g is bounded from below and that (x,)neN
is bounded. Suppose that

1
H:R" xR" — R, H(x,y)=g(x)+§||X—y||2

fulfills the Lojasiewicz property with Lojasiewicz constant K and Lojasiewicz expo-
nent 6 € [0, 1) and let lim,_, oo x, = X. Then, the following statements hold
true:

If0 = 0, then the sequences

(@)  (8(Yn)IneN, (8(Xn))neN, (Yn)neN and (xu)neN converge in a finite number of
steps;

If0 € (O, %], then there exist Q € (0, 1), ay, az,a3,a4 > 0 and k € N such that:

(a1)  g(yn) —8(X) = a1Q" foreveryn > k,
(@) gxn) — g(®) < ar Q" foreveryn >k,
(@) |lx, — %I < a3Q% foreveryn >k,
(@) lyn — %l < asQ? foralln > k;

If0 e (%, 1) then there exist by, by, b3, by > 0 and k € N such that:

(b)) gl —gkx) < b1n_2917—1, foralln >k,
(b2)  g(xn) — g < byn~ 7T, foralln > K,
(b3)  xn —XIl < b3n?=1, foralln >k,
(bs)  lyn — Xl < ban=1, foralln > k.

Proof We start by employing the ideas from the proof of Theorem 12, namely if there
exists 7 € N, with 7 > N, for which one has that:

H(yp, uz) = H(X, %),

then it follows that the sequence (x,),>5 is constant. This leads to the fact that the
sequence (yn)n>7 1s also constant. Furthermore,

H(yp,uy) = H(Xx,x) forall n>n.

That is, if the regularized energy is constant after a certain number of iterations,
one can see that the conclusion follow in a straightforward way.
Now, we can easily assume that:

H(y,,uy) > H(x,x) forall n> N.
In order to simplify notations, we will use
H, := H(y,,u,), H:=H&,x) and VH,:=VH(,, u,).
Our analysis aims to apply Lemma 14 for

rpi=H, —H=H(y,,u,) — HX,%) >0
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based on three previously established fundamental relations:
(a) The energy decay relation (16), for every n > N
Hy — Hyt1 = Dby — 51,

(b) The energy-gradient estimate (22), for every n € N

2 2 2 2
IVH,|” < 22 1xn41 — X0 17 + Spllxn — xp—1l
n

where

2
Sy =2- [(% - ,/25,,) + 5,1} :
n
(c) The Lojasiewicz inequality (8), for every n > N
(Hy — H)* < K*|VH, |7,

where N1 > N is defined by the Fojasiewicz property of H at (X, X) such that
for ¢ > 0 one has
nsun) = x, X)) <&

foralln > Nj.

By combining these three inequalities, one reaches

— o 2K? K2S,
(H, — H)” < ﬂ,%D (Hn+1 - Hn+2) + D (H, — Hn+1)
and we are led to a nonlinear second-order difference inequality
K2 2
20 n
o = 5= (rng1 — rny2) + (rn = Fng1), (28)
B D

for every n > Nl.
Using the fact that the positive sequence (r,),>n is decreasing we have that

2K? ) (KZS, )
and | —2
B2D ) neN D JyeN

converge and have positive limit, there exists C > 0 such that for all n > N one has
2K? ( )4 K2,
—— 7 — T
ﬁ;%D n+1 n+2 D

In the view of these observations, (28) becomes

20 20 3
Fpio =1y for all n > N. Further, since the sequences (

(rp — rag1) < C@ry — rug2).

20
Corpin < ru — rny2, (29)

for every n > Nl, where Cy = %

Now we can apply Lemma 14 by observing that (29) is nothing else that (27) in
Lemma 14, with e, = r,42, 1= N — 2, lp = 2 and n9 = N — 2. Hence, by taking
into account that r, > 0 for all n > N, that is, in the conclusion of Lemma 14 (ii)
one has Q # 0, we have:

(p0) If6 =0, then (r,),>n converges in finite time;
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(pl) If6 e (O, %], then there exists C1 > 0 and Q € (0, 1), such that for every
n > ﬁl
rm < Cp Qn§
(p2) If6 e [%, l), then there exists Cp > 0, such that for every n > Ni+2

Fn < Cy(n —3)" 7T,

(ap). We treat first the case & = 0. Then, according to (p0), r, = g(y,) — g(x) +
Snllxn — xp—1 ||2 converges in finite time. But then r,, — r,,1.1 = 0 for n big enough,
hence (16) implies that x, = x,,_; for n big enough, consequently y, = x, for n
big enough, thus (x,,),eN, (Vn)neN converge in finite time. The above results show
immediately that (g(x,)),en, (8(Vn)),en converge in finite time.

Assume now that 6 € (O, % .

(ar).  According to (pl) there exists C; > 0 and Q € (0, 1), such that for every
n > N one has:

rn = gn) — () + 8pllxn — xu—1l* < C1 Q" (30)
Hence,
g(yn) — g(¥) <a10", (31)
forall n > N, where a; = C.
(a2). In order to give an upper bound for the difference g(x,) — g(x), we consider
the following chain of inequalities based upon Lemma 2:

L
g(tn) — g(in) < (Vg(¥n), Xn — yu) + 7g||xn —ll?

1 Lg 5
={—n — Xn+1)s = (Xp — Xp—1) ) + == 1x0 — Yull

Bn 2
1 2—B,L

= g (e = % ot (6 — ) = oy = = x|
n n

Here, using the inequality:
(St = 0, G = 30D} < 2 | 5ttt = 5l + 2 = B Lot — a1 I
n+ ns &n\Xn n— ) Z_ﬂnLg n+ n ntg), (| Xn n— s
leads, after some simplifications, to:
- <— — 2 foralln € N.
8(xn) —g(ym) < 2B —PrLy) [%n+1 = xnll”, n
By combining the inequality (16) with the fact that the sequence (g(yy,) + &, || xn —
Xn—1 ||2)n2 N is decreasing and converges to g(X), one obtains:

1
- <————ryq1, foralln > N. 32
8(xn) —g(yn) < 2Dﬂn(2—ﬂnLg)r”+l oralln > (32)

From (30), we have r, .1 < C; Q"' < C1Q" forall n > Ny, hence:

1 _
- <— (10", foralln > N;.
g(xn) —glyn) < TR 10", foralln > N
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This means that for every n > Nl one has:

< = 1 n
8(xn) — g(x) = (g(xn) — 8(yw)) + (8(yn) — 8(x)) < Cy {m + 1] o".
Since the sequence (8,),eN is convergent to 8 > 0, we can choose:
1
ap=C1 sup ———— + (4

n>Ni 2D/3n (2 - ﬂnLg)

and we have
g(xn) — g(¥) < axQ", foreveryn > Nj. (33)

(az). We continue the proof by establishing an estimate for ||x, —x||. By the triangle
inequality and by summing up (26) fromn > N > N to P > n, (where N was
defined in the proof of Theorem 12), one has:

A

P
Ixp = xutll < Y Ik — x|
k=n

IA

oM — _
—ln = Xl + lxper = xpll + o [¢(H, — H) — ¢(Hpy1 — H)],

so, letting P — oo gives:
- oM —
lxn—1 — x|l < EW(Hn —H).

Recall, however, that the desingularizing function is ¢ () = %tl’e hence,

lbn—1 = Xl < Mir, ™", (34)
IMK
4D(1 —0)’
Further, since r,, converges to 0 one has 0 < r, < 1 for n big enough, hence
r,}’e < /T« holds for 6 € (0, 1/2], if n is big enough. By using (30), we conclude
that there exists N» > N such that:

lxn — %Il < Mi/Tur1 < My J/ry < a3Q%, for every n > N, (35)

where a3 := /C1 M.
(a4). Finally, we conclude this part of the proof by deducing an upper bound for
|lyn — x||. The following inequalities hold true:

for every n > N, where M 1=

X0 + otn (Xn — xp—1) — X1l < |1+ anl- X0 = XII + lan| - [Xn—1 — Xl
n _1 n _1 n

(I +lenDazQ0? + |onlaz Q7202 < (1 + |ay| + O Z|anaz 02,

foralln > No + 1. Letay = SuPnzNerl(l + |oen | + Q*%Ian|)a3 > 0. Then,

lyn — %Il

IA

lyp — %l <asQ32, foralln > Ny + 1. (36)

Now, if we take k = max{N, N, + 1} then (31), (33), (35), and (36) lead to the
conclusions (aj)-(ag).
Finally, assume that 6 € (% 1).
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(b1). According to (p2) there exists Co > 0, such that for every n > N +2 one has

_ __
rn=8Wn) — 8X) + 8ullxn — xu1]* < Ca(n — 3)" 7T, (37)

Consequently,

20—1
gOm) — (&) < Ca(n —3)" 71 = Cz( & 3> -
—

for every n > N + 2. Hence, we have

_ 1
g(Yn) - g(X) < b]l’l 20-T (38)
1
for every n > Ny + 2, where by = C, SUP,~ W, +2 (—n'i3) o

The other claims now follow quite easily.

(b2). Indeed, note that (32) holds for every n > ‘N1, hence:
() — ) < 1 < :
EXn) —8Wn) = 5727 I'n+l = 55 A~ 5 7 <
" " = 2DBy(2— PuLy) T T 2DBu(2 — BuLy)

Therefore, one obtains:

b1(n+1)ﬁll.

1 -1
b + b]) n-1,
2D (2 — BnLy)

1
ZDlgn (2 - ,BnLg)

g(xn) — g(¥) < bon 71, (39)

g(xn) — g(x) = (g(xn) — 8(yn)) + () — g(¥)) < (

foreveryn > Ni + 2. Let by = SUP, - N, 42 < b1 + bl). Then

for every n > Nl + 2. o
(b3). For proving (b3), we use (34) again, and we have that foralln > N > N1 +2
it holds
- 1-6 1-6 I
lew = £l < Mira 7] < M= < My (i)
Let b3 = M1b ™" . Then,
lxn — ©Il < b3n¥rr, (40)

foralln > N.
(bs). The final estimate is a straightforward _consequence of the definition of y,
and the above estimates. Indeed, for all # > N + 1 one has:

1yn — Xl = 1 + 0t — Xn—1) — & < [1 4l - 10 — %] + letn] - 101 — X
< (1+ lenDb3n =T + ey |b3(n — 1) I=T < (1 + 2ot b3 (n — 1) 3T
1-6
Let by = sup,.- ;. (1 + 2laubs (327) ™ > 0. Then,

lyn — &Il < ban®=1, foralln > N + 1. 41)

@ Springer



Numerical Algorithms (2020) 84:485-512 505

Now, if we take k = N + 1 then (38), (39), (40), and (41) lead to the conclusions
(b1)-(bg).
]

Remark 16 According to [21], H has the Lojasiewicz property with Lojasiewicz

exponent 6 € [% l), whenever g has the Lojasiewicz property with Lojasiewicz

exponent 6 € [%, 1). Therefore, one obtains the same convergence rates if in the
hypotheses of Theorem 15 one assumes that g has the Lojasiewicz property with

Lojasiewicz exponent 6 € [%, l).

4 Numerical experiments

The aim of this section is to support the analytic results of the previous sections
by numerical experiments and to highlight some interesting features of the generic
algorithm (6).

4.1 Comparing Algorithm (6) with some algorithms from the literature by using
different step sizes

In our first experiment, let us consider the convex function:
. o2 _ 2 2
g: R — R, g(x,y) =0.02x° + 0.005y“.

Based on the boundedness of its Hessian, we infer that the Lipschitz constant of its
gradient is Ly, = 0.2. Obviously, g is strongly convex and its global minimum is
(0, 0).

In order to give a better perspective on the advantages and disadvantages of algo-
rithm (6) for different choices of step sizes and inertial coefficients, in our first
numerical experiment, we compare the following:

(a) The proposed algorithm (6) with inertial parameter o, = —0.01 - %, which
n

shows that o« = —0.01 € (#@ ,O), and constant step size 8, = =
9c (0 ’ 402 + 10a +22>;
Ly 2o +1)
(b) The proposed algorithm (6) with inertial parameter o, = —0.01 - e and
increasing step size 8, =9 - m;
n+2
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(c) The proposed algorithm (6) with inertial parameter t, = —0.01 - n and
n
n+3
d ing step si =9. —;
ecreasing step size S, —
(d) Polyak’s algorithm (1) with inertial parameter o, = 0.6 - n and constant
n
. 2 .

step size B, = I, = 10; ,

(e) Polyak’s algorithm (1) with decreasing inertial parameter «,, = 0.7 - %
n .
_ 0.3n +0.1
di ine step si — 20=e)09 _ g, :

and increasing step size f, L, PR

(f) Nesterov algorithm (4) with maximal admissible step size s = L =5

Lg
(g) The Nesterov-like algorithm (5) with inertial parameter 0.6 -

" , and step
n+3

size s = w24,
8

The choices of inertial coefficients and step sizes are motivated by theoretical results
in [18, 29] and [20]. We consider the starting points xo = x_1 = (3, 1) and run the
simulations until the error |g(x,+1) — g(x,)| attains the value 10~15. These results
are shown in Fig. 1, where the horizontal axis measures the number of iterations
and the vertical axis shows the error |g(x,+1) — g(x,)|. The experiment depicted in
Fig. 1 shows that Algorithm (6) has the best behavior when we choose a decreasing
step size (red square in Fig. 1). This instance outperforms those obtained with the
same Algorithm (6) but with constant step size (red star in Fig. 1) and even more so
fo increasing step sizes (by red circle in Fig. 1). Further, it should be noted that the
Algorithm (6), in all its instances, outperforms Algorithm (5) (green line in Fig. 1),
Algorithm (1) with a constant step size (yellow line in Fig. 1) or variable step size
(black line in Fig. 1) and also Nesterov’s Algorithm (4) (blue line in Fig. 1).

10° T 3

—=— Algorithm (6)-decreasing stepsize

102 —*—Algorithm (6)-constant stepsize |7

—o— Algorithm (6)-increasing stepsize |

Nesterov-like E

104 Polyak-constant stepsize -

—— Polyak- variable stepsize q

— Nesterov 3

= 10 3

5 ]

>

AT E

T 3

= g0k 4

1072 ; é

1074 ;r é
1016 £ | | | |

0 50 100 150 200 250

Iterations

Fig.1 Comparing different algorithms for the strongly convex function g(x, y) = 0.02x2 4 0.005y?
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4.2 The analysis of the behavior of Algorithm (6) via different inertial values
and step sizes

In the second set of numerical experiments, we analyze the behavior of our algo-
rithm with different inertial values and different step sizes in a noncovex setting.
Our experiments suggest that in order to obtain faster convergence one should use
in Algorithm (6) decreasing step size S, and one should have a sequence of inertial
parameter whose limit is as close to 0 as possible (see Fig. 2).

First, consider the Rastrigin function (see [25]):

g: R — R, g(x,y) =20 +x% - 10cos(2rx) + y2 — 10cos(2my)

which is nonconvex. For the initial values xo = x_; = (0.9,0.9), we run Algo-
rithm (6), with the constant step size 8, = B = 0.001 (yellow circle in Fig. 2a),

then with decreasing step size 8, = 0.001 - ntd (green arrow in Fig. 2a) and then

n+3
% (red star in Fig. 2a). Meanwhile, the iner-

. . n
tial parameter is taken to be o, = —0.1 -

with increasing step size 8, = 0.001 -

n with simulations running until the
n

error|g(x,41) — g(x,)| attains 10~13. The results are shown in Fig. 2a, where the hor-
izontal axis measures the number of iterations and the vertical axis shows the error
in terms of iterates.

Next, consider the convex quadratic function g : RZ — R, g(x, y) = 0.02x2 +
0.005y? together with initial values xo = x_; = (3, 1) and an inertial parameter

o, = —0.01-

T The three instances of our algorithm: with constant step size

n+
B, = B = 8 (yellow circle in Fig. 2b), decreasing step size 8, = 8- % (green arrow
. . . . . . _ Vl+2 . .
in Fig. 2b) and finally with nondecreasing step size 8, = 8- /-5 (red star in Fig. 2b),
P A\“\ Wb “\
e ~ b V""\N\
= \\“\ \"\\\
£ \ -
: \\\\ E \\\
\\\\\ \\\\
o . \\\\
(a) Different StepsiiggisRastrigill function (b) Different Stepsi;ag;—Quadratic function
oo
. A i w001
\\\\k \ﬂ‘“\\
- S
\\N\K A‘““s\
s‘“x K s\,\%
by e
A .
v\\ R

(c) Different inertial parameters-Rastrigin function  (d) Different inertial parameters-Quadratic function

Fig.2 Comparing different step sizes and inertial coefficients
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are compared and results are shown in Fig. 2b, where the horizontal axis measures
the number of iterations and the vertical axis shows the error in terms of iterates.
We also consider different initial values for Algorithm (6), namely xg = x_| =
(0.9, 0.9) together with a fixed step size B, = B = 0.001 and the inertial parameters
n

o, = —0.2-

a3 (red circle in Fig. 2¢), o, = —0.1- nn? (yellow star Fig. 2c), and

a, = —0.001 - % (green arrow Fig. 2c). The result when the objective function
n
g is the Rastrigin function is shown in Fig. 2c.

Finally, we consider the same inertial values as before for Algorithm (6), but we
take the convex objective function g : R> — R, g(x, y) = 0.02x2 + 0.005y? and
the fixed step size B, = B = 8, see Fig. 2d.

4.3 Comparing Algorithm (6) with known algorithms by using some test
functions for optimization

Since Algorithm (6) is new in the literature, it is worthwhile to compare with known
algorithms using some so-called test functions for optimization (see [25]). In these
experiments, we run the algorithms until the error |g(x,4+1) — g(x,)| attains the value
10713, These results are shown in Fig. 3a—d, where the horizontal axis measures the
number of iterations and the vertical axis shows the error |g(x,+1) — g(xn)|.

At first consider Beale’s Function:

g:RZ— R, gx,y) = (15—x4xy) 2+ 225—x +xy2)>+ (2.625 — x + xy*)%.

We compare Algorithm (6) with inertial parameter o, = —0.01 - n”? (red star
Fig. 3a), with Algorithm (2) with inertial parameter o, = 0.01 - ;25 (green square

Herations erations.

(a) g-The Beale function

o

Herations Merations

(¢) g-A quadratic function (d) g-The Logistic Regression

Fig.3 Minimizing test functions for optimization by using different algorithms
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Fig. 3a), and Algorithm (4) (blue circle Fig. 3a), by taking the same step size
B, = s = 0.01, and initial value xo = x_; = (0.1, 0.5). Meanwhile Algorithm (6)
and Algorithm (2) show a similar behavior for the Beale function, both outperform
Algorithm (4) (see Fig. 3a).

Consider next the Rosenbrock Function:

g R — R, g(x,y) = 100(x* — y)* + (x — D%

We compare Algorithm (6) with inertial parameter o, = —0.01 - n”? (red star
Fig. 3b), with Algorithm (2) with inertial parameter «;, = 0.4 - ﬁ (green square
Fig. 3b), and Algorithm (4) (blue circle Fig. 3b), by taking the same step size
B, = s = 0.001, and initial value xo = x_; = (2, 2) (see Fig. 3b). Note that
also for the Rosenbrock Function, Algorithm (6) and Algorithm (2) have a simi-
lar behavior; however, in contrast with the oscillations in the error terms of iterates
|g(xn+1) — g(x,)| of Algorithm (2), Algorithm (6) shows an almost linear decrease
trend.
We are also interested in the quadratic function of the form:

g:R2— R, g(x.y) = —3803.84 — 138.08x — 232.92y + 128.08x2 + 203.64y> + 182.25xy.

We compare Algorithm (6) with inertial parameter o;, = —0.2- n”? (red star Fig. 3c),
with Algorithm (2) with inertial parameter «;, = 0.49- ﬁ (green square Fig. 3c), and
Algorithm (4) (blue circle Fig. 3c), by taking the same step size 8, = s = 0.0025,
and initial value xg = x_; = (2, 2). As Fig. 3c shows that in this case Algorithm (6)
clearly outperforms Algorithm (2) and Algorithm (4).

Finally, for the logistic regression with />-regularization, we consider the cost
function:

k
1 i 1
g R — R gw)=1) 1jln(l e ) Sl
=

with k = 200, m = 50. Further,
y19‘~'7yk € {_]’ +1}

and

x' o xF e R are generated by a random normal distribution.

We compare Algorithm (6) with inertial parameter ¢«;, = —0.1- n"? (red star Fig. 3d),
with Algorithm (2) with inertial parameter o, = 0.36 - # (green square Fig. 3d),
and Algorithm (4) (blue circle Fig. 3d), by taking the same step size 8, = s = 0.5,
and the initial value xo = x_; = (1, ..., 7. Also here, Algorithm (6) outperforms

Algorithm (2) and Algorithm (4) (see Fig. 3d).
4.4 Switching between positive and negative inertial parameter values

Finally, a set of numerical experiments is related to the minimization of the
nonconvex, coercive function:

g:R— R, g(x)=In(1+ (x*—-1?.
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[ Aigorthm @)
|-—Agoritm e)

(a) Energy errors for zg = 2 (b) Scaled errors for zy = 2

(d) Scaled errors for xy = 0.00001 (e) Energy errors with new ay, (f) Scaled errors with new a,

Fig.4 Minimizing the nonconvex function g(x) = In(1 4 (x2 — 1)?) by using different inertial values and
different starting points

Observe that this function has two global minima at x = —1 and x = 1 and a local
maximum at x = 0.

The experiments that we present in what follows emphasize the importance of the
fact that the inertial parameter «,, in Algorithm (6), though having a strictly negative
limit, may have a finite number of positive terms.

Indeed, by taking the same starting points xp = x_; = 2 and constant step size
B, = 0.1, according to Fig. 4a, Algorithm (6), with inertial parameter o, = —0.1 n”?
(red star Fig. 4a), seems to converge faster than algorithm (2) with inertial parameter
o, = 0.1 % (black circle Fig. 4a), after a certain number of iterates. Here, we ran
the algorithms until the absolute value of the gradient of the objective function in
iterates |Vg(x,)| attained the value 10~13. These results are shown in Fig. 4a, where
the horizontal axis measures the number of iterations and the vertical axis shows
the energy error |g(x,+1) — g(x)|, where X in this case is the appropriate minimum
1. However, these algorithms show a similar behavior concerning the scaled error
h2n2|g(xn+1) — g(X)|, where n is the number of iterations and # is the step size (see
Fig. 4b).

Now, for the initial values xo = x_; = 0.00001 (which is very closed to the
local maximum of the objective function), Algorithm (2) (black circle, Fig. 4c, d),
clearly outperforms Algorithm (6) (red star, Fig. 4c, d) both for the energy error
lg(xns1) — g(X)|, (Fig. 4c), and the scaled error h2n?|g(x,41) — g(¥)| (Fig. 4d).

Nevertheless, the very general structure of the generic Algorithm (6) allows for
much flexibility, as only the limit of the sequence () is prescribed. So, one can
profit by taking the inertial parameter «;,, = _Or;i['3+5 in Algorithm (6). Then, «, is
positive for the first 50 iterates, and this helps Algorithm (6) to outperform Algorithm
(5) with inertial parameter o, = O.In"?, even for the initial values xg = x_| =
0.00001 (see Fig. 4e for the energy error |g(x,+1) — g(*)| and Fig. 4f for the scaled
error h’n?|g(x,4+1) — g(x)|, where the graphics corresponding to Algorithm (6) are
depicted by red, the graphics corresponding to Algorithm (2) are depicted by black).
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