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Abstract

We provide a new algorithm (called the grid algorithm) designed to generate
the image of the attractor of a generalized iterated function system on a finite
dimensional space and we compare it with the deterministic algorithm regarding gen-
eralized iterated function systems presented by Jaros et al. (Numer. Algorithms 73,
477-499, 2016).
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1 Introduction

As part of the effort to extend the classical theory of iterated function systems due
to J. Hutchinson (see [2]), R. Miculescu and A. Mihail introduced the concept of
generalized iterated function system (see [7] and [9]) which was obtained by consid-
ering contractions from X? into X rather than contractions from X into itself (here
(X, d) is a metric space and p is a natural number). Sufficient conditions for the
existence and uniqueness of the attractor of a generalized iterated function system
(for short GIFS) F = ((X,d), (fi)ie{1,2,..,1}), an upper bound for the Hausdorff-
Pompeiu distance between the attractors of two such GIFSs, an upper bound for the
Hausdorff-Pompeiu distance between the attractor of such a GIFS and an arbitrary
compact set of X have been provided and the continuous dependence of the attractor
on the functions f; was proved. In the last years, this concept has been intensively
studied. Let us mention some lines of research regarding this subject:

In [15], F. Strobin and J. Swaczyna extended the concept of GIFS by using weaker
types of generalized contractions which are similar to those introduced by F. Browder
(see [1]) or J. Matkowski (see [5]). In [14], Strobin emphasized the fact that the set of
the attractors generated by GIFSs is larger than the one generated by iterated function
systems. Other related topics can be found in [4, 6, 8, 10—13] and [16].

Moreover, in [3], Strobin and his collaborators provided four algorithms which
generate images of attractors of GIFSs, one of them being the deterministic algorithm
for GIFSs (a counterpart of the classical deterministic algorithm for iterated function
systems). Note that in [3] one can also find a list of papers dealing with algorithms
generating images of the attractors of iterated function systems.

In this paper, we present another algorithm (called the grid algorithm) allowing the
generation of images of the attractors of GIFSs on finite dimensional spaces and we
compare it with the deterministic algorithm for GIFSs. The deterministic algorithm
for GIFSs consists in choosing a finite set of points and applying to this set each of the
constitutive functions of the system obtaining in this way a new finite set of points.
To each of these new points, we apply again each of the constitutive functions of the
system. Continuing the procedure described above, we approach the attractor. The
main idea of the grid algorithm is to simplify the deterministic algorithm by dividing,
at each step, the space that we are working with into small pieces and to choose for
each such piece just one point.

2 Preliminaries
Given a metric space (X, d), we adopt the following notation:
Pep(X) et {K € X | K is non-empty and compact}.

For K1, K> € P, (X), we consider:

d(K1. K) Y supd(x. Ky),

xekK
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where d(x, K») ef inf d(x, y).
yeK»
The function & : Pep(X) x Pep(X) — [0, 0o) given by:

h(K1, K3) = max{d(K1, K»2), d(K>, K1)},

for every Ky, K2 € Pcp(X), turns out to be a metric which is called the Hausdorff-
Pompeiu metric.

If (X, d) is complete, then (P, (X), h) is complete.
Given a metric space (X, d) and p € N*, by X? we denote the Cartesian product
of p copies of X. We endow X? with the maximum metric dp,x defined by:

dmax((xlv eeey xp)9 (YI, (s yp)) = max{d()Cl, yl)v (aad] d(xp’ yp)}a
for all (xq, ..., xp), (V1, ..., yp) € XP.
Definition 2.1 A generalized iterated function system (of order p) is a pair F =
((X,d), (fi)ieq1,2,...11), where (X, d) is ametric space, p, L € N*and f; : X¥ — X

is contraction for each i € {1, ..., L}. The function Fr : (P, (X))? — Pp(X),
described by:

Fr(Ky,..,K,) = U (K1 X ... x Kj),
F(Ky ») ie{l,...,L}fl( 1 »)

forall Ky, ..., K, € Pcp(X), is called the fractal operator associated to F.
We shall use the abbreviation GIFS for a generalized iterated function system.
Theorem 2.2 (see Theorem 3.9 from [9]). Given a complete metric space (X, d) and

a GIFS F =((X,d), (fi)ieq,..,L}) of order p, there exists a unique Ar € P,(X)
such that:

.....

In addition, for every Ky, ..., K, € Pcy(X), the sequence (K), defined by
Kn+p = Fr(Ky, ..., Kn—i—p—l);

for every n € N*, converges, with respect to the Hausdorff-Pompeiu metric, to A r.

Definition 2.3 In the framework of the above theorem, the set A r is called the fractal
generated by F.

Remark 2.4 (see Remark 12 from [3]). In the framework of the above definition, the
function Gr : Pep(X) — Pcp(X), described by:

Gr(K)=Fr(K...K)=_ U fi(Kx..xK),

for all K € P.,(X), is a contraction on the complete metric space (P, (X), h) since
it has the Lipschitz constant less than or equal to max{lip(f1), ..., lip(fr)} < 1.
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3 The presentation of the algorithms

For (x1, ...., xp) € RM™ we shall use the following notation:

(et oo xa)] = (21, s [ D,

where [x] designates the greatest integer less than or equal to the real number x.
In the sequel, without loss of generality,

F = (10, DI, d), { f1, s fLD)s

where L, M € N and d is the Euclidean distance in R, will be a generalized iterated
function system of order p > 2 (so f; : ([0, D]™)? — [0, D]M for every i €
{1, ..., L}).

We shall use the following notation:

not

o max{lip(f1), .. lip(fr)} = C <1
* B=pM

We also consider the following functions:
o Fr:(Py(0, DIM))P — Py ([0, D]M) described by
Fr(Ky,....Kp) = f1i(K1 X ... x Kp)U ..U fL(Ky X ... x Kp),
forall K1, K, € Pe,([0, D1M)
e Gr:Py([0,DIM) — P.,([0, DIM) described by
gr(K) = Fr(K, K),
for every K € Pcy ([0, DIM)
®  (np)ren+ a sequence of natural numbers.
For a finite set Ko € P, ([0, D1M), we shall use the following notations:
A2 G¥(Ko),
where k € N

~ D ny ~
Ak nét{ [ ﬁ(uli"‘i up)] |u17"'7up eAk_l,le {17"'7 L}}3
ng D

where k € N* and Ay = Ko

DNM o

= Ek?

ng
where k € N.
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Let us recall the pseudocode for the deterministic algorithm for a GIFS (see [3]):

Pseudocode for the deterministic algorithm for a GIFS
Read initially defined objects: constants: L, M, finite set, m natural number: Ko €
Py ([0, DM, mappings: f1, ..., fL, variables: k, Dy.
Initial values: Dy := K.
For k from 1 tom — 1

Dy :=Gr (Do)

Do = Dl.
Print D,,,.

Now, let us present the pseudocode for our new algorithm.

Pseudocode for the grid algorithm for a GIFS
Read initially defined objects: constant: L, M, finite set, m natural number: Ko €
P, ([0, DIM), mappings: f1, ..., f1, sequence: (n)x, variables: k, Dy.
Initial values: Dy := K.
Fork from 1tom — 1

D = {%[%f,(ul, cttp) | Uty up € Doyl € {1, .., L}}

Dy := Dq.
Print D,,,.

4 The complexity of the algorithms

By xi, we denote the number of points computed at the step £ of the deterministic algo-
rithm and by y; the number of points computed up to the step k of the grid algorithm.

A. The case of the deterministic algorithm

We have x;4+1 < L(xx)?, so, with the notation zj " In Xi, we obtain zx+1 <InL +
k_ .
pzy for every k € N. Therefore z; < ’;—_]1 InL + pFz, ie.:

1 Lk
xp < — 5 (xoLP 17, D

Lr-1

for every k € N.

Note that, according to Remark 2.4, we have h(Ag, Ax) < %C k for every
k € N. Therefore, in order to be sure that Ay approximates the attractor A r with
accuracy 8%, we need k > logc_l(e"). Hence, based on (1), the quan-

log—| ¢ 1 log 1 (p)

. 1 1 11
tity —— (xoL7-T)? L (L7 1))

LPT Lp-T
points that we have to compute in order to be sure that Ay is an approximation of A

with an error less than eh(fﬂ—’é“).

describes the number of
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Conclusion The complexity of the deterministic algorithm is described by the
function C, : (0, o0) — R given by:

log 1 (p)
, Ig%p

Ce(e) = (L7 ©

for every ¢ > 0.

B. The case of the grid algorithm

Remark 4.1 Since yr+1 < L(nk)/g for every k € N*, up to the step N, we have to

N N
compute L Y (n)? = L(DVM)P Y (i)ﬁ points.
k=1 k=1

Remark 4.2 We have

h(Ag, GF(Ak-1)) < &,
for every k € N*.
Remark 4.3 We have

h(Ao, Ax) < diam([0, DIM) = DM .
As the inequality:

(A, AF) < h(Ag, GF(Ar-1)) + h(Gr(Ar_1), GF(AF)) <

Remarks 2.4 and 4.2 ~
< ek + Ch(Ax—1, AF),

is valid for every k € N*, we get:
h(Ax, A7) < e + Cep—1 + Clek—g + ... + C¥ 26y + C* ey + CFR(Ag, AF),
so, taking into account Remark 4.3, we obtain:
h(Ak, AF) < sx + Ceg_1 + CPep o + ... + C* 2y + C* ey + CFDVM,

for every k € N*. Consequently, we arrive to the following problem: given a fixed
natural number N and & > 0 such that Cs—N — DV M > 0, find the minimum of the

function f : [0, oo)N — [0, 00), given by:

Vo
fer,en) =Y (=),
=1 k

for every €1, ..., en € [0, 00), with the constraint:
ey +Cen_1+ CzeN_z + ..+ CN_zez + CN_lel +CNDVM =¢.

We adopt the following notations:

B
o« =N
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1
BT B
° Kl nét C5+'1—C —1_ CF
C BT
° K> nﬁt K—ﬂ 1

not

(] K3—K28ﬁ
N

not |
o = C_N

Since we are going to use the method of Lagrange multipliers, we consider the
function F = f + Ag, where A € R and the function g : [0, 00)¥ — [0, 00) is given
by:

g(er,..,en) =en + Cen_q +...+CN_282 —i—CN_lsl +CcVpVMm — &,

for every €1, ..., eny € [0, 00). Theequatlon —0 ie. —B(ex)” Bl cN-k =0,
has the solution:
k
e) = kyC P, (1
1
for every k, where ky = L (g)ﬁ As g(s?, gy) =0, we get

kn(CPHT 4 CTFF 4 2Pt 44 V2P F L eV Eey — o — N DV,

ie.:

L : 2% (N_z)ﬂpﬁ (N—l)i N
kNCFT(1 4+ CPHT 4+ C +..+C +C By =¢ —C"DVM,
B _N_

SO kNCﬂJrl % — & — CND/M, which implies ky C=C*1 — e=C"DVM
CPAHT ] C—CFH cﬁ+l
— BN & _DpJM
The last equality takes the form ky € ﬁr' =l — . Thus, we obtain:
ChHl CA+T
K| ¢
ky = —*(zy — DVM). )
We have:
N N N
g (D) _ — B - (c ﬂ“) —1
FE =YD L k) YT = oy P
k=1 k=1 C A1t —1
10)) 8. € t o _ﬂ
=Pk P —DVM) P =P (- — DVM)F
cN o C
1 — CFH

& _ —B—1 £ _ __B N
- zﬂ“(C—N —DVM) Pk P = Kx(oy = DVM) BN _ ptL,
Therefore, the last equality can be written as:

f(g?v ceey 89\/) = K3(y% — 1)ﬂ+1(y _ a)_ﬂ, (3)
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As the right-hand side of (3) gives us the optimal number of points that we have to
compute, after N steps, in order to approximate A r by Ay with an error not greater
than ¢, we need to find the minimum value of the function % : (a, 0c0) — R given by:
B
h(y) = K3 (P = Dy —a) 77,

for every y € (a, 00). One can easily see that:

W) = KspOPT — DA — )P —ay 7).

for every y € (a,00). As we can suppose that a > 1 (since we are interested in
the case when ¢ is small), lim k(y) = K3 and lim k(y) = oo, we conclude that i
y—00 y—a

attains its minimum at a®*! and the value of the minimum is:

h@?™h = K3a? — DA (P —a)F =

B _ DVM\p _
= 3a ! = 8_'3(1 - Cﬂ/%)_ﬁ_l( : ) :
L (RYMyp
&
SO
h B+1
lim @) — 1.

21— CAET)=B-1 (L)
Conclusion The complexity of the grid algorithm is described by the function C, :
(0, 0c0) — R given by:
B 1
Cole) = (1 = CP) P ()7M,
€

for every & > 0.
In the final part of this section, we mention that (in order to avoid very complicated
computations) we did not pay attention to the fact that the best values of n; and N

In(—2=)
that we obtained (namely D ;éﬁ and (B + 1) IHLE*C/’)W ) may not be integers. In reality,

In(—5=)
we could work with n; = [%ﬁ] +1and N = [(B + )—585] + 1 without a
k

significant change.
5 Final remarks
Remark 5.1 We have:

_B_
Cole) _ (L= CPDPiHrt

- log 1 (p)
0 & 0 1
=20 Ce(#) =0 (XOLI)%])(%) 9

so, the grid algorithm is more efficient than the deterministic algorithm.
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Remark 5.2 As ‘u —[u+ %]‘ < %, we can improve our grid algorithm (which is
based on the inequality |# — [#]| < 1) in the following way:

Pseudocode for the improved grid algorithm for GIFS
Read initially defined objects: constant: L, M, finite set, m natural number: Ko €
P, ([0, DIM), mappings: f1, ..., f1., sequence: (n)x, variables: k, Dy.
Initial values: Dy := Kj.
Fork from 1tom — 1
D = {%[%fl(ul, o ltp) + 31 LUty yup € Do, 1 € {1, ..., L}}
Dy := Dy.
Print D,,,.

Remark 5.3 On the one hand, repeating the arguments used in 4, A, for the case
of an iterated function system (i.e., p = 1), we obtain that the complexity of the
corresponding algorithm is described by the function C : (0, co) — R given by:

12
Cle) = (2)"c,
€
for every ¢ > 0, so C is involved at the exponent of % We stress upon the fact that
since Climl ln% = 00, the closer is C to 1, the bigger is the number of points that we
—1lng
C<l

have to compute in order to approximate the attractor with an error less that ¢.
On the other hand, in the rule that gives C, (), the constant C is involved only in
B
the coefficient (1 — C#+1)=A-1,
Moreover, note that lim Cal®)

C—1 Ce(e)
C<l1

=0foreache € (0, 1).

6 Examples

In Section 4, we compared the algorithms with respect to a fixed preassigned
error. In this section, our goal is to get an optimal image (with respect to the
computer that we worked with) for three examples. For this reason, we chose
a version of the grid algorithm for which ny = k2, the error being less than

DvM (n]—2 + C(n—11)2 +C? (n—12)2 + ...+ C"), where n is the number of steps and

C is the contraction constant of the system.

A.

Consider the GIFS F = (([0, 1]%,d), {f1, f>, f3}), where, for x = (x1, y1) and
y = (x2, y2), we have:

fi(x,y) = (0.2x1 + 0.2y7; 0.2x5 + 0.1y»)
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fa(x,y) = (0.15x1 + 0.07x2 + 0.4; 0.15y; + 0.07y»).
and

F3(x, y) = (0.15y; + 0.07x2; 0.15x + 0.07y2 + 0.04).

Using the deterministic algorithm, we get the image indicated in Fig. 1 and using
the grid algorithm, we get the image in Fig. 2.

The deterministic algorithm ran 4 steps in 10 s, while the grid algorithm 8§ steps in
less than 10 s.

Figure 1 has approximately 32 = 43, 046, 721 points, while Fig. 2 comprises
around 20,000 points.

Remark 6.1 If we allow the deterministic algorithm to run 5 steps, it needs about
90 min and we get a very similar image with the one in Fig. 2.

,
o
= B

T

T | T
0.1 0.2 0.3

Fig.1 Image obtained using the deterministic algorithm running 4 steps in 10 s
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5
| 1N
> A

. N

0.1 D,
mail= Y
O » A
= Tl

Fig.2 Image obtained using the grid algorithm running 8 steps in less than 10 s

Consider the GIFS F = (([0, 113, d), {f1, f2}), where, for x = (x1,y1) and y =
(x2, y2), we have:

f1(x,y) = (0.1x1 + 0.16y; — 0.01x2 + 0.3y2; —0.05y1 + 0.15x2 + 0.15y7)
and
fo(x,y) = (0.09x; —0.1y; —0.15x2+0.14y,+0.4; 0.14x1+0.14y; +0.14x,+0.04).

The deterministic algorithm yields the image in Fig. 3 and the grid algorithm
produces the image in Fig. 4.

The deterministic algorithm needed 20 s to run 5 steps, while the grid algorithm
needed about 10 min to run 14 steps.

Figure 3 consists of about 225 = 4,294,967, 296 points, while Fig. 4 is built up
using around 2,000,000 points.

Remark 6.2 With the aid of the computer that we utilized, the deterministic algorithm
would need 42 days to run 6 steps.
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\,

f{,'f

T T T

0.3 04 0.5

v o
‘Q-‘ 5

Fig.3 Produced from using the deterministic algorithm which needed 20 s to run 5 steps

C.

Consider the GIFS F = (([O, 1]2, d), {f1, f2}), where, for x = (x1,y;) and y =
(x2, y2), we have:

f1(x, y) = (0.5x; — 0.5y; +0.001x2 + 0.45; 0.5x; + 0.5y; + 0.001y; — 0.05)
and
fo(x, ) = (0.2x] + 0.01x2 + 0.14y5 + 0.147; 0.2y; + 0.01y5 + 0.105).

The image in Fig. 5 indicates what we get running the deterministic algorithm and
the image in Fig. 6 what we obtain using the grid algorithm.

Both algorithms ran about 2 min, the deterministic one running 5 steps, while the
grid one 22 steps.

Figure 5 consists of about 225 = 4,294,967, 296 points, while Fig. 6 is made up
of circa 217,800 points.

Remark 6.3 Even though the number of points making up Fig. 5 is considerably

bigger than the number of points building up Fig. 6, one can observe that the grid
algorithm produces a much better approximation of the attractor.
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1411

Fig.4 Produced from using the grid algorithm which needed about 10 min to run 14 steps

0.6 —

I
0.1 0.2

Fig.5 The deterministic algorithm ran for about 2 min, running 5 steps
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< ¢ ¢
- -
.2 >
0.6 —
¢ ¢
‘e -
0.5 - DAY -2 [N
-
I 0
0.4
v I T T
0.1 0.2 0.3 0.4 5 0.6

Fig.6 The grid algorithm ran for about 2 min, running 22 steps
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