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Abstract

In this paper, we present a new approach for large-scale Lyapunov matrix equations,
where we present two algorithms named: Adaptive Block Tangential Lanczos-type
and Arnoldi-type algorithms (ABTL and ABTA). This approach is based on the pro-
jection of the initial problem onto tangential Krylov subspaces to produce a low-rank
approximate solution of large Lyapunov equations. These approximations are used
in model reduction of large-scale dynamical systems with multiple inputs and multi-
ple outputs (MIMO). We give some algebraic properties and present some numerical
experiences to show the effectiveness of the proposed algorithms.

Keywords Balanced truncation - Krylov subspaces - Lyapunov - Model reduction -
Tangential directions

1 Introduction

Consider a multi-input, multi-output linear time-invariant (LTI) dynamical system,
described by the state-space equations as follows:

5 {fc(t) = Ax(t) + Bu(t)

(1) = Cx(), (1.D

where x () € R” denotes the state vector, u(¢) and y(¢) are the input and the output
signal vectors, respectively. The matrix A € R"*" is assumed to be large and sparse

< Y. Kaouane
yassine.kaouane @etu.univ-littoral.fr

Laboratoire de Mathématiques Pures et Appliquées, Université du Littoral, Cote d’Opale,
Calais, France

Laboratoire de Mathématiques Appliquées et Informatique, Université Cadi Ayyad,
Marrakech, Morocco

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-019-00696-9&domain=pdf
mailto: yassine.kaouane@etu.univ-littoral.fr

630 Numerical Algorithms (2020) 83:629-652

and B, CT e R"*P. The transfer function associated to the system in (1.1) is given
as follows:

H(w) = C(wl, — A)"'B e RP*P. (1.2)
The goal of our model reduction approach consists in defining two orthogonal matri-

ces V,, and W, € R (with m < n) to produce a much smaller order system %,,
with the state-space form as follows:

5 {xm(m = Apx () + Buu(t)

() = Cnxm (1), (1.3)

and its transfer function is defined by the following:
Hp(w) = Co (@l — Ap) "' B € RPXP, (1.4)

where A,, = WL AV,, € R"™" B, = WI'B € R"*P and C,, = CV,, € RP*™,
such that the reduced system X,, will have an output y,,(¢) as close as possible to
the one of the original system to any given input u(¢), which means that for some
chosen norm, ||y — y,|| is small.

Assume that the matrix (wl, — A) is non-singular and define X = (w1, — A)~!'B
and Y = (wl,— A)~TCT . Then, we have H(w) = CX = YT B, and X and Y solves
the multiple linear systems of equations as follows:

(wl, — A)X =B, and (wl, — A)TY =CT. (1.5)

An approximate solution X,, € Range(V,,) and Y,,, € Range(W,,) can be determined
by imposing the Galerkin condition on the residuals Rp(w)Ll Range(W,,) and
Rc(w) 1l Range(Vy,), where,

RB =B — ((,()In —A)Xm,

and
Re=CT —(wl, — &)Yy,

which gives X, = Vy(@ly — Ap) 'WIB and Y,, = Wy (0l — Ay)~TVICT,
hence the (1.4) and the residuals can be expressed as follows:

Rp(w) = B — (wl, — A)V(wly — Ay) "' W B, (1.6)

Re() =CT — (o, — AT Wy (ol — Ap)~TVICT, (1.7)

Various model reduction techniques, such as Padé approximation [12, 19], bal-
anced truncation [20], optimal Hankel norm [11], and Krylov subspace methods [5,
6, 9, 15], have been used for large multi-input multi-output (MIMO) dynamical sys-
tems (see [2, 4, 11, 14]). The balanced truncation model reduction (BTMR) method
is a very popular method [1, 10]; the method preserves the stability and provides a
bound for the approximation error. In the case of small to medium systems, BTMR
can be implemented efficiently. However, for large-scale settings, the method is quite
expensive to implement, because it requires the computation of two Lyapunov equa-
tions, and results in a computational complexity of O(n®) and a storage requirement
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of O(n?) (see [1, 3, 13]). In this paper, we project the Lyapunov equations using the
block tangential Krylov subspaces defined as follows:

Km(A, B) = Range(B, (011, — A)"'BRy, ..., (omI, — A)"'BR,,},
K (AT, €Ty = Range{CT, (11, — A)"TCTLy, ooy (mdy — A)TCT Ly},

in order to obtain small-scale Lyapunov equations. The {0;}" | and {u;}", are the
right and left interpolation points and the {R;}/_, and {L;}/_ | are the right and left
blocks tangent directions with R;, L; € RP*S with s < p. Later, we will show how
to choose these tangent interpolation points and directions.

The paper is organized as follows: In Section 2, we give some definitions used
later and we introduce the balanced truncation method. In Section 3, we present the
tangential block Lanczos-type method and the corresponding algorithm to solve a
large-scale Lyapunov equation. Section 4 is devoted to the selection of the inter-
polation points and the tangential directions that are used in the construction of
block tangential Krylov subspaces, and we present briefly the tangential block Lya-
punov Arnoldi-type algorithm. The last section is devoted to numerical tests and
comparisons with some well-known model-order reduction methods.

2 The balanced truncation method
First, we recall some definitions that will be used in this paper.

Definition 2.1 Given a stable LTI dynamical system (1.1), the associated controlla-
bility Gramian, denoted by P, is defined as follows:

o0 T
P =/ e*BBT A dt, .1
0
and the observability Gramian Q is defined as follows:

o0 T
0= / e cTcetdr. (2.2)
0

The two Gramians can be computed by solving two equations. In fact, P and Q
are the unique solutions of the following Lyapunov matrix equations:

AP +PAT + BBT =0, (2.3)

and
ATo+90A+cTc=o. (2.4)

Definition 2.2 The H..-norm of the transfer function H is defined by the following:
I H [[#o,= max ymax(H (jw)), (2.5)
weR

where ymax denotes the maximum singular value.

The balanced truncation method for model reduction was first introduced by
Mullis and Roberts [17] and later in systems and control theory by Moore and Glover
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(see [10, 16]). If we assume that the LTI system (1.1) is stable, controllable, and
observable, in this case, we call it also stable and minimal, then the controllability
and observability Gramians are unique positive definite. The balanced truncation of a
LTI dynamical model ¥ is obtained by applying a non-singular matrix transformation
T e R"™ " to get the following:

A=T"AT, B=T"'B, C=CT.

Hence, the associated controllability and observability Gramians P and O are
expressed as follows:

P=r"'Ppr’, O=r1"Qr.
The aim of the balanced truncation method is to find the transformation 7 such that

the new Gramians ﬁ and @ are diagonal as follows:

P =0 =diag(yi, ., a), (2.6)

where the y;, i = 1, ..., n are called the Hankel singular values. For controllable,
observable, and stable systems, they can be computed as follows:

Yi = V2i(PQ).

Notice that the Hankel singular values are invariant by transformation, contrary to
the Gramians. Now, we show how to obtain the Gramians P and Q that verify (2.6).
First, we compute directly the lower Cholesky factorization of the Gramians P and
Q as follows:

P=LcLI, Q=1L,LT,

then, we compute the singular value decomposition of the matrix L({LC,
L. =upv?, 2.7

where D is the diagonal matrix containing the Hankel singular values of the system
(1.1). The balanced transformation is given by the following:

T=LVD 2, T '=puTLl,

It is proved in [1] that if the system (1.1) is stable and minimal, and having the new
equivalent LTI dynamical system ¥ as follows:

S ._ T'AT|T'B _
Tl ecr o |7

A Az | By
Ay An|B;

3

with 7’5 = é = diag(y1, ---» Ym»> Ym+1, ---» ¥n), then,
I H(C) — Hp () 110 < 20Wm+1 + o + V). (2.8)

Inequality (2.8) shows that the dynamical system (1.1) can be represented by a
reduced-order LTI system X, if the singular values yy,+1, ..., ¥, are small enough

as follows:
_ | Au|Bi
=l clo |

™M
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Let us now construct the reduced model %,,. First, we define the following matrices
as follows:

_1 _1
Vm = Lchsza Wm = LnUmsz»

where Dy,, U,,, and V,;, correspond to the first m columns of the matrices D, U, and
V in (2.7). Then, the reduced model %,, is given as follows:

[ Aun|Bn
2= g2t
where A,y = WL AV, By = WL B, and C, = CVy,.

Next, we apply the tangential block Lanczos-type algorithm for solving large Lya-
punov matrix equations that are used in the construction of reduced-order models
using the balanced truncation method.

3 Tangential block Lanczos-type method for Lyapunov matrix
equations

Consider the following Lyapunov matrix equations as follows:

AXD 4 xWAT 4 BT =0, (3.1
and

ATXPD + xPa4+cTc =0, (3.2)

where A € R"*" is non-singular, B € R"*” and C € RP*". To extract low-rank
approximate solutions to the Lyapunov (3.1) and (3.2), we project the initial problems
onto the following tangential block Krylov subspaces as follows:

Km(A, B) = Range(B, (011, — A)"'BRy, ..., (omI, — A)"'BR,,}, (3.3)
and
Km(AT,CTy = Range{C”, (w11, — A TC Ly, ..., (umI, — A TCT L}, (3.4)

where {0;}7. | and {u;}/_, are the right and left interpolation points respectively and
{Ri}/L,, {L;}{", are the right and left tangent directions with R;, L; € RP**.

A tangential Lanczos-type method consists in constructing two bi-orthonormal
bases, spanned by the columgs of {Vi,Va,...,Vy,}and {Wy, Wy, ..., W,}, of the
tangential Krylov subspaces K, (AT, CT), respectively.

LetV,, = [V, Va,..., Vuland W,,, = [Wy, W5, ..., W, ]. Then, we should have
the bi-orthogonality conditions fori, j =1, ..., m:
{W.ij =1 i=]j,

L

WiV, =0,i#j. 35

The low-rank approximate solutions X,ﬁ,l) and Xn(,z) to the solutions of the Lyapunov
matrix (3.1) and (3.2) are defined as follows:

xV=v,ybyr = x@ —w,yOwT (3.6)
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such that the following Galerkin conditions are satisfied as follows:

WIR (XMW, =0, VIR, X?)V, =0, (3.7)
where the residuals are given by the following:
Ri(XDy = axD + xDAT 4 BBT, (3.8)
and
Ra(XP) = ATxP + xPA+CTc. (3.9)

Replacing Xn(,l) and X,,(f) in (3.7), we obtain the following:
WI AV, YD+ yDyT ATvy, + WI BBTW,, =0,

and
VIATW, VP + YOW! AV, + VI cTcv,, =0,
which gives the low-dimensional Lyapunov matrix equations as follows:

An VY + VDAL + B, BL =0, (3.10)
and
ALYD + YD Ay + CHC =0, 3.11)

where A,, = WL AV,,, B,, = W! B, and C,, = CV,,.

The main problem now is the computation of the two bi-orthogonal bases
{(Vi, Vo, ..., Vi) and (W1, Wa, ..., Wy} of the tangential Krylov subspaces in (3.3)
and (3.4). The following Block Tangential Lanczos (BTL) algorithm allows us to
construct such bases. It is summarized in the following steps.

Here, we suppose that we already have the set of interpolation points o = {o;}/" |,
w = {u;}7L, and the tangential matrix directioni R = {R,»N}f":1 andNL = {L;}!" -
The upper block upper Hessenberg matrices H,, = [H(l), .y H(”’)] and F,, =
[ﬁ(l), F("’)] € RUm+P)Xms are obtained from the BTL algorithm, with the
following:

Hl,] Fl,]
O . nd FO = | for j = 1
H/'J al Fj,j s or j s eeey ML
Hji1,j Fj,j
0 0

The matrices H; ; and F; ; constructed in step 3 of Algorithm 1 are of size p x s if
i = 1 and are of size s X s otherwise. We define the (ms + p) x p matrices H® and

FO as follows:
~o) _ | Hi0 =0 _ | F1.0
HY = |: 0 ] and F* = |: 0 :|,

where 0 is the zero matrix of size (m — j) x s. We define also the following matrices
as follows:

s 2 o w2 0]
1 ’ 2 ’
Oms.p DY ® I Oms.p D ® I
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Algorithm 1 The Block Tangential Lanczos (BTL) algorithm.

- Inpl’ItS: A’ B’ C7 o= {O'l'};'n:p “/ = {/"Li}:'?/lzla R = {Ri}:‘n:p L = {Li}:'nzla Ri’ Li €
RP*S,

—Output: V,,, 1| = [V], . Vm+l] s Wi = [W], . Wm_;,_]] .

Compute B = V1 Hy o, cl =w, F10 (QR decomposition).
Initialize: V| = [V1], W = [W]].
Forj=1,...m

I If o #00, V41 =(0jl, —A)"'BRj, else V.| = ABR;.
2. If pj# oo, Wipr = (ujl, —A)TCTL;, else Wi = ACTL;.
3. Fori=1,..j

- Hij =WV, - Fyj= VI Wi,
- Viqu=Vinmu—VilHi;, -Win=W;n1—-WFj
4. End. ~
50 Vimi=VjuHj,j, Wiy =W Fj1j, (QR decomposition).
6. W/.T+1Vj+] = P;D;Q7, (singular value decomposition).
7. Vi =Vj10Q;D; 2 Wipr = Wi PiD; 2,
8. Hjyij= D;/zQJTHjH,j, Fivi1j= D;-/QP]»TFJ'H,,'-
9. Vi = [Vj, Vj—H]s Wiq = [Wj, Wj+1].
e End

where D{) = Diag{o1, .., om} and D> = Diag{jt1, ..., stm}. With all those
notations, we have the following theorem.

Theorem 3.1 Let V,, 11 and W41 be the bi-orthonormal matrices of R"*s+p)
constructed by Algorithm 1. Then, we have the following relations as follows:

AViir = [V Gt BY —KE ] G, (3.12)
and _
ATW, i1 = [Wm+1<@,n+10,§$> . K,g+l] ol (3.13)

Let Ty,4+1 and Yy, 41 be the matrices as follows:

Tpops = [B, (11 — A)"'BRY, .., (0] — A)_IBRm] and

Y1 = [CT, il — A TCTLY, oo (] — A)—TCTLm] ,
then, we have the following:
Tt =V 1Guyr and Y1 = Wiy 1 Qi (3.14)
where KB | =[-AB BR,1 K, =[-ATCT C"Ly], Ry =I[Ri. ..., Ru], and

L, =I[L1,-, L) Gpy1 = [ﬁ(o) }ﬁlm] and Q41 = [ﬁ(O) ﬁm] are block upper
triangular matrices of sizes (ms+ p) x (ms + p) and are assumed to be non-singular.
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Proof From Algorithm 1, we have the following:

J
VigiHjp1j = (0l —A)'BR; =Y ViH;j  j=1,..m. (3.15)
i=1
Multiplying (3.15) on the left by (01, — A) and re-arranging terms, we get the
following:

Jj+1 Jj+1
AY ViHj=0;y ViHij—BR; j=1,..m,
i=1 i=1

which gives the following:

Hl,j Hl,j
AV/'_H : ZO’J'VJ'_H : —BR/', j:l,...,m,
Joi Hj j
Hji1,j Hj1,j
that written as follows:
Hl’] Hl’]
AVast | g, |=oiVin| my; |~BRi.  Jj=l..m.  (3.16)
Hji1, Hji1,
where 0 is the zero matrix of size (m — j) x s. Then, for j = 1, ..., m, we have the
following: o o
AV HY = 6;V; 1 HY) — BR;; (3.17)

Therefore, we can deduce from (3.17), the following expression is as follows:
AVpi1 [11?1“), ﬁl(m)] = V1 []ﬁl“), IFW)] DV ® I,) — BR,,

Now, since V1 H1,0 = B, we get the following:

AV g2 [HO,HO, .., ] = Vi [HOHO, ., ] BY ~1-AB BR,1,

which ends the proof of (3.12). The same proof can be done for the relation (3.13).
For the proof of (3.14), we first use (3.15) to obtain the following:
Jj+l
ZViHi,,:(ajln—A)—lBRj ji=1,....m,
i=1
which gives the following:
Hy j
Vet | gy, | =©@ih—AT'BR;,  j=1...m

Hj1,j
0
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It follows that
Vot 1 [ﬁl(o), "o, . IF]I("”] - [B, (11, — A'BRy, ..., (o1, — A)_IBRm] ,

which ends the proof of the first relation of (3.14). In the same manner, we can prove
the second relation. O

In the following theorem, we give the exact expression of the residual norms in a
simplified and economical computational form.

Theorem 3.2 LetV,, = [V, ..., Viyland W,, = [Wy, ..., Wy, ] be the bi-orthonormal
matrices obtained by Algorithm 1. Let X,g,l) =V ,(,11)Vr7;,, Xn(f) =W, JJ,%Z)WZ;,, be
the approximate solutions of the Lyapunov matrix (3.1) and (3.2), then the residual
norms are given as follows:

IR =l S TS N2 and || Ra(XD) =1l SPT S 2,
(3.18)
where S,(,} ) and Sf,% ) are the upper triangular matrices obtained from the skinny QR
decomposition of the matrices US,} ) and US,% ) defined by the following:

U = [Va D GT (VW) = LKE] and UP = [WoVPQ," (WaVE - LKS .

The matrix J is defined as J = |:(]) (I) ] .
Proof We know that in the following:
R = AxP + xVAT + BBT
= AV, PV 4+ v, VPV AT 4 BBT.
Using the (3.12), we get the following:
Ap=WT AV, = [sz’im_l - W;K,ﬁ] Gl

which gives
AV, =V Ap + (VW — IHKEG !, (3.19)
It follows that

Ri(Xy)) = [ViAm + (VWL — 1)KEG,!] y;%l)V,f,
AV ISP [V A + (VuWE — 1)KEG,']" + BBT.

Using the fact that y,(,}) solves the low-dimensional Lyapunov (3.10), we get the
following:

RS = (VWD — L)KEG, VSOV 4+ VYD GoT (KEYT (Vi WE, — 1)
_ ) ~—T T _ 51|01 G;‘y,ﬂ)V,ﬁ
= [Vm m Gp' (Vi Wy, I")Km] |:I 0i| [(Kﬁ)T(VmW; —In)
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We proceed in the same way for the proof of the second relation. [

4 An adaptive choice of the interpolation points and tangent
directions

In the section, we will see how to chose the interpolation points {0}/, {u:i}i-,
and tangential directions {R;}7. |, {L;}/",, where R;, L; € RP** In this paper, we
adopted the adaptive approach, inspired by the work in [7]. For this approach, we
extend our subspaces K, (A, B) and Ky (AT, CT) by adding new blocks V,, ;1 and
Wm+1 defined as follows:

Vst = Omatdy — A" BRyt1, and Wyt = (Omsily — AT CT Ly, (4.1)

where the new interpolation point 0,41, (41 and the new tangent direction R, 1,
L,,+1 are computed as follows:

(Rm+1, Omt1) = arg max IRp(@)R]l 2, (4.2)
w m

R € RP*S

[Rl2=1

(L1, pmg1) = arg - max — |[Re (@)L 2. (4.3)
L e RS
ILl2 =1
Here, S,, C C7 is defined as the convex hull of {—Aq, ..., —A,;} Where {}; J, are
the eigenvalues of the matrix A,,.
For solving the problem (4.2), we proceed as follows. First, we compute the next
interpolation point, by computing the norm of Rp(w) for each w in §,,, i.e., we solve
the following problem:

Om+1 = argmax || Rg ()]2. (4.4)

m

Then, the tangent direction R, is computed by evaluating (4.2) at ® = o0y,,41,

Ript1 = arg o Tax | Re(Om+D Rl - 4.5)
6 PXS
[IRll2 =1

We can easily prove that the tangent matrix direction R, is given as follows:

[r(m+1) (m+1)]

m—H

)

where the r(mJr )’ are the right singular vectors corresponding to the s largest singu-

lar values of the matrix Rp(0,,4+1). This approach of maximizing the residual norm,
works efficiently for small to medium matrices, but cannot be used for large-scale
systems. To overcome this problem, we give the following proposition.

Proposition 4.1 Let Rg(w) = B — (wl, — A)V,, UB (») and Re(w) = CT — (w1, —
A)TWmU,g(a)) be the residuals given in (1.6) and (1.7), where U,ff(a)) = (wl —
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Am)_lW,EB and Unf(w) = (wl — Am)_TV,ECT. Then, we have the following new
expressions as follows:
Rp(@) = (V, WL — [)YKBG1UB (w), (4.6)

and
Re(@) = (W, VL — 1DKSQ, ' US (o). 4.7)

Proof The residual Rp(w) can be written as follows:
Rp(®) = B — oV, UB(w) + AV, UB (w)
= B+ AV, UB(w) — Vy(wlys — Ap)(@lys — Ap) "W B
~VipAm(@Lys — Ay) 'WT'B
= B+ AV, UB(w) = V,,WI B -V, A, UB ()
= (I, = VaWI)B + (AV,, — V,, A,)UB (w),

Since B € Range{Vy, ...V}, then (I, — V,, W .)B = 0. Using (3.19), we get the
following:

AV, —Vy A, = -KBG,! +V,,WIKEG, !,
which proves (4.6). In the same way, we can prove (4.7). O]

The expression of Rp(w) given in (4.6) allows to reduce the computational
cost while computing the next pole and direction. In fact, applying the skinny QR
decomposition is as follows:

VWL — 1)K,G,,' = QL,

we get the new expression of the residual norm as follows:
IRs@)ll> = |LUS @) - (48)

This means that, solving the problem (4.2) requires only the computation of matrices
of size ms x ms for each value of w.

The next algorithm, summarizes all the steps of the adaptive choice of tangent
interpolation points and tangent directions.

In order to save memory, Algorithm 2 allows us to compute the approximations
a1 = zW(zNT and 22 = 22D (2D)T in a factored form, where,

~ 1 ~ 1
zV =v, UA2 zZ@ =W, VIl (4.9)

The matrices U 1, A1, V1, and I’y are obtained via the elgenvalue decomposmon of
the 10w rank solutions y UAUT y@ VFVT and U = [U] U2] vV =
[V1 Vz] such that A = diag(A, Ap), I' = diag(T"y, I'2) verify max(diag(A)) >
dtol and max(diag(I"1)) > dtol for some given tolerance dtol.

In this section, we presented the ABTL algorithm inspiring from [8], where the
adaptive approach was used for the selection of the interpolation points and tangent
directions, as mentioned before. The main differences of the new method and the
existing ones in [7, 8] are the following: first was the oblique projection onto Krylov
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subspaces and constructing two bi-orthonormal subspaces from those latter, using the
Lanczos procedure. Secondly, the tangent directions in our method are blocks of size
p X s where s < p and it is fixed, when in [8] the s is depending on the iteration m.
Moreover, the residual norms used for stopping criterion (Algorithm 2, line 14) are
simplified to new expressions given in 3.2, which allows for faster time execution
and smaller memory occupancy, as reported in the numerical experiments.

Algorithm 2 The Adaptive Block Tangential Lanczos (ABTL) algorithm

Given A, B C Mmaxs €-

Outputs: medx, mzmdx

Set B = H; Vi and CT = F; gW, such that W[V} = I,,.
Initialize: V| = [V{], W| = [Wq].

1. Form =1:mpmux
Set Ay, = WL AV,,, B, = WL B, C,y = CV,,.
3. Compute oy, and p,

— Compute {Aq, ..., A, } eigenvalues of A,,.
— Determine S,,, convex hull of {—X{, ..., —A,, }.
— Solve (4.4). The same for (.

4. Compute right and left vectors S Rins Lin.

5. m—(A_am[) 1BRms Wi = (A — )~ et L.
6. Fori=1,.

- Hl m = W\, Vm—i—l’ — Fim = ViT’YT/m+1,

- V V VHi,ma = Wm+1 = Werl - WiFi,rm
7. End. N
8. Vm+l = Vm+1Hm+l,m’ Wm+l = Wm+1Fm+l,In~ (QR decomposition).
9. W”Tl 41 Vine1 = P Dy QZ;,. (singular value decomposition).

—1/2 —1/2

10. Vin+1 = Vin+10QmD s Wit1 = Wig1 Py Dpy
11. Hm—H,m = D;il/zQZ;,Hm—H,m’ Fm+1,m = Dm/ Pyz;Fm+l,m-
12. Vi1 = [Vin, Viga ], Winst = [Wi, Wigt]-

13. Solve (3.10) and (3.11) to get Y\ and V2.

14, If max(| Ri(X3") l2. | Ra(Xs?) ) <€ Stop.

15. End.

e Compute zV | zP

Mmax > “~Mmax

as in (4.9).

4.1 Adaptive Block Tangential Arnoldi (ABTA) algorithm
Consider the following Lyapunov equation as follows:

AX +XAT + BBT =o0. (4.10)
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The solution X is approximated by A}, such as the following:
X = Vi I VL, .11

and satisfying the Galerkin condition as follows:

VIR(X,)V, =0, (4.12)
where the residual is given by R(X,) = AX, + X,AT + BBT and
Ve = [V1,Va,...,V,] is a matrix obtained from the orthonormal basis
Vi = Range{V1, V2, ..., V;;} constructed from the following tangential subspace

Range{B, (011, — A)_IBRl, vy (OmI, — A)"YBR,,). From (4.11) and (4.12) , Y,
is obtained by solving the low-dimensional Lyapunov matrix equation as follows:

Amym + ymAZ;, + BmBg; = 0,

where A,, = V;, AV, B, = V;B. Notice that, we consider here only one tangen-
tial subspace. All the results obtained in the previous section can be adapted for the
adaptive block Arnoldi method. For the computation of the residual norms, we have
the following result.

Theorem 4.1 LetV,, = [Vi, ..., V] obtained from BTAA. Let X, = VY VI | be

m’
the approximate solution of the Lyapunov matrix equation, then the residual norm is

given as follows:

Il R(Xn) 2=l SIS lI2, (4.13)

where Sy, is an upper triangular matrix obtained from the skinny QR decomposition
of the matrix as follows:

Uy = [memG;T ([n - VmV;)Kyﬁ] .

The matrix J is defined as J = |:(I) (I):| .

Proof The proof is similar to the one given in the proof of Theorem 3.2. U

The choice of the interpolation points and tangent directions is the same as in the
previous section, as shown in the following:

(Rm41, Omy1) = arg max IRp ()R]l 2. (4.14)
w € Sy
R € RP*S
IRI>=1
where Rg(w) = B — (wl, — A) V(@I — Ap)~ ' By, The algorithm will be named
Adaptive Block Tangential Arnoldi (ABTA) and is summarized as follows.
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Algorithm 3 The Adaptive Block Tangential Arnoldi (ABTA) algorithm

e Inputs A, B, mpax, € and dtol.
e Set B = Hj V) and initialize: V| = [V]].

1. Form =1 : mmax

—~ SetA, =VIAV,, B, =VIB.

- Compute the interpolation points oy, and the directions R,.
- Vu=(A—=o0nl,) 'BR,.

— Fori=1,...m

- End.

= Vit1 = V1 Hus1.m-  (QR decomposition).
- Vm+1 = [Vm» Vm+l]-

— Compute the approximate ),.

- If || R(Xn) ll2< €, stop.

— End.

e Compute Z

Mmax *

5 Numerical experiments

In this section, we present some numerical examples to show the effectiveness of
the adaptive block tangential Arnoldi and Lanczos-types algorithms (ABTA and
ABTL). All the experiments were carried out using the CALCULCO computing plat-
form, supported by SCoSI/ULCO (Service Commun du Systeme d’Information de
I’Université du Littoral Céte d’Opale). The algorithms were coded in Matlab R2017a.
We used the following functions from LYAPACK [18]:

e Ip_lgfrq: Generates a set of logarithmically distributed frequency sampling points
e Ip_gnorm: Computes | H(jw) — Hy,(jo)l2

Example 1 In this first experiment, we used the rail3113 model (n =3113, p =6). The
model describes the steel rail cooling problem and is from the Oberwolfach collec-
tion.! Figures 1 and 2 represent the norm of the original transfer function || H (jw)||2
and the norm of the reduced transfer function ||H,,(jw)l||> versus the frequencies
w € [107%, 10%] for both methods ABTL (left) and ABTA (right). The dimension of
the reduced model m = 20.

In this part, we compared the ABTA and ABTL algorithms with (RKSM) that
solves a large-scale Lyapunov matrix equation by means of the adaptive Ratio-
nal Krylov method with Galerkin condition; for more, see [8] and (TRKSM)

Oberwolfach model reduction benchmark collection 2003. http://www.imtek.de/simulation/benchmark.
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Fig.1 The RAIL3113 model: ABTL

where the tangential approach is used [7]. The Matlab implementations of (RKSM)
and (TRKSM) have been downloaded from Simoncini’s web page.> We used the
FDM model, where the matrix A is obtained from the centered finite difference
discretization of the operator as follows:

ou ou
La(u) = Au — f(x, y)a —g(x, y)a — h(x, y)u,

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions
with the following:

fx,y) =loglx +2y + 1)

g('x’ y) == ex+y

h(x,y) = x+y.
Different choices of columns for B and C were performed. The number of inner grid
points in each direction is no and the dimension of A is n = n%, various value of ng
are used.

Example 2 Plots in Figs. 3 and 4 represent the exact error |H (jw) — Hy(jo)||2
versus the frequencies w € [10_6, 106] of the four methods, the ABTA method (solid

2http://www.dm.unibo.it/~simoncin/software.html
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Fig.2 The RAIL3113 model: ABTA.

line), the ABTL method ( dashed-dotted line), the RKSM (dashed-dashed line), and
TRKSM (dotted line). The matrices B and C were random, the stopping tolerance
for the Frobenius norm of the Lyapunov equation residual was set to 1078, Plots in
Fig. 4 represent the same thing but with the matrix C = BT

We present below Table 1 that gives more information about the plots in Figs. 3
and 4, where we present the execution time, the maximum space dimension, the rank
dimension, and the Ho, and H, error norms obtained by each method. The maxi-
mum space dimension is the dimension of the matrices obtained after the stopping
tolerance tol = 10~% and the rank dimension is dimension obtained as in 4.9).

Example 3 In this example we compared, the Rank dimension (Fig. 5), the Err-H
norm (Fig. 6) and the execution time (Fig. 7) as p the rank of the matrix B is grown.
In all plots of Figs. 5, 6, and 7, the ABTL method (solid line), the ABTA method
(dashed-dotted line), the RKSM (dashed-dashed line), and TRKSM (black dashed-
dotted line) were seen. We used the FDM model of size n = 10000 and the matrix
B = A_III, with p ranging from 4 to 24.

Figure 5 shows that the four methods have the same rank dimension and is growing
with as p grows. In Fig. 6, we notice that our both methods and RKSM give better
Hoo-err norm than TRKSM method, but in Fig. 7, we can see clearly that TRKSM
have the best execution time, followed by our both methods, and finally, RKSM
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Fig.3 B =rand(n,p), C =rand(p,n)
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Fig.4 B =rand(np), C = BT
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Table 1 The calculation time and dimension of convergence

n = 4900 p==6 Time S. dim Rank Err-Hoo Err-H,
ABTA 3.90s 96 96 2.5x107° 5.7x107°
B = rand(n, p) ABTL 5.67s 126 126 1.2x10711 2.5x10711
C =rand(p, n) RKSM 73.28 s 66 60 3.1x107* 3.4x1073
TRKSM 2.59s 88 88 5.7x1076 6.4%1073
ABTA 3.11s 90 90 3.7x107° 1.3x1078
B = rand(n, p) ABTL 3.12s 96 96 5.5x10710 22x107°
Cc=8" RKSM 76.37 s 60 66 4.4x1073 49%10~*
TRKSM 2.56s 89 89 5.8x1078 2.3%x1077

method with very bad execution time as shown above. In short, we can say that, our
both methods have the performance of the RKSM method with a execution time near
to that of the TRSKM method.

Example 4 For this experiment, we used the FLOW matrix of size n = 9669, from
the Oberwolfach collection, we compared the four methods, the results are reported

50 T T T T T T T T T

e

N\

Space Dim
w
o
T
1

n
&)
T
1

20 B

4 6 8 10 12 14 16 18 20 22 24
rank(B)

Fig.5 FDM model: the rank dimension
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Fig. 6 FDM model: the H-err norm
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Fig.7 FDM model: the execution time
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Table2 The execution time and dimension of convergence
FLOW p=6,s=p Time S. dim Rank Err-Hoo Err-H;
ABTA 13.94 s 132 132 3.07x107 1.22x10~*
B = rand(n, p) ABTL 13.01s 132 132 3.06x1073 1.22x107*
C =rand(p, n) RKSM 2043 s 12 8 6.82x 1013 4.88x101°
TRKSM 8.85s 126 126 6.54x107> 2.54x10%
ABTA 10.00 s 84 84 1.21x1073 7.42x1073
B = rand(n, p) ABTL 8.73s 84 84 1.21x1073 7.42x1073
c=B" RKSM 33.65s 12 8 4.08x10*4 1.99x 1013
TRKSM 6.38s 73 73 2.05x10~% 1.16x1073
in Table 2 and implemented in Figs. 8 and 9. We notice that for the RKSM method,
the space dimension is so small compared to the other methods, because RKSM

achieved the stopping tolerance after two iterations, which gives bad results as shown
in the plots and the table and also still have the longest execution time.

1010

105

ABTA
—-—- ABTL
— — RKSM
fffff _ - TRKSM

10-15 N
10°°

10 1072 10° 102 104 108
Frequencies

Fig.8 B =rand(n, p), C=B"
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Fig.9 B =rand(n, p), C = rand(p, n)

Example 5 In this experiment, we used the rail20209 and rail79841 models with a
fixed m = 20. These models describe the steel rail cooling problem and are also from
the Oberwolfach collection. The plots below represent the exact error ||H (jw) —
H,,(jw)|2 versus the frequencies of the tree methods ABTA (solid line), the ABTL
(dashed-dotted line), and TRKSM (dashed-dashed line), the stopping tolerance was
set to 1079,

Figure 10 represents the rail20209 model (n = 20209, p = 6), we notice
that the tree methods coincide, with an execution time almost the same (TRKSM,
9.26 s; ABTL, 9.76 s; ABTA, 10.45 s). Figure 11 represents the rail79841 model
(n = 79841, p = 6), the matrices B and C were random. The execution
time for this example is as follows: (ABTL, 85.99 ; ABTA, 99.45 ; TRKSM,
119.76 s).

Example 6 In this last experiment, we present the Table 3 below, that contains the
execution time, space dimension, rank dimension, the H., and #>-err norms of the
FDM model with a large dimension (n = 122500 and n = 90000), the stopping
tolerance was set to 107, We notice that for this large-scales system, our methods
are faster and give better error norms.
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Fig. 10 The RAIL20209 model
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Fig. 11 The RAIL79841 model
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Table 3 The execution time and dimension of convergence

n = 122500 p=6s=6 Time S. dim Rank Err-Hoo Err-H,
ABTA 151.57 s 108 108 7.64x1077 3.28x107°
B = rand(n, p) ABTL 84.58 s 102 102 1.53% 10 7.36x107°
TRKSM 596.04 s 92 92 2.53x10~* 2.81x1073
n = 90000 p=06s=3 Time S. dim Rank Err-Hoo Err-H,
ABTA 108.13 s 66 3 2.21x10~1 2.53x10~14
B=A"11, ABTL 64.82's 72 3 222x10715 2.53x10714
TRKSM 150.95s 60 3 2.03x10713 2.33x10714

6 Conclusion

In the present paper, we proposed a new approach based on block tangential Krylov
subspaces to compute low-rank approximate solutions to large Lyapunov equations.
These approximate solutions are given in factored forms and are used to build
reduced-order models that approximate the initial large-scale dynamical systems with
multiple inputs and multiple outputs (MIMO). The method constructs sequences of
orthogonal blocks from matrix tangential Krylov subspaces using the block Lanczos-
type or Arnoldi-type approaches. We construct approximate Gramians which are
used in the balanced truncation method. The interpolation shifts and the tangential
directions are selected in an adaptive way by maximizing the residual norms. We
presented some new algebraic properties and gave some numerical experiments on
some benchmark examples showing that the proposed methods return good results,
as compared to some well-knowing methods, for large problems.
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