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Abstract

We investigate Chebyshev spectral collocation method for system of nonlinear
Volterra integral equations. We choose Chebyshev Gauss points as collocation points,
and approximate integral terms by Legendre Gauss quadrature formula. The provided
convergence analysis shows that numerical errors decay exponentially, which is one
of the most prominent features of spectral methods. Numerical experiments are car-
ried out to confirm theoretical results. We have never seen any paper investigating the
spectral method for the system of nonlinear Volterra integral equations (VIEs). The
present method and corresponding convergence analysis would be useful in study-
ing numerical methods for the system of integral equations and partial differential
equations.

Keywords Spectral collocation method - System of nonlinear VIEs -
Convergence analysis - Numerical experiments

1 Introduction

Volterra integral equations (VIEs) arise in many practice applications, such as popu-
lation dynamics and spread of epidemics [2], wave problems [7], and semi-conductor
devices [17]. There are many numerical methods for the system of nonlinear VIEs,
such as a single-term Walsh series method [15], product integration methods [12],
restarted Adomian method [8], block by block method [13], fast Runge-Kutta
methods [5], Chebyshev wavelet methods [1], and piecewise polynomial colloca-
tion method [3]. Spectral methods are classic high-precision methods. One of their
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most prominent features is the exponential convergence of the resulting approxima-
tions. These methods are widely applied to solve partial differential equations [4] and
Volterra integral equations [6, 10, 11, 16]. Based on these works of our predecessors,
we have investigated piecewise spectral collocation methods for the system of linear
VIEs in [9]. Continuing these researches, we study Chebyshev spectral collocation
methods for the system of nonlinear VIEs in the present paper.

Consider the following system of nonlinear VIEs:

1
Y() =g@) +/ K(, $)f(s, Y(s))ds, t € [0, 1], (D
0

where,

g(1) :=[g1(2), g2(1), -+, go )],

K(t,s) := [qu(t,s):| ,(,8) e Ai={(t,s):0<s <t <1},
1<p,q=Q

£(s, Y(5)) 1= [f1(5, Y(5)), fa(s, Y(5)), -, fo(s, Y(s)],
fp(sv Y(S)) = fp(sv YI(S), Yz(s)a R YQ(S))9 P = 17 21 ) Qv

(s, Y(s)) € Q:=10, 1] x RC.

VIEs (1) can be written as the following form:
t
Y(@#) = g + /0 K(, s)y(s)ds, )

t
y(0) = f(r, g(t) +/O K(, s)y(s)ds), 3)

where,
y(@) = [y1(2), y2(t), -+, yo(]'.

In general cases, if given functions in VIEs (1) are smooth, then corresponding
solutions are smooth [3].

We choose Chebyshev Gauss points of order N in interval [0, 1] as collocation
points, and approximate integral terms by Legendre Gauss quadrature formula of
order N. Finally, we obtain the numerical solution y" (¢) to (3). Replacing y(¢) in (2)
by yV (¢), we get the solution YV (¢) to (1). Provided convergence analysis shows that
the convergence order of the present method is N(1/2~"  where m is the index of
regularity of given functions. This result implies that, given functions possess more
regularity, numerical decays faster. We carry out numerical experiments to confirm
theoretical results. It is worth noting that N and m are independent of each other.
This is the key difference between the present method and piecewise polynomial
collocation methods [3].
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This paper is organized as follows. Numerical method is demonstrated in
Section 2. Useful lemmas are prepared in Section 3. Convergence is analyzed in
Section 4. Numerical experiments are carried out in Section 5. Finally, we end with
conclusion and future work in Section 6.

2 Numerical method

Let,
ti = (x; +1)/2,
where x;,i = 0,1, ---, N are Chebyshev Gauss points of order N in interval
[—1, 1]. VIEs (3) hold at ¢;:
t
y(t) =@, g(t) +/ K, s)y(s)ds),i =0,1,--- , N. “4)
0

Let y,; be the approximation of y,(#;). Then, y,(#) can by approximated by:

N
Y@ ="yl (),

j=0

where, L;(t) is the jth Lagrange interpolation basic function associated with
collocation points t;,7 = 0, 1, --- , N. Thus, y(¢) can by approximated by:

Y@ =@,y @),y 07

Therefore, (4) can by approximated by:

1
v ~ £(1;, g(t) + /O K, )y (s)ds),i =0, 1,--- , N, )

where,
i =i, y2i. -+ yoil -

Approximate integral terms in the right-hand side of (5) by Legendre Gauss quadra-
ture formula of order N:

N
y; =i, g(n) + ’5 D K, s, vy (s, vR))wr), i =0, 1, N, (6)
k=0

where, vy and wy are Legendre Gauss and weights of order N in interval [—1, 1], and
variable transformation s(, v) is defined by:

s(t,v) = %(v +1),ve[-1,1]

Solving system (6), we obtain y,;,i =0,1,--- ,N, p=1,2,---, Q, thus obtaining
yN (t). Let yN (t). Replace y(¢) in (2). We obtain an approximation to (2):

t
Y(1) ~ g(1) +/ K, s)y" (s)ds. (7
0
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Approximate integral term in the right-hand side of (7) by Legendre Gauss quadrature
formula of order N:

N
Y0 ~ g0+ 2 YK s w0y (506, vk ®)

k=0
Define:

N
Yi = g(tl) + %];K(th S(liv Uk))yN(S(fi, U(k)))U)k, l = 0’ 17 T Nv (9)

where,
Y =[Yii, Yoi, . Yoil = Y(@).
Finally, we obtain the numerical solution to (1):
Y@ =10, v @), YS @), (10)
where,

N
YN = ZY,,ij(t).

j=0

3 Useful lemmas

In order to state lemmas easily, we define some function spaces and symbols.

Denote the space of continuous functions on domain €2 by C(Q) equipped with
norm || - || &, Denote by C™ (Q) the space of functions possessing continuous
derivatives of order m. The derivatives of order m of u(t) with respect to variable ¢
are denoted by 9;". Polynomial of degree not exceeding N on domain € is denoted
by PN(Q) The 1nterpolat10n operator associated with #;,i =0, 1, , N is denoted
by Iy, namely:

N

In(u)(t) = Zu(tj)Lj(t), u(t) € C(,1). an

j=0

Identity operator is denoted by 7, namely I (u)(t) = u(t).
Assume that matrix of P rows and Q columns is

Ax) == |: apg(x) :| )
l<p<P, 1<q<Q

whose elements a,,(x), 1 < p < P,1 < g < Q are functions on domain Q. Let
A(x) € C(Q)ifapy(x) eC(R).1<p<P 1<q=<0Q,
A(x) € C"(Q) ifapy(x) € C"(), 1< p <P, 1<q <0,
A(x) € Py(Q)ifapg(x) € Py(Q), 1 <p <P, 1<q<Q.
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Integrating matrix A(x) on domain D means integrating each elements of A(x) on
domain D, namely:

/A(x)dx = /apq(x)dx .DCQ.
D D

Interpolating matrix A(x) means interpolating each elements of A(x):

IN(A)(x) := [ In(apg)(x) ] LAx) € C(S).

Taking derivatives of matrix A(x) means taking derivatives of each element of A(x):

T A(x) :=|: 0y apg (x) :|
Define,
A = .
|A(x)] lglpagp lapg (x)]
I=¢=Q

This means that |A(x)| is a nonnegative real function. Define:

Al Loo(y) -— Mmax [A(x)].
xe

In order to easily state the proof in convergence analysis in Section 4, we introduce
some new symbols for the given function f in VIEs (1), which is exactly denoted
by f(z1,22), o = (01,62, - -+ , 0p). The partial derivative of f with respect to z; is
denoted by:

3! f(z1,22) := |:8Z11 fr(z1, Zz):| ,

I=p=0Q

while the partial derivative with respect to z; means taking partial derivatives to each
04,9 =1,2,---, O, namely:

0,821, 12) == | 0y fp(z1,2) | . (12)
1<p.q=Q
Similarly,
k1, 2) = | 029 fr(z1,2) |, (13)
l<p.q=Q
and
030z1.2) = | 9 4 fr(21.22) |- (14)
1<p.q.r<Q
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Additionally, we define:

2 . 2
i 2 = | max_ 107 fp(a1. %) (15)

and

02 || oo() ;= ma 92 f ,22)]. 16
10, £ll oo () (Z1,zz)XeQ|Z2 (z1, 22) (16)

Lemma 1 Assume that A(t) € C(0, 1), 3!A(t,s) € C(A) are matrixes of P x Q,
B(t) € C(0, 1) is matrix of Q x 1. Then, fort € [0, 1]:

lA(OB(1)] = QIAD)|IB(1)], (7)

t t
| /O A()B(s)ds| < Q /0 A(s)[|B(s)\ds, (18)
t t
19! /0 A, )B(s)ds| < QA DIIBG)] + /0 A DIBE)Ids).  (19)

Proof We first prove (17). Assume that:

A@t) = |: Apg (1) ] ,B(t) = |:bp(t) } .
I<p<P.1=¢=<Q l<p=P

Note that:

0
ADOB(E) = | Y apg()by(t)

g=1
l<p=<P

By Cauchy inequality,
0
AOBO] = max |3 ap )by (1)
=r |5

0 2 /0
t b, (1))?
max Z|a,u,<>| PNAG]

q=1 g=1
1/2 0 1/2

o
Z A > BOP
g=1

QIAM)| (t)l (20)

1/2

IA

| A

IA

which leads to (17).
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Now, we begin to prove (18). It is clear that

! 0
OA(S)B(S)ds = max /0 ;apq(s)bq(s)ds
r 9
= 1ISnpanP/0 ;'apq(s)ﬂbq(S)Ids. 1)
By Cauchy inequality,

0
t
max fo ;mm(san(snds

0 1/2 0 1/2
t
2 2
< max, [0 > lap, ()] D by | ds
g=1 g=1
< 0 max / AGIIBG)Ids
e /O IAG)IIB(s)lds, (22)
which leads to (18).
Now, we begin to prove (19). Assume that
Alt,s)=| apt,s) |.
| 1<p<P,1=q=<Q
Then,
l_ Q t
3, f At )B(s)ds = | > 9} f Tpy(t, $)by(s)ds | . (23)
0 - Jo
L l<p<P
Note that:

t
3, / A, $)B(s)ds
0

0 ‘
= max Y 9 /0 T pq (1, )by (s)ds

I<p=<P
q

I<p=<P

0 t
= max § qu(t,t)bq(t)-l—/ 3 apg (1, 5)by(s)ds
0
q:

IA

0
max | > (@, (t.1)llb, (r)|+/ Zw‘apq(t by ()lds | . (24)
qg=1

I<p=<P

@ Springer



250 Numerical Algorithms (2020) 83:243-263

By Cauchy inequality,

Q Y
S g (1, )11y (0] + /0 3 1010 (1, )11y (5)1ds
g=1

q=1

0 1/2 0 1/2
< DIy, 0 PGS
g=1 g=1

) 1/2 0 1/2
+ /0 (Z(a}apq(r, s>)2) (Z Ibg (s)z) ds
q=1 g=1

1 f—
< QUA@, DIB(®)] +/0 10, A(t, 5)|[B(s)|ds), (25)

which together with (24) yields (19). O]

Lemma 2 Assume that U(t), U(t) € C(0, 1). Then,
If2, U@) = f2, Un)| < QI flr@U@) = U@, t € [0,1],  (26)
|0, f(t, U@)) = 3 ft, UD)| < Q1197 fl L@ |U@) = U@, 1 €10, 1], (27)
and

|02, U@)) — 0Lf, U < QS lLe@ U@ —Um)], 1 € [0,1].  (28)

Proof We only prove (26) and (28) because (27) can be proved by the analysis
similarly to (26).
Now, we begin to prove (26) . According to differential mean value theorems:

1=p=0Q

If(z, U)) — £, U)| = H:fp(t, U@) - fp(t,ﬁ(t))”

1<p.q<0

{agq fp(, EU@) — ﬁ(r))}

x(U(t) —U@))|, & € (0, 1). (29)
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By Lemma 1,

|:3éq Jp(t, §U@) — ﬁ(t))} U@n) - U@))

1<p.q<Q

05,8, 60 = TO)U® - V()|

< 0ot €U — Ty | U - V()|

< QLG EUC) = Tl IU® = T
< 011, fll e [U@) — V).

Combining (29) with (30) leads to (27).
Now, we begin to prove (28). Use the symbol (12):

10, £(t, U(1)) — 9, £, T(1))]

{89; Fp6,U@) = 3y, fp(t, ﬁ(r))}

1<p.q<Q

= max |3} f,(t,U@) — ) f,(t, T®).
I<pg=<Q 1 4

By differential mean value theorem:

185, (&, U@) = 3, fp(t, U@

’

|:392q9,. fp. EUQ) — U(t)))} U@ = U@)

I<r=Q

§€(0,1),1=<p.g=0.

By Lemma 1:

|:392q9,. fp(t, §U@) — U(t)))} U@ = U@)

I<r<Q

=0 max, |3§q9,fp(t, EQU@) —UONIU@) = U@

By the symbol (16):
max 105, 6, £ (1, EU@) —T®)))|

max__ 1076, (1, EQU@) =TV

1<p.q,r<
192,Fl L@, 1 < p.g < Q.
Combining (31) with (32), (33), and (34) leads to (28).

IA

(30)

3L

(32)

(33)

(34)
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Lemma 3 [4, 14] For u(t) € C™(0, 1), v(t) € C(0, 1), we have
I = IV @),y < CNY2 719 ull oo, 1), (35)
and
[In (W)l (0.1) < Clog(N)llvllLe(0.1) (36)
where Iy is defined by (11).
Lemma 4 IfA(t) € C"(0, 1), then:
I = 1)@ llze,1) < CNYD ™3] Al Lo, (37)
IFA(t) € C(0, 1), then:
1N (A)llL.1) < Clog(N)|AllL>,1)- (38)

Proof We first prove (37). Note that:

(I —IN)A)) = [(1 - ]N)(apq)(t):|~ (39)
1<p=<P,1=q<Q
By Lemma 3:
(I — IN)(A)|I L.y = max (I — In)(A)(@)]
1€[0,1]
= max max (I — In)(apg) @)
1€[0,1]1<p<
1<q<Q
< I I 00
< tg%g?i]lg})ax K¢ N)(@pg)llLe,1
1=g=Q
< CNYD™™ max  max (18" apg .1
1€[0,1] 1<p=<P
1=¢=Q
= CNYD=™9m A oo 0,1y, (40)
which leads to (37).

Now, we begin to prove (38). Note that:
[In(A)(@)| = max [Iy(apg)(D)].
I<p=<P

(41)
I1=g=Q
By Lemma 3:
[In (A)llL>,1) = max [Iy(A)(7)| = max max [Iy(apg)(?)]
1€[0,1] 1e[0,1]1<p<P
1<qg=<Q
< 1 oo < Cl1 N o0
< tle%l)%]lmax 1IN (@pg) Lo, 1) og( )I?gﬁ]lﬂ;ax lapgllLee,1)
1<g<Q 1=¢=<0
< Clog(N)||AllL=,1)s (42)
which leads to (38). O]
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Lemma 5 [4]Assume that u(x) € C™(—1, 1), and P(x) is polynomial of degree not
exceeding N. Then:

1 N
/ u(s)P(s)ds = u(up) Pog)wi| < CN ™19l oo 1.0l PllLos 1.1,
-1 k=0
(43)
where vi, wi, k = 0,1,--- | N are Legendre Gauss points of order N on interval

[—1,1]

Lemma 6 Assume thatA(t) € C™(—1, 1) is matrix of P x Q, and B(t) € Py(—1,1)
is matrix of Q x 1. Then:

1 N
/ AW)B)dv — ZA(Uk)B(Uk)wk
-1 k=0
< CONT"19/"AllL>o—1, 1) 1Bl Lo (~1,1), (44)
where vy, wx, k = 0,1,---, N are Legendre Gauss points of order N on interval
[—1, 1], and:
N Q0 N
Y AWOB@OW = | Y Y apg (wi)bg (vi)wi
k=0 qg=1 k=0
I<p=<P
Proof Let

| N
dy = Z (/_ apq(V)by (V)dv — Zapq(vk)bq (Uk)wk> )

g=1 1 k=0
D := [dlv d2» ) dP]/'

Then,
1 N
D= f A(v)B(v)dv — ZA(vk)B(vk)wk.
-1 k=0
By Lemma 5:
0 1 N
ol = 30| [ ap @by o = Y apy b e
g=11"-1 k=0
0
< Y CNTM3 apgll o1 lIbg o - 1.1)
qg=1
0
< N7 0 apgll Lo 1.0 llbgll oo 1.1)
g=1
< CONT"19/"All Loo(—1.1) Bl oo (~1,1)- (45)
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Thus,
[D| = maxj<p<p |dp| < CONT"0/" AllLoo(—1,n[IBll oo (=1,1)» (46)
which leads to (44). O

Lemma 7 [3]Assume that u(x), v(t) € C(0,1), M > 0, and

t
()] < v(o) +M/0 u(s)lds. 7)
Then, there exists constant C such that:

lullze,1) < CllvliL=o,1)-

4 Convergence analysis

Theorem 1 Assume that Y(t) is the solution to (1) with given functions satisfying
g(t) € C"™(0, 1), K(t,s) € C"™(A), and f(z1,22) € C™(RQ). YN (¢) defined by (10) is

the numer ical Soll/ltion to (1) Ihen,

where N + 1 is the number of collocation points used in the numerical method in
Section 2, and constant C is related to ||0;"Y| 1> (0,1), 1105 KllL>(A), ||8t1K||Loo(A),
Al Zos (), 107, YD L0, 1)-

This theoretical result shows that convergence order of the present method is
NU/2=m Tt is exponential convergence which is one of the most prominent features
of spectral methods. It is worth noting that N and m are independent of each other.
Employing more collocation points (increasing N) or given functions possessing
more regularities (increasing m) will enhance the accuracy of the numerical solution.

Proof Note that VIEs (2) hold at ¢;,

t
Y(@) =g(ti)+/ K@, s)y(s)ds. (49)
0

Subtract (9) from (49):
Y(@) —Yi =Ei1(#) + Ea(1), (50)

where,
eo(t) :=y(1) —y" (1),

t
Ei (1) ::/ K(z, s)eg(s)ds,
0

t N
Ex (1) := f Kz, )y ()ds — 3 Kt st vo)y™ (s, v
0 25

Multiply L;(t) to both sides of (50) and sum up fromi = 0to N:
INY)(@) = YN (@) = INED @) + InE) (), (51)
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which can be written as:
YO -YV@®) = - INY)(@®) + Uy — DED @) + InE)N @) +Ei(1).  (52)

Next, we estimate each term in the right-hand side of (52).
We first estimate (I — Iy)(Y)(¢) in (52). By Lemma 4:

I = In) (V) 0.1y < N2 107 Y || 1 (0,1).- (53)
Now, we begin to estimate (Iy — I)(E1)(¢) in (52). By Lemma 4 with m = 1:
I = In)ED | L0.1) < CN ™29 Eq |2 (0,1).- (54)
By Lemma 1:
18/ E1llz2o0,1) < Clieollzooo, 1) (IKIl Loo(ay + 19, Kl £oo(a))- (55)
Combine (54) with (55):

(I — INED 0,1y < CN™ Y2 legll Lo 0,1y (1Kl Lo (a) + 13, Kl Lo (a)).  (56)
Now, we begin to estimate Iy (E>)(¢) in (52). By Lemma 4:
I In (Ez|lLo00,1) < Clog(N)|IEzl Lo (0,1)- (57
By Lemma 6:
[Ex(t)| < CNT™M3) K, s(t, N1, nllyY (st Nlizeo—1,1)

CN™™ 13K (t, )l 0.0 1YY L0,
CN 197K ]| oo (a) IY™ Iz (0.1)
CN7"108y"Kl]l Loo(a)(lleoll L0, 1) + ¥l (0, 1))
CN7"10" K]l Lo (ay(lleoll L0, 1) + Ifll L)) (58)

IA

A

INIA A

Therefore,
IE2llLoc0,1) < CNT"]|05" K] Loo(a) (€0l Loo0,1) + Il Loo(2))- (59
Combine (57) with (59):
1In (Eallz0,1) < Clog(N)N ™" [|3;" K|l L a)(lleollz0,1) + [Ifllz(@)).  (60)
Now, we begin to estimate E; (¢) in (52). By Lemma 1:
IEillz>@,1) < ClIKllLea)lleollLeo,1)- (61)
Combining (52) with (53), (56), (60), and (61) yields:
1Y = Y|l x.)
< NYDM19Y || Lo o,1) + C log(N)N " ([0 K| Loo () I Lo ()
+Clleoll 0.1y (1Kl oo a) + N ™29 K] oo (a)
+1og(N)N " [13;" K|l L= (a)), (62)

which shows that the estimation of |[Y — YV 0,1y relates to |leg |l 0,1)-
Now, we begin to estimate ||eg]| . (0,1).
Subtract (6) from (4):

y() —y; = e (t;) + ex(t), (63)
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where,

t
Y1) = g(0) + / K, )y (s)ds,
0

e (1) := £z, Y(1)) — £z, Y (1)),

N
~ t
Y@) :=g)+ 3 ;K(I, s(t, v))YY (s (2, v(k))wy,

ex(t) :=£(2, Y(1)) — £z, Y(1)).
Multiply L;(¢) to both side of (63) and sum up fromi = 0 to N:

IN @) — ¥y (1) = In(e)(®) + In(e2) (1), (64)
which can be written as:
eo() =U—In)Y)®) + Unv — I)(e)(@) + In(e)(®) + e (2). (65)

Next, we estimate each term in the right-hand side of (65).
We first estimate (I — Iy)(y)(¢) in (65). By Lemma 4:

I = I,y < CNY2™ 37y Lo 0,1y
= CNYD=™ 3¢, Y (D e.1)- (66)
Now, we begin to estimate (Iy — I)(e1)(¢) in (65). By Lemma 4 with m = 1:
I(In = D(eD)llo,1) < CN™23} 1| L0,1)- (67)
Note that:
d'er(r) = 9} £, Y (1)) — 3} £, Y(1))

o, £, Y)Y (1) — 8L £, Y)Y (1)

3! £, Y (1)) — 9} £, Y(1))

+(@,, 81, Y1) — 0,82, Y)Y (1)

+a, 82, Y)Y (1) — Y 1)). (68)

Next, we estimate each term in the right-haEd side of (68).
We first estimate 9] f(z, Y (1)) — 0. £(z, Y (1)) in (68). By Lemma 2:

19} £, Y (1)) — 3} £, Y (1))

< Cl192, fll 1@ [Y(®) — Y (). (69)
By Lemma 1:
IY(1) = Y(0)| = | [yK(t., )eo(s)ds| < CIIK]|a)lleollz=,1)- (70)
Combine (69) with (70):

19} £, Y (1)) — 9} £, Y (1))
< C192 ,fllo@ Kl =) leoll L= .1)- (71)
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Now, we begin to estimate (3., £(7,Y (1)) =9, £(z, Y(1)))Y' (1) in (68). By Lemma 1:

22

0,8, Y(0)) — 0,8, Y)Y (1)]

< Cl@y,f(1. Y1) — 3, £, YONIY ()]
< CIIY'l| o0, | (9,82, Y(2) — 0,82, Y(©))]. (72)
By Lemma 2 and (70):
(0, £(2, Y (1)) — 8, £, Y (1))
< CllaZ Lo Y () — Y1)
< CI|3122f||L°°(Q)IIK||L°0(A)||00||L<>0(0,1)~ (73)
Combine (72) with (73):

|0, £, Y(0)) = 8,82, Y)Y ()]
< CIY [l 0,119, Fll Lo () 1Kl Lo (a) l€oll Lo 0, 1)- (74)

Now, we begin to estimate azlzf(t, Y)Y (1) — ?/(t)) in (68). By Lemma 1:

o) £, Y1) (Y' (1) = Y (1))
Cla i, Y)Y (1) = Y (1)

IA

t
= Clo} £l e8] fo K, s)eo(s)ds]

IA

C 1958l L) ll€oll Lo 0.1y (1Kl oo (a) + 19, Kl Lo (a))- (75)
Combining (68) with (71), (74), and (75) yields the estimation of 8,1e 1 in (68):
19} e1llL.1) < Clleollzoo.1) (1K L) (1182, fll (@)

+1195, £l oo @) 1Y | Lo 0.1) + 195l Lo (2))
+119,, Ell oo 119, K| Lo (1)) (76)

Combine (67) with (76):
Iy = D(eDllzo.1) < CN™2|leoll Lo, 1y (K oo a) (11025, fll L)
1197 fll oo @ 1Y | Lo 0.1) + 195, Fll L ()
11951l Lo () 13, K| Lo () (77)

Now, we begin to estimate I (ez)(#) in (65). By Lemma 4:
[ 1n (€2)lIzo(0,1) < Clog(N)llezllL=(o,1)- (78)
By Lemma 2:
le2(1)| = I, Y(1) — £, Y(0)| < CllaL flre@ Y =Y. (79)
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By Lemma 6:
Y1) =Y (@) < CNT™|97K(1, 5(2, N1 llyY (st Dllzes-1.1)
< CN7""K (@, ) o0 IyY 12 0.0)- (80)
Thus,
IY = Y|,y < CN™ 10" K| oo () YN 2 c0.1)

<
< CN7"18{"K|lL>(ay(lleollL=(0,1) + I¥llL>0,1))
< CN7"10{"K|Leay(leollL=,1) + Ifllze@).  (81)

Combine (78) with (79) and (81):

17n(€2) [l L 0.1
< Clog(N)N ™" |13, fll Lo 10" K| Lo (a) (leoll L0, 1) + fll L@)-  (82)

Now, we begin to estimate e (¢) in (65). By Lemma 2:

A

ler()] < Cllo,fllll (@) [Y() — Y1)

IA

t
CllaLflll o /0 IK (1, 5)lleo(s)lds

IA

t
ClIAL Al e 1K ) /0 leo(s)]ds. (83)
Combining (65) with (66), (77), (82), and (83) yields the Gronwall inequality
of |eg(t)]:
leo ()] < v(t) + Cll9, £l [l oo 1Kl L () [y l€o(s)|ds, (84)
where,

v(t) == CNY2ZM PG, Y (Do)
+Clog(N)N ™" |3, £l Lo () 19K oo (a) 1]l L (2)
+CN~2legll oo o, 1) (1Kl 2o (a) (132, Fll Lo ()

1197, fll Loo (@ 1Y | Lo 0.1) + 135, Lo () + 113, Ell oo ) 18, Kl oo ()
+C log(N)N " 13, £l Lo () 19" K| oo (a)).- (85)
By Lemma 7:
lleollLo,1) < ClivliLe,1)s (86)
which can be written as the following form if NV is sufficient large,
leollze@.1) < CNYD7™ 178, Y( ) [l 0.1)
+Clog(N)N " (19, fll L) 107 Kl Lo (a)-Ifl Loy (87)
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Table 1 Errors versus N
(example 1) N 2 5 10 15 20

€(N) 6.77e—07 1.78e—15 5.33e—15 5.33e—15 3.55e—15
E(N) 3.87e—07 1.89e—15 2.89e—15 2.89e—15 1.33e—15

Combine (62) with (87):

1Y = YN = 0.1)

< CNYD7(13Y || Losco.1) + log(N)N ™20 K| Lo ) Il L)
U1 ECL Y (D)l oco.1) + Clog(N)N ™2 18, fl| oo ) 19 K| Lo () 1l Lo (2))
(1Kl zooa) + N2/ K] Loy + 1og(NIN " 97 K| Lo (). (88)

which lead to (48). O]

5 Numerical experiments

If the expression of exact solution Y(¢) to VIEs (1) is given, we investigate the
following numerical errors:

E(N) := max{|]Y(t) = YN(1)| : t =i/100,i =0, 1,---, 100},
otherwise, we investigate following numerical errors:

€(N) := max{|Y" (1) — g(t)—S@)|:t=1i/100,i =0,1,---,100},

10
¢ . e
10°® ¢ &(N)
10 é
w 10071 E
o
w12
107°F 2
107} ]
P 4 9, Re, V'O, K Ik X
¥303083005%00883
-16
10 : - :
0 5 10 15 20

N

Fig.1 Example 1: Errors versus N
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Table 2 Errors versus N
(Example 2) N 2 10 20 30 40

€(N) 3.08e—01 4.75e—04 1.19e—06 4.12e—09 1.34e—11

where,
;30
S() 1= ) K, s(t, v (1, ), Y (58, D)),
k=0
and O, W, k = 0, 1, ---, 50 are Legendre Gauss points of order 50 on the interval
[—1,1].

Example 1 Consider the following system of VIEs:

t
y1(#) = 1 —sin(1)(cost — cos2t) + / sin(t + s) sin(y1(s) + y2(s) — y3(s5))ds,
0
'
y2(t) = 1 —cos(1)(sin2¢ — sint) + / cos(t 4 5) cos(y1(s) + y2(s) — y3(s))ds,
0

t
(1) = 1 —el(l _e—t) +f eS—t+y1(‘V)+)’2(S)—y3(s)ds. (89)
0

Exact solutions are y1(t) = y(t) = y3(t) = 1.

This example is provided to investigate the difference between £(N) and €(N).
Numerical errors are recorded in Table 1 and plotted in Fig. 1. Numerical error results
show that £(N) and €(N) almost have the same performance. Based on this, it is
reliable to investigate performance of numerical errors by €(N) if expressions of
exact solutions to VIEs (1) are not given.

10°
o *&(N)
.
.’,
.’/
%
107 ..
.
® .,
S e,
= ‘e,
L /./,.,
107} Yo
‘®
10"° : : ‘
0 10 20 30 40
N

Fig.2 Example 2: errors versus N
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Table 3 Given functions

(example 3) Case g(n) K, s) £(r, Y(1))
Case I t12gy(1) Ko(t, s) fo(r, Y(1))
Case II 2 (1) 12K (1, 5) fo(t, Y (1))
Case III NG) s12Ko(t, s) fo(r, Y (1))
Case IV go(t) Ko(t, s) fo(t'/2, Y (1))
Case V g () Ko(z, ) fo(t, Y(1))

Example 2 Consider VIEs (1) with the given functions as follows:

sin ¢ sin(t + Y1 (2) + Y2(2) — ¥3(1))
g(t) = | cost |, f£(t,Y() = | cos(tY1(t)Y2(2)Y3(2)) , (90)
e o Y1(D—1V2()=Y3()

sin(t + s) sin(t — s) sin(ts)
K(t,s) = | cos(t +s) cos(t —s) cos(ts) | . ©n
et+s el=s e’
This example is provided to underline the role of N on the performance of numer-

ical errors decaying. Numerical errors are recorded in Table 2 and plotted in Fig. 2.
Errors decay exponentially. This is consistent with the theoretical result.

Example 3 Assume that:
g () =[1; 1; 1],
Ko(7,5) =1[1,0,0;0,1,0; 0,0, 1],
3 3
fo(t. Y(1) = [sin(t + Y _ yp(1): cos(t [ | yp(2)); ! OO+,
p=1 p=1
Consider VIEs (1) with the given functions listed in Table 3. We investigate the role
of m, the index of regularity of given functions, on errors decaying. It is worth noting
that in each case listed in Table 3, one of the given functions is not smooth enough.
Numerical errors are recorded in Table 4 and plotted in Fig. 3. Numerical results

show that given functions possess more regularity, and errors decay faster. This is
consistent with the theoretical result.

Table 4 Errors versus N (example 3)

N 2 10 20 30 40
€(N) for case I 1.82e—01 4.56e—02 2.38¢—02 1.61e—02 1.23e—02
€(N) for case I1 9.15¢—02 2.33e—04 3.35e—05 1.04e—05 4.48e—06

€(N) for case III 4.72e—02 1.56e—04 2.23e—05 6.92e—06 2.99e—06
€(N) for case IV 3.86e—02 6.37e—05 7.51e—06 1.86e—06 8.86e—07
€(N) for case V 5.05e—02 9.79¢e—06 5.84e—10 4.40e—14 3.41e—15
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10 : : ‘
H
0.6
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10, 10 20 30 40
N

Fig.3 Example 3: Errors versus N

6 Conclusion and future work

We investigate the Chebyshev spectral collocation method for the system of nonlin-
ear VIEs. In the present method, we choose Chebyshev Gauss points as collocation
points, approximate integral term by Legendre Gauss quadrature formula, and finally
obtain the numerical solution. We provide convergence analysis for the present
method to show that numerical errors decay exponentially. We carry out numerical
experiments to confirm the theoretical result.

Our future work will focus on nonlinear VIEs with weakly singular kernels.
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