S
Numer Algor (2019) 81:125-149 @ CrossMark
https://doi.org/10.1007/s11075-018-0538-7

ORIGINAL PAPER

Modified Kantorovich operators with better
approximation properties

Vijay Gupta! - Gancho Tachev? - Ana-Maria Acu®

Received: 27 September 2017 / Accepted: 30 April 2018/ Published online: 18 May 2018
© Springer Science+Business Media, LLC, part of Springer Nature 2018

Abstract In the present paper, we study a new kind of Bernstein-Kantorovich-
type operators. Here, we discuss a uniform convergence estimate for this modified
form. Also, some direct estimates, which involve the asymptotic-type results, are
established. Some numerical examples which show the relevance of the results are
considered.

Keywords Approximation by polynomials - Kantorovich polynomials -
Voronovskaja-type theorem

Mathematics Subject Classification (2010) 41A25 - 41A36

b4 Ana-Maria Acu
acuana77@yahoo.com

Vijay Gupta
vijaygupta2001 @hotmail.com

Gancho Tachev
gtt_fte@uacg.bg

Department of Mathematics, Netaji Subhas Institute of Technology, Sector 3 Dwarka,
New Delhi, 110078, India

Department of Mathematics, University of Architecture Civil Engineering and Geodesy,
BG-1046, Sofia, Bulgaria

Department of Mathematics and Informatics, Lucian Blaga University of Sibiu, Str. Dr. I. Ratiu,
No.5-7, RO-550012 Sibiu, Romania

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-018-0538-7&domain=pdf
http://orcid.org/0000-0003-1192-2281
mailto: acuana77@yahoo.com
mailto: vijaygupta2001@hotmail.com
mailto: gtt_fte@uacg.bg

126 Numer Algor (2019) 81:125-149

1 Introduction

The Bernstein operators were introduced by S.N. Berstein [3] in 1912 in order
to prove Weierstrass’s fundamental theorem [18]. For f € CJO0, 1], the Bernstein
operators of degree n with respect to f are defined by

& k
Bn(fs x) = an,k(x) f (;) , X € [Oa 1]9 (1)
k=0

n

k
k > n. It is known that

where p, (x) = )xk(l —x)" % k=0,1,....,n, and p,(x) =0, ifk < 0or

Pnkx) =1 =x) pro1k(®) + X pa1h-1(x), 0 <k <n. (@)

For a long time, the order of approximation of Bernstein operators was intensively
studied. Using the first modulus of continuity, T. Popoviciu gave a solution of this
problem in [14] and [15]. An asymptotic error term of the Bernstein operators was
first given by Voronovskaja [17]. Later, this result was extended by the authors of
[6-8, 10, 11, 16].

In a recent paper, H. K. Arab, M. Dehghan, and M. R. Eslahchi [2] have introduced
modified Bernstein operators to improve the degree of approximation as follows:

B (fx) =" piit @) f<5>, x €0, 1], 3)
k=0 n
P ) = ate.n) puo1x(0) +a(l —x,n) pa-t a1 () @)
and
a(x,n) =ai(n) x +ag(n), n=0,1,..., 5)

where ag(n) and aj(n) are two unknown sequences which are determined in an
appropriate way. For a(n) = —1, ag(n) = 1, obviously, (4) reduces to (2).

2 Kantorovich operators of order I

The Kantorovich variant of sequences of linear positive operators is a method to
approximate an integrable function on [0, 1]. These operators were introduced by
Kantorovich [12], and from the approximation point of view, Kantorovich operators
attracted attention and have been extensively studied. Ozarslan and Duman [13] con-
sidered a modified Kantorovich operators and showed that the order of approximation
to a function by these operators is at least as good as that of ones classically used.
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Dhamija and Deo [4] introduced a King-type modification of Kantorovich operators
and proved that the error estimation of these operators is better than the classical
operators. Inequalities for the Kantorovich-type operators in terms of moduli of con-
tinuity were studied in [1]. In this paper, the results of H. K. Arab et al. are extended
to the classical Kantorovich operators as follows

k+1
n ntl
KM fo=0+D> pw / fdt. ©6)
k=0 %
n+1

Lemma 2.1 The moments of the operator K,IIVI 1 are given by
i) K,i”’l(eo;x>=2ao<n>+a1(r1z);
i) Ki'l'ensx) = s———{2xQao(n) + ai(m)n — day(n)x + 4ao(n)
2(n +1)
—4xap(n) +3a;(n)};
i) KMl(eyx) = 17 {3x2(a1(n) + 2ag(n))n* — 3x(5a1(n)x + 6xag(n)
—6ag(n) — 4a; (n))n + 12a;(n)x? — 18xap(n) — 18a; (n)x + 8ap(n)
+Tay(n) + 12x2a0(n)} .

Lemma 2.2 The central moments of the operators K ,I,W 1 are given by

-2
i) KM —xix) = z(n—+);)(3”“(”) + dag(n));
i) KM@ -0y = (3x(x — 1) Qap(n) 4+ a1(n)) n — 8agp(n)

3+ 1)2
—Tay1(n) + 27a; ()x — 27a; (n)x% + 30xap(n) — 3Ox2a0(n)};
1
i) KXY - otx) = SR {15x2(1 — x)%Qag(n) + ay(n))n?

+5x(1 — x)(1 = 2x)221la; + 26ag)n — 285a;(n)x + 32ap(n) + 3la;(n)
+930a; (n)x? — 290xag(n) — 1290x3a; (n) + 645x*a; (n) — 1300x3ay(n)
+650x*ag(n) + 940x2a0(n)}.

In order to study the uniform convergence, we consider that sequences a;(n),
i =0, 1 verify the condition

2a9(n) + a1 (n) = 1. (7

We will consider the following two cases for unknown sequences aop(n) and aj(n):
Case 1. Let

ap(n) = 0,ap(n) +aj(n) > 0. (3
Using condition (7) we obtain 0 < ag(n) < 1 and —1 < a1(n) < 1, namely the

sequences are bounded. In this case, the operator (6) is positive.
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Case 2. Let
ap(n) < 0oraj(n)+ap(n) <O. )

If ap(n) < 0, then a;(n) 4+ ag(n) > 1 and if a;(n) + ap(n) < 0, then ap(n) > 1. In
this case, the operator (6) is not positive.

Theorem 2.1 Let aj(n), ag(n) be two sequence which verify the conditions (7) and
®). If f € C[0, 1], then

Jim KPU(f ) = £,

uniformly on [0, 1].

Proof Since the sequences a1 (n), ag(n) are bounded using the well-known Korovkin

Theorem and Lemma 2.1, it follows the uniform convergence of the operators K ’11\/1 o1
O

The above result can be extended for Case 2. In order to prove this result, we recall
the extended form of the Korovkin Theorem:

Theorem 2.2 [2, Theorem 10] Let 0 < h € Cla, b] be a function and suppose

that (L,)n>1 is a sequence of positive linear operators such that lim L,(e;) =
= n—oo

he;,i = 0, 1,2, uniformly on [a,b]. Then for given function f € Cla, b] we have
lirrolo L,(f) = hf uniformly on [a, b].
n—

Theorem 2.3 Let f € C[0, 1]. Then, for all bounded sequences ay(n) and ao(n) that
satisfy the conditions (7) and (9), we have

Jim KPL(f ) = o),

uniformly on [0, 1].

Proof Denote

k+1

KM = i+ DY [~aimapu—1x () — ai(n) pa-ix—1(0)] f " s

_k_
k=0 n+1

KXY = a4 DY [ao0) pus1k (o)

k=0

+ (—ai1(n)x + ap(n)) pa—1.k—1(x)]

The operators K, ,],V[ ! can be written as follows:

KM = K5 (fx) = KGO ).
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The moments of the operators K ,’lwi’], i=1,2 are calculated below:

KM eor x) = —arm)(x + 1): K (er: x)

= lal(”l) |:2x(x+l)nn (2x+3)(17x):|;

T2 +1 n+ 1
KMV ey x) = —~ay () | 322G + 1) " Gx +4)(1 — x)——
w1 (€23 X) = 3a1n x“(x 1) x(3x X w12
6x3 — 1lx+7 |
(n+1)? '
K5 (eos x) = —ai (m)x + 2ag(n);
KM e x) = [2x<—a1(n)x +2ap(n) —
n2 AL n+1
+2a1(n)x2 — 4ag(n)x — 3ay(n)x + 4ag(n) |
n+1 ’
KM ey x) = ! 3x2(—ay (n)x + 2ao(n)L — 3x(=3a; (n)x% + 6ag(n)x
n,2 ’ 3 (n + ])2
n
+4day(n)x — 6“0("))m
—6a1(n)x3 + 12ao(n)x2 + l2a1(n)x2 — 18ag(n)x — Ta;(n)x + 8ag(n)
(n+1)? ’

From Case 2, it follows that (ag(n) < 0,a;(n) > 0) or (agp(n) > 0,a;(n) < 0);
therefore, the extended form of Korovkin Theorem can be applied to K ’lel 1’1 and K.
Using the above relations and Theorem 2.2, we obtain

lim K (f1x) = ~li (140 f (),
Tim K5 (f3x) = (1= (14 0) f (o),

where [; = nlingoal(n). Therefore, nlglgo K,f”’](f;x) = f(x). O]

Theorem 2.4 Let a;(n) be a convergent sequence that satisfies the conditions (7)
and (8) and l; = lim a;(n), i =0, 1. If f” € C[0, 1], then
n—>0oo

1 1
Jim (K (P20 = £(0) = 5 (120 Gh+410) £ ()45 2 (1=0) Qlo+1) £ ),

uniformly on [0, 1].

Proof Applying the Kantorovich operators K, ,I,VI 1 to the Taylor’s formula, we obtain
1
K0 = @) = KM= w0 £/ + 5K (6= 0% x) £100

FEMI (9(:, O — )% x> ,
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where 6 € C[O0, 1] and tlim 6(t,x) =0.
—>Xx

Using the Cauchy-Schwarz inequality for the positive operators K, ,I,M 1 we get
KM (9(:, O — %) x) < \/K,i‘“ (02, x); x)\/1<,i”~l ((t = x)% x).

Since Gz(x, x) = 0and 92(~, x) € CI0, 1], by Theorem 2.1, we obtain

lim K1 (6%, x); x) =0
n—od
uniformly with respect to x € [0, 1]. Therefore, from Lemma 2.2, we obtain
lim nK M (9(r, O —x)2 x) =0
n—oo

Using the results from Lemma 2.2, the proof of this theorem is completed. O

Now, we extend the results from Theorem 2.4 when the operator K,i”’l is
nonpositive, i.e., the sequences ag(n) and a; (n) satisfy (7) and (9).

Theorem 2.5 Leta;(n),i = 0, 1 be bounded convergent sequences which satisfy (7)
and (9) andl; = lim a;(n),i =0, 1. If f € C[0, 1]1and f" exists at a certain point
n—oo

x € [0, 1], then we have
nlggo n[KY N (fix) = f(x)] = %(1 — 2x) (311 + 4lo) f' (x)
F2E0 =0 C ). (10)
Moreover, the relation (10) holds uniformly on [0, 1] if f” € C[O0, 1].

Proof Again, as in the proof of Theorem 2.4, applying the Kantorovich variant K ,I,VI 1
to the Taylor’s formula is sufficient to show that

lim nKM 1@, x)(r — x)*; x) = 0. (11)
n—oo

Here, we cannot use Cauchy-Schwarz inequality because K, ,I,VI !isnota positive linear
operator in this case. From (4) and (6), we may represent K, ,[ZW 1 as

n—1 k+1 k+2
KX (0= 41D puciao) {a(x, n)/” F@0)dt +a(l —x,n) / f(t)dt} .
n+1

Kk
k=0 n+1
(12)
Let ¢ > 0 be given. There exists a § > 0 such that if |t — x| < § then |0(¢, x)| < ¢.
We denote
k
A= {k: ——x|<68,k=0,1,2,--- ,n} and

n

5= v

>8,k=0,1,2,~-~,n}.
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The boundedness of the sequences a;(n), i = 0, 1 implies that there is a constant
C > O such that |a(x, n)| < C. From (12), it follows

n—1

k+1
K000 = 50)] < Ct DY 1k<x>/ 60, )1t — x)%dr

n—1

k+2
+C+ 1)) pa- 1k(x)/ 16, )](t — x)*dt.
ktl
k=0
(13)
Let k € A. Hence, |6(¢, x)| < €. Therefore, we get
n—1

K O, 0 = 0% 0] 2600+ 1D Y peik)

k=0
k+1 k+2
X (/k (t — x)%dt +/ (t— x)zdt>
n+l1 %
ZEC 2
=0 e |3x(1—x)n +15x2 — 15x + 4} . (14)
Let k € B. We denote M = sup |0(¢, x)|(t — x)z. Then |6(7, x)|(t — x)® <
0<r<l1

M [k 4
— (— - x) . From (13), we get the following upper bound

54
oMC "=t k 4
T D Pr1k(x) (; - x)
k=0

KM 0, ) - 2% )| <

=a {3x (1—x)2n2 4 x(1—x) (2652 — 16x+ D+ (2x — 1) (12x> 12x—|—1)x} .
(15)

The relations (14) and (15) lead to (11) and the proof of Theorem 2.5 is completed.
O

Remark 2.1 'We point out that the proofs of Voronovskaja-type estimates [2, Theo-
rem 8 and Theorem 13] are not correct because the relevant upper bounds (15) for
modified Bernstein operator when using only the second central moment (instead of
the fourth central moment) are not enough to get the proofs. Nonetheless, Theorem
8 and Theorem 13 are true.

Our next result is a direct estimate for the operators K ,11‘/1’1

Theorem 2.6 If f(x) is bounded for x € [0, 1], ap(n), a1 (n) satisfy (7) and a;(n) is
a bounded sequence, then

forn =35, (16)

KM — £l < %(3|a1(n)| + Do (f; %)
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where || - || is the uniform norm on the interval [0, 1] and w(f, 8) is the first-order
modulus of continuity.

Proof From Lemma 2.1 (i), condition (7), and representation (12), we obtain

n—1 k41

K0 = () <|a1(n)x+ao(n>|<n+1>2pn 1k<x>/"+'
£ (6) = f(x)ldt

n—1 k+2

Har (1= x) +agmle + 1Y paei ) /

k=0

|f @) — f)ldt

n—1 k+1

o
< Ial(n)erao(n)l(nJrl)an lk(x)/k o(f; |t—x))dt
k=0 n+1
n—1 k+2

Har ()1 —x) + ag@|(n+1) Y pu- lk(x)f"“
k=0
w(f; |t —x|)dt.

It is known that

o(f; 1t —x) < (1+ﬁ|t—x|)w< %) (17)

Therefore,
K (0 = £ = lar(x + ao(m) (f' i)
o B i

[ +(n+1>f2pn e [ |t—x|dt}

ko
nt1

1
+lai(n)(1 —x) +ao(n)| (f; ﬁ)
+2
[ +(n+1)f2pn 1k(x)/ll |t—x|dr}

n+1

From Holder’s inequality it follows:

k+1 k+1 2
/"H It — x|dt < /"“(t — ) (18)
. ~ Uy NZESY
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Consequently, the relation (18) and the Cauchy-Schwarz inequality lead to the
following relation:

KM (f:0) = f0)| < lar(m)x + ap(n)| (f; %)

1

n—1 kt1 2
X1+ m+1) (Z 10»171,k(x)/n+1 (t —x)zdt>

_k_
k=0 n+1

1
+lai(n)(1 —x) +ap(n)| w (f; ﬁ)

n—1 % %
x [ 1+ @+1) (an_l,k(x>/k+] (r—x)2dr> )

k=0 n+l

It is clear from (7) that

Sl ml+3. 20)

The same upper bound (20) holds for |a;(n)(1 — x) + ap(n)|. Hence, from (19) and
(20), we obtain

KM — fo)] < w‘“ <f; %)

a1 (m)x +ao(m)| = lar ()] +lao(m)] = |a1<n>|+‘%(")‘ <

_k_

1
n—1 k+2 2
x [24v2(m+1) (Z Pr—1.x(x) " (t—x)zdt) .21

k=0 n+1
Obviously,
n—1 k42
el 2(5—n) 4 1
) pn_l,k(x)/ (=0t == | —x oo | =), (22)
k. n+1) 3 5—n
k=0 n+l
Simple calculations show that
@) 1 3n+1 f > 5 23)
max gx) =gl =) =———, forn .
xe[O,l]g &\2 6(n+1)3 -

Now, the relations (21), (22), and (23) imply

M p oy 3 :
K, (fi%) f(X))§2(3|a1(n)|+1)w<f, (24)

o)

The proof of Theorem 2.6 is completed. O

Remark 2.2 We point out that in [2, Theorem 9] it was supposed that the modi-
fied Bernstein operator B,I,W 1ig positive, although the proof holds true also for the
cases when the operator is nonpositive. Of course we need that the sequence aj(n) is
bounded in the last case.
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1
Corollary 2.1 If f(x) is continuous on [0, 1], then ll)nolow <f; —) = 0, and thus,
n

Jn

another proof of the Theorems 2.1 and 2.3 is given.

Corollary 2.2 We say that f satisfies the Lipschitz condition of order r with the
constant k on [0, 1], i.e

|f(x1) = fx2)| < klx1 — x|, 7 > 0 for x1, x2 € [0, 1]
ifand only if w(f; 8) < k&". Therefore, if f satisfies the Lipschitz condition of order

r with constant k, then

3 :
1KLL = F1 < 5 Glaa()] + 1 kn 2. (25)

Corollary 2.3 Ifa;(n) = —1, the estimate (16) reduces to the original Kantorovich
operator.

Let us consider our modified Kantorovich operator K ,/lw 'Lin the case when e, €]
are reproduced, i.e,

2a0(n) + a;(n) = 1, 4ag(n) + 3a;(n) = 0.
3
Hence, a1(n) = —2 and ag(n) = > From (9), it follows that K,iw’l is a nonpositive

operator.
Let g, g" € C[0, 1]. We apply operator K,ﬁw’l to the Taylor’s formula and obtain

1
KM (g0 — g0 — S KM (005 x) "0 = SKI (06, 00— 0% %),
(26)
where 0(t, x) = g"(&x) — g (x) and &, is a point between t and x. Therefore,

1
00, ) < 0 (g, 1t — x]) < (1 + Valt — x]) o (g ﬁ).

3
It is clear that in our case, |a;j(n)x + ap(n)| < = for x € [0, 1]. Consequently, the
relation (12) implies that using the last two inequalities, we have

k+2

n—1
et =i =S ) [Sopain [, ot
k=0

A
n—1 %

VY i) [ |t—x|<r—x>2dr] @7
k=0 n+T

From the same calculations made in (14), it follows

n—1

k+2
- 4 / 1
<n+1)an 1k<x>fk o< =R S T o oy

with C1 > 0 an absolute constant independent of n, x.
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k  k+2
Concerning the second sum in (27), we observe that for t € ,
n+1 n+1
have
k k 3
2 3
t—x|t—x)" =t—xP=|t— —— -
It — x|t — )% = |t — x| — -
kP k 3
SCz(I— —Xx )
n—1 n—1

1
C
= 3((n+1)3+ n—

Consequently,

k+2
(n+1)f2pn lk(x>/ |t — x|t — x)*dt
)

n—1 2
C3 5/2 +\/_(an 1k(x)< ))

IA

k
— —x
n—1

G (:{—? + «/ﬁZPnfl,k(X)
k=0

IA

4
X(an 1k(X) ——x )

1-— 1
<G [5/2+I iCmb 2R S (29)
n
Finally, the estimates (27), (28), and (29) imply
’KM'I (9(: Xt —x)2'x>‘ <colw(f L (30)
n ) ) = n ) ﬁ .

Hence, we gave the proof of the following quantitative form of Voronovskaja-type

theorem for the operator K,[,VI’1 with ay(n) = =2, agp(n) = -
Theorem 2.7 For g € C?[0,1], x € [0, 1] fixed and K,I,VI’1 defined above, we have

1 1 1
K g0 =g = 3K (= 0% x) ' 0| = €= (g ﬁ> . 6D

where C > 0 is a constant independent of n, x.
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Corollary 2.4 For g € Cc?0, 1], x € [0, 1] fixed, we have

x(1-x) ,

Jim n [K2 (g5 ) = g0)] = g ),

Proof The proof follows immediately from Theorem 2.7 and Lemma 2.2, i), i.e,
1
KM ((r — 2 x) -0 (—) . (32)
n
O]

Corollary 2.5 For f € C2[0, 1, the following holds

C
162" e = gllcon < —llg" Il
Proof The proof is a simple consequence from (32) and (31) and the property
w(h, 8) = 2|llcro,1)- O
Remark 2.3 Theorem 2.7 gives another proof of the Voronovskaja-type estimate in

Theorem 2.5 for the special case aj(n) = —2, ap(n) = 3

Our next goal is to extend the direct estimate in Theorem 2.6 in terms of the
: .1
second-order moduli w; ( f; «/_71)

3
Theorem 2.8 For f € C[0, 1], aj(n) = =2, ap(n) = 3 the following holds true

1
IKM1f — Flicion < Can (f; ﬁ) (33)

Proof First, we observe that K,I,VI 1. [0, 1] — C[O0, 1] is the bounded operator,
namely from (12) it follows

IKMY Fllcro.n) < 2 (Jaom)] + lar ) Il £ llcro.1- (34)

It is known that the second-order modulus w;(f, t) is equivalent to the following
K -functional

Kotfidyi= inf {1 = gl + 218 lewon
€ »

More precisely from [9, Corrollary 2.7], we have

Ky(f, 1) < %wz(f, n,t=0, feC[0,1]. (35)
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Therefore,

IKMYf — Flicioa < IKXY(f — &) — (f — @lcioy + 1KM g — glicon

1 1
= Cillf —gllco.n + Cz;llg//llcm,l] =GC3 {llf — g+ ;llgﬁll} .

We take the infimum over all g € C2[0, 1], and using (35), we complete the proof of
Theorem 2.8. O]

Remark 2.4 Obviously, Theorem 2.8 is better than Theorem 2.6 because now we
have estimate in w; instead of w;. Also, we observe that for e, e1, e> in place of g(x)
in Theorem 2.7 in both sides of the inequality we have 0.

Remark 2.5 Voronovskaja’s Theorem says that the optimal rate of approximation for
the class C[0, 1] is exactly O (%) independent of how smooth is the approximated

function f (see [5, Theorem 5.1]). The same optimal rate of approximation (satu-

ration order) — is valid for Kantorovich operator (see [5, Theorem 6.3, p. 317]). In
n

3
this paper for our modified Kantorovich operator, when a; (n) = —2, ap(n) = > we

have from Corollary 2.4 order of approximation again 1/n, but in next Section, we
study a modification of the Kantorovich operator with order of approximation better
than 1/n.
In the next section for the second modification of Kantorovich operator K ’1:/1 ’2, we
will obtain even order of approximation O (—2> The price to be paid is that in these
n

cases, we lose the positivity.

3 Kantorovich operators of order I1

In this section, we will extend the previous results considering the modified
Kantorovich-type operators as follows:

n k+1
KM2(fi0 =+ DY pl2e [ por, (36)
k=0 n+l

where

P,]f;;z(x) =b(x,n)pu—2k(x)+dx,n)pp2k-1(x)+b(1 —x,n)py_2 r—2(x) (37)
and
b(x,n) = by(n)x* + by (n)x + bo(n), d(x,n) = do(n)x(l —x),

where b;(n),i = 0, 1, 2 and dy(n) are two unknown sequences which are determined
in the appropriate way. For by(n) = bo(n) = 1, b1(n) = -2, do(n) = 2, obviously
(37) reduces to (2).
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Lemma 3.1 By simple computation, we have

i) KM% (eo; x) = 2ba(n) — do(n))x? — 2ba(n) — do(n))x + by (n) + 2bo(n) +
b1(n);

1
i) K = s 202020 — do)x®  22ba(m) — doty)®

+2(ba(n) + 2bo(n) + br(m)x | n

—4(2by(n) —do(n))x> +7(2ba(n) —do(n)) x>+ (—14by(n) +3do (n) — 8bo (n) —
8b1(n))x

+5by(n) + 5b1(n) + 6bo(n)} ;

i) K¥%(eyx) = 3(2ba(n) — do(n))x* — 3(2ba(n) — do(n))x*

3(n + 1)2 {[
+3(b1(n) + 2bo(n) + by (m)x* | n?

+ [~15@ba(n) — do(m)x* +272ba(n) — do(n))x> + 3 (4do(n) — 17b2(n)
—10by(n) — 9b1(n)) x>

+ 6(3b2(n) + 4bo(n) + 3b1(M)x1n + 18(2b2(n) — do()x* — 422y (n) —
do(m))x> + (42b1(n) + 110b2(n) — 31dy(n) + 36bo(n)x> + (Tdo(n) —
74by(n) —48bo(n) — 54b1(n))x + 19b2(n) 4+ 20bo(n) + 1961 (n)} .

Lemma 3.2 The central moments of the operators K, ,{W 2 are given by

)K= = 5o | 2600 — do)x® + 9@ba(m — do)®
+(—16by(n) — 10b1(n) + 3dy(n) — 12bg(n))x + 6bo(n) + S5br(n) + 5hi(n)};
i) K (=0% 0= {[-3@b20m—do)x* + 62b2(n)—do ()

3(n+ 1)2
+(=3b1 (n) —9by (n)+3do (n) —6by (n)) x>+ (3b1 (n) + 6b0(n)+3b2(n))x] n+

33(2ba(n) — do(n))x*
— 66(2by(n) — do(n))x3 + (66by(n) + 69b1(n) + 155b>(n) — 40do(n))x2
+(7do(n) — 66bg(n) — 89by(n) —69b1 (n))x +19b>(n) + 20bo(n) + 1961 (n)).

In order to study the uniform convergence, we set K,I,VI ’2(6‘0; x) = 1, and this
yields:

2by(n) —do(n) =0, ba(n) + 2bo(n) + bi(n) = 1.

Using the above relations, we obtain

(2x — )(dbo(n) —35)
2(n+1)

{(24b0(n)x2 — 12bg(n)x — 33x2 + 18x)n

K,’lw’z(el;x) =x+4

1
K2 (exix) = x% + 3(n+1)2
—60bo(n)x> — 6b) (n)x” + 72bo(n)x + 6b) (n)x + 45x°

—18by(n) — 60x + 19}.
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In order to have lim K,]l”’z(e,'; xX) = xi, i =0, 1, 2, we consider the sequences bq(n)
n— 00

and b1 (n) to verify the conditions

fim 2% _0and tim 210

n—-o0o n n—oo p2

=0.

5
We propose our analysis for the case bg(n) = 7 and b;(n) = — g; therefore, by (n) =

-3
and do(n) = n — 3.
With the above choices, the operator (36) becomes

k+1

l
k’ fdt, (38)
T+

K2 (fx) = (n+ I)ank (x)

where

2 2

n n—3 2+6—n 1 )
X X — - — — .
) B 4 Pn—2k—2(X

-3 5
Pl = (” x? = Zxt Z) Pa-2.k() + (1 = 3x(1 = 1) o241 ()

Note that other choices for sequences bg(n) and b1 (n) lead to some operators with
order of approximation either one or two. In the following, we are concerning to
study the uniform convergence of the operator (38).

Lemma 3.3 The moments of the operators (38) are given by

i) (eo,x) =1;
i) (el,x) =X,
5, 10x(1 —x) 7

i R =2+ B+ D 6+

Lemma 3.4 The central moments of the operators (38) are given by
10x(1 — x) 7
(n+1)2 6(n+ 1)

i) Ky (-0 x) =

i) KM (0 -x)%x) = % {—14x(1 — x)n — 154x% 4 154x — 15},
n
5 n? 1
i) K}M? (¢t — x4 x) = —=3x%(1 —x)zm +0 (n_3>
2
. > M,2 _ 5. _ 2 . 2 n i
iv) Ky " ((r—x)°x) =45x*(1 —x) TSI +0 (n4)’
3

o M.2 . 3 N 1

V) K}'Ilw ((t — x)6s x) = —30x3(1 — X)g(n_i_—])ﬁ —|— O <n—4)
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Theorem 3.1 If f € C%[0, 1] and x € [0, 11, then for sufficiently large n, we have
o M.2 1
K, “(fix)—fx)=0 2

Proof Applying the Kantorovich operators K ,I,VI 2 to the Taylor’s formula, we obtain

6
B2 (0= =Y FO@EN? (=0 x) +KM2 (06,06 — 0% x).

k=1
where 111_1)1)16 o(t, x).
It is easy to check
n—3 k+l
KY2(fix) = (n+1)< 5 x? ——x+ )an 2,k (x) . f(oydt
n—2 k+2
oA DO =D =0 Y pa zk<x>/ fyd
k=0
_3 k+3
+M+JJ(n2 x2+ .x——>§:pnzk@)/ f(0ydr.

(39)

Let ¢ > 0 be given. There exists § > 0 such that if | — x| < § then |0(t, x)| < €.
We denote

k
Az{k:‘——x
n

<8,k=0,1,2,--~,n} and

k
- —x

B:{k:
n

25,k=0,1,2,~~-,n}.

Letk € A. Since |0(¢, x)| < &, from (39), we obtain

n—2 k£l

&2 (00, 0)¢ = 0% x)| = 20+ D +10) 2 pr2i) / (1 = x)°dt
n+
n—2 k+2
+- (n+1)(n—3)2pn 2,€(x)/+ (t —x)8dt + = S+ (1 +10)
k=0 n+l
n—2 k%
prn 2k<x>/ (t = x)°dr
N 105x(1 — x)°n? I\ _ (1]
—E(n+1)(n+4){w+o<n—5)}—O(ﬁ>~ (40)
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Let k € B. We denote M = sup |0(z,x)|(t — x)6. Then, |0(r, x)| ¢t — x)® <
0<t<l

M [k 6 .
— | — — x| . We get the following upper bound

86 \n
-2 6
5M,2 6. (n+4M k_
&2 (00, 00— )| = P2 X piasto (G =

n+4HM [15x3(1—x)3 1 1
= O - :O - .

256 { n3 + n? n?
41)
From (40) and (41), the proof of theorem is completed. O]

4 Kantorovich operators of order III

Using the approach as in the previous section, we construct a third-order approxima-
tion formula. Let us consider the following modification of Kantorovich operators:

k+1

K30 =+ 0 Y oo [ rwar, “2)
k=0

k
n+1
where
P ) = b, m) puax(x) +d @, 1) puag—1(x) + &, 1) pr_ai—2(x)
+d(1 = x, 1) pr—sk—3(x) + b(1 — x, 1) py_s k—a(x)

and

b(x,n) = ba(n)x* + b3(n)x> + by(n)x* + by (n)x + bo(n),

d(x,n) = dy(n)x* + ds(n)x* + dy(n)x* + dy (n)x + do(n).

e(x,n) = éo(n)(x(1 — x))2.
We note that b;(n), di(n),i = 0,1, ...,4, and ep(n) are some unknown sequences

which are determined in an appropriate way. Let K ,I,W 3 be the operator (42) with the
following sequences:

- 137 - 69 17 - n? . 115 5 1
bo(n) = =, bi(n) = —— — —n, by(n) = —, b3(n) = — + >n— —n*
o(n) 7 1(n) s " 2(n) 3 3(n) G +2n 2"
Batn) 101 43 +12
n)=-——— ——n+-n-,
4 8 24" "%
) = 43 g()_45+5 g()_us 12+15
oln) = 36’ 1’1—4 471, 2(n) = 1 2n 4n,
- 533 73
d = — 2__7
3(n) ¢ tn 5"
F 101+43 12~() 303 43 3,
n)—=-— —n — —n eeén) =——— — —-n-.
4 2 "6 2% 4 4 T4
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Lemma 4.1 The central moments of the operators K ,/,W 3 are given by

i) KYP@—xx0) =K - 0% x) = ”M’3<<z—x>3-x>=o;
ii) K,’,”’3((t 0% 1) = x(1 —0)(135x2 — 135x +23)— 4+ O L ;
( ])4 n4

> M,3 5. _ 55 . 201 L .

i) Ky (@t —x);x)= —2(n+1)5(2x Dx2(1 —x)n +(’)(n4>,
M3, 6. 15001 —x)3n? (i>

v) Ky X),x)——( T8 +0 )

) RN - 070 = R - 0fix) = (%)

v) KM —0% 0 = KV - 010 x) = O(}%)

The asymptotic order of approximation of I%,Z,M 3 to f when n goes to infinity is
given in the following result:

Theorem 4.1 If f € C'°[0, 1] and x € [0, 1], then for sufficiently large n, we have
= 113 1
Ko (fix0) = f)=0(-3 .

5 Numerical results

In this section, we will analyse the theoretical results presented in the previous
sections by numerical examples.

Example 5.1 The convergence of the new modifications of the Kantorovich oper-
n

ators is illustrated in Fig. 1, where f(x) = sin(2nx), n = 10, ay = ol
n

and a; = . Note that the approximation by the modified Kantorovich oper-

1
2 +1
ators Kn , i = 1,2,3 is better than using the classical Kantorovich operator
Ko Let By () = 70 ~ Ko )] and 275 0) = ) = R (fi0)
i = 1,2,3 be the error function of the Kantorovich operators, respectively, the
modified Kantorovich operators. Also, the error of approximation is illustrated in
Fig. 2.

Example 5.2 Let us consider the following function f(x) = ‘x — % ‘ cos(2mx). It can

be observed that f € C[0, 1], but it is not differentiable at the point x = 0.5. Forn =

1
10, ap = % and a; = ——, the convergence of the modified Kantorovich
n
operators to function f(x) is illustrated in Fig. 3. Also, the error functions E, and

E,[Zw’i, i =1, 2,3 are given in Fig. 4.
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1_
- :; .<§\
ECEEN
J) \\\
0.5 . L
o)
R A\
4 A%
/
0 T T
0.2 0.4
-0.51
_1_
f(x) =sin(2m) -0 K (fix)  —— K" (fx)

==K K

Fig. 1 Approximation process

0.7
0.6 -
0.5+

0.4 4

Fig. 2 Error of approximation
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f(x) =x —0.5|cos(4 mx)
== K" (f)

Fig. 3 Approximation process

0.3 1

Fig. 4 Error of approximation
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Fig. 5 Approximation process of K,

Fig. 6 Error of approximation E,
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A

X
J15) s B Ay — = Kg'(fx) == K (£ix)

Fig. 7 Approximation process of I%,I,w o1

Fig. 8 Error of approximation E,I,w o
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X
Sl e K2 (fix) — — Kyg 2 (fx) = — K32 (£%)

20

Fig. 9 Approximation process of I%,I,W 2

0.25 1
0.20 1
0.15 1
0.10 1

0.05 1

Fig. 10 Error of approximation E,iw 2
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Fig. 11 Approximation process K ,],u 3

0.08 1

0.07 1

0.06 1

0.05 1

0.04 1

0.2 0.4 0.6
X
_E%‘g(ﬁx) ..... E%’}(  x)

Fig. 12 Error of approximation E,I,VI 3
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(263

. The behaviors of the approximations K, (f; x), I?,I,‘/I’i(f; x),i=1,2,3

Example 5.3 Let us consider the following function f(x) =

(-3

and their error functions E,(f; x), E,/,W’i(f;x) forn = 5,10, 20, ag = s

1
a; = —— are illustrated in the Figs. 5, 6,7, 8,9, 10, 11, and 12.
2n+1
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