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Abstract In this paper, basing on the subgradient extragradient method and iner-
tial method with line-search process, we introduce two new algorithms for finding a
common element of the solution set of a variational inequality and the fixed point set
of a quasi-nonexpansive mapping with a demiclosedness property. The weak conver-
gence of the algorithms are established under standard assumptions imposed on cost
operators. The proposed algorithms can be considered as an improvement of the pre-
viously known inertial extragradient method over each computational step. Finally,
for supporting the convergence of the proposed algorithms, we also consider several
preliminary numerical experiments on a test problem.
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1 Introduction

Let H be a real Hilbert space with the inner product (-, -) and the induced norm || - ||.
Let C be a nonempty closed convex subsetin H.Let A : H — H be an operator. The
variational inequality problem (VIP) for A on C is to find a point x* € C such that

(Ax*,x —x*) >0 Vx € C. 1)

Letus denote VI (C, A) by the solution set of VIP (1). Variational inequalities the-
ory, which was introduced by Stampacchia [46], arise in various models for a large
number of mathematical, physical, regional, social, engineering, and other problems.
The ideas and techniques of the variational inequalities are being applied in a variety
of diverse areas of sciences and proved to be productive and innovative. It has been
shown that this theory provides a simple, natural, and unified framework for a gen-
eral treatment of unrelated problems. In recent years, considerable interest has been
shown in developing various extensions and generalizations of variational inequali-
ties, both for their own sake and for their applications. Recently, much attention has
been given to develop efficient and implementable numerical methods including pro-
jection method and its variant forms, see [12-15, 20, 32, 38-40, 50, 51, 54]. The basic
idea consists of extending the projected gradient method for solving the problem of
minimizing f(x) subject to x € C given by

X1 = Pc(xp —an v f(xp)), n=>0, ()

where {«;, } is a positive real sequence satisfying certain conditions and Pc is the met-
ric projection onto C. For convergence properties of this method for the case in which
f : H — R is convex and differentiable function, one may see [1]. An immedi-
ate extension of method (2) to VIP is the projected gradient method for optimization
problems, substituting the operator A for the gradient, so that we generate a sequence
{x,} in the following manner:

Xnt1 = Pc(xy, — apAxy,), n=>0.

However, the convergence of this method requires a slightly strong assumption
that operators are strongly monotone or inverse strongly monotone, see, e.g., [55]. To
avoid this strong assumption, Korpelevich [31] introduced the extragradient method
for solving saddle point problems, and after that, this method was further extended
to VIPs in both Euclidean spaces and Hilbert spaces. The convergence of the extra-
gradient method only requires that the operator A is monotone and L-Lipschitz
continuous. More precisely, the extragradient method is of the form:

Yn = Pc(x, — TAxy,),
Xp41 = Pc(xp — TAyy),

3)

1
where t € (0, Z) and Pc is denoted by the metric projection from H onto C. If the

solution set VI (C, A) is nonempty, then the sequence {x,} generated by process (3)
converges weakly to an element in VI(C, A).

In fact, in the extragradient method, one needs to calculate two projections onto
C in each iteration. Note that the projection onto a closed convex set C is related
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to a minimum distance problem. If C is a general closed and convex set, this might
require a prohibitive amount of computation time. To overcome this drawback, Y.
Censor et al. in [13] modified this algorithm and called it the subgradient extragradi-
ent method. The purpose of this modification is to replace two projections onto C by
one projection onto C and one onto a half-space. Let us note that the projection onto a
half-space is easier to compute. The subgradient extragradient method is of the form:

yn = Pc(x, — TAxy,),
Ty ={x € H|{xn — TAXy — yn, X — yn) < 0}, “4)
Xn+1 = PTn (xp — TAyn),

1
where T € (0, Z). The method subgradient extragradient for solving VIP (1) has

received great attention by many authors (see, e.g., [32, 53] and the references
therein).

On the other hand, related to the variational inequalities, we have the problem of
finding the fixed points of the nonexpansive mappings, which is the subject of current
interest in functional analysis. Let T : H — H be a mapping. A point x* € H
is called a fixed point of T if Tx = x. The set of fixed points of T is denoted by
Fix(T). The fixed point problem for T is the problem

Findx* € H such thatT x* = x*. (5)

For finding a common element of Fix(T) and the solution set VI(C, A) of VIP
(1) in Hilbert space H, many iterative methods have been proposed, see, e.g., [13,
16, 17,27, 42, 43, 53] and the references therein. The motivation for studying such a
problem is in its possible application to mathematical models whose constraints can
be expressed as fixed point problems and/or variational inequalities. This happens,
in particular, in practical problems as signal processing, network resource allocation,
and image recovery, see, for example [25, 26, 33, 34].

In 2003, Takahashi and Toyoda [48] introduced an iterative scheme to find a com-
mon point of solution set VI (C, A) of VIP (1) and Fix(T). Under the assumption
that A : H — H is A-inverse strongly monotone (where X is a positive constant) and
T : C — C is nonexpansive such that Fix(T)NVI(C, A) # @, they proved that the
sequence {x,} generated by their iterative scheme converges weakly to some point
z€ Fix(T)NVI(C, A). Their algorithm is of the form:

Xpt1 = (I —ap)xy + o, T Po(xy — AyAxy). (6)

Motivated by the ideal of Korpelevich’s extragradient method of [31], under the
assumption that A : C — H is monotone, L-Lipschitz continuous, and 7 : C — C
is nonexpansive such that Fix(T) N VI(C, A) # #, Nadezhkina and Takahashi [43]
proved that the sequence {x,}, generated by their iterative process, converge weakly
to some point z € Fix(T) N VI(C, A). Their algorithm is as follows:

xo € C,
Yu = Pc(xy — Ay Axy), @)
Xpi1 = (1 —ap)xy +ay T Pe(xy — ApAyp).
Recently, under the assumptions that A : H — H is monotone, Lipschitz contin-
uous, T : H — H is nonexpansive such that Fix(T)NVI(C, A) # @, Censor et al.
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[13] showed that the sequence generated by their algorithm weakly converge to the
some point z € Fix(T) N VI(C, A). They introduced the following algorithm:

yn = Pc(xy — TAXy),
T, ={x € H|{xy — TAXy — yn, x — yn) <0}, )
Xpt1 = opXy + (1 — an)TPT,, (xp — TAy,).

The concept of quasi-nonexpansive mapping was essentially introduced by Diaz
and Metcalf [21]. It is well that every nonexpansive mapping with a nonempty set of
fixed points is quasi-nonexpansive. Iterative approximation of fixed points of quasi-
nonexpansive mappings has been studied extensively by various authors (see, for
example, [19, 23, 24, 47, 49] and the references therein).

Now, let us mention an inertial type algorithm which is based upon a discrete
version of a second-order dissipative dynamical system [3, 4] and can be regarded
as procedure of acceleration of convergence properties (see, e.g., [2, 36, 37, 45]).
In 2001, Alvarez and Attouch [2] applied the inertial technique to obtain an inertial
proximal method for solving the problem of finding zero of a maximal mono-
tone operator. It works as follows: given x,_1,x, € H and two parameters 9, €
[0, 1), A, > O, find x,,4-1 € H such that

0 € AAGnt1) + Xnp1 — Xn — 0 (X — X0—1), )
which can be written equivalently to the following
Xn+1 = ]{}1 (Xn + 0u(xp — Xn—1)), (10)

where J)f; is the resolvent of A with parameter A, and the inertia is induced by the
term 0, (x, — Xp—1).

Recently, a lot of researchers constructed fast iterative algorithms by using iner-
tial extrapolation, including inertial forward-backward splitting methods [5, 35, 44],
inertial Douglas-Rachford splitting method [10], inertial ADMM [11, 18], inertial
forward-backward-forward method [6, 9], inertial proximal-extragradient method
[7], inertial Tseng method [8], inertial contraction method [22], and inertial Mann
method [52].

In this paper, motivated and inspired by the works in literature, and by the ongoing
research in these directions, we propose two new inertial subgradient extragradi-
ent methods which combine the inertial subgradient extragradient method [53] with
Mann method [41] for solving variational inequality problem and fixed point problem
for quasi-nonexpansive mapping.

The remainder of this paper is organized as follows: In Section 2, we recall some
definitions and preliminary results for further use. Section 3 deals with analyzing the
convergence of the proposed algorithms. Finally, in Section 4, we perform several
numerical examples to support the convergence of our algorithms.

2 Preliminaries

Let H be a real Hilbert space and C be a nonempty closed convex subset of H.
The weak convergence of {x,};2, to x is denoted by x, — x as n — oo, while
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the strong convergence of {x,}2  to x is written as x, — x as n — oo. For each
x,y € Hand ¢ € R, we have

x4+ ylI* = X0+ 2¢x, y) + IyI1% (11)

lax + 1 —a)yl? = alx®+ 1 =)yl —a(l —a)|x —y|>.  (12)

For every point x € H, there exists a unique nearest point in C, denoted by Pcx
such that ||x — Pcx|| < |lx — y|| Vy € C. Pc is called the metric projection of H
onto C. It is known that Pc is nonexpansive.

Lemma 2.1 ([28]) Let C be a nonempty closed convex subset of a real Hilbert space
H. Givenx e Handz € C.Thenz = Pcx < (x —z,z—y) >0 Vy e C.

Lemma 2.2 ([28]) Let C be a closed and convex subset in a real Hilbert space H,
x € H. Then

(i) Pcx — Pcyll®> < (Pcx — Pcy,x —y) Vy € C;
(i) |IPcx —yl? < llx — y|I> = llx — Pcx||*Vy € C.

For properties of the metric projection, the interested reader could be referred to
Section 3 in [28].

Definition 2.1 Let T : H — H be an operator. Then

T is called L-Lipschitz continuous with L > 0 if

ITx =Tyl < Lllx —yll Vx,ye€H. (13)

T is called monotone if

(Tx—Ty,x—y)=0 Vx,y€H. (14)

A mapping T : H — H is said to be nonexpansive if
ITx =Tyl <llx =yl Vx.yeH.
— Amapping T : H — H with Fix(T) # { is said to be quasi-nonexpansive if

ITx = pll < llx = pll Vx € H, p € Fix(T).
We give an example of a quasi-nonexpansive mapping which is not nonexpansive.

Example 1 ([19]) Let C := {x € I : ||X|lcc < 1}. Define T : C — C by Tx :=

(0, xlz, x%, ...) for x = (xlz, x%, ...) in C. Then it is clear that T is continuous and
maps C into C. Moreover, Tx* = x* if and only if x* = 0. Furthermore,

2 2
ITx —x*|| = I Txlloo = 10, X, x5, ..)loo
< 10, x1, x2, ..)|loo

= Ixlloe = llx — x*lloo
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for all x € C. Therefore, T is quasi-nonexpansive. However, T is not nonexpan-

33 11
sive, for x = ( > and y = ( ) it is clear that x and y belong

YRR 35
11 1
to C. Furthermore, [|[x — y|looc = |l T loo = 1 and |[Tx — Tylleo =
5 5 5 1
0, —, —, ... =—>—-—=|x- .
|I< TR )”oo 6~ 7= = lleo

Definition 2.2 ([28]) Assume that 7 : H — H is a nonlinear operator with
Fix(T) # 0. Then I — T is said to be demiclosed at zero if for any {x,} in H, the
following implication holds:

x, =~xand(I — T)x, > 0= x € Fix(T).

The following example shows that there exists a quasi-nonexpansive mapping 7
but / — T is not demiclosed at zero.

3
Example 2 Let H be the line real and C = [0, 5]. Define T on C by

if x € [0, 1],
Tx =

= N =

cos2mx ifx e (1, E].
Then T is a quasi-nonexpansive mapping but / — T is not demiclosed at zero.
Indeed, it is easy to see that Fix(T) = {0}. For any x € [0, 1], we have

|Tx—0|=|§—0|s|x—0|,

3
and for any x € (1, 5], we have
|Tx —0] = |xcos2mwx — 0] = |xcos2mx| < |x| = |x = 0.
3
Thus, T is quasi-nonexpansive. By taking {x,} C (1, E] and x, — 1l asn— oo, we have

|(I — T)x,| = |xp — xp cos2m x| = |xu||1 — cos 2w x,| — 0 asn — oo.

But 1 ¢ Fix(T),so I — T is not demiclosed at zero.

Lemma 2.3 ([2]) Let {@,}, {8,} and {a,} be sequences in [0, +00) such that

+00
On+1 < On + o (@n — @n—1) + 8, Vn > 1, an < +09,

n=1

and there exists a real number a with 0 < a, < a < 1 for alln € N. Then the
following hold:

@) Y4Slen — @n 1y < +oo, where [1]; := max({t, 0};
(ii) there exists ™ € [0, +00) such that lim,_, 1~ ¢, = @*.
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Lemma 2.4 (Opial 1967) Let C be a nonempty set of H and {x,} be a sequence in
H such that the following two conditions hold:

(i) foreveryx € C, lim,_ « ||x;, — x|| exists;
(i1) every sequential weak cluster point of {x,} is in C.

Then {x,} converges weakly to a point in C.

Lemma 2.5 ([32]) Let A : H — H be a monotone and L-Lipschitz continuous
mapping on C. Let S = Pc(I — nA), where u > 0. If {x,} is a sequence in H
satisfying x, — q and x, — Sx, — Othenq € VI(C, A) = Fix(S).

3 Main results

In this section, we modify inertial subgradient extragradient algorithm for solving
variational inequality problem and fixed point problem of a quasi-nonexpansive map-
ping 7T in real Hilbert spaces. Under mild assumptions, the sequences generated
by the proposed methods converge weakly to an element of Fix(T) N VI(C, A).
Throughout this section, we assume that A : H — H is monotone and Lips-
chitz continuous on H with the constant L. However, the information of L is not
necessary to be known. Let T : H — H be a quasi-nonexpansive mapping such
that / — T is demiclosed at zero. In addition, we assume that the solution set
Fix(TYNVI(C, A) # 0.

First, we propose Mann-type subgradient extragradient-like algorithm. The algorithm
is of the form:

Lemma 3.1 If w, = z, = x41 then w, € Fix(T)NVI(C, A).

Proof Fix p € Fix(T)NVI(C, A). By Lemma 3.3, we have

lzn = pI* < llwn — pI* = (1 = @)llyn — wall*.
This implies that ||y, —w,| = 0 thatis, w, = y,. Therefore, w,, € VI(C, A). Onthe
other hand, if w, = z,, = x;,41, the by (16), we obtain w, = (1 — B,)w;, + B, T wy;
thus, Tw, = w, thatis w,, € Fix(T). So, we have w, € Fix(T)NVI(C, A). [
The following lemmas are quite helpful to analyze the convergence of algorithms.

Lemma 3.2 The Armijo-like search rule (15) is well defined and

l
minfy, %} <71 <.

Proof Since A is L-Lipschitz continuous on H, we have

[A(wn) — A(Pc(wy — yI" Aw)) || < Lllwy — Pe(xn — yI™ Awp)|;
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Algorithm 1
Initialization: Given y > 0,/ € (0, 1), u € (0, 1). Let xo, x; € H be arbitrary

Iterative Steps: Calculate x4 as follows:

Step 1. Set w, = x, + o, (x, — x,—1) and compute

Yn = Pc(w, — 1, Awy),

where 7, is chosen to be the largest T € {y, yl, yI?, ...} satisfying

tl[Aw, — Ayall < pllwn = yall- (15)

Step 2. Compute
in = PTn (Wy — Ty Ayn),

where T;, := {x € H|{(w;, — T Awy, — Y, X — Y) < O}
Step 3. Compute
Xnt1 = (1 = Bwy + BuT zp. (16)

Ifw, =z, = xp+1 thenw, € Fix(T)NVI(C, A).
Setn :=n + 1 and go to Step 1.

this is equivalent to

u
ZIIA(wn) — A(Pc(w, — yI" Aw,) | < pllw, — Pe(w, — yI™ Awy)||.

This implies that (15) holds for all yI™ < %,so 7, 1s well defined.
Obviously, 1, < y.If t, = y, then this lemma is proved; otherwise, if 7, < y by

A
the search rule (15), we know that Tn must violate inequality (15), i.e.,

Tn M Tn
lA(wy) — A(Pc(wy, — TAwn))H > 7, lwn — Pe(wn — TAwn)”;
I

combining this with A is L-Lipschitz continuous on H, we obtain

ul
T, > —.

L
This completes the proof. O

Lemma 3.3 Let {x,} be a sequence generated by Algorithm 1. Then

12— (1= )1 Xnt1 =Y 1> =270 (AP, Yn— D),

7

I%n+1— PN < Nlwp—plI*— (=) | yn—wn

forall p e VI(C, A).
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Proof Since p € VI(C, A) C C C T,, we have

Ix0t1 — PI* = I1Pr, (Wy — TaAyn) — Pr, plI* < (Xnt1 — Py Wy — TwAyy — p)

1 2 1 2 1 2
= E”anrl -pl -+ E”wn — ThAyn — pII” — E”anrl —wy + T Ayl

1 2 1 2 1 2 2
= §||xn+l_p|| +§|Iwn—pll +§Tn||A)’n|| —(wy — P, TwAyn)

1 2 1 2 2
_illxnﬂ —wyl” — Efn NAYnll” — (Xn+1 — Wn, TwAYn)

1 2 1 2 1 2
= §||xn+1—17|| +§|Iwn—pll _5||xn+1—wn|| — {Xnt1 — P, T Ayn). (18)

This implies that

IxXn41 =PI < lwp — pI* = In1 — wall® = 20ttt — p. TwAya).  (19)
Since A is monotone, we have 21, (Ay, — Ap, y» — p) > 0. Thus, adding this item
to the right side of (19), we get

Penset = pIP < llwa = pI? = st = wal® = 20011 = p. T Aya)
+27,(Ayn — Ap, yn — p)
= lwn = pI* = Ix041 = wall® + 200 = Xur1. TaAyn) = 22 (Ap. yu — p)
= lwn = pI> = 1 = wall® + 270 (3 — 1, Ayn — Awy)
21, (Awn, yn — Xn41) — 2Tu(Ap, yn — P). (20)
We estimate 27, (y, — Xp+1, Ay, — Awy,). It follows that

an”Ayn - Awn” ”yn — Xn+1 ”
2M||.Vn - wn””)’n — Xn+1 ”
llyn — wall* + pllyn — xema 12 (21)

2% (yn — Xn+1, Ayn — Awy)

INIATA

As y, = Pr,(w, — 1,Awy) and x,41 € T,,, we have
(wn — Tw AWy — Yn, Xp1 — Yn) < 0.
This implies that
27, (Awy, Yn — Xn41) < 2(¥n — Wn, Xnt1 — V)

= Ixnt1 = wall®> = lyw — wall® = Ixa1 = yall*. (22)
Using (21) and (22), we deduce in (20) that
Ixn41= P11 < lwa=p 1P = A=) |yn—wa P = A=) [ Xn 41— Yu |7 =27 (AP, yu—p).

O

Theorem 3.1 Assume that the sequence {a,} is non-decreasing such that 0 < «,, <

1
o < 1 and {B,} is a sequence of real numbers such that0 < g < B, < > Then the

sequence {x, } generated by Algorithm I converges weakly to an element of Fix(T)N
VI(C, A).
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Proof Let p € Fix(T)NVI(C, A). By Lemma 3.3, we have

lzn — pll < llw, — pll.

Using (12) and (23), we have

X041 — PI? = 11 = B)wn + BuTza — pII?

= (1 = B Wy — p) + Bu(Tzn — P)II?

(1= B llwn — pI* + BullTzn — plI* — (1 = Bu)Bull T zn — wy?
(1= B)llwn — pI* + Bullza — PI* — (1 = B)Bull Tzn — wall®
(1= B)lwn — pI* + Bullwn — pI* = (1 = B)Bull Tzn — wal®
= wa = pI* = (1 = B)Ball Tzn — wn .

INTA

On the other hand, we also have

1
Tz —wy = ﬂ_(xn-i-l — wy).
n

Combining (21) and (22), we get

1
From g, < o we obtain

_ﬁn

Bn

1
2 2 2
[Xn+1 = pII” < llwp — plI” — [Xn41 — wall

n

> 1. This implies that
n

2 2 2
Xn1 = PI" < llwp = pII" = IXn41 — wall

By the definition of w,, we have

2 2
lwa — plI7 = llxn + an(xn — x0-1) — Pl

= 11 + an)(xy — p) — ap(xy—1 — p)II?

= (I+an)llxn — pII* = anllxn—1 — plI* + o (1 4+ @)Xy — xp—1 1%

On the other hand, we have

%041

@ Springer

2 2
— wull” = xn41 — X0 — an(xp — x5— 1|l

v

v

2 2 2
lxn+1 — X0 Il + o, lxn — Xp—1 1l — 200 (Xpt1 — Xn, Xp — Xn—1)

2 2 2
X1 — X lI” + o, lxn — Xn—11I” = 200l Xpn41 — Xnll |Xn — Xp—1l

2 2 2
(= an)llnss =5l + (@ = ) %0 = X[

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)
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Combining (28) with (20) and (30), we obtain
IXns1 = PI? < A+ o) lxn — pI* = anllxn—t — pII* + o (1 + o) 1% — xn—1 |12
—(1 = @)l = 2l = (o = @) o = %o
= (L+a)lxn — pli* = anllxe—1 — plI* — A — &) X041 — X1
et (1 + ) = (o2 = )1l = o112

= (14 o)l — pI* — anllxe—1 — plI* = (1 — @) X041 — a1

20 1% — Xn—1]1? 31)
< (L4 app ) xn — pII* = anllxn—1 — plI* — (1 — @) X041 — x4 12
420 |0 — Xn—1]1°. (32)

Therefore, we have
Ixn41 = pI* = ansrllxn = pI? + 201 X0 g1 — xall®
< lxn = plI* = otnllxn—t1 — pI* + 2an llxn — X111
204116041 — Xall> = (1= at) [xag1 — x|
Put Ty := [lx, — P||2 — ol xp—1 — P||2 + 20 || xn — xn—1 ||2 We get
Tt — Do < —(1 = ot — 2040 [ Xng1 — Xl (33)
1 1
It follows from o, < I that | — o, — 200541 > 7 Therefore, we obtain
Tt — Dn < =8llxns1 — xall* <0, (34)
1
where § = T This implies that the sequence {I',} is nonincreasing. On the other
hand, we have
r. — 2 2 2
n = llxn — plI” — anllxn—1 — pII* + 2aullxn — xn—1ll
> [lxn — pII* = anllxa—1 — pII*.
This implies that

%0 — PI* < @nllxu—1 — plI* + Tn
< alxy—1 — plI* + Ty
<..<adxo—plP+Ti@ +.. 41

r
<allxo— pI + (35)
We also have
Tott = Ixns1 — plI* — dug1llXn — pUI + 201 %01 — Xu 1
> —ayi1llxa — plI% (36)

From (35) and (36), we obtain
OlFl

2 2 1 2
Tt < tpptlln = plI° < ellxn = plI* <" ixo — plI° + T
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It follows from (34) that

k
2
83 lxnp1 — xall® < T1 = Tepr

k+1 2
o lxo — plI* +

IA

n=1
2
< lxo—plI~+
1l -«
This implies
o
2
D xust — xall? < +oo.
n=1
Therefore, we obtain
lim (X1 — %l = 0.
n—>oo
We have
X241 — wall = xn+1 — X0 — @y CGn — x0—) |l

< xng1 — xpll + anllxny — xp—1ll

< xng1 — xpll +allxy — xp—1l.

From (38) and (39), we obtain

Since (31), we get

Ixnt1 — plII* < (14 a)llxy — plI* — onllxa—1 — plI* + 2allxy — xu—1ll.

lim |lxp4+1 — wy| = 0.
n— 00

By (37), (41), and Lemma 2.3, we have

. 2
lim |lx, — pl* =1,
n—00

and by (20), we obtain

We also have

lim [w, — p|* =1.
n—0o0

0 < llxp — wull < ellxp = xp—1l] = 0.

It follows from (24) that

a1 — pI* < (1= B llwa — pI? + Ballza — pII*.

This implies that

lzn — pI? = + llwp — plI*

X041 = pI* = llwa — pII

Bn

Since {B,} is bounded, it implies from (42), (43), and (46) that

By (23), we get

@ Springer

. 2 . 2
lim |z, — plI© = lim |w, — p||- =1[.
n—>oo n—>0oo

. 2 . 2
lim [z, — plI” < lim [|lw, — plI” =1.
n—00 n—00

1—

2

(37)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

(43)
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Combining (47) and (48), we obtain
lim |z, — plI> = 1. (49)
n—0oo
It implies from (17) that
(1= Wllyn — wall® < llwy — pI* = lza — pII*
and
(1 = Wllza = yull* < lwy — plI* = llza — pI*.
This implies that

lim ||y, — wy| =0 (50)
n—oo
and
lim ||z, — yull = 0. (1)
n—0oo
Combining (50) and (51), we have
lim||z, —w,|| =0 (52)
Since B, > B, it follows from (22) and (40) that
lim ||Tz, — wy,l| =0. (53)
n—oo

Combining (52) and (53), we get
1720 — znll < 1T2n — wall + llzn — wall — 0. (54)

Now, we show that the sequence {x,} converges weakly to an element of Fix(T) N
VI(C, A). Since {x,} is bounded sequence, there exists a subsequence {x,, } of {x,}
and ¢ € H such that x,, — ¢q. By (44), we get w,, — ¢ and by (52) z,,, — ¢q. It
follows from (54) and the demiclosedness of I — T that g € Fix(T).
[

Note that by Lemma 3.2, we have 7, > “ for all n. Therefore, it implies from
lim,— oo |lwy, — yull = 0 and Lemma 2.5 thatg € VI(C, A).

Therefore, we proved that:

(1) lim,_ ||x, — pll exists forall p € Fix(T)NVI(C, A);
(i) Ifx,, — gthenqg € Fix(T)NVI(C, A). By Lemma 2.4, we get {x, } converges
weakly to an element of Fix(T) N VI(C, A).

O

Second, we introduce Mann-type inertial subgradient extragradient algorithm. The
algorithm is of the form:

Theorem 3.2 Assume that the sequence {«,} is non-decreasing such that 0 < o, <

1 3
o < = and the sequence {B,} is is non-decreasing such that 0 < B < B, < -.

Then the sequence {x,} generated by Algorithm 2 converges weakly to an element of
Fix(T)NVI(C, A).
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Algorithm 2
Initialization: Given y > 0,/ € (0, 1), u € (0, 1). Let xo, x; € H be arbitrary

Iterative Steps: Calculate x4 as follows:

Step 1. Set w, = x, + o, (x, — x,—1) and compute

Yn = Pc(w, — 1, Awy),

where 7, is chosen to be the largest T € {y, yl, yI?, ...} satisfying

tl[Aw, — Ayall < pllwn = yall- (55)

Step 2. Compute
in = PTn (Wy — Ty Ayn),

where T;, := {x € H|{(w;, — T Awy, — Y, X — Y) < O}
Step 3. Compute
Xpp1 = = Bu)xn + BuTzp. (56)

fw, =z, =x, =xp41 thenx, € Fix(T)NVI(C, A).
Setn :=n + 1 and go to Step 1.

Proof Let p € Fix(T)NVI(C, A), by Lemma 3.3, we have
lzn — pll < llwa — pll. (57)

Using (12) and (57), we have

IXn41 = PI* = 11 = B)xu + BuTzn — pII?
=[I(1 = B)(xw — P) + Bu(Tzn — PII°
= (1= B)lxa = pI* + BullTzn — plI* = (1 = B)Bull T zn — xall*
= (1= Bllxa — PI* + Bullzn — PI* = (1 = B)BulTzn — xall*  (58)
< (1= B)lxn = I + Ballwa — pI* = (1 = B)Bull Tzn — xull*. (59)

On the other hand, we also have

1
Tz, — xp = —(Xp41 — Xp). (60)
Bn
Combining (59) and (60), we get

_:Bn

Bn

X041 — Xu 1. (61)

1
Ix0+1 — pII* < (1= B)lIxn — plI* + Ballwn — plI* —
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By the definition of w,, we have

lwa — pI? = llxn + & (xn — x0—1) — pI?
= (1 + &) (xn — p) — &t (X1 — P)I?
=+ a)lxn — plI* = anllxu—1 — plI* + (1 + ) xn — xu—1117.(62)

Combining (61) with (62), we obtain

a1 — pI* < (1= B)llxe — plI> + Bu(1 + @) llxn — pI* = Buctallxa—r — plI* (63)

1-8
Bt (1 + o) |5 — X1 1> — 5 X1 — Xnll?
n
= (14 Bua)lxn — plI* = Buttnllxn—1 — pII* + Buctn (1 + @) 1y — xu—111?
— B
- X1 — Xnll% (64)

ﬂ"l

By the sequences {8, }, {«,} are non-decreasing we have the sequence {8, } is non-
decreasing. Therefore, we have

%01 — pII> < (14 Bus1@nt D lxn — pII> = Buetnllxn—1 — pl?

%01 — *all%. (65)

_lgn

Bn

1
Bt (1 4 ) l|xn — Xyt ||* —
This implies that

2 2 2
lxn+1 — pII7 — Burron+1llxn — pII° + Bur1onr1(1 + 1) 1 Xn+1 — Xall
2 2 2
< llxn = plII” = Bnanllxn—1 — plI~ + Buan (1 + o) lxn — xp—1l

41— X |12 (66)

Bn
Bn

Put T, := [x, — plI? = BuctallXn—1 — PI? + Buan(1 + ) [l xn — x,—1]|%. Tt implies
from (66) that

2
+Bnr10n1 (1 + app ) Xpr1— xull” —

r r, < _L—bn 2 2
n+l —lp = — B lxn41 — X0 ll” + Bug10np1 (1 + app ) 1 Xp41 — Xl
n
1- ,3n 2
= —( 5 Brnr1anr1(1 4+ anr )1 xpr1 — xall” (67)
n
3
It follows from 8, < 7 that
1— 8, 1
- ﬁn+lan+l(l + Oln+l) = ——-1- ﬁn+lan+l(l + Oln+l)
Bn B
4 30{ 30{2
-3 4 4
4 — 9o — 9a®
= — (68)
12
Combining (67) and (68), we get
Tugt — Do < —8l1xn1 — xall?, (69)
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4 — 9 — 9a? 1
where § = #; since o < —, we obtain § > 0.
The remains of proof are similar to that of Theorem 3.1; we leave the proof for the
reader to verify. O]

Remark 3.1 1t should be emphasized that, in this paper, we apply inertia technique
to the subgradient extragradient method for solving variational inequality problems
and fixed point problems. Furthermore, our algorithms also do not require Lipschitz
constant as the input parameter. Therefore, the proposed algorithms are different from
the algorithm studied in [13].

4 Numerical examples

In this section, we consider some examples in support of the convergence of Algo-
rithms 1 and 2. We use two well-known algorithms as the extragradient method of
Nadezhkina and Takahashi (NTEGM) [43, Theorem 3.1] and the modified subgradi-
ent extragradient method of Censor et al. (MSEGM) [13, Algorithm 6.1] to compare
with our algorithms. In order to show the computational advantage of the proposed
algorithms with others, we illustrate the behavior of the sequence D,, = ||x,, — x*| 12,
n =0,1,2,... when the execution time in second elapses (elapsed time) where x*
is the solution of the problem and {x,} is the sequence generated by each algorithm.
The starting points in the first two examples are xg = x; = (1, 1,...,1) € R and
those ones in the last example are xo () = x1(t) = t+0.5cost or xo(¢t) = x1(¢) = 2.
All the programs are written in Matlab 7.0 and performed on a PC Desktop Intel(R)
Core(TM) i5-3210M CPU at 2.50 GHz, RAM 2.00 GB. We take o, = 1/4 for the
proposed algorithms, 8, = 1/2 for all the algorithms. We also choose the (possibly)
best stepsize A, = 0.99/L for two algorithms MSEGM and NTEGM. The following
are the examples in details.

Example 3 We first provide an example of Lipschitz continuous and monotone map-
ping A and quasi-nonexpansive mapping 7" with Fix(T) N VI(C, A) # (. Let
C =[-2,5] and H = R with standard topology. Let A : H — H be given by

Ax :=x +sinx (70)
and T : H — H be given by
Tx := %sinx. (71)

Now, first we show that A is Lipschitz continuous and monotone with L = 2. Indeed,
for all x, y € H we have

[Ax — Ay|l = |lx +sinx —y —siny|| < [lx — y|[ + || sinx —siny|| < 2[lx — y].

This implies that A is Lipschitz continuous. Next, we show that A is monotone. Take
arbitrarily x, y € H, we have

(Ax—Ay, x—y) = (x+sinx—y—siny)(x—y) = (x—y)2+(sinx—siny)(x—y) >0,
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where the last inequality comes since || sinx —siny| < ||x — y| forall x,y € H.
Second, we show that the only fixed point of 7 is 0, since if x # 0 and Tx = x then

X = %sinx or sinx =2
which is impossible. Therefore, Fix(T) = {0}. T is quasi-nonexpansive since

ITx — 0 = ||§sinx|| < ||§|| < |lx|l = llx — O] for allx € H.

3r
However, T is not a nonexpansive mapping. Indeed, take x = 2w and y = TR then

2 . 37 . 37w 3 3 T
|ITx —Ty|| =||=—sin2xr — —sin—|| = — > |27 — —|| = <.
2 4 2 4 2 2
Furthermore, T is continuous. Therefore, I — T is demiclosed at 0 and it is easy to
see that Fix(T)NVI(C, A) = {0}. The numerical results for this example are shown

in Fig. 1.

Example 4 Let H = R" with standard topology and T : H — H be given by

1
Tx = —Ex or Tx = PR’jr (x). (72)
Consider an operator A : " — R"(m = 20, 50, 100, 150) in the form A(x) =

Mx + q [29, 30], where

M=NNT+S+ D,

0 0.5 1 15 2 25
Elapsed Time [sec]

Fig. 1 Experiment for Example 1
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N is am x m matrix, S is a m x m skew-symmetric matrix, D is a m x m diagonal
matrix, whose diagonal entries are nonnegative (so M is positive definite), and g is a
vector in ®". The feasible set is

C:{x:(xl,...,xm)emm:—ZSx,-55,i=1,...,m}.

It is clear that A is monotone and Lipschitz continuous with the Lipschitz constant
L=|[|M]|.

For experiments, all the entries of N, S are generated randomly and uniformly in
[—2, 2], the diagonal entries of D are in (0, 2), and ¢ is equal to the zero vector. It
is easy to see that the solution of the problem in this case is x* = 0. Figures 2, 3, 4,
and 5 show the numerical results for the case Tx = —%x, while Figs. 67 are for
Tx = PR’}r (x).

Example 5 Suppose that H = L?([0, 1]) with the inner product
1
byt i= [ xwyrde v,y et @3
0
and the induced norm

1 1
x| = (/ |x(t)|2dt>2 Vx € H. (74)
0

Consider an operator A : H — H given by

(Ax)(t) = max{0, x(¢)}, ¢t € [0, 1] for allx € H.

10
Alg. 3.1
—*— Alg. 3.2
—— MSEGM | |
—x— NTEGM
N=
" x
1
=" i
TE
[a)
10-25 L L L L
0 0.5 1 15 2 2.5

Elapsed Time [sec]

Fig. 2 Experiment for Example 2 in % (with Tx = —%x)

@ Springer



Numer Algor (2019) 80:1283-1307

1301

0 0.5 1 1.5
Elapsed Time [sec]

Fig. 3 Experiment for Example 2 in 9t (with Tx = —%x)

25

—%— Alg. 3.1

Elapsed Time [sec]

Fig. 4 Experiment for Example 2 in 9t'% (with Tx = —%x)

25
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1302
10° ;
—%— Alg. 3.1
% —¥— Alg. 3.2
10° % —— MSEGM | |
L —>— NTEGM
10° |
N:
b
x= 107
m
o
[a]
107°}
= ﬁ 5
107} e /f*ﬁ‘"’g
10’25 1 1 1
0 0.5 1 1.5 2
Elapsed Time [sec]
Fig. 5 Experiment for Example 2 in %' (with Tx = —$x)
10°
10" | ST * .
o 10° |
" x
|
5c
TC
a 10" 1
102l —* Alg. 31 A
—*— Alg. 3.2
MSEGM
—>— NTEGM
-3
10 ‘ ‘
0 0.5 1 1.5 2 25

Elapsed Time [sec]

Fig. 6 Experiment for Example 2 in 9% (with Tx = Prr (x))

@ Springer



Numer Algor (2019) 80:1283-1307

1303

—#— Alg. 3.1
—*— Alg. 3.2
—— MSEGM
——— NTEGM
-1072 l Il Il Il
0 0.5 1 1.5 2 25
Elapsed Time [sec]
Fig. 7 Experiment for Example 2 in %° (with Tx = P (x))
10° :
—#— Alg. 3.1
—— Alg. 3.2
N —— MSEGM
107 \S\k —— NTEGM |
AN
o« 107 \ ]
e N
o~ N
TE
a 10 |
\&\ﬁ
10°7° »\& .
10_10 I I I x
2 4 6 10 12

Elapsed Time [sec]

Fig. 8 Experiment for Example 3 with the starting point xo(¢) =t + 0.5cos ¢
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It is easy to verify that A is 1-Lipschitz continuous and monotone on H. Let C :=
{x € H : ||x|| < 1} be the unit ball. The set of solution to the variational inequality
(1)is given by VI(C, A) = {0} # (. It is known that

if [|x];2 > 1,

X
Peiy) = | T2
c(x) {x, if flxll 2 < 1.

Let T : L2([0, 1]) — L*([0, 1]) is defined by

1
(Tx)(t) = / tx(s)ds, t €[0,1]. (75)
0

We see that Fix(T) # @ because 0 € Fix(T). Moreover, T is nonexpansive (so,
quasi-nonexpansive). Indeed, we have

ITx(t) = Ty = |fy 1(x(s) — y(&)ds[* < (fytlx(s) — y(s)]ds)?
< Jolx(s) = y()Pds = |lx — ylI.
Therefore,
ITx = Ty|? = [y 1Tx(t) — Ty(@)Pdr < |x — y|*.

The solution of the problem is x*() = 0. Also, note here that although the result
of this paper is the weak convergence of the algorithms, we wish to do a numerical
example in the infinite dimensional space L2([0, 1]). All the integrals in (73)—(75)
and others are computed by the trapezoidal formula with the stepsize T = 0.001.

Figures 8 and 9 show the behaviors of D, = |[|x, — xol|? generated by all the
10° ;
5 Alg. 3.1
—%— Alg. 3.2
—— MSEGM
107 | —>— NTEGM |-
oL 107"t 1
3
|
5:
TE
a 100} .
10° | .
10‘10 1 1 1 1 1

0 2 4 6 8 10 12
Elapsed Time [sec]

Fig. 9 Experiment for Example 3 with the starting point xo(f) = £2
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algorithms with two starting points xo(t) = ¢ + 0.5cos? and xo(t) = 12, respec-
tively. The reported results have conformed that the proposed algorithms also have
the competitive advantages over existing algorithms.

5 Conclusions

The paper has presented two iterative methods for the problem of finding a common
element of the solution set of a variational inequality and of the set of fixed point of a
quasi-nonexpansive mapping with a demiclosedness property. Since every nonexpan-
sive mapping with a fixed point is quasi-nonexpansive and satisfies a demiclosedness
property, it follows that our two methods improve and extend some known results
existing in the literatures.

Acknowledgments The authors are grateful to the anonymous referees for valuable suggestions which
helped to improve the manuscript.
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