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Abstract In this paper, we propose new multilevel optimization methods for min-
imizing continuously differentiable functions obtained by discretizing models for
image registration problems. These multilevel schemes rely on a novel two-step
Gauss-Newton method, in which a second step is computed within each iteration by
minimizing a quadratic approximation of the objective function over a certain two-
dimensional subspace. Numerical results on image registration problems show that
the proposed methods can outperform the standard multilevel Gauss-Newton method.
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1 Introduction

Image registration is the task of overlaying two or more images of the same subject
taken at different times, from different viewpoints or by different sensors. The goal
of registration is to find a function that maps points of one image to the correspond-
ing points of the other image, providing a geometric alignment between the images.
This process compensates the motion of the subject or some difference between the
sensors, allowing the images to be compared and analyzed in a common reference
frame [6]. A very important application is the registration of medical images obtained
from computed tomography (CT), magnetic resonance imaging (MRI), or ultrasound
(US), for example. In this context, image registration helps in the direct comparison
of images taken at different stages of progression of a disease (e.g., a tumor growth),
which is essential for the correct diagnosis of the disease, for planning the treatment
and for monitoring the response of the patient [11].

Mathematically, the image registration problem can be described in the following
way. Consider two images, R and 7. Image R (called reference) is kept unchanged,
while image T (called template) is kept transformed. These images can be viewed as
compactly supported functions R, T : @ — R, where  C R? is a bounded convex
domain and d is the dimension of the images. Without loss of generality, in this work,
we shall consider d = 2. For each pixel x = (x1, x2) € , the values R(x) and T (x)
describe the darkness of x in images R and T, respectively. The goal of registration
is to find a displacement field u : R2 — RZ such that T (x + u(x)) is similar to R(x)
with respect to some metric. Let us denote by 7T (u) the function given by

T (x) =T(x +u(x)).

Then, given a metric D(., .) for measuring the dissimilarity between any two images,
the image registration problem can be stated as the following optimization problem:

muin D(R, T (w)). (1

A usual choice for D(., .) is the L?-norm
1
DR, T(w) = > fﬂ (T (W) (x)) — R(x))* dx. (2)

Problem (1) is an ill-posed problem. Thus, to avoid meaningless solutions, a regu-
larization term is included in the objective function of (1). The resulting problem
is
min J(u) = D(R, T(n)) + AS(u), 3)
u

where A > 0 is a regularization parameter. The role of the regularizer is to modify
problem (1) such that it becomes solvable. A usual choice for S(.) is

1
sw =5 / |B(u(x)) dx. @)
Q

where B is some differential operator.

Note that (3) is an infinite-dimensional optimization problem. In general, this type
of problem cannot be solved analytically, requiring therefore the use of numerical
schemes. There are two main numerical approaches to solve infinite-dimensional
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optimization problems. The first approach, referred as optimize-then-discretize,
consists in differentiating the objective function (3) to obtain the continuous Euler-
Lagrange equation, discretizing these equations, and then solving numerically the
resulting finite-dimensional equations. The second approach, referred as discretize-
then-optimize, consists in discretizing the objective function (3) and then solving the
resulting finite-dimensional optimization problem by some optimization algorithm.
Usually, the discrete optimization problem has a very large number of variables. To
solve it, several researchers apply a Gauss-Newton method with a line-search (e.g.,
Armijo line-search) embedded in a coarse-to-fine multilevel optimization strategy.
In this strategy, images are registered progressively from lower resolutions to higher
resolutions, providing (by interpolation) the initial point for the finest resolution (see,
for example, [1, 7, 14]).

In this paper, we propose two simple techniques to improve the performance of
the multilevel Gauss-Newton algorithm on image registration problems. The first
technique consists in the possible use of a second step within each iteration of the
Gauss-Newton method. This step is computed by minimizing a quadratic approxi-
mation of the objective function over a two-dimensional subspace. This subspace is
spanned by the steepest descent direction and by the L-BFGS direction with respect
to the current point given by the Gauss-Newton step. If such subspace step provides
any decrease in the objective function, it is accepted; otherwise, it is discarded. The
second technique is a modification of the standard coarse-to-fine multilevel strategy.
At each level, instead of using directly the interpolated solution of the previous level
as the initial point, we try to find a better initial point by minimizing a quadratic
approximation of the objective function over the subspace spanned by the interpo-
lated solutions of all the previous levels. If this new point results in a decrease of the
objective function value, it is accepted as the new initial point; otherwise, we proceed
as in the standard coarse-to-fine approach.

The paper is organized as follows. In Section 2, we describe the methods result-
ing from the two proposed techniques. We also present a convergence analysis for
these schemes. In Section 3, we report the results of extensive numerical experiments
showing the effectiveness of our new methods. Finally, in Section 4, we summarize
the contributions of this work and indicate some directions for future research.

2 Optimization methods

In this section, we present the optimization methods resulting from the use of our
two novel subspace techniques, which are inspired by [13]. For clarity, we start by
describing the standard multilevel Gauss-Newton algorithm.

2.1 Multilevel Gauss-Newton algorithm

Consider the optimization problem

Héig J(u), ©)
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where J is a function from an infinite-dimensional vector space V to R. Let V; be a
. ny
finite-dimensional subspace of V with basis [qbl(" )] ~at grid level [, where n; is the

dimension of V. By definition, it means that given any w; € )/, there exists a vector
u = (ul(l), e ul(n’)) € R™ such that

n
w=y uo”. (©)
j=1

Suppose that we have nested spaces Vi, C ... C Vy—1 C Vy C V. For each level /,
we shall consider the discrete functional J; : R™ — R given by

Ji(up) = J (), 7N
where u; is computed by (6). Thus, on level /, the discretized version of (5) is

min J;(up). )

ujeR™

In the discretize-then-optimize approach, our goal is to obtain an approximate solu-
tion of (5) by solving iteratively its discrete version (8) for / = N. This can be done
by using the coarse-to-fine multilevel strategy, in which problems of the form (8)
are solved consecutively for / = Ny, ..., N — 1, N, and the initial point u;4,o for
the discrete problem on level / + 1 is generated by “prolongating” the solution u}

obtained on level /. We shall denote by PZH'1 the prolongation operator from level /
to level [ 4 1. Thus, in the coarse-to-fine strategy, we have

Uj41,0 = P/“u?‘, l=Ny,...,N—1. 9)

Given an initial guess u; o for the solution of (8), Newton’s Method generates a
sequence {uy x} by the rule uy g1 = uyx + 1,kdy k., with

VI )dr g = =V (), (10)

where VJj(u; ) and szl(ul,k) are the gradient and the hessian of J; at uj,
respectively. However, in many situations, the structure of the objective J; gives

2
VaJi(ui i) = Hik + Ark, (1D
where H;; € R™*"™ js an “easy” to compute symmetric positive-definite matrix,
while A x is “difficult” to compute. For these cases, the common approach is the
Gauss-Newton method, where sequence {ul’ k} is defined similarly but, in contrast to
(10), d « is obtained by solving the linear system

Hyidp g = =V Ji(u ). (12)

If the stepsize f; x is computed by the Armijo line-search, we have Algorithm 1.
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Algorithm 1 (Gauss-Newton Method): uj = GN (I, u;,0)

Step 0 Compute V.J;(u.0) and Hy.o ~ V2J;(uz,0). Set n = 10~* and k := 0.
Step 1 If u; ;. satisfies the stopping rules, stop and return u;" = u; ;. Otherwise, go

to Step 2.
Step 2 Compute d; ; by solving the Gauss-Newton linear system
Hykdp g = =V Ji(upp). (13)
Step 3 Find the smallest integer iy > O such that #; = (0.5)' satisfies
TG+ tgdi ) < D) + 0tk VI )’ di ke (14)
Step4 Set u;r+1 = urkx + tixdix and compute VJi(u;x+1) and Hjpe1 =
V27 (i pt1).-

Step5 Setk :=k + 1 and go back to Step 1.

Remark I In the context of image registration problems, at Step 1, it is common the
use of the following stopping rules:

[T i) — i g—D| < 1071+ [ Lu0))  if k > 0, (15)
Nk — urs—1ll2 < 1072(1 + Jlugoll2)  if k > 0, (16)
IVJ )l < 10720 + |y (ur0))), (17
IV (ur)llz < e, (18)
and
k > kmax. (19)

Specifically, the execution of the algorithm is interrupted when all conditions (15)—
(17) are satisfied or when any of the conditions (18) and (19) holds.

Very often, the discretization of image registration problems generate problems
where ny is very big (e.g., ny > 10°). Thus, when we apply the Gauss-Newton
method to the discrete problem in the finest grid

min  Jy(upy),
uy €R"N

the solution of the linear system (13) at each iteration can consume a lot of time.
Consequently, if the method starts from a bad initial point, it will take many iterations
to reach a solution, which will make the total running time very big. However, if
the method starts from a good initial point, it will take fewer iterations to reach a
solution, which can lead to a significant reduction in the total running time. This is
the motivation behind the coarse-to-fine multilevel strategy, which is a technique to
generate initial points. The multilevel Gauss-Newton method can be summarized in
the following way.

@ Springer



310 Numer Algor (2019) 80:305-336

Algorithm 2 (Multilevel Gauss-Newton Method)

Step 0 Setup,0=(0,...,0) € R"™0 and [ := Ny (coarsest level).

Step1 Compute u; = GN (I, uy0).

Step 2 If/ = N (finest level), stop and return u,. Otherwise, go to Step 3.
Step3  Setuj10= Pf“u?‘, [ :=1+ 1 and go back to Step 1.

2.2 Two-step Gauss-Newton algorithm

In order to enhance the performance of the Gauss-Newton method, we consider the
use of a second step after the Gauss-Newton step within each iteration. If we obtain
any reduction in the objective function value, the new step is accepted. Otherwise, the
new step is rejected. Since we are dealing with large-scale problems, this additional
step must be cheap to compute. Therefore, we propose the following subspace pro-
cedure. Denote by #; r+1 the Gauss-Newton iterate computed at Step 4 of Algorithm
1, that is,
Upg+1 = upk + tikdp g, with Hygdp g = =V Ji(up i)

Let 1:117k+1 be the Gauss-Newton approximation to v2J (@i1,k+1) and consider the
quadratic model of J; around i j41:

. R . l ;o4
my (g g1 +d) = Tl 1) + VI @) d + EdTHl,k+ld~

We compute the second step c?l,k+ 1 by minimizing m; (éi; x+1 + d) over the subspace

N
S1k+1 = span <{dfs:1?+l’dl,Qk+1}> )

~ N N .
where d[?kDH = —VJ(l k1) and dl,QkH = =B 1Vl k1) with By gy

being the approximation to (V2J; (ﬁl,k+1))_l given by the limited-memory BFGS
(L-BFGS) formula [5]. More specifically,

5 N
dijsr = ardp Py + O‘Zdl,Qk-i-l’ (20)

where a = (a1, a2) € R? is a solution of the quadratic minimization problem

T L7
min g k1% + e O k+1, (21)
with
| Va2, 22)
Sl = VJl(ﬁl,k+l)le?kjj_1
and R A
Orist = [(d[;,%rl);lfz,kﬂdlzlgﬂ (dfg’%l):lfl’wrldlzkg“ } _ 23)
’ ) Hikr1dp iy ) Hinndyey
Problem (21) is equivalent to the 2 x 2 linear system
Ol k+100 = =&l k+1, (24)
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Algorithm 3 (Two-Step GN Method): u; = 2SGN (I, u;,0)

Step 0
Step 1

Step 2

Step 3

Step 4

Step 5
Step 6

Step 7

Step 8

Step 9

Compute V J;(u;,0) and Hy o ~ V2J;(us0). Set Bjo = I,m = 3,7 = 10~*
and k := 0.

If u; . satisfies the stopping rules, stop and return u; = u; ;. Otherwise, go
to Step 2.

Compute d x by solving the Gauss-Newton linear system

Hyxd o = —VJi(upp). (25)
Find the smallest integer iy > O such that #; ; = (0.5)i* satisfies
Ji(up g + i dy ) < Ji(upg) + 0tk VI ) d g (26)
Set d;k+1 = uikx + txdix and compute VJ;(ity k+1) and I:Il,k+1 ~
V27, (g 41)-
Set sy x = upk+1 — urk and yp g = VI (g k1) — VI (uyg).

(L-BFGS direction) Let i = minf{k,m — 1}. If k > 0, set Bjop =
(slTk_lyl,k_l/(yl,k_l)Tyl,k_l)I. Update B; o m + 1 times using the pairs

k .
{sl,j, yl»f}j:k—rh’ i.e., let
By = (VkT - Vkim) B o (karh . Vk)
+ k- (VkT e VkT_n?H_l) Stk (1)
X (Vk—rﬁ-i-l NN Vk)
T T
+ Ok —ri+1 (Vk e Vk—;ﬁ+2> St k—mm+1

X(Sl,ifr?lJrl)T (Vk,y;lJrz e Vk)

+ors1 k(51607

) N
with p; = 1/(s;,))Ty1j and V; = I — pjy; j(s;,;)T. Compute dl,QkJrl =
=By k11 VI (g k).

(Second Step) Let d’, | = —VJ(iij k+1), compute & = (a1, @2) € R? by
solving (24) and then set C§l,k+l = aldlsl?ﬂ + ‘12de1<1-\|]-1'

I Jy g o1 +drg1) < Tl gs1), setug g1 = g g+14dp k41 and compute
VJi(up g+1) and H g1 ~ V2Ji(u k+1). Otherwise, set uj g+1 = iy k41
and Hj j+1 = Hp k1.

Set k := k + 1 and go back to Step 1.

which makes the computation of the second step Cil,k+1 in (20) very cheap. If
Ji(ag k+1+dk+1) < Ji(dg k+1), then we accept the new step and we define u; x4 =

U] k+1 + dj k+1. Otherwise, we reject the new step and we define uj x+1 = @ k+1-
The resulting two-step Gauss-Newton method can be summarized as follows.
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In practice, the matrices Bj 41 in the L-BFGS scheme are not formed explic-
itly. At each iteration, all that we need is to compute the product dl%ﬁ] =
—By k+1VJi (i) k+1)- This can be done efficiently in a matrix-free fashion by using
the following algorithm [10]:

Algorithm 4 (Direction finding in L-BFGS)

Step 0 Setg = VJ; ({1 k+1)-
Stepl Forj=(k—1):(—1): (k—m)do

aj=pi6s)"q
q =49 —&j),j
Step 2 Setr = By 0q.
Step3 Forj=(k—m):1:(k—1)do
B=p;n)r
r=r+(;—p)s’/

Step4 SetdS|, = —r and STOP.

Finally, if at Step 1 of Algorithm 2 we replace Gauss-Newton method by our new
two-step Gauss-Newton method, we obtain the multilevel algorithm below.

Algorithm 5 (Multilevel Two-Step Gauss-Newton Method)

Step 0 Setup,0=(0,...,0) € R"™0 and [ := Ny (coarsest level).

Step1 Compute u; =2SGN (I, u; ).

Step 2 If [ = N (finest level), stop and return uj‘v Otherwise, go to Step 3.
Step3  Setuj10= Pf“u?‘, [ :=1+ 1 and go back to Step 1.

2.3 Convergence analysis

The analysis of Algorithms 1 and 3 in a constrained setting can be done in an unified
framework. In fact, consider the finite-dimensional optimization problem

min J (1), 27)
ueR”
stucX, (28)

where J : R" — R is a differentiable function and X C R” is an open set.! Clearly,
problem (27)—(28) may have no solution. Thus, we seek for iterative methods that

!In image registration problems, it is common the inclusion of the constraint det Vy > 0, where y(x) =
x +u(x).

@ Springer



Numer Algor (2019) 80:305-336 313

generate sequences {ux} C X of feasible points such that {J (u«x)} is monotonically
decreasing. By incorporating constraint (28) within the Armijo line-search in
Algorithms 1 and 3 (and omitting the level index /), the resulting algorithms can be
seen as particular cases of the following framework.

Algorithm A (Feasible Direction Method)

Step 0 Given ug € X, By € R"*" symmetric and positive-definite and n € (0, 1),
setk := 0.

Step1 Compute dy = — BV J (uy).

Step 2 Find the smallest i > 0 such that 7; = (0.5) ensures

T+ tedi) < J () + VI ) di and - ug + ndi € X (29)

Define iig+1 = ug + txdg.
Step3 Find u;1; € X such that J(ugyi) < J(lrs1), choose Byy; € R™*"
symmetric and positive-definite, set k := k 4 1 and go back to Step 1.

Remark 2 In Algorithm A, By is the inverse of the Gauss-Newton matrix, that is,
By = H, ! To better see the correspondence between Algorithm A and Algorithms
1 and 3, note that in Algorithm 1, we set uyy; = x4 for all k, while in Algorithm
3, we may have uyy| # iig+ if the second step is successful.

We shall study the worst-case complexity and global convergence properties of
Algorithm A. By worst-case complexity, we mean an upper bound on the maximum
number of iterations that Algorithm A may take to find an approximate critical point
of J or a point near to the boundary of the feasible set. Our analysis is an adaptation
of the analysis of Nesterov [9] for the gradient method. Consider the following
assumptions:

A1 The objective J : R” — Ris differentiable and VJ : R” — R" is L-Lipschitz:
IVJ(w) = VIl < L|w —ull, Yw,u € R".

A2 Theset L(ug) = {u € R" | J(u) < J(up)} is compact.
A3 There exist constants ¢; > c¢g > 0 such that
col =< By <11 Vk.

The next lemma shows that if VJ (uy) # 0, then there exists i > 0 such that condi-
tions (29) hold. Therefore, Step 2 of Algorithm A is well-defined. The proof is based
on elementary analysis arguments and it is included here for completeness.

Lemma 1 Suppose that Al holds. Given u € X, B € R"™" positive definite and
ne0,1),letd =—BVJ@).IfVJ(u) # 0, then there exists 5 > 0 such that

Ja+td) <J@)+mVI@)'d and a+1td e X,
forallt € [0, §).

@ Springer



314 Numer Algor (2019) 80:305-336

Proof Since X is an open set, there exists € > 0 such that

|lu —ul| <e = u e X. (30)
Thus, if we consider u = u + td, it follows that
Oftfﬁ:}ﬁ—l—tdeX. (31)

Let us denote 61 = €/||d]|. On the other hand, as J is differentiable and n € (0, 1),
we have

. Ju+td)— Jw)
lim

t—0 t

=vJ@)Td=-vVvJI@)"BVJ@)

—nVJ @) BV J @)
nVJ@)'d.

A

Hence, there exists §, > 0 such that
Jw +td) — J(r)

t <nVJ@)'d,

for all t+ € (0, 62). Therefore,
J(ii 4+ td) < J@) +ntVJI@)'d, Vi €[0,8). (32)
Finally, if we take § = min {81, &5}, it follows from (31) and (32) that
J(@i +td) < J@) +ntVJ@)T'd and i +1td € X, vt €0,5),
and the proof is complete. O

The lemma below gives a lower bound for the sequence {t;} and will be crucial to
establish a lower bound for the functional decrease obtained in consecutive iterations
of Algorithm A. Its proof is an adaptation of the proof of Lemma 11.1.1 in [12].

Lemma 2 Suppose that Al holds. Then, for all k, we have

(I—mn) (_Vf(uk)Tdk) 1"(uk)}
L Il “2lldill §

t > min { 1 (33)
where, for allu € X,
I'wu) = inf |ju— w].
weX

Proof 1f iy, = 0, then #; = 1 and so (33) holds. Thus, suppose that iy > 0. If ug +
2tidy € X, then from the definition of i, we know that uy +2t;dy = up+ (0.5)’k_1dk
does not satisfy the inequality in (29). Thus,

J (ug + 26xdy) > J(ui) + 206V J (ug) T dy.. (34)
Since VJ is L-Lipschitz, it follows that
J (g + 2tedr) < J (uge) + 26V T () di + 2Le7 |1 dic || (35)

Then, combining (34) and (35), we have
J i) + 206V I i) Tdy < T (ur) + 26V (i) Ty + 2L22 | die |
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= 2L |ldi|* > (n — 126V T (up) " dl

= I} >

_d=mn <VJ(Mk)Tdk)
L Il

and so, (33) also holds.
Finally, if uy + 2txdy ¢ X, it follows from the definition of I"(uy) that

2t |ldi |l = T (ug).
Thus, #x > ' (ug)/2||dk ||, and once again (33) holds. O

Now, we are in position to establish a worst-case complexity bound for Algorithm
A.

Theorem 1 Suppose that AI-A3 hold and let {uy} be a sequence generated by
Algorithm A such that

I'ur) >€¢ and |VJIwp)l| >¢€, fork=0,...,T —1, (36)
for a given precision € > 0. Then, J(u) is bounded from below by some Jjoy, and we
must have

J — Ji
T < < (o) low> 672, (37)
Kc
where
. (1 —n)e§ neo
= ———, — . 38
Ke = min {7760 L 2% (38)

Proof By Step 3 of Algorithm A, we have J(ux41) < J(#igs1). Thus, combining
(29) and the lower bound for # in (33), we obtain the following lower bound for the
decrease of the function value in consecutive iterations:

I )= 1) = J )= i) = ik (<9 @) )

1— VIw)Td \> T VJu)'d
s U7 (ST 0 ()

On the other hand, from A3 it follows that
ldill = 1| = Bk VJ @)l < I1BellIVI )l < ctlIVI ()l

and
— VI ) dy = VI )T BV (ur) > coll VI i) || (40)

Hence,

> = (41)
ll k| ctlIVJ i)l

Then, combining (39) with (40), (41), and (36), we obtain

T 2
VI d _ ol VIl _ (C_O) 1V @l
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1— 2
J(ux)—=J (urg1) = nmin {cmwm)nz, %nwwnz, (2%01) r(uk)nwmk)n}

1

1— 2 N
> min {nco, % ZZZ’} min {197 o) I, T @l VI @il
= ke min {197 oI, T @) IV @) ] @2)

>/<L.e2, fork=0,...,T — 1.

From A2, it follows that J has a global minimizer on R”. Thus, there exists Jjyy
such that J (ug) > Jjoy for all k. Therefore,

T—1 T—1
T (o) = Jiow = J (o) = J(ur) = Y J(u) = J(ry1) = Y ke€® = Tiee?
k=0 k=0
=T < (J(UO) - Jlow) 6_2,
Kc
and the proof is complete. O

Remark 3 Theorem 1 means that given ¢ > 0, Algorithm A takes at most O (e ~?)
iterations to generate a point u7 € X such that

F(ur) <e or [[VJ(ur)| <e.

For X = R", this bound agrees in order with known complexity bounds for first-order
methods [2, 4, 9]. In any case, by (42), we have

Jur) < Jur_y) < ... < Jwy) < J(ug).

Finally, from inequality (42) we can establish the following global convergence
result.

Theorem 2 Suppose that Al-A3 hold. Then, given uy € X, the sequence {u;} C X
generated by Algorithm A from uy admits a subsequence that converges either to a
point in the boundary of X or to a critical point of J in X.

Proof Let us denote the closure of X by X. Note that {uz} C L(ug). Thus, by A2,
sequence {uy} is bounded and, therefore, it admits a convergent subsequence {u k; },
with U, — i € X. Since J is continuous, we also have J(ukj) — J(u) as j
goes to infinity. Thus, sequence {J (ux)} is monotonically decreasing and admits a
convergent subsequence. Hence, {J (ux)} must be convergent, which implies that

lim J(ug) — J(urs+1) = 0.
k—+00
Thus, by applying the Squeeze Theorem on inequality (42), we conclude that
lim VJ(ug,) =0 or lim T(ug)IVJ(ur)l =0. 43)
Jj—>+00

Jj—+oo
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On the other hand, as VJ and I" are continuous functions, we have

lim VJQu) =VJ@ and - lim T(ug) = T@. (44)
Jj—+o0o

Jj—>+00
Then, combining (43) and (44), it follows that
VJ@m)=0 or T'(n)=0,

that is, the limit point # is either a point in the boundary of X or a critical point of J
in X. O

2.4 Subspace multilevel technique

In the standard coarse-to-fine multilevel strategy, the initial point u; 1 ¢ for level
I + 1 is computed using only the solution u; of the previous level. To allow the
finding of a better initial point, we propose the use of all the previous solutions
7 THERP u*NO by employing again the subspace technique. Given Ny < z <
w < N, let us denote by P} the prolongation operator from level z to level w. We
set 41,0 = PH]M and we compute VJI+1(M1+1 0) and Hyy1,0 ~ V2Ji11(l41,0)-
Then, we obtain a search direction d1+1,0 by solving the subspace quadratic
problem

. . . |
min Jis1(l141.0) + Vg1 @107 d + EdHlH,od, (45)
s. t. d e Spy10 C R (46)

where Sj41,0 = span <i Pl+lu , Pll'Hu;‘ }) As in the two-step Gauss-Newton

No’
method, C?IH,O can be easily computed by solving a small-scale linear system. If
Jiv1 (1,0 + 621+1,o) < Ji41(d41,0), we define the initial point for level / 4 1 as
Uit10 = Wi+10 + c?1+1,0. Otherwise, we set u;+1,0 = #;+1,0. The corresponding
modification in Algorithm 2 can be summarized in the following way.

Algorithm 6 (Subspace Multilevel GN Method)

Step 0 Setuy,0=(0,...,0) € R"™0 and [ := Ny (coarsest level).

Step1 Compute u; = GN (I, u;0).

Step 2 If/ = N (finest level), stop and return u},.

Step3 Compute P/
V141 Gliig1,0) and Hyg1,0 ~ V211 (fig1,0)-

Step4 Ifl =0, setusy1,0 = d41,0 and go to Step 6.

Step 5 Compute d1+1 o by solving the subspace problem (45)—(46). If Jy41 (G 41,0+
dz+1 0) < Ji41(li111,0), Setug1,0 = fy+1,0+d41,0. Otherwise, setus1,0 =

U1+41,0-
Step 6 Set/:=1+ 1 and go back to Step 1.

Pll+1

u;",...,PlNu;", set ;410 = u; and compute
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Finally, if at Step 1 of Algorithm 6 we replace Gauss-Newton method by our new
two-step Gauss-Newton method, we obtain the subspace multilevel algorithm below.

Algorithm 7 (Subspace Multilevel Two-Step GN Method)

Step0 Setuy,o=1(0,...,0) e R and [ := Ny (coarsest level).
Step1 Compute u; = 2SGN(I, uy0).
Step2 If/ = N (finest level), stop and return u7},.

Step3 Compute Pl”luf,...,PlNu;", set dj410 = PZlJrl

Vi1 (@r41,0) and Hyp10 ~ V2141 (@r41,0)-

Stepd Ifl =0, setu;1.0=i41,0 and go to Step 6.

Step 5 Compute d1+1 o by solving the subspace problem (45)—(46). If Ji4+1(41.0+
d1+1 0) < Ji1(f51,0), Setur1.0 = fir41,0+di+1,0. Otherwise, set uz 41,0 =

uH—l,O
Step 6 Set!/:=1+ 1 and go back to Step 1.

u; and compute

3 Numerical experiments

In order to investigate the numerical performance of the proposed methods, we have
tested implementations of the following algorithms:

(i) The standard multilevel Gauss-Newton algorithm (i.e., Algorithm 2). We shall

refer to this code as GN (from Gauss-Newton).

(i) The multilevel two-step Gauss-Newton algorithm (i.e., Algorithm 5). We shall
refer to this code as T'S (from two-step).

(iii) The subspace multilevel Gauss-Newton algorithm (i.e., Algorithm 6). We shall
refer to this code as SIG (from subspace initial guess).

(iv)  The subspace multilevel two-step Gauss-Newton algorithm (i.e., Algorithm 7).
‘We shall refer to this code as HYBRID, since it can be viewed as a combination
of TS and SIG.

The algorithms were coded in MATLAB (R2017a) language, and the tests were per-
formed on a PC with 3.20 GHz Intel(R) Core(TM) i5-6500 microprocessor, and with
installed memory (RAM) of 8.00 GB. In all codes, the execution of the inner opti-
mization algorithm (Gauss-Newton or two-step Gauss-Newton) is interrupted when
all conditions (15)—(17) are satisfied or when any of the conditions (18) and (19)
holds. For the latter conditions, we use € = 107!® and kypax = 500. Moreover, in
all codes, the Gauss-Newton linear system is solved by the conjugate gradient (CG)
method with diagonal preconditioner. We stop the execution of the CG method when
the residual becomes smaller 10~! or when the maximum of 50 iterations is reached.

The codes were applied to image registration problems corresponding to 20 pairs
of images (reference, template): ten pairs of medical images (Figs. 1, 2, 3, 4, 5, 6, 7,
8, 9, and 10), and ten pairs of artificial images (Figs. 11, 12, 13, 14, 15, 16, 17, 18,
19, and 20). To evaluate the performance of the codes for several problem sizes, we
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(a) Reference (b) Template

Fig. 1 Problem hand

considered four different resolutions: 128 x 128, 256 x 256, 512 x 512, and 1024 x
1024. The choice for the objective function (3) was the one corresponding to the
hyperelastic model proposed in [1]. Specifically, we use the MATLAB package FAIR
as the basis for our tests (see details in [7]). In all codes, the constraint det Vy > 0,
for y(x) = x +u(x), is handled within the Armijo line-search, that is, to be accepted,
a trial step must provide a sufficient decrease in the objective and the resulting point
must be feasible with respect to the referred constraint (see Algorithm A).

The results reported below summarize more than 21 hours of numerical experi-
mentation. Problems and results for resolution 128 x 128 are given in Table 1, where
“TIME” represents the time in seconds taken by the code to solve the corresponding
problem, “IT” represents the number of iterations performed to reach the solution,
“FE” represents the number of function evaluations performed, and “TOTAL” pro-
vides the sum of the values in the corresponding column of the table, where the total
time is given in seconds.

(a) Reference (b) Template

Fig. 2 Problem EPslice

@ Springer



320 Numer Algor (2019) 80:305-336

(a) Reference (b) Template

Fig. 3 Problem brain

(a) Reference (b) Template

Fig. 4 Problem CT

(a) Reference (b) Template

Fig. 5 Problem MRI
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(a) Reference (b) Template

Fig. 6 Problem lung

(a) Reference (b) Template

Fig. 7 Problem CT1

(a) Reference (b) Template

Fig. 8 Problem CT2
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(a) Reference (b) Template

Fig.9 Problem MRI2

(a) Reference (b) Template

Fig. 10 Problem breast

Al ]

(a) Reference  (b) Template

Fig. 11 Problem circle to C

N

(a) Reference (b) Template

Fig. 12 Problem C to circle
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(a) Reference (b) Template

L2

(a) Reference (b) Template

Fig. 13 Problem A to R

Fig. 14 Problem square to square

(a) Reference (b) Template

Fig. 15 Problem Lena

(a) Reference (b) Template

Fig. 16 Problem circle to square
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(a) Reference (b) Template

Fig. 17 Problem molecule

(a) Reference  (b) Template

Fig. 18 Problem F to F

(a) Reference  (b) Template

Fig. 19 Problem circle to I
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(a) Reference (b) Template
Fig. 20 Problem Rio
Table 1 Results for resolution 128 x 128

GN SIG TS HYBRID

Problem Time IT FE Time IT FE Time IT FE Time IT FE
1. Hand 2.1 31 75 1.8 31 80 2.1 30 120 16 27 114
2. EPLslice 114 82 216 86 71 190 50 52 214 47 47 201
3. Brain 1.5 52 116 1.5 49 116 1.3 29 114 13 29 110
4.CT 59 51 116 56 48 116 39 42 166 37 40 162
5. MRI 33 56 123 33 56 129 27 38 152 27 38 156
6. Lung 33 40 95 3.7 45 112 25 30 123 35 36 153
7.CT1 8.9 82 202 74 79 200 4.7 51 206 39 47 194
8. CT2 4.1 36 82 3.1 33 82 2.7 28 112 22 25 106
9. MRI2 102 95 206 94 91 204 53 57 228 55 58 238
10. Breast 5.1 53 117 50 53 123 35 37 147 37 38 157
11. Circle to C 14 45 103 16 48 114 14 37 131 13 37 146
12. C to circle 27 46 119 28 49 129 45 87 356 25 40 175
13.AtoR 0.8 39 88 0.7 41 99 0.8 23 94 0.6 19 84
14. Square to square 0.6 19 46 0.6 19 54 0.5 14 60 0.5 12 61
15. Lena 0.6 18 46 0.7 18 52 0.7 17 68 0.6 16 70
16. Circle to square 0.2 12 34 0.4 14 44 0.2 11 44 0.3 12 56
17. Molecule 0.9 23 56 1.0 22 60 1.1 22 87 1.1 20 84
18.FtoF 09 41 95 1.0 43 104 038 25 102 0.8 25 106
19. Circle to I 1.5 25 60 12 28 73 1.3 2290 1.3 19 80
20. Rio 0.6 15 40 04 14 44 0.5 14 56 0.5 13 58
Total 65.6 861 2035 59.7 852 2125 455 666 2670 42.5 598 2511
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From Table 1, we see that TS, SIG, and HYBRID were better than GN in terms
of the total time. The fastest code was HYBRID, which outperformed GN on 16
problems (9 of them corresponding to medical images).

Table 2 shows the results for resolution 256 x 256. Codes TS and HYBRID were
better than GN in terms of the total time. The fastest code was HYBRID, which
outperformed GN on 11 problems (7 of them corresponding to medical images).

Table 3 shows the results for resolution 512 x 512. Codes TS, SIG, and HYBRID
were better than GN in terms of the total time. In this case, the fastest code was
HYBRID, which outperformed GN on 13 problems (9 of them corresponding to
medical images).

Finally, Table 4 shows the results for resolution 1024 x 1024. Once again, TS, SIG,
and HYBRID were better than GN in terms of the total time. The fastest code was

Table 2 Results for resolution 256 x 256

GN SIG TS HYBRID

Problem Time IT FE Time IT FE Time IT FE Time IT FE
1. Hand 6.4 35 85 7.1 35 92 9.9 36 144 9.2 33 140
2. EPLslice 110.1 172 480 120.6 176 500 88.0 123 548 832 120 534
3. Brain 4.6 61 136 4.9 56 134 5.1 35 128 4.9 34 132
4.CT 1759 201 470 169.8 185 440 794 146 577 84.8 146 588
5. MRI 454 92 212 372 84 200 243 63 254 224 59 246
6. Lung 292 61 155 419 74 196 502 66 289 31.1 61 264
7.CT1 548 115 286 53.8 112 287 356 8l 330 329 73 305
8. CT2 40.5 89 192 383 73 168 255 60 240 282 61 250
9. MRI2 60.2 136 305 60.1 132 304 424 97 391 437 99 407
10. Breast 36.6 77 176 288 75 177 268 59 241 204 56 233
11. Circle to C 70 51 117 6.3 54 130 72 42 148 49 41 166
12. C to circle 9.8 53 135 109 54 142 10.1 91 374 83 44 193
13.AtoR 2.5 41 94 33 44 109 4.5 28 114 29 2299
14. Square to square 1.9 21 52 6.6 26 73 3.1 17 72 44 16 79
15. Lena 2.2 20 52 2.6 20 60 26 19 76 2.8 18 80
16. Circle to square 2.3 15 42 2.5 19 56 0.4 12 48 0.9 13 62
17. Molecule 5.2 32 76 5.7 27 74 6.1 26 101 5.2 24 101
18.FtoF 3.8 46 107 3.7 47 116 3.4 28 116 3.9 28 122
19. Circle to I 6.6 32 76 59 32 83 55 26 102 5.7 23 96
20. Rio 1.4 17 46 1.7 16 52 1.8 16 64 2.0 15 68
Total 606.5 1367 3294 611.6 1341 3393 432.0 1071 4367 401.9 986 4165
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TS, which outperformed GN on 12 problems (6 of them corresponding to medical
images).

The improved performance of 7'S and HYBRID over GN is better highlighted in
Tables 5, 6, and 7, which shows the reduction in the total time provided by the new
methods.

As mentioned above, codes TS and HYBRID behave much better when we consider
only medical images. In terms of the total time, this difference of performance is
shown on Tables 8, 9, and 10.

Additional information about the codes can be obtained by using the Performance
Profile, which is a tool for benchmarking and comparing optimization software [3].
More specifically, let 7, ; denote the time to solve problem p by solver s. The

.. . Ips . . .
performance ratio is defined as r), ; = f—*, where t; is the lowest time required to
P

Table 3 Results for resolution 512 x 512

GN SIG TS HYBRID

Problem Time IT FE Time IT FE Time IT FE Time IT FE
1. Hand 376 39 95 328 38 102 259 38 152 263 35 150
2. EPLslice 2203 190 525 3323 207 586 2862 149 666 2140 137 617
3. Brain 180 64 144 15.1 58 142 150 37 148 157 36 144
4.CT 2827.4 524 1430 1700 370 988 824.3 253 1065 446.2 202 832
5. MRI 3033 132 309 2985 117 286 2093 96 391 2869 105 436
6. Lung 175.8 77 201 1343 93 246 4257 109 500 2438 88 389
7.CT1 385.1 158 394 346.1 155 396 2248 110 443 2482 109 454
8. CT2 1083.4 208 537 1044.4 189 511 480.1 125 533 5769 137 607
9. MRI2 3394 167 388 270.0 157 371 2043 125 507 249.0 130 545
10. Breast 2212 100 234 230.6 98 239 1955 85 347 151.1 77 319
11. Circle to C 312 54 125 572 68 162 609 51 172 589 51 197
12. C to circle 379 56 144 399 57 150 473 97 401 474 49 210
13.AtoR 262 49 112 133 46 117 178 30 121 145 24 111
14. Square to square 16.7 25 62 179 27 78 263 20 84 20.7 18 86
15. Lena 172 22 58 191 22 68 183 21 8 197 20 90
16. Circle to square 11.4 20 54 133 23 66 2.6 13 52 37 14 66
17. Molecule 743 40 95 69.7 46 116 745 39 145 647 37 150
18.FtoF 122 48 113 7.1 48 122 6.6 29 122 7.6 29 128
19. Circle to I 324 43 100 53.1 42 105 453 33 128 643 31 125
20. Rio 9.5 19 52 96 18 60 11.8 18 72 125 17 78
Total 5880.7 2035 5172 4704.6 1879 4911 3202.6 1478 6133 2772.3 1346 5734

@ Springer



328 Numer Algor (2019) 80:305-336

Table 4 Results for resolution 1024 x 1024

GN SIG TS Hybrid

Problem Time IT FE Time IT FE Time IT FE Time IT FE
1. Hand 1199 41 101 121.2 40 110 1053 40 160 58.2 36 156
2. EPLslice 539.9 198 550 589.5 216 612 5182 155 693 654.2 150 677
3. Brain 49.8 65 148 91.7 63 156 529 38 152 46.7 37 152
4.CT 3884.3 556 1504 2299.4 390 1035 2478.2 297 1257 1526.3 235 965
5. MRI 1048.2 166 384 1094.8 136 337 908.2 120 486 696.0 118 489
6. Lung 929.0 102 258 1074.6 125 318 1615.3 140 650 2520.2 144 653
7.CTl1 1246.3 181 446 1040.6 174 440 906.2 133 532 1050.3 143 585
8. CT2 6148.7 330 899 4924.8 287 796 37583 198 881 38659 215 982
9. MRI2 974.9 189 442 809.6 170 409 998.3 152 621 1088 154 652
10. Breast 515.3 107 254 4775 105 259 760.1 100 414 1120.6 104 440
11. Circle to C 2355 61 141 538.6 93 214 1261 53 178 1924 56 210
12. C to circle 2453 61 156 239.8 65 168 181.1 100 414 2049 54 226
13.AtoR 1242 58 132 1179 51 129 892 34 132 1053 29 123
14. Square to square 57.8 26 66 1067 29 84 680 21 88 642 19 90
15. Lena 1403 26 68 1093 25 78 1358 24 96 922 22 100
16. Circle to square  69.6 23 62 571 27 76 434 14 56 34.1 15 170
17. Molecule 3643 47 111 3749 53 132 830.6 69 242 6620 59 223
18.FtoF 60.4 51 121 632 51 132 705 31 130 813 32 142
19. Circle to I 73.2 44 104 139.8 44 111 181.7 39 146 234.1 38 149
20. Rio 90.9 22 60 692 20 68 706 20 80 789 19 88
Total 16,917.9 2354 6007 14,340 2164 5664 13,898 1778 7408 14,376.6 1679 7172

Table 5 Comparison of the total time (in seconds) to solve all 20 problems for each resolution between
GN and SIG

Resolution Time GN Time SIG Reduction (%)
128 x 128 65.6 59.7 9.0

256 x 256 606.5 611.6 -

512 x 512 5880.7 4704.6 20.0

1024 x 1024 16,917.9 14,340 15.2
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Table 6 Comparison of the total time (in seconds) to solve all 20 problems for each resolution between
GN and TS

Resolution Time GN Time TS Reduction (%)
128 x 128 65.6 455 30.6
256 x 256 606.5 432.0 28.7
512 x 512 5880.7 3202.6 45.5
1024 x 1024 16,917.9 13,898 17.8

Table 7 Comparison of the total time (in seconds) to solve all 20 problems for each resolution between
GN and HYBRID

Resolution Time GN Time HYBRID Reduction (%)
128 x 128 65.6 42.5 35.2
256 x 256 606.5 401.9 33.7
512 x 512 5880.7 2772.3 52.8
1024 x 1024 16,917.9 13,898 15.0

Table 8 Comparison of the total time (in seconds) to solve all 10 problems with medical images for each
resolution between GN and SIG

Resolution Time GN Time SIG Reduction (%)
128 x 128 55.7 494 11.3

256 x 256 563.6 562.6 0.2

512 x 512 5611.6 4404.5 21.5

1024 x 1024 15,456 12,524 18.9

Table 9 Comparison of the total time (in seconds) to solve all 10 problems with medical images for each
resolution between GN and TS

Resolution Time GN Time TS Reduction (%)
128 x 128 55.7 337 394
256 x 256 563.6 387.1 31.3
512 x 512 5611.6 2891.1 48.4
1024 x 1024 15,456 12,100.9 21.7
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Table 10 Comparison of the total time (in seconds) to solve all 10 problems with medical images for
each resolution between GN and HYBRID

Resolution Time GN Time HYBRID Reduction (%)
128 x 128 55.7 329 41.0
256 x 256 563.6 360.8 36.0
512 x 512 5611.6 2458.3 56.2

1024 x 1024 15,456 12,100.9 18.3

1 T T T T T I
0871 ..
061 1
041 1
0.2 1

0 i § 1 1 ] 1

1 2 3 4 5 6 7

Fig. 21 Performance Profile based on CPU Time for the set of 30 problems with medical images and
resolutions of 128 x 128,256 x 256 and 512 x 512. The black line (-x-x-) corresponds to the code GN
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solve problem p among all solvers that are being compared. Clearly, r, ¢ > 1 for all
p and s. The performance profile for each code s is defined as

number of problems for whichr, <7

ps(0) = total number of problems

Therefore, the value pg (7) represents the percentage of problems solved by algorithm
s with a cost at most 7 times worse than that of the best algorithm. This means that,
for a given value of 7, the best solver is the one with the highest value of pg(7). In
particular, ps(1) gives the percentage of problems for which solver s is the best.
Figures 21, 22, and 23 show the performance profiles for codes GN and HYBRID
taking as reference all 30 problems with medical images and resolutions of 128 x 128,
256 x 256 and 512 x 512 (combined results of Tables 1, 2, and 3). As expected, we
can see that in this set of test problems, code HYBRID is significantly more efficient

1 T T T T T T ™

0.8 4

061 -

0471 7]

0.2t i

I I 1 1 I 1
0

1 1.5 2 25 3 35 4 4.5
Fig. 22 Performance Profile based on Number of Iterations for the set of 30 problems with medical

images and resolutions of 128 x 128, 256 x 256 and 512 x 512. The black line (-x-x-) corresponds to the
code GN
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06T il

0471 7

0.2 _

0 I I 1 1
1 1.2 1.4 1.6 1.8 2

Fig. 23 Performance Profile based on Number of Function Evaluations for the set of 30 problems with
medical images and resolutions of 128 x 128, 256 x 256 and 512 x 512. The black line (-x-x-) corresponds
to the code GN

than GN in terms of CPU time and number of iterations. It is interesting to notice
that GN outperforms HYBRID in terms of the number of function evaluations. How-
ever, this effect is compensated by the time that HYBRID saves in the solution of a
smaller number of Gauss-Newton linear systems (which is equal to the number of
iterations).

As an example, Fig. 24 shows the registered images obtained by all codes applied
to problem MRI2 with resolution 512 x 512.

We also tested the codes GN and HYBRID on four 3D problems from [7] (such as
the Brain Problem illustrated on Figs. 25 and 26). The results are in Table 11.

Once again, HYBRID outperformed GN. However, it seems that the gain of
HYBRID over GN deteriorates when the problems become larger. One possible expla-
nation is that for larger problems, the computational cost to compute function and
gradient evaluations becomes comparable with the cost to solve the Gauss-Newton
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(¢) T(y) obtained by code (d) T(y) obtained by code
GN in 3394 seconds. SIG in 270.0 seconds.

(e) T(
in 204.3 seconds. HYBRID in 249.0 seconds.

Fig. 24 Registered images for problem MRI2 with resolution 512 x 512

problem. In this case, the saving obtained by performing a smaller number of iter-
ations may be not enough to compensate the additional time used to evaluate the
objective function and its gradients.

Finally, it is worth to mention that the methods proposed in this work can be
applied to general smooth optimization problems. Notice that the key component
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Fig. 25 3D brain problem

(a) Template Image. (b) Reference Image.

Fig. 26 Template and Reference for the 3D brain problem

Table 11 Results for 3D problems

GN HYBRID
Problem Time IT FE Time 1T FE
1. Brain 1435 26 60 1249 25 97
2. Knee 937 16 40 698 13 56
3. Phantom 105 15 37 243 16 68
4. Mice 62 28 65 48 17 68
Total 2539 85 202 2238 71 289

@ Springer



Numer Algor (2019) 80:305-336 335

Table 12 Results for MGH problems

Gauss-Newton Algorithm 3
Problem (n,m) 1T FE 1T FE
1. Extended Rosenbrock (100,100) 50 180 32 129
2. Extended Rosenbrock (500,500) 49 177 27 110
3. Extended Powell Singular (100,100) 23 47 26 79
4. Extended Powell Singular (500,500) 24 49 26 79
5. Penalty 1 (100,101) 99 667 25 154
6. Penalty 1 (500,501) 101 670 27 154
7. Variably Dimensioned (100,100) 48 93 28 81
8. Discrete Integral Equation (100,100) 15 31 02 06
9. Broyden Tridiagonal (100,100) 20 41 11 32
10. Broyden Banded (100,100) 24 49 15 45
Total 453 2004 219 869

of the codes HYBRID and TS is the Algorithm 3 embedded on them. To evaluate
the performance of this algorithm on a different class of problems, we applied it
on a set of 10 test problems from [8] (without the multilevel step). The results on
Table 12 show that the gain obtained with Algorithm 3 over the standard Gauss-
Newton method is not restricted to image registration problems.

4 Conclusion

In this paper, we propose a two-step Gauss-Newton method for smooth unconstrained
optimization and a modified coarse-to-fine multilevel scheme. Both methods rely
on very simple subspace techniques and they aim the solution of image registra-
tion problems by the discretize-then-optimize approach. Numerical experiments were
performed on a diverse set of 20 pairs of images (Reference, Template) considering
four different resolutions. The results obtained correspond to more than 21 hours of
numerical experimentation. For registration problems with resolutions of 128 x 128,
256 x 256, and 512 x 512, a hybrid of our two new subspace methods outperformed
the standard multilevel Gauss-Newton method, reducing the total running time in
52.8% for problems with resolution of 512 x 512. The advantage of the new methods
over the Gauss-Newton scheme is even bigger when we consider the registration of
medical images. For example, in our set of 10 problems from medical images with
resolution of 512 x 512, our hybrid method was faster than the multilevel Gauss-
Newton method on 9 problems, reducing the total running time in 56.2%. These
results are very encouraging. As a future work, we intend to investigate other choices
for the subspace used in the two-step Gauss-Newton method.
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