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Abstract In this paper, a novel technique incorporated the homotopy analysis
method (HAM) with Coiflets is developed to obtain highly accurate solutions of the
Foppl-von Karman equations for large bending deflection. The characteristic scale
transformation is introduced to nondimensionalize the governing equations. The
results are obtained for the transformed nondimensional equations, which are in very
excellent agreement with analytical ones or numerical benchmarks performing good
efficiency and validity. Besides, we notice the nonlinearity of the Foppl-von Kédrmén
equations is closely connected with the load and length-width ratio of the plate. For
the case of the plate suffering tremendous loads, the traditional linear theory does
not work, while our Coiflets solutions are still very accurate. It is expected that our
proposed approach not only keeps the outstanding merits of the HAM technique for
handling strong nonlinearity, but also improves on the computational efficiency to a
great extent.
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1 Introduction

The famous Foppl-von Karman (FvK) equations governing deflections of a thin flat
rectangular plate, proposed by Foppl [1] and von Kdrman [2], are written as

pviw_ a2V Y N W OIW  0PW PWw 0 (1a)
X2 9Y?2  9Xx2 9y? axXoy axay ) =
2w 92w 2w \?
VW + E - =0, 1b
+ [ax2 aY? <8X8Y>] (1%)

where (1a) is derived on basis of kinematic assumptions and the constitutive relations,
while (1b) is equivalent to compatibility equation of deformation.

In above equations, W = W (x, y) denotes the vertical deflection, ¥ = W(x, y)
is the Airy stress function, /4 is the thickness of the plate, Q is the vertical external
force per unit of area, D = Eh3/[12(1 — u?)] is the bending stiffness of plate, £
is the elasticity modulus, p is the Poisson’s ratio ranging from — 1 to 0.5, V is the
biharmonic operator with the following property

4 22 9 9 9
V=V =axr Py Tare

Schematic diagram of force analysis and coordinate system is illustrated in Fig. 1,
where M, M, are the bending moments, My, is the torsion moment, Q,, O, are
the shear vertical forces, Ny, N, are the membrane axial forces, Ny is the horizontal
shear force, Vy, Vy are the equivalent shear forces. The detailed derivative process
are elaborated in literature [3, 4] and can be found in Appendix 1.

Many efforts have been done towards understanding the physical and mathemat-
ical mechanism of the Foppl-von Karman equations by different researchers with
various approaches. Among those studies, Knightly [5] obtained a priori bound and
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Fig. 1 Force analysis and coordinate system of plate element
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a global existence theorem for solutions of the von Karméan equations describing
deflections in a thin elastic plate clamped at its edges with combined normal and
edge loading being imposed on. Kesavan [6] numerically obtained non-trivial solu-
tions of the Foppl-von Karman equations using an iterative finite element method
which produces approximate solutions bifurcated from a trivial solution close to sim-
ple eigenvalues of the linearized problem. Chueshov [7] presented a proof on the
existence of wide collection of finite sets of functions for full determination of the
long-time solutions of the von Kdrman evolution equations and other nonlinear par-
tial differential equations of second order in time. DaSilva and Krauth [8] provided
an algorithm that can be used to obtain the solution of the von Kdrman’s and related
problems involving into elasticity theory. By an extraordinary technique of successive
reconditioning, their solution took away the convergence difficulties due to various
nonlinear stretching and pure bending energies. Lewicka et al. [9] made an exten-
sion of the Foppl-von Karman equations to take account of the shape of stresses in
an elastic plate with residual strains, whose formulation was expected to be further
applied to describe other active materials in low dimension. Xue et al. [10] applied
the von Karman plate theory on developing a mathematical model on large deflection
of a rectangular magnetoelectroelastic thin sheet whose bottom undergoes an acting
force due to transverse static mechanical loads. Other typical studies on this topic are
found in the papers written by Ciarlet et al. [11, 12], Ciarlet and Gratie [13], Ciarlet
and Paumier [14], Ciarlet et al. [15], Milani [16], Coman [17], and Doussouki et al.
[18].

Though many numerical and experimental studies with regard to various aspects
of the Foppl-von Karman equations have been done, few researchers have paid their
attention to analytical aspects of such equations. Van Gorder [19] firstly made an
attempt to obtain analytical solutions of the Foppl-von Karman equations by combin-
ing the HAM technique [20-26]and the Fourier method [27, 28]. He firstly linearized
the equations by the HAM technique, by solving a series of linear equations, the ana-
Iytical approximations are finally obtained for a range of physical parameters. His
method has efficiently controlled the item inflation in right part of higher deforma-
tion by projecting the solution in functional space spanned by finite trigonometric
basis.

In this paper, we develop a novel wavelet-homotopy method to handle the Foppl-
von Karman equations for large bending deflection. In doing so, we introduce the
wavelet-Galerkin method into the HAM technique to improve the computation effi-
ciency by choosing Coiflets [29-31] as basis. It should be noted that Xing [32]
once tried to combine the HAM technique with wavelet, but his solution was lack
of a convergence control parameter, that leads to the convergence of his solution
could not be guaranteed. The framework is illustrated as the following. In Section 2,
governing equations are dimensionalized and different boundary conditions are put
forward. In Section 3, HAM technique is applied to convert the governing equa-
tions to a set of linear differential ones. After approximated by wavelets, coupled
algebra iterating equations are proposed so as to give Coiflets series. In Section 4,
several examples are illustrated to validate solution of our approach. Accurate solu-
tions are given for ultimate load strength in large deformation of plate with fierce
nonlinearity.
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2 Mathematical formulation

According to the Kirchhoff hypothesis [33], if the plate material is homogeneous and
isotropic, then the surface normals remain perpendicular to the neutral plate after
deformation. Equations (1a,b) can be formulated via an energy approach with con-
sideration of variations of internal energy and the work done by external forces. Note
that membrane displacements and change of plate thickness are negligible.

2.1 The dimensionless equations

The nondimensional Foppl-von Karmén equations derived from (1a,b) are given by

Vhw— (82_14182_(;) L B0l w By ) =q. (2a)
dx2 9yr  9x? 9y? 0xdy dxdy
2 2 2 2
via the following transformations
X Y w Wh b
S Ty Tw T Mt ®

where w is the dimensionless vertical deflection, ¢ is the dimensionless Airy stress
function, a, b, and h are, respectively, the length, the width, and the thickness of the
plate, dimensionless loads ¢ and constant K, are

K Qa?b?
— 2 —
Ke = 12(1 — M ), = E—h4 (4)
and the dimensionless biharmonic operator
9t a* 1 9
V=2 — 4+ (5)

2——+ ——.
dx* 0x20y? + A2 gy*
2.2 Closeness and boundary analysis

In order to ensure (2a,b) being closed while calculation domain = [0, X] x [0, Y]
is transformed to IT = [0, 1] x [0, 1] with the boundary &2 = a(II) , 16 bound-
ary conditions have to be taken into consideration. In consideration of an isolated
rectangular plate with circled simply supported edge, the bending moment does not
exist without external force. In this case, the corresponding boundary conditions in
nondimensional forms are written as
0w

w(x, Yo = W

. 92w

y=01  0¥?

x=0,1

and for circled clamped edge, boundary bending angle is zero without deformation,

ow

w(x, Yo = —

an g 0. M

Q
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and the combined edge that two parallel edges clamped and the other two parallel
edge simply supported

Jw 92w
wx, yle = — = =0. (8)
0X [y—0,1  9Y” [x=0,1
Due to the dimensionless lateral stress meets
2 2 2
O_m:la_QD’ O—’:n:la_(p’ TXy:_l 8 go (9)
Y K ox2 Y K 9y? K 0xdy

where 0", a;” are membrane axial stresses and 7y, is membrane shear stress. For an

isolate plate, membrane stress circled the plate does not exist which satisfies

82g0
9x?

_ %
y=0,1 dxdy

_ 9%
y=01 02

_ Ve
x=0.1 0xdy

—0. (10)
x=0,1

Except for the boundary conditions due to the surface force distribution, we still
need other conditions for ¢ (x, y) to ensure the equations being closed. Without loss
of generality, further boundary conditions are supplemented as

p(x,0) = filx), o(x, 1) =g1(x), ¢0,y) = fL2(y), ¢, y) =g(). A
To let the boundary conditions at edges be compatible, it requires
[10) = £2(0),  gi(1) =g2(D),  fi(1) =g200), f2(1) = g1(0). (12)
Regarding physical requirements in (9), which lead to
px,y) =Cix + Cry + Cs. (13)

It is readily to know that (13) satisfies (2a,b) automatically, which means that Cy, C»,
and C3 can be any constants. We therefore set C1 = C, = C3 = 0 for convenience.
As a result, the following boundary conditions can be given

p(x, Yl =0. (14)

Now, the problem becomes closed and can be solved conveniently.

3 HAM with wavelet basis

In this section, we combine the HAM technique with the wavelet basis to give highly
accurate solutions to the above-mentioned problem.

3.1 Linearization by HAM

We first apply the HAM technique to transform the nonlinear equations to a group of
linear ones. To do so, we first choose the linear operators as follows:

L, =L, =V (15)
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Then, the HAM deformation equations can be constructed as

(1= 0)Lyl®(x,y;0) — ®(x, y; 0)] = 01 Ny[P(x, y; 0), O(x, y; 0)](16a)
(1 =0)Ly[O(x, y; 0) — O(x, y; 0)] = 0 2Ny [P (x, y; 0), O(x, y; 0)],(16b)
where 0 € [0, 1] is an embedding parameter, c; and ¢ are the convergence-

control parameters, ® (x, y; 0) and ®(x, y; o) are mappings of w(x, y) and ¢(x, y),
Ny[®, ©] and N, [P, O] are nonlinear operators defined by

Ny (@, 6] = V4o GRNRIC) N 3’3’0 _ 3’ 3’0 (17)
bl = - Y - - b a
v axZ 9y?2  9y? 9x2 axdy dxdy a
N,[®, O] = V'O + K i 02 \* (17b)
e ‘| 9x2 9y2 0xdy ) |
The appropriated boundary conditions are
32®(x, 0; o) 9*®(x, 1; 0)
dx,0,0)=———=0, P(x,1;0)=—F>—==0,
(x,0;0) 512 (x, 15 0) 512
3*®(0, y; 0) 3*@(1, y; 0)
¢0,y;0)=——F>5—=0, ¢, y;0)=—775—=0,
ay dy (18)
9?0 (x, 0; 0) ?0(x, 1; 0)
Ox,0,0)=——=0, OKx,1;0)=———5— =0,
(x.0:0) 3x2 (. 1:0) 3x2
320(0, y; 0) 9?01, y; 0)
00.y;i0)= — 2% —0, o1, y0="2"0
ay dy
From (16a,b), we notice
0=0, @(x,y;0)=wolx,y), O(x,y;0)=go(x,y), (19a)
o=1 @@ y;)=wk,y), O, y;1)=e,y), (19b)

where wo(x, y) and ¢o(x, y) are the initial guesses.

As o increases from 0 to 1, ®(x, y; o) and O(x, y; o) vary from their initial
guesses wo(x, y) and ¢o(x, y) to the exact solutions w(x, y) and ¢ (x, y). The explicit
forms of ®(x, y; 0) and ®(x, y; o) can be expressed by the Taylor expansions with
respect to o in the following forms

+o00
D(x, y; 0) = wo(x, y) + Y wm(x, y)o", (20a)

M=1

+o0
Ox, ¥ 0) = po(x, ) + Y _ em(x, y)e", (20b)

M=1

where
1 Md(x,y:0)
) = MO (x, y; 0) 1b)
(pM x’y - M' 8QM gzo'
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The convergent HAM series solutions can be expected as all auxiliary parameters
are properly chosen to ensure that the Taylor series all converge at o = 1. In this
case, we have

~+00
w(x, y) = wolx, y) + Y wux, y), (22a)

M=1

+o0
P, ¥) =g, ) + Y pm(x, ). (22b)

M=1
Differentiating (16a,b) M times with respect to p, then dividing them by M!,

finally setting p = 0, we obtain the Mth-order deformation equations

Lolwy — xmwyu—11= ct{V*wy_1 + R}y + (xu — Dg), (23a)
Lolom — xmem—11= c2{Viou_1 + Ry}, (23b)
where
RY — _Mz_:l azws 32(pM,1,S azws aszflfs _ 282ws 32§0M717s
M p—r 0x2 dy? dy? 0x2 axdy 9xdy )’
M-1
¢ 2w, Pwpy—1—s  0*ws 02 War—1—s
Ry = Ke 2 2 -
= ax ay dxdy  0xdy
and B
0, k<1, 24
A TSy

3.2 Coiflets with boundary modification

Solution expressions are very important to improve the convergence of the HAM
solutions. However, it is not easy to choose them when the nonlinear problems
become considerably complicated. This is due to the solutions of the group of non-
homogeneous HAM high-order linear equations can be hardly determined when the
solution expressions are not basic functions. To overcome this limitation, we intro-
duce the Generalized Orthogonal Coiflets basis [34] into the HAM technique as the
expansion functions.

Due to border jump existence in wavelet, approximate expansions for f(x) at
x = 0 and x = 1 are given by boundary modification of three points interpolation
extension in literature [29, 35]

.k

Zf<§>To,k(x>, x € (=8,0),

- k=0

foy =1 f@. xelo.1], (25)

& k
Zf(l - E)ﬂ,k()f),x € (1, 1+96),
k=0
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where § is small amount, j is resolution level, and Ty x(x) and Tjx(x) are the
modification functions defined by

3 1

N i Pik i
Tor) =) (== ¢y T =3 (== ) =D (26)

i=0 i=0

with p? « and pi1 « determined by coefficient matrices Py and P;.

1 0 0 0 1 0 0 0
po_ | —11/6 3 =3/21/3 p._ | 11/6 =33/2 173
0= 2 =5 4 1| 'T 2 -5 4 -1

-1 3 =3 1 1 -3 3 -1

Taking the compactly supported [0, L] of wavelets and domain of function [0, 1]
into consideration [29], f(x) is approximated as

2/ —1 2j71+M1
M +k : ~( k .
(X) Z f( 1+ >¢,(21x—k)= Z f(i)l//(WX—k—i-Ml).
k=2-3N k=2-3N+M,

(27
where M| is the first-order vanishing moment, N is the vanishing moment, L is
compactly supported length which equals 3N — 1 in Coiflets family, and v is the
wavelet basis. It is turned out that coefficients of Coiflets series is the approximate
value of the function middle points.

Substitute (25) into wavelet expansion (27), we obtain the desired wavelet basis
with boundary modification

-1

> TOk( )w,l(x)w,k(x) k € [0,3],

i=2—3N+M,;
Gju(x) = vk (x), kel4,2/ —4], (28
27 —14+M,
Yo T k( )w,l(x)w,k(x) kel[2/ —3,2/]
i=2J+1
where

Vi) =¥ @x —i+ M), () =¥ Q2 x —k+ Mp).
3.3 Approximation by wavelet basis

In generalized orthogonal Coiflets system [34], resolution wavelet is the same as
reconstituted wavelet distinguished from Biorthogonal Coiflets System. Approxi-
mation of an arbitrary binary function G(x,y) when # = v = 0 and its partial
derivatives in x and y directions with u# and v orders subjected to homogeneous
boundary conditions is

2/ 2J

8u+v . " .
axuavaJG(x’Y) ZZ ( >¢] ()¢ (). (29)

k=0 1=0
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Moreover, scale of error approximating estimation are conducted in [34] only
related to resolution level j, reconstruction level J, vanishing moment and filtering
coefficients of wavelets in the following lemma. Besides, some important definitions
of mathematical operators are defined in Appendix 2.

Lemma [f arbitrary binary G(x, y) € L*([0, 1] x L>([0, 1]) " ([0, 1] x [0, 1]),
the accuracy of the approximation (29) can be estimated as

8M+UG , au+ijG , )
()C )’) _ (-x )’) < szfj(Nfufv)’ (30)
ax“oyv ax“ayv 12
"G (x, y) _ au-H)SJG(x’ y) < .2~ I (N=u=v) 31
AxUdyv dx1dy? 2o ’

where C,, and Cy are positive constants that depend only on G(x, y) and wavelets,
and 0 <u+v < N.

In view of (6,10,14), boundary matrices Py and P; are supposed to be modified
corresponding to different conditions. For circled simply supported edge, we set

hY () =05 (3) = k(M pg2i—0.p1 2,0,

(32)
h(;.)’k(x) = h(f,k(y) = ¢j,k()))|po_2<,-—>0,p1,2,,»—>0.
For circled clamped edge, we set
hljvk(x) = hwk(y) @k (V) po,1,i—0.p1,1,i—0. (33)
h?’k(x) = h(pk(y) ¢j,k(y)|p0,21i—>0,p1_2yf—>0,
and the combined opposite simply supported and fixed edges
hlﬁk(x) =@k () pp1,i—0.p1.1,i-0, hlﬁk()’) = @k (M) pp2i—0.p12i0. (34)

h?’k(x) = h(pk(y) ¢j,k(y)lp(),zj%(),pLz,,'%O.

Later, the dimensionless vertical deflection and the Airy function subjected to
homogeneous boundaries are therefore resolved by the Coiflets as

2/ —12/-1

wx, )~ Plw@,y) =Y Y w ( ) Ye@RY(y),  (35a)
k=1 1l'=1
2/ —12/-1

g N~ Ploe =3 > ¢ (2] 2,) @RS, (). (35b)

k=1 l'=1

What needs illustration is that Dirichlet boundary condition decide the scale of coef-
ficients matrices while Neumann type contributes to the modification of boundary
matrices Pg, P;.
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3.4 Algebra iterative equation

According to the general gaussian integration method [30], linear operator £ and non-
linear operator A" acting on approximating function can be transformed on Coiflets
basis in the following form
27 —14-M;
=~ RIPIT X
RIFOI~RIP f0)l= Y f(§>7%[¢,-,k<x)] (36)
k=2-3N+M,

where R can be replaced by £ or N to give their corresponding wavelet expressions.
Then, we substitute Coiflets expansion of w and ¢ into M'th order equations

2-12/-1 v
> Z{ ( ) wlhjihjrl
k=1 I'=1
K U
—Wy— 1<2] 21){)(/\4/311)[}1]1« jl/]+61V [hj,k’hj,l’]}} (37)
2 2 vl
= —c ZZ [ < > +1- XM)Q( j>]¢j,k¢j,z,
k=0 =0
2-12/-1 ;o

k1 k
Z Z {(W(zj 2]> oldjdir] —om- 1<21 2]>{XM£ [P 1djr]

k=1 I'=1

2 9
+62@4[¢j,k/¢] I H = —CZZZ[ ( )‘/’J k¢11]

k=0 1=0
(38)

Finally, by multiplying ¢; ,»(x)@; »(y) on both ends of (37-38) and integrating
on domain €2, we obtain coupling iterating algebra equations.

Wiy = (1 + )Wyt + 1A, 'Co [RY_ + (1 — Q). (39)
Sy = (c2+ xm)Pu—1 + 2KA,'CoRY,_,, (39b)

where straight vectors of variables, nonlinear items and loads are

A KU
F:{fp’:f<2_]vz_]>}ﬂ f:va§0M7 F:WM,(DM,

0 k l w @ w ¢
F—{fp—f<§,§>}, f=RY Riq F=RY R} Q,
=2/ —Dk-1+1, 0 =2 —D(s—1) +1,
p=2k+I1+1,KU',m n=1~2 —1k1,=0~2/.

And the iterating matrices of tensor product
NT 2 4 -2
Al = 22105, Qi +2002, QUi + 272105, QT

J,0 J:0
Nk n’ ® Nl,m"
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where tensors constructed by connection coefficients

. 1d”h-1(x)
jn _ _ Js _
Fl,m = {Vl,m —_/(; T h],m(x)dx}, 40)
1 gn 4.
N/ { ,m:f %hj’m(x)dx}. (41)
0 X

Straight vectors of nonlinear parts RY,, R,‘f,, are approximated by products of cal-
culated vectors of w, ¢ in each order and tensors constituted by Coiflets and its
derivatives from (63).

M-
Rt = 00 (W O + WO ALY

5=0 (42)

M—1

<p _ x7],S ~rj,M—1—s 5758 ~rj,M—1—s

R, =& Y (WHOWRET T - Wi OWi ) @
s=0

where the matrices of variables Coiflets expansion are
Wit = @ QD" e WY, 115 =@ Q&) e by, @)

and the coefficients matrices are
A k A k 1
U _ U _ _
R TG | I TR )

4 Results and discussion

In this section, we first make comparison of results obtained from linear equa-
tion governed by biharmonic operator in Fourier and Wavelet approach to better
understand properties of the Foppl-von Karman equations. Then, we validate our
method by comparing the results with numerical benchmark or analytical one and
the computing efficiency in contrast with Gorder’s Fourier approach. Besides, non-
linear analysis of large deflection is conducted to study the feasibility of our
homotopy-wavelet method.

4.1 Comparison in linear cases

Before solving (23a,b) by the Fourier method, we consider the linear equation
governed by biharmonic operator
4 9% 4

a
V4U(x,y) = (— +2——

ot T 25y 84)U(x ) =T, y), (45)
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which exists a complicated general solution of homogeneous special case by sepa-
rated variable method

Ux,y) =Y (Cre"™ + Cae 7")[C3cos(yx) + Cysin(yx)]x
v B (46)

(CsePY 4+ Coe™P)[C7 cos(By) + Cs sin(By)].

where B, y are eigenvalue values and the coefficients C; are determined by the
boundary conditions.

As illustrated above, if we solve Mth order deformation equations exactly by
determining coefficients, the process will be extremely complicated and very time-
consuming. Therefore, the approximate method has to be taken into consideration.
In order to study the approximation precision by increasing the series items, we
select a particular T (x, y) so that (45) admits an analytical solution U (x, y) (refer
to Appendix 2 for the expressions of T'(x, y) and U (x, y)). It should be pointed out
that, for constant T (x, y), the systematic errors on the boundaries are inevitable due
to the Gibbs phenomenon when either the Fourier method or the wavelet technique
is employed. The analytical solution is extremely difficult to find. As a result, we
can hardly illustrate it as the example to check the validity of our solutions. To find
an appropriate analytical solution for comparison, we choose such 7 (x, y) that is
combined with polynomial basis.

Besides, we construct the error estimated function Err(x, y) for measuring the
error distribution between calculated solution U*(x, y) and analytical one U (x, y)

Err(x,y) = |U"(x,y) = U(x, y)l. (47)

Moreover, we define ErrSQ; and ErrSQ> as the system error estimated
k=0 =0

functions, which are written by
U k1Y U k1
20" 2i 27" 2i
M, My

ErrSOn — IIE 1 ok 1 ol k! 2
rrSQs = || NHLZ(R)NWZZ 2 ) " AR

k=0 1=0
(48)

M, Mp

2.2

ErrSQi1 = |Err|lpir) =

’

M, My

where M, and M} are numbers of items.

As illustrated in Table 3, by adding items, the approximating precision for both
Coiflets and trigonometric approaches can be improved, while the Coiflets is supe-
rior than trigonometric ones. On the other hand, using the integral relation (49), it
is difficult to determine coefficients of series explicitly, so that it is hard to com-
pute T (x, y) by the Fourier method except that T (x, y) is constant or trigonometric
functions. What is pointed in our approach is that polynomial generating recursive
integration is introduced, in which the numerical Gauss integral technique is adopted
to determine 7 (x, y).

1,1
£ = / / T (x, y)sin(mmx) sin(nwy)dxdy 49)
0 JO

where m, n are frequency parts.
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4.2 Validation and comparison in nonlinear case

In this case, our proposed technique is employed to solve the nonlinear equations (2a)
and (2b). Here, the indicators of measuring errors are defined as

2/ 2i

1 ko 1\
E”f=m22[f/w<§,§>}, f=wg9 (50)

k=0 [=0

RN S k1T
ErrS = - —, = | — * ., T N = . 51

0= ity ;;[f(zf 2f> f <2J 21)} f=we G
where f(x, y) and f*(x, y) are the homotopy-wavelet and the analytical solutions,
respectively. Note that the convergent result is expected when Erry tends to zero.
Note also that the diminishment of the residual (51) indicates that our solutions
approach to the analytical ones. Our code is based on the software Mathematica
ver.10 and can be readily run on a personal computer with an Intel Core 4 Quad 2.5
GHz CPU and 8GB memory.

4.2.1 Validation in different boundary conditions

We first validate our approach in comparison with numerical benchmark. Dimen-
sionless deflection, bending and membrane stresses distributions at x = 1/2 of plate
subjected to circled simply supported movable edge(CSSME) or circled clamped
movable edge(CCME) suffering load ¢ = 128K,, 192K, respectively by Analog
Equation Method (AEM) were given by Katsikadelis and Nerantzaki [36]. In contrast
to values by our approach in resolution j = 5, three figures show an excellent agree-
ment in Figs. 2, 3, and 4. On the whole, it is obvious that bearing load capacity of plate

W(AEM)-Q192Ke-CSSME
W(AEM)-Q192Ke-CCME
W(AEM)-Q192Ke-CSSME
v W(AEM)-Q128Ke-CCME
—— w(j=5)-Q192Ke-CSSME
— —w(j=5)-Q192Ke-CCME
- - - W(j=5)-Q128Ke-CSSME
— - - w(j=5)-Q128Ke-CCME

>eonm

00 02 04 06 08 1.0
y

Fig. 2 Dimensionless deflection w comparison for boundaries of circled simply supported movable
edge (CSSME) or circled clamped movable edge (CCME). Line: Analog Equation Method(AEM), Point:
wHAM at resolution level j =5
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obx(AEM)
oby(AEM)
omx(AEM)
omy(AEM)
obx(j=5)
» = Z N - - oby(5)
- - = omx(j=5)
‘-'-Gmy(j=5)

20-0,/0,,

4 peonm

101 /

00 02 04 06 08 1.0
y

Fig. 3 Bending and membrane stresses comparison subjected to circled simply supported movable edge
(CSSME) when ¢ = 128K,. Line: Analog Equation Method (AEM), Point: wHAM at resolution level
j=5

subjected to clamped edge is better than that subjected to simply supported edge.
Besides, in Table 1, with the resolution level j increases, obtained central maximum
deflection is more and more near classical exact one. In comparison of results by
Azizian [37] and Wang [38] using Finite Strip and DRBEM, the absolute errors when
g = 10, 50,75, 100 is around order 103 while the other two methods are around
102, Therefore, in this case, the accuracy of our method is much better. As illus-
trated in Table 2, compare to results by Al-Tholaia [39] using RBF meshless method
and finite element method (FEM), we figure out convergent deflection and stress of
plate subjected to CSSME suffering ¢ = 40 in resolution level j = 3 ~ 6, which

n  cbx(AEM)
o oby(AEM)
30, 6,/0,, A omx(AEM)
v omy(AEM)
obx(j=5)
15 - — oby(j=5)
- == -omx(j=5)
0- = omy(i=5)
'1 5 T 1 \
] \
1 \
'30 T 1 \
] \
1 4 1
451 , \

00 02 04 06 08 1.0
y

Fig. 4 Bending and membrane stresses comparison subjected to circled clamped movable edge (CCME)
when g = 192K,. Line: Analog Equation Method(AEM), Point: WHAM at resolution level j = 5
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Table 1 Dimensionless deflection comparison between AEM and our approach with different loads(c; =
¢ = —3/5,iter =5, M = 10)

q 10 50 75 100
Classic [37] 0.019149 0.095147 0.14155 0.18671
Azizian [37] 0.019908 0.098833 0.14694 0.19361
Wang [38] 0.0196312 0.0980101 0.146729 0.195117
This work(j = 3) 0.0204734 0.102218 0.146529 0.203523
This work(j = 4) 0.019598 0.0978571 0.146529 0.1949
This work(j = 5) 0.0192927 0.0963329 0.144247 0.191864
This work(j = 6) 0.0192125 0.0959326 0.143648 0.191068
Relative error (Azizian) 3.96E-02 3.87E-02 3.81E-02 3.70E-02
Relative error (Wang) 2.52E-02 3.01E-02 3.66E-02 4.50E-02
Relative error (j = 6) 3.32E-03 8.26E-03 1.48E-02 2.33E-02

also performs excellent agreement by iterating HAM [40] that iteration (iter = 5)
and order (M = 10), as shown in Table 3.

We then construct general equations containing exact solutions by adding item
p in right side of (2b) while the Foppl-von Kdrmén equations are the special case.

By setting ¢y = —92/100 and ¢c; = —88/100, and choosing A = 1 and K, =
9/100, we first illustrate our Coiflets solutions with g (x, y) and p(x, y) being given
in Appendix 2.

As illustrated thereinafter, our reconstituted solutions agree well with the analyt-
ical solutions, which show the validity of our proposed approach. Particularly, we
notice that the reconstituted Coiflets solutions (35a,b) are very accurate since the
Coiflets is compactly supported by performing finite regularity that are not infinitely
differentiable. As shown in Fig. 5a, the norms of w at j = 6 decrease to 10~ by 15
iterations and 10710 by 40 iterations. The convergent rate can be adjusted by alter-
ing c¢1 and c;. Moreover, as showed in Table 4, the system residual errors of w and ¢
diminish rapidly to 10~ for the resolution level j = 6.

Since limited precision for calculation of the connection coefficients based on
the filtering coefficients of Coiflets is selected to simplify calculation, the residual

Table 2 Comparison of dimensionless deflection w, bending stress o, and membrane stresses o, between
RBF, FEM, and our approach(c; = c2 = —1/4,iter =5, M = 10)

Methods w op Om Time (s)
This work (j = 3) 1.53952 10.1476 1.5734 0.3637574
This work (j = 4) 1.40467 8.06868 1.70394 3.1362198
This work (j = 5) 1.36063 7.88887 1.65281 31.7269536
This work (j = 6) 1.35013 7.84265 1.63751 385.4753171
RBF [39] 1.3619 7.7815 1.6611 -

FEM [41] 1.3508 7.6551 1.6359 -
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Table 3 Approaching precision and consuming time by Fourier and Wavelet approach with different
number of items in linear case

Item number 9%x9 17 x 17 33 x 33 65 x 65

Fourier-ErrSQ 5.07E-02 3.97E-02 3.55E-02 3.37E-02
Fourier-ErrSQ3 2.94E-02 1.16E-02 4.99E-03 2.26E-03
Wavelet-ErrSQ; 2.52E-01 6.70E-02 6.98E-03 5.17E-04
Wavelet-ErrSQ; 1.70E-01 4.38E-02 4.49E-03 3.33E-04
Fourier-Time (s) 2.24E+02 1.40E+03 4.25E+03 3.85E+04
Wavelet-Time (s) 7.66E-01 1.09E+00 3.22E+00 3.58E+01

Errw Simply Supported Edge

+]=3

100 —o—j=4

+j=5

10° e
10°€
10°°

10-12 i i i i i i
0 10 20 30 40
iter
(a) Erry.

10"y ErrsQ,, Simply Supported Edge  —=—j=3

—e j=4

1 +j=5
10 =
1075+

107+

107 - . . . .

0 10 20 30 40
iter
(b) ErrSQuw.

Fig. 5 a, b Norm of Mth order solution and residual vary with iteration subjected to circled simply
supported boundary. Square: j = 3; circle: j = 4; delta: j = 5; nabla: j =6
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Table 4 Convergent results of order M = 15 in different resolution level j subjected to simply supported
boundary

j 3 4 5 6

Item number 9%x9 17 x 17 33 x 33 65 x 65
Erry, 2.07E-03 5.88E-05 9.54E-05 1.96E-04
Err, 4.73E-04 5.10E-05 8.23E-05 1.68E-04
ErrSQ,, 8.71E-03 1.40E-04 2.33E-06 8.35E-08
ErrSQ, 5.69E-03 1.19E-04 2.10E-06 7.10E-08
Time (s) 1.90E-02 8.33E-01 1.83E+01 2.53E+02

errors are reduced to a certain order of magnitude that is a straight line, as illustrated
in Fig. 5b. Due to this reason, too many iterations in our approach are unneces-
sary. Particularly, by increasing the resolution level, the approaching precision can
be improved but the computing process becomes more time-consuming. Therefore,
by choosing an appropriate convergent precision corresponding to a prescribed j, we
are able to achieve our target effectively using our proposed approach.

Further, to validate the generality of our technique for adapting other kinds of
boundary conditions, the large deflection plate subjected to the circled rigid fixed
and combined boundaries is considered; the parameters for this problem are defined
in Appendix 2. By setting proper convergence control parameters and modifying dif-
ference coefficient matrices, in the case of A = 1 and K, = 9/100, our results are
also in accordance with the analytical ones, as illustrated hereinafter. From Tables 5
and 6, the solutions of w and ¢ are successfully given with high precision and effi-
ciency. The residuals decrease into order of magnitude around 1074,107%, and 1078
at the resolution level j = 4,5 and 6 within nearly 0.74s, 17.3s, and 268.69s,
respectively. Moreover, the comparison of deformation in middle line x = 0.5 with
the analytical solution and the absolute errors is presented in Fig. 6. It is seen that
the deflection results are in coincidence with the exact ones, the absolute average
errors are in the level of 10™%5, 1073, and 10732 corresponding to the three different
boundaries.

Table 5 Convergent results of order M = 15 in different resolution level j subjected to clamped edge

j 3 4 5 6

Item number 9x%x9 17 x 17 33 x 33 65 x 65
Erry, 1.71E-03 3.43E-05 2.72E-05 5.06E-05
Err, 2.49E-04 1.49E-05 2.11E-05 4.11E-05
ErrSQ, 7.95E-03 4.95E-05 2.13E-06 2.04E-08
ErrSQ, 9.59E-03 1.91E-04 2.71E-06 7.27E-08
Time (s) 1.90E-02 7.41E-01 1.73E+01 2.69E+02
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Table 6 Convergent results of order M = 15 in different resolution level j subjected to combined
boundary

J 3 4 5 6

Item number 9x%x9 17 x 17 33 x 33 65 x 65
Err,, 2.91E-03 2.61E-04 3.86E-04 7.67E-04
Err, 2.37E-04 4.51E-05 7.27E-05 1.45E-04
ErrSQ, 9.87E-04 5.13E-06 4.96E-08 5.05E-08
ErrSQ, 4.99E-03 1.13E-04 2.02E-06 7.07E-08
Time (s) 2.05E-02 7.46E-01 1.72E+01 2.67E+02

4.2.2 Comparison with the fourier approach

Here, we revisit Gorder’s problem [19] by the Fourier approach. The solution series
for Mth orders in nondimensional form are

R wmnSm(mrrx) sin(nmwx)

w(x, y) Z Z Z (}\m + )\711’12)2 ) (523)
k=0 m=1n=1
M <pm n sin(mmx) sin(nmwx)

p(x,y) = ZZZ G2+ a2 (52b)
k=0 m=1n=1

where M,,, N, and My, N, are number of items.

w/wg
1.0- -
0.5 1
0.0 ]
= W(SSSS)
w_(SSSS)
-0.5{ a4 w(ccco 1
- - w,(ccce)
1.0 .5 isese) -
00 02 04 06 08 1.0

Y

Fig. 6 Comparison of calculated deformation with analytical one at x = 1/2 subjected to different bound-
ary conditions. Line: analytical solution; scatter: calculated solution. Solid and square: circled simply
supported edge(SSSS); dash and up triangle: circled clamped edge(CCCC); dot and diamond: combined
edge (SCSC)
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As shown in Table 7, both the errors ErrSQ,, and ErrSQy decrease as the valid
number of series terms increase. The computational time increases as more terms
involve. Here, the valid terms denote the odd coefficients of the series expansions,
which have relationships My, = Ny = 2m — 1 and My, = N, = 2n — 1. Using
the software Mathematica, the complex integral operation is simplified to a set of
trigonometric product terms that can be readily used for summation and algebra
operation.

In general, increase of number of the series items can improve the accuracies of
both methods, but the approximating precision of our homotopy-wavelet approach is
better than the Fourier method if the same number of series items is chosen. From
Tables 4 and 7, we know that the results by 8 x 8 trigonometric basis are equivalent
to those ones by the Coiflets at j = 3. In both cases, the errors of w, ¢ are in level
of 1073 . To achieve such accuracies, Fourier method consume 846.59 s, but our pro-
posed approach only needs 0.02 s. We only need a few iterations to achieve accurate
results whose errors can reduce to 107° and 1078 with 32 x 32 and 64 x 64 at j =5
and j = 6 within 18.27 and 253.33 s, respectively. Particular attention should be
paid for lower order computation, which is usually hard to give solutions with high
precision. As a result, the high-order computation is often employed to improve on
the computational accuracies. To avoid wasting computational time, iterating HAM
technique is used in the calculation.

Essentially, there are several differences between the two approaches. Firstly,
different ways for handling boundary conditions. In Fourier method, the boundary
conditions are automatically satisfied by the proper choice of the solution expressions
and initial guesses. While in wavelet technique, the boundary polynomial interpo-
lation extension is adopt to avoid the secular term and the computational precision
loss. Secondly, different techniques for handling nonlinear parts. In Fourier method,
the nonlinear parts are expanded as the summation of a series of functions which
grow exponentially as the computational order increases. Nevertheless, in wavelet
approach, the nonlinear parts are considered as a whole function to be approached by

Table 7 Results of HAM by Fourier approach with iteration subjected to simply supported boundary

Valid items 3x3 4 x4 5x5 6x6
My, Ny, My, Ny 5 7 9 11

(M ,iteration) (10,1) (10,1) 8,1) 8,1)
ErrSQ,, 2.41E-02 1.93E-02 1.52E-02 1.29E-02
ErrSQ, 1.40E-01 8.32E-02 4.13E-02 2.69E-02
Time (s) 1.58E+01 3.21E+01 6.63E+01 1.76E+02
Valid items 7x17 8§ x 8 9x%x9 10 x 10
My, Ny, My, N, 13 15 17 19

(M iteration) 5,1) (4,2) (3,3) (2,5)
ErrSQ,, 8.12E-03 4.12E-03 2.08E-03 1.36E-03
ErrSQ, 1.22E-02 7.15E-03 4.19E-03 2.98E-03
Time (s) 4.16E+02 8.46E+02 1.53E+03 2.72E+03

@ Springer



1012 Numer Algor (2018) 79:993-1020

wavelet basis, which greatly decreases the computational complexity. Thirdly, differ-
ent way for controlling precision of solutions. In Fourier method, the effective way
to improve on the solution precision is to involve more terms into the computation,
which are very time-consuming. In wavelet approach, the precision is only related to
resolution level j without considering approximating functions. Once j is given, the
projecting function space scale and the number of items are determined in the mean-
time. It is very convenient to obtain the reconstitution solution with certain accuracies
if the convergence control parameters are properly chosen.

4.3 Nonlinearity analysis and application

When a flat plate suffers small deflection (w/h < 0.2), the film stress can be
neglected compared to the bending stress. The latter dominates the deformation due
too) = (r;" = r;’; = 0 which leads ¢ = 0.

Equations (1a) and (b) are simplified as DV*W = Q using the Fourier way.
The dimensionless maximum deflection on plate is nearly proportional to the load ¢,
while k1 is supposed to be constant due to the uniform distribution of the load. With
those assumptions, the following relationship can be obtained

232

e} (53)
It is obviously that the nonlinear part of (2a) and (b) are determined by K, which
is related to the Poisson’s ratio u, the length-width ratio A, and the dimensionless
loads ¢. In order to study their relations, we set q/K, as a variable for calculating
the large deformation with different A. For the sake of comparison, we also use the
linear theory to give solutions. Parameters of the rectangular plate are chosen as u =
0.3, E = 2.06 x 10'' N/m?, the thickness & = 18mm, the length ¢ = 1m with
length-width ratio being A = 1, 2, 3, 5 subjected to circled simply supported edge.

As illustrated before, our proposed approach is able to obtain highly accurate
solutions with strong nonlinearity by choosing appropriately convergence control
parameters. Here, we need to make more assumptions to let the problem be physi-
cally realistic. (1) The loads on the plate is finite. (2) The surface bending is within
the elastic range. The ultimate dimensionless loads g are discussed based on these
assumptions.

The influence of ¢/K, on the dimensionless deflection W/ is shown in Fig. 7.
Both the linear and the nonlinear results are given, respectively, by the linear the-
ory and by our proposed technique. It is found from the figure that when ¢ /K, is
small, corresponding to the weak nonlinearity case, the results give by two techniques
are quite similar. This indicates that linear theory can work well for small ¢/K,.
While as ¢/ K, is large, corresponding to the stronger nonlinear case, the results are
markedly different, the linear result is obvious beyond the nonlinear result. The lin-
ear theory is obviously not applicable in such situation. Particularly, if we keep the
convergence-controlled parameters unchanged, there is a maximum ¢q/K,, beyond
this value, the solution is divergent. The ultimate g /K, respectively approximates
27.74,36.99, 41.62, and 57.80 for A = 1, 2, 3, 5 by setting ¢c; = ¢ = —0.9. To give
accurate results beyond this maximum g /K., the convergence-controlled parameters
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w/h Nonlinearity Linear(A=1)
44 Nonlinear(A=1)
[0 ultimate g/K, . - - - Linear(A=2)
)/ - v Nonlinear(A=2)
3 )/ < TEL Linear(A=3)
1 S M < Nonlinear(A=3)
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Fig. 7 Dimensionless calculated deflection W/ h vary with ¢/K, by linear theory and wavelet approach
in different length-width ratio A. Solid line, linear results A = 1; dash line, linear results 1 = 2; dot line,
linear results A = 3; dot line, linear results A = 3; circle, nonlinear results A = 1; down triangle , nonlinear
results & = 2; left triangle, nonlinear results A = 3; hexagon, nonlinear results A = 5

have to be altered accordingly. As the nonlinearity become strong, it is more dif-
ficult to give accurate solutions. In this situation, we can adjust the values of the
convergent-controlled parameter to ensure our solution being convergent. As shown
in Fig. 8, by altering the convergent-controlled parameters cy, ¢ from — 1 to 0,
the maximum value of ¢/K, can be enlarged to around 46.24, 129.48, 208.09, and
289.02 for A = 1, 2, 3, 5, respectively. For example, in comparison with benchmark
by RBF method [39], ¢/ K, = 40 corresponds to dimensionless deflection w = 1.36
while w = 1.35546 by our approach and 2.05136 by linear theory.

Fig. 8 Optimal convergence €;=C,  Nonlinearity
control parameter ¢ vary with
q/K_. in different length-width 0.0 - op a A
ratio 1. Square: A = 1; circle: nu © v v
)»‘: 2; up triangle: A = 3; down 0.2 oo
triangle: A =5 A
-0.4 - o
v A=1
=] =
-0.6 - o o A=2
A =3
-0.8 4 v As5
BZDA v
1.0 +— T T T T T T
0 50 100 150 200 250 300

q/Ke
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From our computation, we also notice that the length-width ratio X is an impor-
tant factor to affect the nonlinearity of the governing equations. When A is small,
the nonlinearity is strong. The difference of solutions between the linear theory and
our proposed method is clear. when A increases, the nonlinearity becomes weak, the
solutions obtained by two approaches have no evident difference. This indicates that
increase of A is helpful to improve on the maximum ¢q. On the other hand, if the plate
suffers the same load, the larger A generates smaller deformation. This is the reason
why 2D cylinder bending plate with large length-width ratio can be transformed into
1D one by lath bean theory.

5 Conclusion

In this paper, we present a novel technique that combines the HAM technique and the
wavelet basis to obtain highly accurate solutions of partial differential equations with
strong nonlinearity. Nonlinear equations are transformed into a set of infinite linear
ones by selecting proper convergence-controlled parameters. Then, by the wavelet-
Galerkin method, the high-order deformation equations are solved using the Coiflets
basis. The process is to transform linear differential equations into linear algebra
ones in certain approximation accuracy decided by the vanishing moment and the
resolution level. The Foppl-von Karman equations are used as an example to illus-
trate the validity and efficiency of our proposed technique. Dimension analysis of
the Foppl-von Kdrman equations is conducted, which shows that the nonlinearity
of dimensionless ones is related to dimensionless loads ¢, length-width ratio A, and
materials decided by w. Linear equation governed by biharmonic operator and non-
linear Foppl-von Kdrméan equations are considered as a comparative example. Results
reveal that the linear theory is only valid for the weak nonlinear case, while our pro-
posed technique is valid for both the weak and strong nonlinear cases. In summary,
the following conclusions can be reached:

1. The Coiflets wavelet basis is introduced into HAM technique. The novel tech-
nique is fit for strong nonlinear problems with better computational efficiency.

2. The series items are fixed in this technique for solving the high-order deforma-
tion equations, which is totally different from the traditional HAM technique.
The computational accuracy is only related to the resolution level when the
approaching function space is finite. The essence is to obtain projection in
function space spanned by Coiflets, which sacrifices systemic errors between
projection and analytical solutions to improve computational efficiency.

3. This approach is suitable for various homogenous boundary conditions concern-
ing simply supported, clamped, and combined ones while reconstituted solutions
are in agreement with analytical or numerical ones.

4. With the assumptions that the Kirchhoff hypothesis of surface bending is valid
and within the elastic range, the linearized equation is only effective on a certain
accuracy denoting plate under weak loads. While our approach has powerful
ability and high computing efficiency to obtain convergent solutions for large
deflection without linearization.
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Appendix 1: Derivative process of governing equations

In classic elastic mechanics, U, V, and W denote displacement of mass point on
plate. Thus, the relationship between strain and displacement by neglecting all other
higher order terms can be written as

AU 1[aW\? 3w
m b
= —+-|—= =—Z—, 54
x=5x T 2(ax) ex X2 (542)
WV 1 oW\’ W
m b
ALY (i =z 54b
&Y 8Y+2<8Y) &y e (54b)
wo _OU 3V _aWow 5y 32w (540)
= — —_— — — —_ — —’ C
Xy T 9y Toax T ax oy XY 9X0Y

where ¢ is the normal strain, y is the shearing strain, the superscript m and b means
that the strains are the film strain and the bending strain respectively while total strain
is the sum

ex = &% + &%, (55a)
gy = &l +¢b, (55b)
yxy = vy + Viy- (55¢)

Eliminating the bending strain from above equations, we obtain

92em  3%em By, Pw N\ W aPw
— = — . (56)
X2 Y2 0X03Y 0XaY X2 ay?
Based on the Hooke law, the bending and film stress are written as
. om b __ E
0x = Oy +UX = W(SX + pey), (573)
_ m b __ E
Oy = Oy +0y = W(SY + pex), (57b)
Xy = Tyx = Ty + 1oy = LJ/XY (57¢)
XY XY =5 T

Assuming that the plate is homogeneous, the bending moments My, My and shear
moment Myy are obtained, by integrating stress along the thickness direction, as

My = /h/2 oxZdZ = _D<82_W + /,Laz—W> (58a)
—h/2 X2 Yz )
My = /h/z oyZdZ = —D(BZ—W + ,bLaz_W> (58b)
oy Y2 ax2 )’
h/2 82W
Mxy = Myx = /_h/2 ‘L'xyZdZ = —D(l — M)3X3Y (580)
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The axial forces Nx, Ny and circumferential force S are given by

h/2 Eh
Nx = / oxdZ = —2(8’}’(’ + pey) = hoy', (59a)
—h)2 l—p
h/2 Eh
Ny = / oydZ = —— (e} + pe) = hoy', (59b)
—h/2 L—pu
h/2 Eh (3U 3aV  dW aW
S = dZ7 = — | —+ —+ —— | =ht?. (59
/_h/f” 1+M(ay+ax+ax 8Y> xy- (599)

In order to keep the plate element in balance, the independent equilibrium equa-
tions due to force analysis are given, by neglecting small amount of high orders, in
the following forms

> Fx= %Jr%:o, (60a)
ZFy: %+§=o, (60b)
S Fz=0 88%(" +88% + 0+ Ny ?;XVZ +Ny %ZYV;/ +28 83;;‘; = 0,(60c)
Y myoz=0 S4B oy g (60d)
3 Mxoz=0 aaz\? + 81;4;” — Oy =0. (60e)

Substituting (58a—c) into (60d,e), we obtain the vertical forces Qx, Qy by
integration in the following forms

0 /M dZ = -D=2 ”w + ”w (61a)
= T = — _— —_— —F ),
L PP ax \ax2 ' 32
h/2 d (°W W
= dZ = —D— | — + —~ ). 61b
(3% /h/2 Tyz 8Y(8X2 + 8Y2) (61b)

To make simplification of the original Foppl-von Karmdn equations, the Airy
function W is introduced satisfying

RRV BRNG RRA
—— Ny=h—r1, S=—h . 62
IX?2 Y =0%y2 XY ©2)

Nx=h

Substituting (61a,b) and (62) into (60c), (1a) can be obtained. On the other hand,
from (59a—c) and (58a—c), we can find forces are only contributed by film stresses
which are not related to bending stresses while moments are the opposite. we sub-
stitute film stresses expressed by Airy function W into (57a—c) to obtain film strains
by combining (59a—c) and (62), then substitute the resulting equations into (56) with
consideration of deformation compatibility condition, the full Foppl-von Kdrman
equations are finally given.

@ Springer



Numer Algor (2018) 79:993-1020 1017

Appendix 2: Symbolic definitions and test functions

Operator e is given in order to emphasize multiplication of tensor matrix with straight
vector and matrix A is a tensor product expressed A Gis straight vector of point
value of G(x, y) and elements are coefficients of Coiflets series, which is used to
estimate its derivatives vector Gijﬁ by (63) with tensors by resolution Coiflets.

Gl = (3R ) G (63)

where straight vectors of point value and tensors are

il —pw( s, ok !
Befd=i(y)] 6=femo(yp))

A ouTv st
d d
K {g” - axuava<2j’ 21)}’

0=2k+I+1,p=2s+t+1, kil s,t=0~2/.

Definition 1 (Straight Vector) If Matrix A = {ay ;}mxn € R™*", then its horizontal
straight vector @ and vertical straight vector A are defined

Q = {crImnx1 ag,] = Cl4(k—1)m» (64)
A = {¢;}nx1 ari = ckra—tym- (65)
Definition 2 (Hadamard/Schur Product) If Matrix A = {ax}mxn and B =

{bk.1}mxn € R™*" (vectors when m = 1 and n = 1), then their Hadamard/Schur
Product () is defined

AC)B = {cks = aribe.ihmxn- (66)

Definition 3 (Kronecker Tensor Product) If Matrix A = {ak;}uxn and B =
{bi1}pxg € RP*4 (vectors when m = 1 and n = 1), then their Kronecker Tensor
Product ) is defined

A®B = {ak,lB}mpan~ (67)

Definition 4 (Dot Product) If Matrix A = {ax ;}mxn € R™*" is a tensor product, as
expressed A. B = {br},x1 € R*x1ig straight vector of matrix B = {by ;} x4 € RP*Y
while n = pgq, then their matrix product e is emphasized

A oB = {a ibi}mx1. (68)
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In linear cases, test Function T (x, y) with exact solution U (x, y)
T(x,y) =294912[x0(5y* — Sy + 1) = 3x°(5y* = 5y + 1)
+ x*(25y* — 5093 +45y% — 20y + 3)
+ x3(=50y* 4+ 100y — 65y% + 15y — 1)
+ x2y(5y° — 15y* + 45y° — 65y + 36y — 6)
+x(=5y% +15y° = 20y* + 155> — 6y* + ») + (v — D*y?].
Ulx,y) =221 —x)*3 (1= )%y,

In nonlinear validation case, for simply supported boundary

(69)

1
qi1(x,y) =§[ —9g* cos(mx +my) + 257% cos(B3rx + my)

—1007* cos(rx + 2my) + 2574 cos(mx + 3my)
— 974 cos(Bmx + 3ny) — 974 cos(rx — TYy) (70)
+257% cos(Brx —my) + 1007 * cos(mx — 2my)

+ 257% cos(mx —3my) — 9 cos(B3mrx — Sny)].

1
,y) =—[6257* cos(2 6257 cos(2mx —
p1(x,y) 50[ ¥ cosmx + wy) + 6257 cosRwx — mwy) an

— 9% cos(2mx) — 9 cos(dmy)]
with the analytical solutions

wi(x, y) = sinrx)sin(ry), ¢1(x,y) = sin(wx)sin(2wy). (72)
For circled clamped boundary
qQ(x,y) = 27t cos(mx + 2my) — 3t cos(3rx + 2my)
+ 507% cos(2mx + 4y) — 3n% cos(mx + 61y)
— 2% cos(mrx — 2wy) + 37t cos(3mx — 2my) (73)
+507% cos(Rrx —4my) + 37t cos(mx — 61Y)

— 47* cos(2mx) — 647" cos(4my),

1
pa(x,y) = ﬁ[ — 1250 cos(rx + 27y) + 187 cos2mx + 4my)

— 974 cos(dmx + 4y) — 9774 cos(2mx + 8my)

+ 12507 cos(mx —2wy) + 187 cos(Qmx —4my) (74)
—9x? cos(4nx —4my) — 97 cos(2rx — 8my)

— 187 cos(2mx) + 1874 cos(4mx)

— 187* cos(dmy) + 187* cos(87y)].

with the analytical solutions

wa(x,y) = %(1 —cos2mx)(1 —cosdmy), @a(x,y) =sin(wx)sinry). (75)
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and combined boundary corresponding to

1
g3(x,y) = 1_6[ — 11x*sin(rx + wy) — 1007 sinQRrx + 7y)

+ 2574 sin(3rx + wy) + 2774 sin(rx 4 3my)

— 97 sin(3rx + 3mwy) — 17 sin(mx — my) (76)
+ 1007 sinQrx — 7y) + 257 sin(37x — wy)

+ 2774 sin(rx — 3mwy) — 97 sin(B3rx — 3my)

+ 874 sin(ny)],

p3(x,y) = — 500074 cos(mx + 2my) + 9 cos(2rx + 2my)

1
200l
4 50007 cos(rx — 2my) + 9t cos(2mx — 2my)

— 187 cos(2mx) + 187 cos(dmx) — 187* cos(27ry)]

(77)

with the analytical solutions

w3(x,y) = %(1 —cos2mx)sin(mry), @3(x,y) = sin(wx)sin(2wy). (78)
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