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Abstract We propose matrix decomposition algorithms for the efficient solution of
the linear systems arising from Kansa radial basis function discretizations of ellip-
tic boundary value problems in regular polygonal domains. These algorithms exploit
the symmetry of the domains of the problems under consideration which lead to
coefficient matrices possessing block circulant structures. In particular, we consider
the Poisson equation, the inhomogeneous biharmonic equation, and the inhomoge-
neous Cauchy-Navier equations of elasticity. Numerical examples demonstrating the
applicability of the proposed algorithms are presented.
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1 Introduction

Radial basis function (RBF) methods are meshless methods which, due to their sim-
plicity and accuracy, have recently become very popular for the solution of a large
variety of boundary value problems; see, e.g. [7, Chapters 38-45]. The simplest and
most popular such methods are RBF collocation methods [3] and, in particular, the
so-called Kansa method [16]. One of the disadvantages of RBF collocation meth-
ods is the fact that the resulting coefficient matrix in the discretization is dense and
poorly conditioned. This means that RBF collocation methods are not suitable for the
solution of problems where large numbers of degrees of freedom are required. These
difficulties may be alleviated by using the local Kansa-RBF method [23, 25] which,
in contrast to the global Kansa-RBF method, leads to sparse systems. However, as
is the case with other local methods such as the finite element and finite difference
methods, the accuracy of the local Kansa-RBF method is considerably lower than
that of the global Kansa-RBF method due to the fact that only a small number of
neighbouring points are used in the approximation process. Furthermore, for a large
number of collocation points, the search for the neighbouring points becomes very
time consuming.

In the past, various approaches have been proposed to tackle large-scale problems
in which large numbers of interior and boundary collocation points are involved. For
example, Greengard and Rokhlin [11] proposed the fast multipole method for han-
dling very large linear systems and speeding up the computational process. Another
very popular approach is the domain decomposition method (DDM) in which the
domain of the problem in question is split into subdomains, each of which contains
an almost equal number of points. At the interfaces of these subdomains, appropriate
continuity conditions are imposed while on the boundaries of the subdomains which
coincide with the physical boundary of the problem, the physical boundary condi-
tions are imposed. This approach which reduces the problem to solving a sequence
of smaller problems has been particularly effective; see, for example, [10, 15, 17, 24,
26]. Instead of decomposing the domain into smaller ones as is done in the DDM,
there is another well-established numerical technique in which the (large) global sys-
tem is decomposed into a series of smaller systems. This, as will be demonstrated in
this work, leads to considerable savings in both computational time and storage and,
in addition, alleviates to a great extent the ill-conditioning issue. In this work, we
shall consider the discretization of elliptic boundary value problems in regular polyg-
onal domains using a Kansa-RBF method. For any choice of RBF, for an appropriate
choice of collocation points, such discretizations lead to linear systems in which
the coefficient matrices possess block circulant structures and which are solved effi-
ciently using matrix decomposition algorithms (MDAs) [1] in conjunction with fast
Fourier transforms (FFTs). Such MDAs have been used in the past for Kansa-RBF
discretizations of problems possessing radial symmetry in two and three dimensions
in [20] and [28], respectively, as well as in the approximation of functions using RBFs
[14, 21, 22]. The ideas developed in this paper are extensions of the ideas developed
in [19] for the method of fundamental solutions.
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An additional difficulty with Kansa-RBF collocation methods is the selection of an
appropriate value of shape parameter of RBFs leading to optimal accuracy. Although
many algorithms have been proposed for the selection of such a shape parameter [4,
8, 9, 12, 18, 30], this remains an open issue. In the context of MDAs, the leave-
one-out cross validation (LOOCV) algorithm [8, 28, 30] and the average distance
functions [6, 9, 12] have been modified and recently proposed for the selection of
an appropriate value of the shape parameter; see [20, 27, 28] for further details. In
this study, we shall propose another simple method for obtaining a value of the shape
parameter that can produce good accuracy, using the normalized multiquadric (MQ).

In Section 2, we describe the Kansa-RBF method for the solution of Poisson prob-
lems in regular polygonal domains and outline the proposed MDA for the solution
of the resulting linear system. The application of the method and MDA to inhomo-
geneous biharmonic problems is presented in Section 3. In Section 4, a description
of the method and related MDA for inhomogeneous Cauchy-Navier problems are
provided. Finally, in Section 6, we present some conclusions and ideas about future
work.

2 The Poisson equation

We consider the Poisson equation in R?

u= DLy im0 2.12)
Uu=—+— = , in , la
ax2  9y? e
subject to the Dirichlet boundary conditions
u = gilx,y) on 9%, (2.1b)
u = ga(x,y) on 9o, (2.1¢)
or the mixed Neumann/Dirichlet boundary conditions
0
2= gi(ey) on aQ. (2.1d)
on
u = g(x,y) on 099, (2.1e)

where the domain € is the region between two concentric regular N-gons. The
boundary 92 = 92 U 92, 021 N 02y = @ where 02 and 92, are regular N-
gons. A typical domain considered is presented in Fig. 1a. Note that the application
of the methods presented in this paper to regular polygonal domains without a hole
is trivial. In (2.1d), 3/9n denotes the derivative along the outward unit normal vector
to the boundary which we denote by n = (ny, ny). Problem (2.1a), (2.1b)—-(2.1c) is a
Dirichlet boundary value problem, whereas problem (2.1a), (2.1d)—(2.1e) is a mixed
Neumann/Dirichlet boundary value problem.

2.1 Kansa-RBF method

Let us assume that the radius of the circle circumscribing the inner regular polygon
0€21 is o1 and that the radius of the circle circumscribing the outer regular polygon
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(a) (b)

Fig. 1 a Typical geometry considered. b Typical Kansa-RBF discretization

9%, is 02. We shall define K similar concentric N-gons in €, and on each of the N
sides of each of these polygons, we shall place M collocation points. This will result
in a total of M NK collocation points.

We first define the M angles

2 (m — 1)
ﬂm:W’ m=1,...,M, (22)
and the K radii
k—1
n=ot+@=-e)p—r k=L...K (2.3)

The collocation points {(x;mk, y,,mk)}ﬁlz’jil ;le x— are then defined as follows:

cos (%) cos (z?m + 2W”(n - 1)) cos (%) sin (ﬁm + 2W’T(n — 1))

cos (% — ﬁm) s Ynmk =Tk

Xnmk = Tk cos (% — 0m) s
24
forn =1,...,N, m = 1,....M, k = 1,..., K. A typical distribution of
collocation points is depicted in Fig. 1b.

We approximate the solution of boundary value problem (2.1) by

N M K

wCe, ) A0 =Y 3 dumkGumk(x,¥), (1,0 EQ, (25

n=1m=1k=1

where the ¢« are RBFs defined by

Gumk (X, ¥) = ®(rymi),  Where 12 = (x = Xpmi)® + (v — yam)*. (2.6)
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The unknown coefficients { (anmk)};v:’/:/lle v~ are determined by collocating the

differential equation (2.1a) and the boundary conditions (2.1b)—(2.1¢) or (2.1d)-
(2.1e) as follows:

AGXnmks Ynmk) = f Gnmic, Yami), n=1,..., N, m=1,.... M, k=2,...,K —1,
AXm1s Yam1) = 81Gnmt, Yam1), n=1,...,N, m=1,..., M,
ou
or %(xnmly)’nml) = g1umts Yam1), n=1,..., N, m=1,..., M,
and  d4(Xpmk, Yamk) = &2Xumk, Yamk), n=1,...,N, m=1,..., M. (2.7)

By vectorizing the arrays of unknown coefficients and collocation points from

A(k—1)MN+(m—1)N+n = Anmks  X(k—1)MN+@m—1)N+n = Xnmks  Y(k—=1)MN+(@m—1)N+n = Ynmk,
(2.

2.8)
forn=1,...,N,m=1,....,M, k=1,...,K, (2.7) yield a system of the form
Al Ap ..o AL aj by
Ayl Axn ... Az ar b,

Aa = ) . .l=1.|=0b. (2.9)
AL,I AL,Q AL,L aj bL
where L = MK.
The N x N submatrices Ag, ¢,, £1,£2 =1, ..., L, are defined as follows:
(Aml,(szl)Mﬁ’mz)nl’nz = ¢n2,m2,k2 (xnl‘ml,l ) )’nl,ml,l), (2103)
or
0bny,my k.
(Amls(kZ_l)M+m2)nl’nz = nzaffz - (xn|,m|,ls )’nl,ml,l)s (210b)
and
(A(K_I)M+m1'(kz_l)M+m2)n1,n2 = ¢n2,m2,kz(xn1,m1,Kv ynl,ml,K), (210C)

forni,no=1,...,.N, my,my=1,.... M, kp =1,..., K, and

(A(k1—l)M+m1,(k2—1)M+m2)nlyn2 = A¢n2,m2,k2 (xnl,ml,kl , yn,,ml,kl), (2.10d)

forny,np=1,...,.N, mymy=1,.... M, ky=2,....,.K—-1, kh=1,..., K,
while the N x 1 vectors ay, by, £ =1, ..., L, are defined as

(a(k_l)M+m)n:anmk, n=1,....Nm=1,....M, k=1,..., K,

(b(kfl)Mer)n = fGumks Yami), n=1,..., N, m=1,..., M, k=2,...,K-1,
(bm)n = gl(xnmlv ynml): (b(K—l)M+m)n = gZ(xan’ )’an), n=1,...,N,m=1,..., M.

Each of the N x N submatrices Ay, ¢,, £1,€2 = 1,..., L, in the coefficient
matrix in (2.9) is circulant [5]. Hence, matrix A in system (2.9) is block circulant.
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2.2 Matrix decomposition algorithm

We shall be using an MDA similar to the one proposed in [28, Section2.3] as well as
properties of circulant matrices [5].
First, we define the unitary N x N Fourier matrix

11 1 - 1
1 & @ - oM
Uy = ﬁ @ ot o @D , where o= eZ”i/N, iZ2=—1.
1 @GN G2N-D L GN-DN-D)
(2.11)

If I is the L x L identity matrix, pre-multiplication of system (2.9) by I @ Uy yields
IL®@UNA(IL®Uy)UL®Ux)a = (1L ®UNn)b or Ad =b, (2.12)

where

D1y Dip -+ D11
Dy Dyp --- Doy

A= @UN) A(IL®U}) = , (2.13)

Dpy Drp -+ DL

with D[]’gz = UNA[]’EZU]T/, L1,0p=1,...,L, and

dl Ii]

5 az - 2
a=(,®Uy)a=| . |, b=UILQUn)b=| . |, (2.14)

dL b~L
with @, = Upyay, l;g = Unby, ¢ = 1,..., L. From the properties of circulant

matrices [5], each of the N x N matrices Dy, ¢,, €1,€2 =1,..., L, is diagonal. If,
in particular

Dy, ¢, = diag (DZI»ZZI’ Dzllzz"“’Dfllm) and Ay, ¢, = circ (A’élfzwAlezz ce A@ufzzv)’

we have, for 01,0, =1, ..., L,
N

Diyty, = Y Ay ® VD =1, N (2.15)
k=1

Since the matrix A consists of L2 blocks of order N , each of which is diagonal, the
solution of system (2.12) can be decomposed into solving the N independent systems
of order L

Enxn =y, n=1_.N, (2.16)
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where

(Eerey = Doy tiota =1 Lo and (o) = @0 (), = (B) =1 L

Having obtained the vectors x,,, n = 1, ..., L, we can recover the vectors ay, £ =
1, ..., L, and, subsequently, the vector a from (2.14), i.e.,
ai U]Tzdl
N

a= a:Z =(IL®U})d= Unetz (2.18)
a.L U]T/.dL

In conclusion, the MDA can be summarized as follows:

Algorithm 1

Step 1: Compute l;g =Unby, £ =1,...,L.

Step 2: Construct the diagonal matrices Dy, 4, from (2.15).
Step3: Solve the N, LxL systems (2.16) to obtain the {xn}flvzl,
and subsequently the {dg}gzl from (2.17).

Step 4: Recover the vector of coefficients a from (2.18).

In Steps 1, 2, and 4, FFTs are used while the most expensive part of the algorithm
is the solution of N linear systems, each of order L. The FFTs are carried out using
the MATLAB® [29] commands ££t and i fft. The dominant cost of the algorithm
is thus O(N L3). Note that we have also implemented the slightly different approach
proposed in [14, Appendix] where, in order to solve system (2.12), the sparse matrix
A in (2.13) is reordered as a block diagonal matrix.

Moreover, from the description of the algorithm, it is obvious that the larger N,
i.e., the more sides the regular polygonal domain has, the more the savings that can
be achieved. This is because for larger N, we can take a smaller M in (2.2) and thus
L will be smaller.

3 The biharmonic equation
3.1 The problem

We next consider the biharmonic equation in R?

0%u *u a%u

) _ .
Au_@—i- 8xz—ay2+a—y4_f(x,y) in €, (3.1a)
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subject to the boundary conditions

0
W= gi(ry) and T = hi(ry) on 9%, (3.1b)
n
and
u
u = gr(x,y) and % = ha(x,y) on 029, (3.1¢)
or the boundary conditions
u = gi(x,y) and Au = hi(x,y) on 092, (3.1d)
and
u = g(x,y) and Au = hp(x,y) on 092>, (3.1e)

where the domain €2 is the region between two concentric regular N-gons as in (2.1).
Boundary problem (3.1a), (3.1b)—(3.1c) is known as the first biharmonic problem
whereas boundary problem (3.1a), (3.1d)—(3.1e) is known as the second biharmonic
problem.

3.2 Kansa-RBF method

The collocation points are defined from (2.4) as in Section 2.1. The approximation
of the solution of boundary value problem (3.1) is given by (2.5).

The unknown coefficients {(anmk)}f:/:’ﬁ/{ ;le. x— are determined by collocating the
differential equation (3.1a) and the boundary conditions (3.1b)—(3.1¢) or (3.1d)-
(3.1e) as follows:

A2 Xk Ynmk) = f Comies Yomi)s n=1,....N.m=1,... .M, k=3,....K -2,
N on
UXpm1> Yam1) = &1 Xnm1,> Ynm1)s a_n(xnmly Ynm1) = h1(Xnm1, Yam1)s

and

~

A u
U(Xpmk yan) = g2(xana )’an)’ %(xnml(a yan) = h(Xumk yan),

or
ﬁ(xnmlv Ynm1) = &1 (Xnm1s Ynm1), A’/,Z(Xnmlz Yam1) = h1Xnm1, Ynm1)s
and

ﬁ(xan, Yamk) = 82 XnmK > YnmK), Aﬁ(-xanv Yamk) = h2(Xamk s Yamk), (3.2)

forn=1,...,. N, m=1,..., M.
By vectorizing the arrays of unknown coefficients and collocation points as
in (2.8), we obtain a system of the form (2.9) where the N x N submatrices

Agi 6y, £1,€2 =1,..., L, are defined as follows:
(Aml,(szl)M+mz)nl’n2 = ¢n2,m2,k2(xn1,m1,la )’nl,ml,l), (333)
and
a¢n2,m2,k2
(AM+mly(k271)M+’"2)n1,n2 = T(xnl,ml,lv ynl,ml,])v (33b)
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or
(AMmy k= OM+m3) g,y = DBz ok gy, 15 Yngmy, 1) (3.3¢)
and
(A(K—I)M+m|,(kz—l)M+m2)nl’nz = Gny.ma.ky Xny.my K s Yny.my.K)s (3.3d)
and
(A(K—2)M+m|,(kz—l)M+m2)nl,n2 = ad)ﬂg’%’b(xm,ml,m Ynymi,K) (3.3¢)
or
(AR =2 M4my k= OM-4m3 ),y = DBnyma s Cony oy K Yy k)5 (33D
for ny,np=1,....,. N, my,my=1,.... M, kh=1,..., K,
and

(At =M1, o= 1)Mm3 )y = APz mas Gy ks Yy k)s (3:3)
for ny,np=1,...,. N, mymy=1,.... M, ki =2,...,.K—1, k=1,...,K,
while the N x 1 vectors ay, by, £ =1, ..., L are defined as

(a(k_l)M+m)n=anmk, n=1,....Nm=1,....M, k=1,... K,

(b(k—l)M—i-m)n = fumks Yamk), n=1,...,N,m=1,..., M, k=3,...,K-2,

(bm)n:gl(xnmh ynml)v (bMer)n:hl(xnmls ynml)7 n=1,....N,m=1,..., M,

(b(K—l)M-Hn)n = gz(xan, yan)s (b(K—Z)M-Hn)n = hz(xan, yan)7 n=1,...,N, m=1,..,M.

As in the case of the Poisson equation in Section 2.1, each of the L x L submatrices
Ay nys ni,n2 = 1,..., L, is circulant, and hence, the matrix A is again block
circulant. The resulting system can therefore be solved efficiently using the MDA
(Algorithm 1) described in Section 2.2.

4 The Cauchy-Navier equations of elasticity

We finally consider the Cauchy-Navier system in R for the displacements (u1, )
in the form (see, e.g. [13])

N 8214] 32”2
Li(ur,uz) = Liyuy + Liouz = pd -
1(u1, u2) nur + Lppuy = pAuy + 12v<3x2 + dxdy Y
in Q,(4.1a)
82M1 n 32142
dxdy = 9y?

Ez(ul,uz)5£21u1+£22u25$ ( ) + nAuy = f,

subject to the Dirichlet boundary conditions
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up = g1 and wup =h; on 0J%, (4.1b)
and

up = g and ux=hy on 9y, (4.1c)
or the mixed Neumann/Dirichlet boundary conditions

ty =g and H=h; on 02, (4.1d)
and

up = g and ux=hy on 9y, (4.1e)

where the domain €2 is the region between two concentric regular N-gons as in (2.1).
In (4.1a), the constant v € [0, 1/2) is Poisson’s ratio and i > 0 is the shear modulus.
Also, in (4.1a), the operators L11, L12, L21, and Ly; are defined by

w92 w9 w02
L1 = A —, Lipn=——-——, Ly =L12, Lyp=uA —
WEHAY T 0 P2 Ty anay A TRR R SRAT TGS

In (4.1d), t; and 1, are the tractions [13] defined by

PPN 1—v 3u1+ % duy i 8u1+31/l2 N
P=ARI T ) o T\a—an ) oy ™ TRy T e |
8141 auz v 8u1 1—v 8u2
th = — 4+ — 2 — — | n,.
2 “[ay + ax}n)‘Jr “[(1—21;) ox +<1—2v> ay}ny
Problem (4.1a), (4.1b)—(4.1c) is a Dirichlet boundary value problem whereas problem
(4.1a), (4.1d)—(4.1e) is a mixed Neumann/Dirichlet boundary value problem.

4.1 Kansa-RBF method

The collocation points are defined from (2.4) as in Section 2.1.
We approximate the solution (#1, u2) of boundary value problem (4.1) by

N M K

WO, =33 al bk y), £=12,  @yeR (42
n=1 m=1 k=1

N,M,K

The unknown coefficients (a([) ) , £ = 1,2, are determined by col-
nk ) | =1 m=1k=1

locating the differential equations (4.1a) and the boundary conditions (4.1b)—(4.1c)
or (4.1d)—(4.1e) as follows:
Ef(ﬁ(l)a ﬁ(z))(xnmk» ynmk) = fé(xnmk, Yamk), £ =1,2,
n=1,...NNm=1,.... M, k=2,..., K —1,

ﬁ(])(xnmls Yam1) = &1 Xnm1> Ynm1)s ﬁ(Z)(xnml’ Yum1) = h1(Xnm1, Yam1),
or

1 2
tl(w)\/[K(xnml’ Ynm1) = &1 Xnm1, Ynm1), t](v[)\,”((xnmlv Ynm1) = h1(Xnm1s Yam1)s
and

ﬁ(l)(xanv Ynmk) = 82XnmK > YnmK)- 12(2) Xnmk > Yamk) = h2(Xnmk » Ynmk ),
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n=1,...,.N,m=1,..., M. 4.3)

By vectorizing the arrays of unknown coefficients and collocation points from
(2.8), (4.3)yielda2MNK x 2M N K system of the form (2.9). The 2N x 2N sub-
matrices Ag, ¢,, £1,¢2 = 1,..., L,are now defined as follows: (Note that we are
now defining the matrix and vector elements in (2.9) as 2 x 2 and 2 x 1 arrays,
respectively.)

_ ¢n2,m2,k2(xn1,m1,lsYnl,ml,]) 0
(Am1»(k2—l)M+mz)n1,nz - ( 0 nZustkZ(xnl,m],lv yn1,m1,1) ,
(4.4a)
or

(Am],(szl)thmz)nlynz (4.4b)

) 1-v 8¢n2,m2,k2 n, + 3¢n2,m2,k2 ny 2v 3¢n2,m2.k2 n, + a¢n2,mz,k2 ny

_ 1—2v dx ay 1 —2v ay 0x ’
3¢n2,m2,k2 n, 2v 3¢n2.m2,k2 ny 3¢n2,mz,k2 n, + 2 I—-v a¢112,m2,k2 n, ’

ay 1—2v dx 0x 1—2v dy ;

evaluated at the point (X, .1, Yn;,m,1), and

nyny

<¢n2,m2,k2(xnl,m1,1(a ynl,ml,K) 0 )
0 ’

(pnz,mz,kz (xn],m],Ky yﬂ],ml,K)
(4.4¢)

(Ak—1)Mtmy.(ka—1)M+my)

forni,no=1,...,.N, m;,my=1,.... M, ko =1,...,K, and

(Ati=DM+m =) MAm2) 5, o

_ £11¢n2,m2,k2 (xnl,ml,k] s ynl,ml,k]) £12¢nz,m2,k2 (xnl,m] Jkys Yny,my ,k|)
£21¢nz,m2,k2 (xnl,ml,kl s ynl,ml,kl) £22¢n2,mz,k2 (xnl,ml,lq s ynl,ml,lq)

(4.44)
forni,no=1,...,.N, my,my=1,.... M, ki =2,....,.K—1, kh=1,..., K.
The 2N x 1 vectors ag, by, £ =1, ..., L, are defined as
o
(@ag-vmsm), = "W). n=1,....N.m=1,....M, k=1,...,K,
nmk

_ ( J1xnmks Ynmi) _ _ -
(bk—vym4m), = (boﬁk’yzzk) ,n=1,....N,m=1,....M, k=2,...,K—1,

81 (Xum1s Yam1) 82(XnmK » Ynmk)
b) n = s bk— m = , :1,...,N, :1,...,M.
bm) < h1 (Xnm1, Ynm1) ) ( A )n ( ho (XnmK s YnmK) ) " "

Unlike the Poisson and biharmonic problems, the global matrix A does not possess

a block circulant structure which, however, can be obtained by means of a simple
transformation; see, e.g. [28, Section 4.3].
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4.2 Matrix decomposition algorithm

Following the corresponding MDA in [28, Section 4.3], we first introduce the 2N x
2N matrix

Ry, | 0 |O}|---] O 0
0 |Ry,|O|---] O 0
. . .. . . . _ [ costy, sinty,
R=| A : : , where Ry, = < sin g, —cosd, ), “.5)
0|00 - |Ryy,| O
01010 O |[Ryy

and 9, = W Since clearly R129n = I, then R? = Ly.
Keeping in mind that L = M K, we premultiply the 2N L x 2N L system Aa = b
by the 2NL x 2N L matrix I ® R to get

(IL®R)Aa=(ILQR)b or Aa=0>h, (4.6)
where
A=(IL®@RAU.®R), @=(I.®R)a, b=(U.®R)b.
The 2N L x 2N L matrix A can be written as
61,1 %1,2 %1,L
~ A1 A2p ... AgL
A= ] o ] , 4.7)
A~LJ AL,Z AL,L
where each of the 2N x 2N submatrices Aghgz = RA¢ ¢, R.
2
Moreover, keeping in mind that the elements <A~[] , gz) = <<Ag] , gz) )
ni,np ni,ny i 1_1

are 2 x 2 arrays, we have

(Agl’ez)nl,nz = Rﬂnl (Azl’b)n],nz Rﬂnz, niy,ny = 1, ey N, El, @2 = 1, ey L.
- 4.8)
Each submatrix Ay, ¢,, £1, €2 =1, ..., L, has a block 2 x 2 block circulant structure.

The 2N L x 1 vectors a, b are written as

fl] bl
. a - by
a=| .|, b= . |.
ar ZL
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where the 2N x 1 subvectors d@,l;@, £ =1,...L, are defined by a; = Rd(,i)g =
- 2
Rby and the 2 x 1 subvectors ((&g)n)l.z_l , <<bg> ) . n=1,..., N, are defined
- n/i=
by l
@0y = Ro, @)y (Be) = Ry, (o),

We next rewrite system (4.6) in the form

Bii|Bia\ (c1) _ (d1
(le Bzz) (02) - <d2>’ @

where the NL x N L matrices B;j, i, j = 1, 2, are expressed in the form

Rij Bij »ij
Bl,,,l Bl,,,2 ... Bl.’.L
piJ piJ Rl
32,1 3272 Bz,L
Bij =
Rij pii Rij
BL’] BL)2 BL’L
Each N x N submatrix BZ ezai’j = 1,2, ¢1,4p = 1,...,L, is circulant and

defined from
(81.) =((Aue) . nLm=1,....N.  (410)
L2 ) ning 7 ny,ny i
Also, the NL x 1 vectors ¢;,d;,i = 1, 2, are defined from

ANNE
am| = | aim| | wbere (), = (@), (@) = () ) m= 1w
7, a

We premultiply system (4.9) by the matrix I>» @ I, ® Uy to get

B11|B12 % <c1>
LRI RU LRXILRU LRI U —
(L®IL N) <4‘7B21 Bzz>(2 L N) (eI N) o

— (b® 1L ®Uy) @) , @.12)
or
EIE-w o
B>1| B2 2 Up)
where

Py _ il 2 _ 4
(p2>—(12®IL®UN)<c2>, <q2>—(12®IL®UN)<d2>,
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where fori =1, 2,

pi = .= |, with pi=Uné, G =Uyd,, t=1,... L.

The matrices éi i, i, j = 1,2, are given from
Bij =L ®Uy) B (I ® U})

and since each of the matrices B;j,i, j = 1,2 is block circulant, from (2.13) it
follows that

DYy Dify - Dy
ij ij
Bjj = D.z’l D.M D?’L , (4.14)
Dij,l Dij,z Dij,L
yvhere each N x N matrix DZ e 1,2, =1,..., L, is diagonal. More specifically,

if

ij T ij ij ij Sij o ij ij i
DZI»ZZ = diag (Dellzl ’ Dll-lzz’ Y Dlllzzv) and 35112 = are (351-521’ Bll-lzz T Bll,lzlv) ’

we have, for 1, ¢, =1, ..., L,

N
- Bl k=D(n=1)  _
D€1s€2n - ZBKI,KZka)( )(n )’ n = 17 "-aN- (4.15)
k=1

Since each matrix E,- j. i, j = 1,2, consists of L2 blocks of order N each of which
is diagonal, the solution of system (4.13) can be decomposed into solving the N
systems of order 4L

En En n n
(E},l E},2>(x}l>=<y,£>, n=1,....N, (4.16)
211 E2 X A)

where

<E7f>zl,zz = D . G =1. Loand (x]), = (BF) . (1), = (i) . =1.....L.
4.17)
From the vectors x?, i=1,2,n=1,..., L wecan obtain the vectors p1, p> and the
vectors c1, ¢z, and subsequently the vector a, before finally obtaining the vector a.
The MDA, in this case, can be summarized as follows:
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Algorithm 2

Step 1: Compute b= (IL ® R)b.

Step 2: Calculate the 2x2 arrays (Agl,gz)l
SN2

Step 3: Compute é% = UN;l;, ¢t=1,...,L and hence
yi,n=1,...,N from (4.17).
Step 4: Construct the diagonal matrices DZ ¢, from

(4.15) and hence matrices El" in (4.16).
Step 5: Solve the N, 4L x4L systems (4.16) to obtain

the x;’,i = 1,2;n = 1,...,N, and subsequently the vectors
pi7i = 1,2. ) .

Step 6: Recover the vectors ¢;,i = 1,2 from ¢, = Uypy.t =
1,..., L.

Step 7: Reorder vectors c¢;j,i = 1,2 to obtain vector a.
Step 8: Compute a = (I ® R)a.

In Steps 3, 4, and 6, FFTs are used while the most expensive part of the algorithm
is the solution of N linear systems, each of order 4L.
5 Numerical examples

The maximum relative error was calculated on a set of test points in Q defined from
the M angles

2 (m — 1)
Oop=———, m=1,..., M, 5.1
m N (5.1
and the K radii
k—1
rk =01+ (02 —0o1) s k=1,..., K. (5.2)
-1
1073 1073
1074 F 104
w 10°° W08
1076 1076
107 107
3 4 5 6 7 8 9 10 3 4 5 6 7 8 9 10
(o} c
(a) Dirichlet problem (b) Mixed Neumann/Dirichlet problem

Fig.2 Example 1: error versus c for the Poisson problem with N = 9, M = K = 35. a Dirichlet problem.
b Neumann/Dirichlet problem
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N*M*K=26244

UJ 0y
-"”
Rd
/’
‘olr; s’ - ’f
] -, ]
"lll -~ ’
I,‘. s
AR h v
- o
10-7 I I I I I I
2 4 6 8 10 12 14
Cc
Fig. 3 Example 1: the relation of the number of collocation points and ¢
. N, M, K .
The test points {(Xmk, yﬂmk)}n=1,m=1,k=1 were taken as follows:
cos (%) cos <9m + 2W’T(n — 1)) cos (%) sin <9m + 2W”(n — 1))
Xnmk = Tk s k=Tk s
o cos (% —0) Yim cos (% —0)
(5.3)
forn=1,....,.N,m=1,...,. M, k=1, ..., K. Unless otherwise stated, we took

M = K = 7, so that the test points are different from the collocation points. The

16

14 r

12 ¢

opt

0 L
108 10* 10°
The number of collocation points

Fig. 4 Example 1: number of collocation points A versus cop;
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Table 1 Example 1: Dirichlet Poisson boundary value problem. Optimal and approximate shape
parameters and their corresponding accuracy for various numbers of collocation points

N Copt Eop:r Capp E

2916 2.9 5.169(—7) 2.850 1.062(—6)
15129 7.8 2.443(-7) 7414 2.726(—7)
25281 9.8 1.408(=7) 9.735 1.675(=7)
40401 13.0 1.275(=7) 12.935 1.374(=7)
47961 14.1 1.012(=7) 13.737 2.902(=7)

maximum relative error E is defined as
lu —illog
E—__  "oQ (5.4)
il
In all examples, we shall denote by N' = N x M x K and use the normalized MQ
basis functions

¢j(x,y) = ,/rjz»cz +1, rjz» = (x—x;)’+(y—y;)?, where cis the shape parameter.

The computations in this section were carried out using MATLAB® R2015a on the
cluster BEM in the Wroclaw Centre for Networking and Supercomputing (Wroclaw,
Poland) with Intel(R) Xeon(R) CPU E5-2670 v3 @ 2.30GHz and 24 cores in the
computing node (or Intel(R) Xeon(R) CPU E5-2697 v3 @ 2.60GHz and 28 cores in
the computing node), 64 to 512 GB memory, in Linux CentOS 6.

Example 1 We first considered the Poisson Dirichlet boundary value problem (2.1a),
(2.1b)—(2.1c¢) corresponding to the exact solution u(x, y) = e***Y in a regular polyg-
onal domain defined by N = 9 (nonagon) and o; = 0.5 and g2 = 1. In Fig. 2a,
we present the error E in the case M = 35, K = 35 versus the shape parameter c.
The corresponding results for the Poisson mixed Neumann/Dirichlet boundary value
problem (2.1a), (2.1d)—(2.1e) are presented in Fig. 2b.

As is well known, when using RBF approximations, the determination of an appro-
priate shape parameter remains a challenging issue. From Fig. 2, we observe that

Table 2 Example 1: Neumann/Dirichlet Poisson boundary value problem. Optimal and approximate
shape parameters and their corresponding accuracy for various numbers of collocation points

N Copt Eopr Capp E

2916 2.9 5.092(—-7) 2.850 1.619(—6)
15129 7.3 2.444(-7) 7414 3.705(—7)
25281 10.1 2.099(=7) 9.735 5.138(=7)
40401 12.8 1.414(=7) 12.935 1.845(=7)
47961 13.8 1.142(=7) 13.737 3.170(—=7)
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4 6 8 10 12 14 16 4 6 8 10 12 14 16
c
(a) First biharmonic problem (b) Second biharmonic problem

Fig. 5 Example 2: error versus ¢ for the case N = 6, M = K = 44. a First biharmonic problem.
b Second biharmonic problem

if we can find a way of estimating a value of the shape parameter ¢, close to its
optimal value c,p;, we can still obtain satisfactory accuracy. For the normalized MQ,
we observe that the higher the density of the collocation points, the larger the value
of the optimal shape parameter (see Fig. 3). In our problems, the collocation points
are all confined in polygons inscribed in the unit circle and the value of the opti-
mal shape parameter depends on the density of the collocation points. Based on this
observation, we solved the Dirichlet boundary value problem with eight different sets
of collocation points (each yielding a different number of collocation points N'). For
each set of collocation points, we recorded the optimal value of the shape parameter
(see Fig. 4) and corresponding error obtained by brute force. These eight sets of data
were interpolated using the RBF ¢ (r) = 3 in order to predict the optimal value of
the shape parameter for different numbers of collocation points.

20

15 Biharmonic 1

Biharmonic 2

opt

10

0 L L L
0 1 2 3 4

The number of collocation points x10*

Fig. 6 Example 2: number of collocation points A versus cp; for biharmonic problems
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Table 3 Example 2: first biharmonic problem. Optimal and approximate shape parameters and their
corresponding accuracy for various numbers of collocation points

N Copt Eopi Capp E

2400 29 2.578(—6) 3.109 3.000(—6)
13254 9.0 6.675(—6) 9.121 1.667(-5)
21600 11.5 7.761(—6) 11.276 9.394(—6)
30246 14.9 1.008(—5) 14.691 1.312(-5)
34656 16.3 1.078(=5) 16.916 2.457(=5)

In Tables 1 and 2, we let ¢, be the optimal shape parameter and E,), the cor-
responding maximum error (obtained by brute force), and c,p, be the approximate
shape parameter. From these tables, we observe that for various numbers of collo-
cation points and for both the Dirichlet and the mixed Neumann/Dirichlet boundary
value problem, the calculated c,p), is close to ¢y, and the maximum error E obtained
with cgp)p is very close to Eqp;.

We subsequently used the same eight data sets to predict an appropriate value of
the shape parameter for Poisson problems in different regular polygons with different
exact solutions. The results obtained were consistent with the optimal values of the
shape parameter obtained by brute force, as was the case in the current example. This
observation implies that we may choose a sample regular polygonal problem with a
known exact solution and use the procedure mentioned above to predict appropriate
values of the shape parameter for different regular polygonal problems without know-
ing their exact solution. This approach proved effective not only for the Dirichlet and
mixed Neumann/Dirichlet Poisson boundary problems as shown in this example but
also, as we shall see in Example 3, for the Cauchy-Navier equations.

Example 2 We next considered the first biharmonic problem (3.1a), (3.1b)—(3.1c)
corresponding to the exact solution u(x, y) = e***¥ in a regular polygonal domain
defined by N = 6 (hexagon) and o1 = 0.5 and o> = 1. In Fig. 5a, we present the
error E in the case M = K = 44 versus the shape parameter c. The corresponding
results for the second biharmonic problem (3.1a), (3.1d)—(3. 1e) are presented in Fig. Sb.

Table 4 Example 2: second biharmonic problem. Optimal and approximate shape parameters and their
corresponding accuracy for various numbers of collocation points

N Copt Eopr Capp E

2400 2.7 2.383(-5) 2.533 1.549(-5)
13254 7.6 5.693(-5) 7.159 6.606(—5)
21600 10.4 1.289(—4) 9.839 2.366(—4)
30246 12.6 1.746(—4) 12.764 2.103(—4)
34656 13.1 1.405(—4) 14.213 1.413(—4)
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w0 W oqp

2 4 6 8 10 2 4 6 8 10
(a) Dirichlet Cauchy-Navier problem (b) Neumann/Dirichlet Cauchy-Navier problem

Fig. 7 Example 3: error versus ¢ for N = 12, M = K = 35. a Dirichlet Cauchy-Navier problem.
b Neumann/Dirichlet Cauchy-Navier problem

In general, the numerical solution of fourth-order partial equations by RBF collo-
cation methods is less stable than the numerical solution of second-order problems.
In particular, the second biharmonic problem which includes a Laplacian boundary
condition is very sensitive to the value of the shape parameter. In this example, as in
Fig. 4 of Example 1, we chose seven data sets each for the both the first and second
biharmonic problems using brute force to identify the values of the optimal shape
parameters (see Fig. 6). We then used these data sets to predict the optimal value
of the shape parameter ¢, for various numbers of collocation points as shown in
Tables 3 and 4. From these tables, we observe that there is good agreement between
E and E,), for various values of N. We also observe that the results obtained in this
example are two to three orders of magnitude less accurate than results obtained for
the second-order problems examined in Example 1.

Example 3 We next considered the Dirichlet Cauchy-Navier problem (4.1a), (4.1b)-
(4.1c) corresponding to the exact solution u| = ety ur =sin(x +3y)ina regular
polygonal domain defined by N = 12 (dodecagon) and o; = 0.5 and 0, = 1. We
took Poisson’s ratio and the shear modulus to be v = 0.3 and p = 1, respectively.
In Fig. 7a, we present the maximum relative errors E1 and E» in u| and uj, respec-
tively (defined as in (5.4)), in the case M = K = 35 versus the shape parameter c.

Table 5 Example 3: Dirichlet Cauchy-Navier problem. Optimal and approximate shape parameters and
their corresponding accuracy for various N

N Copt E1(opr) E2opt) Capp E; E>

3072 2.82 1.088(—06) 4.907(—6) 2.944 2.066(—6) 1.003(-5)
7500 4.70 6.892(—7) 3.162(—06) 5.118 1.131(—6) 5.090(—6)
12288 6.82 1.181(—6) 2.288(—6) 6.645 9.805(—7) 5.750(—6)
17328 7.63 5.505(—=7) 2.066(—6) 7.983 7.020(—7) 8.184(—6)
22188 9.11 6.364(—7) 1.643(—06) 9.116 6.234(-7) 4.032(—6)
27648 10.63 7.143(=7) 1.434(—06) 10.185 6.048(—7) 4.966(—6)
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Table 6 Example 3: Neumann/Dirichlet Cauchy-Navier problem. Optimal and approximate shape
parameters and their corresponding accuracy for various A/

N Copt E1(opt) E2(opt) Capp E, Ep

3072 261 1.173(—6) 8.470(—6) 2.944 3.569(—6) 2.885(—5)
7500 4.74 1.304(—6) 8.615(—6) 5.118 1.563(—6) 1.060-5)
12288 6.76 1.129(—6) 6.358(—6) 6.645 1.722(—-6) 1.668(-5)
17328 8.44 1.738(—6) 6.383(—6) 7.983 1.764(—6) 1.442(-5)
22188 8.98 8.420(—7) 6.804(—6) 9.116 3.262(—6) 3.272(—5)
27648 9.45 6.483(—7) 7.556(—6) 10.185 2.434(—6) 1.800(—5)

The corresponding results for the mixed Neumann/Dirichlet Cauchy-Navier problem
(4.1a), (4.1d)—(4.1e) are presented in Fig. 7b.

Since Cauchy-Navier problems are governed by second-order partial differential
equations, we use the same method as in Example 1 to predict the optimal value of
the shape parameter. In other words, we use the same data sets as shown in Fig. 4
to approximate the shape parameters for various values of . The results shown in
Tables 5 and 6 are quite satisfactory, especially in view of the fact that no additional
cost is needed to produce the eight data sets presented in Fig. 4, for the prediction of
the shape parameter.

6 Conclusions

A Kansa-RBF method has been applied for the solution of three types of ellip-
tic boundary value problems in regular polygonal domains. In the case of Poisson
and inhomogeneous biharmonic problems, by appropriately choosing the colloca-
tion points, the RBF discretization leads to linear systems possessing block circulant
structures. In the case of problems governed by the inhomogeneous Cauchy-Navier
equations of elasticity, an additional step is required before, again, obtaining block
circulant linear systems. In all three cases, the block circulant linear systems are
solved efficiently using MDAs with FFTs. This leads to substantial savings in both
computational time and storage. The more sides the regular polygon possesses the
higher the savings.

The determination of an appropriate value for shape parameter in RBFs has always
been a challenging issue. In this paper, a novel method for obtaining such a value
for the shape parameter is proposed which is based on the observation that there
is a strong correlation between the density of the collocation points and the value
of the optimal shape parameter. The proposed approach is more effective for the
second-order partial differential equations than for fourth-order ones.

Although all the regular polygonal domains considered in this work had a regular
polygonal hole, the application of the proposed MDAs to regular polygonal domains
without a hole is trivial. Moreover, the proposed MDAs are applicable for any choice
of RBF which does not involve polynomial terms.
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Possible areas of future research include the application of the proposed method
using compactly supported RBFs, see, e.g. [2] and localized RBF collocation, see,
e.g. [25], as well as certain three-dimensional polyhedra possessing a form of axial
symmetry, such as regular polygonal prisms.
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