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Abstract In this article, based on a second-order backward difference method, a
completely discrete scheme is discussed for a Kelvin-Voigt viscoelastic fluid flow
model with nonzero forcing function, which is either independent of time or in
L>(L?). After deriving some a priori bounds for the solution of a semidiscrete
Galerkin finite element scheme, a second-order backward difference method is
applied for temporal discretization. Then, a priori estimates in Dirichlet norm are
derived, which are valid uniformly in time using a combination of discrete Gronwall’s
lemma and Stolz-Cesaro’s classical result on sequences. Moreover, an existence
of a discrete global attractor for the discrete problem is established. Further, opti-
mal a priori error estimates are obtained, whose bounds may depend exponentially
in time. Under uniqueness condition, these estimates are shown to be uniform in
time. Finally, several numerical experiments are conducted to confirm our theoretical
findings.
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1 Introduction

In this paper, we consider a fully discrete method which is based on a second-order
backward difference scheme for the following Kelvin-Voigt viscoelastic fluid flow
model (see, [20, 21]):

ou

E—KAu,—vAu+u-Vu+Vp:f(x,t), xe, t>0 (1.1)

with incompressibility condition
V-u=0, xeQ,t>0, (1.2)
and initial and boundary conditions
u(x,0) =up in 2, u=0 onod, r>0. (1.3)

Here,  be a bounded convex polygonal or polyhedron domain in R? (d = 2 or 3)
with boundary 92, u = u(x, ¢) and p = p(x, t) denote the velocity vector and the
pressure, respectively, v > 0 represents kinematic viscosity coefficient and « is the
time of relaxation of deformations or the retardation in time parameter. For some
applications, we refer to [7-9] and references, therein.

Now, we present a quick review of some related literature on the Kelvin-Voigt
model. Based on the proof technique of Ladyzenskaya [19], Oskolkov [20, 21] has
proved an existence of a unique global “almost” classical solution for the initial and
boundary value problem (1.1)—(1.3) in finite time interval. Further, investigations on
existence and uniqueness results for all time # > 0 have been continued by him and
his collaborators under various conditions on the forcing function f, see [23] and [24].

For earlier results on numerical methods applied to Kelvin-Voigt viscoelastic fluid
flow problem, we refer to [3, 4, 22, 28] and [29]. Under the assumption that the solu-
tion is asymptotically stable as t — oo, Oskolkov [22] has proved that the spectral
Galerkin approximation to the problem (1.1)—(1.3) is convergent in semitime axis
t > 0. Later on, Pani et al. [27] have employed a variant of nonlinear semidiscrete
spectral Galerkin method and derived optimal error estimates. Recently, Bajpai et al.
[4] have analyzed both backward Euler scheme and backward difference scheme for
the completely discretization of the problem (1.1)—(1.2), when the forcing function
f = 0. Firstly, the authors have shown existence of solution for the discrete nonlin-
ear problem using a variant of Brouwer fixed point theorem and then, proved optimal
error estimates which reflect exponential decay property. Note that their error bounds
contain term like Ki,, for r > 2, which may blow up as k — 0. For related articles
on Navier-Stokes equations, see [13] and on Oldroyd model, refer to [2, 11, 12, 14,
25-28, 31-34].

When the forcing function (f # 0) with f € L°°(L?), which is important in the
study of dynamical system, Pany et al. [28] have employed semidiscrete finite ele-
ment method for the problem (1.1)—(1.3) and have proved an existence of a global
attractor. New regularity results for the exact solution are established which are valid
uniformly in time as ¢ + oo and also uniformly in « as ¥ +— 0. They have also
derived a priori optimal error estimates for the velocity in L% (L?)-norm as well as
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velocity in L (H")-norm and for the pressure term in L°°(L?)-norm. Under unique-
ness assumption, it is shown that error bounds are valid uniformly in time. It is,
further, established that quasi-optimal error estimates are valid for small . In con-
tinuation to the investigation in [28] on semidiscrete problem, Pany et al. [29] have
employed a backward Euler method along with its linearized version for the time dis-
cretization of the problem (1.1)—(1.2), which are first order in time schemes. A priori
bounds for the discrete solution, specially in the Dirichlet norm are shown using a
combination of discrete Gronwall’s lemma and Stolz-Cesaro theorem. It is, further,
derived that the discrete problem has a global discrete attractor and then, optimal
error estimates are established. Under uniqueness assumption, it is also proved that
error bounds are valid uniformly in time.

In this article, we continue our investigation further and a second-order backward
difference scheme for the time discretization is analyzed. A priori estimates in Dirich-
let norm for the fully discrete scheme are obtained, which are valid uniformly in time
using a combination of discrete Gronwall’s lemma and Stolz-Cesaro’s classical result
for sequences. Moreover, an existence of a discrete global attractor for the discrete
problem is established and a priori error estimates are derived. More precisely, the
following estimates are obtained for the fully discrete solution (U", P"):

h? K2
Ju) — 0" < c<ﬁ N ?)

and

; U
I(p:) — POl EC(W—FW)’

where the pair (U"*, P") is the fully discrete solution of the second-order backward
difference scheme and
_J0ifn
Y= 1ifn

Since constants in these error bounds depend eC!, these results as in the Navier-
Stokes case are valid locally. But, under the uniqueness condition, it is further shown
that error estimates are valid uniformly in time. Finally, we obtain error estimates for
the fully discrete scheme.

This article is organized as follows. Section 2 deals with some assumptions and
discusses the weak formulation. Section 3 focuses on some a priori estimates for the
solution of the semidiscrete scheme, which are valid uniformly in time. In Section 4,
we discuss a second-order backward finite difference method and show that discrete
solution is bounded in Dirichlet norm. Moreover, we prove an existence of solution
for the discrete nonlinear system using a variant of Brouwer’s fixed point theorem
and also derive existence of a discrete global attractor. In Section 5, we establish
optimal error estimates for the velocity and the pressure term. Section 6 deals with
some numerical experiments, which confirm our theoretical findings.

v
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2 Preliminaries and weak formulation

We denote by bold face letters the R?, (d = 2, 3)-valued function spaces such as
d
B = (H)@) . 12=(2@)! and H" = (H"(®)",

where H™(2) is the usual Sobolev space of order m with norm || - |,,,. Here, H(l) is
equipped with a norm

d 1/2
Vvl = (Z(wi, vm)
i=1

Let H™ /IR be the quotient space consisting of equivalence classes of elements of
H™ differing by constants, with norm || p||gm /R = infeer | p + ¢llm.-
Now, introduce the following vector valued function spaces :

Ji={pecH):V ¢ =0},
J={¢pecl?>:V-¢ =0 in Q, ¢ -nlyg =0 holds weakly},

where n is the unit outward normal to the boundary 02 and ¢ - n|3q = 0 should be
understood in the sense of trace in H_1/2(8 ), see [18, 30]. For any Banach space X,
let L?(0, T; X) be the space of measurable X-valued functions ¢ on (0, T') such that

T
/ l6OI%di <00 if 1< p <oo,
0

and for p = oo,

esssup ||[¢(¢)||lx < oo.
O<t<T

Let P be the orthogonal projection of L? onto J.
Throughout this article, we following assumptions are made:

(A1) For g e L2, let the unique pair of solution {v € Ji, ¢ € L?/IR} to the steady
state Stokes problem, see [30],

—Av+ Vg =g,
V.v=0 in 2, Vjjo=0
satisfying the following regularity result
I¥ll2 + gl 1w < Cligl. @.1)
Setting the Stokes operator as
~A=-PA:JINH>CJ -],
then the assumption (A1) gives rise to the estimates
Iviia < CllAY| ¥veJ NH. 2.2)
Note that, the following estimates holds

IvIZ < A7HIVVIP Vv e HY(Q), and [VV]* < A7 AV]? Vv e Jy NHZ, (2.3)
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where )Lfl is the best possible positive constant, depends on the domain €2 in
the Poincaré inequality.

(A2) There exists a positive constant Mg such that the initial velocity ug and the
external force f satisfy

uw e H2NJ, £ f € L0, 00; L?) with
laoll2 < Mo, sup  ([[fll, Ifll—1, Ifirll—1) < Mo.

O<t<oo

Moreover, set a bilinear form a(-, -) on H(‘) xH(‘) as
a(v, ) = (Vv,Vé) v, ¢ € H, 2.4)

and the trilinear form b(-, -, -) on H(l)xH(l) X H(l) by

b(v,w, ¢) = %(v VW, §) — %(v- Vé,w) Yv,w,p c H).  (2.5)

Now, the weak formulation of problem (1.1)-(1.3) is to seek a pair of
functions (u(z), p(t)) € H(l) X LZ/IR with u(0) = ug such that for all r > 0

(u, @) + k(Vuy, V) + v(Vu, V¢) + (u - Vu, §)
+ (p.V-¢) = (£, ¢) V¢ € H), (2.6)
(V-u,x)=0 VxelL?

Equivalently, find u(¢) € J; such that for ¢z > 0

(ur, ) +ka(u, ) +va(u, ¢) +b(u,u, @) = F,¢) Vo el, (2.7
u(0) = ug.

Throughout this article, C denotes a generic positive constant, which is valid uni-
formly with respect to time ¢ and with respect to the parameter «, but may depend on
v, My, and A;.

3 Finite element approximation

Let H, and L, 0 < & < 1 be finite dimensional subspaces of H(l) and L2, respec-
tively, where 7 > 0 is a spatial discretization parameter, satisfying the following
approximation properties:

(B1) Forw € J; NH? and ¢ € H'/IR, there are approximations i,w € Jp, and
Jjnq € Lj, such that

lw — ipwl + IV (W — isW) | < KohIWla,  1lg — jngll 2w < Kohllgl g1 k-
Now, set the subspace J;, of Hj, as

Jo={vh ey : (xp, V-vp) =0 Vyu € Lp}.
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The semidiscrete formulation of (2.6) is to seek uy, (r) € Hy and p,,(¢) € Ly,
such that u; (0) = ugy, and forall r > 0

(Wpe, @p) + ka(uy, ¢p) +va(uy, ¢p) + b(ap, up, @)
= (pn, V@) =K, ¢,) V¢, € Hp, (3.1
(V-wp, xn) =0 Vxu € Lj.
Equivalently, seek vy, (t) € J;, such that u;,(0) = ug, and for# > 0

W, @p) K aupe, @) +vauy, ¢y) = —b(uy, up, @) + (£, ¢;) Vo, € Jin. (3.2)

First, we compute uy(¢t) € Jj, then, py(t) € Lj approximation to the
pressure p(t) can be computed out by solving the following system

(pr, V@) = (upe, @) +xa(up, @) +vauy, ¢p)
+b(up, uy, ¢,) + & o) Ve, € Hy. (3.3)

For solvability of the above systems (3.2) and (3.3), see [28]. Uniqueness
is obtained in the quotient space Lj /N, with norm given by

lgnllp2,y, = inf lign + xxll,
qnliL2/n, el q

where

Nyp=1{qn € Ly : (qn,V -¢,) =0 V¢, € Hp}.

Moreover, assume that the pair (Hy,, L;/Np) satisfies the following uni-
form inf-sup condition:
(B2) For every g, € Ly, there is a positive constant K| and a nontrivial function
¢;, € Hp, independent of £, such that

I(gn. V- o)l = KillVeylllgnliz2/n,-

As a consequence of (B1), the following properties of the L? projection
P, : L2 — J,, hold: For ¢ € Ji, we note that, see [10, 15],

¢ — Proll + IV Pl < ChIIVl, (3.4)
andfor¢p € J1 N H?,
I — Pugpll + RV ($ — Pagp)l| < CRP||A]. (3.5
Now, define the discrete operator Ay : Hy, — Hj via the bilinear form
a('v ) as
a(Vi, @p) = (—AnVn, ¢y)  Vvp, @), € Hy. (3.6)
Then, the discrete analog of the Stokes operator A = P A is given as A =
PLAy,.
Further, the trilinear form satisfies see page 360 of [16].
b(vp, wp,wp) =0 Vv,, w, € Hy. 3.7

Examples of subspaces Hy, satisfying assumptions (B1) and (B2) can be
found in [5, 6] and [15].
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Below, we recall a couple of Lemmas on a priori estimates for the semidiscrete
solution uy, of (3.2) whose prove can be found in [28, 29].

VA

4(1 +«ry)’
(A1)—(A2) hold true. Then, there exists a positive constant C = C (v, a, A1, My) such
that for all t > O the solution uy, of (3.2) satisfies

lun (1% + Va1 + « || Apay (0]

Lemma 3.1 With 0 <« < and uo, = Pruo, suppose assumptions

t
+2Be~ 2 / S (IVup ()12 + 1 Apun(s)1?) ds < C(v, @, A1, Mg) £ >0,
0

t
e 2! f e (lune ()11 + 26 [ Vape (5)17) ds + vl Vup (0)]1> < C,
0

where B = (v/2) —a(A\' 4+ 1) > v/4 > 0.
Further,

t
e ()1 + & || Vatg, (0)]|* + ve ™2 / e |V, (s)|2ds < C.
0

VA

2(1 +«xXy)
Then, there is a positive constant C = C(v, «, A1, Mg) such that for all t > 0,

Lemma 3.2 Let 0 <o < and let assumptions (A1)—(A2) hold true.

C
Uni (|10 + «||Vu < —.
llzepse (2) ] 1,h I weell < \/E
Moreover, there holds

t
e ! f & ([wnsr (1121, + €l Vatn (5)|P)ds < C.
0

For our subsequent use, we also derive the following estimates.

A
Lemma 3.3 Let 0 <a < _ and let assumptions (A1)—(A2) hold true.
2(1 4+ «Ar1)

Then, there is a positive constant C = C (v, «, A1, My) such that for all t > 0

C
lwnees ON—1,n + kI VUpell < —75
K

Further,
C
2

=

t
—2 2 2 2
e m/ e M(lluhm(s)H_l’h + kI Vup ($)|)ds <
0

Proof Differentiate twice (3.2) with respect to time and obtain

Wpete, @p) = —kapser, @) — vaQpse, @p) — bWpsr, Wy, o)
—b(up, py, ¢h)_b(uh, Upses ¢h)+(fny ¢h) v ¢h ey 3.8)
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An application of the Ladyzhenskaya inequality yields

(Whtir, dp) = (KIIVllhmll + vl Vup |l + C(IIVllhnll Vug | + IIVuhrII2>

+||fn||1>|IV¢h||- (3.9

Note that, choose ¢ = uy;s; in (3.8) drop the first term from the left-hand side, we
arrive at

el Van |1* < (VIIVulm I+C I Vup | Vay ||+||VIIm||2)+IIntI—1> IVapsell. (3.10)

An application of Lemmas 3.1 and 3.2 in (3.10) yields

Cc
€IVl = —75 (3.11)

k32
Now, dividing by ||V, || in (3.8) and taking supremum over ¢; € Hy,.

Nl -1, < (KHVuhmII + IVl + CAV R Vg |+ Ve 1) + 11 ||71). (3.12)

Substitute (3.11) and estimates from Lemmas 3.1 and 3.2 in 3.8 to establish
C
u, h < . 3.13
” hltl” 1,h = K3/2 ( )

Squaring (3.11), multiply by ¢2** and then, integrate from 0 to 7. Again, multiply
the resulting inequality by e~2%' to obtain

1 t
—2at 2 2 — 2 2 2 2
e / | Vupen||? ds < e / e“(vuwhnu + CUIVuh 21V |
0 0

Vg %) + ||fn||2_1> ds< S (3.14)
Similarly, from (3.12) we find that
2ar 2 2 9
e m/ e upeee |2y, ds < —- (3.15)
0 K
This completes the rest of the proof. O

We now recall the following error estimates of semidiscrete solutions of (3.2),
which are proved in [28].

Theorem 3.1 Let conditions (A1)—(A2) and (B1)-(B2) be satisfied and let the

discrete initial velocity uwo, = Ppug. Then, there exists a positive constant
A

C(\1, v, a, M) such that for all t > 0 and for 0 < o < v—1

4(1 + )»1/{)

c
I = a1+ 1 (19 @ = w1+ 1 = O] ) = ke
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Moreover, under the assumption of the uniqueness condition, that is,

No bu, v, w)
Hf” o1y <1 and Ny = sup A S A
e @ IVulIVol[Vw]

u,v,weH(l)

. (3.16)

the following uniform in time estimate holds

@ —un )| + Al (p — p)OI < Thz

4 Second-order backward difference scheme

In this section, a second-order backward difference scheme is analyzed.
Let ¢ be a smooth fun_ction defined on [0, T'], set ¢" = ¢(¢,) where t,, = nk for
time step size k > 0 and 9,¢" = (¢" — ¢" ')/ k. Define

1
D[(Z)Un — ﬂ(?’Un _ 4Un—l ~|—U"_2), (41)

Now the second-order backward difference scheme applied to (3.1) is to find
(U™, P"y € (Hy,, Ly) such that for all n > 1
(DU, 94) + ka (DPU", ¢)) + va(U", §y) + U, U, ) (42)
- (P",V-¢,)=({".¢,) Vo, €H;, n>2,
@ U, ) + ka(®U", ¢;) +va(U', ¢,) +bU', U, ¢) (4.3)
— (P,V-¢,) =", ) Vo, € Hy,
(V-U" xn) =0 VYxu € Ly,
U0 = o},

Equivalently, seek {U"},-; C J;, such that

(D,(Z)U", ¢h) + ka <D,(2)U”, ¢h) Fva(U, ¢,) (4.4)
+ U U ) = E". ) Vn>=2 Ve, €y,
0, UL, ¢)) + xa(d,U', ¢;) +va(U', ¢,)
+ b(U U ¢)) = (", ¢)) Y, €. 4.5)
U0 = up;.

Let recall the following identity from [1, 4]:

(a3 —4a"="+am72) = a2 @ P = ) (1@ 4 1A ) 46)
+||82&n—l”2+”2&n _eak&n—l” ”2’\?’1 l Dtk&n—ZH ,

where
SZ&n—l — eozk&n _ 2&n—1 +eak&n—2.
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Before obtaining a priori estimates for the discrete problem (4.4), we recall the
following result for sequences.

Theorem 4.1 (Stolz-Cesaro Theorem). Let {¢"}2° ) be a sequence of real numbers.
Further, let {"}°° ; be a strictly monotone and divergent sequence. If

lim (d)"——gb”*l) =,

n—>00 wn _ 1}[,n—l
then
n
lim (—) —¢
n—o00 1[/"
holds.

A use of (4.6) yields the following result.

A
Lemmad4.1 With) <o < L, choose ko so that for 0 < k < kg
2(1 + A1)

1 oK 4.7
<m+1+ )>e @D

Then, the discrete solution UN, N > 1 of (4.4) satisfies

N
UON P + kIVUN|P) + Bae N kY | VU |*
n=1

eZak

AV

< Cla v ADe ™ (IU1P + 6 IVUIP) + S ggr,  (48)

where, 28, = <2ve2°‘k - 2(#)(/{ + A—ﬂ)) > 2ve2%k > 0. Moreover, the

following estimate holds:

. 1
timsup [ VU2 < <51 (gg-1)- 4.9)

N—o00

Proof Choose ¢, = U" in (4.4) and multiply by e?*». Then, an application of (4.6)
shows

1- N/ ) AN ) l_eZak
Zaz(IIU 1=+ «IVU 7)) +vIIVU |+ | ———

o 10")12 +K||vﬁ”||2)

l_ezak ~n—1 2 ~n—1 2 1 2'\}1—1 2 2 ~n—1 2
+<T)(IIU 12+ w0 )+4—k(||8 0" 4 k020"

1- N ~n—1 A ~n—1
+Za,(||2U" — U T2 i 2V — kv ||2)

=", 0". (4.10)
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The right-hand side of (4.10) can be estimated as

1 ony 1
SUIVE +mnf"nmm4)

As the fifth term on the left-hand side of (4.10) is positive, we can drop this term.
Now, multiply the resulting on by 4ke 2% and sum up from n = 2 to N. Then, a use
of (2.3) yields

% —2 —_— + _ E VvV
U +K C[J +k 2 e K )

ok N ~N—1 _ ~ N ~N—1 ~ 1 ~ 1
+H2e™ 0T =07 P +kl2e VO VU2 < (1017 + VU IP)
(IR 0" — UV 4 kf2e V' — VUJ2)

N
1 2 —2ak 2uty
+v_)\1”f”L°°<H“>e k;e . 4.11)

For n = 1, that is, (4.5), we easily obtain as in the estimates of backward Euler
scheme ( Lemma 4.1 of [29])

e‘z“k<||U‘ 12 + x| VU ||2) < Ce 2 (U2 4+ «IVU°%)

1 2
A use of the Cauchy-Schwarz’s inequality with the Young’s inequality and (4.12)
yields a bound for the second term on the right-hand side of (4.11) as

A1 A1
12¢0" — Y| + k)2 VU — VUO|I> < C(JU°|* + <[ VUO|1%)
eZak )
Sre LA CRE)
Using (4.12) and (4.13) in (4.11), we arrive after multiplying the resulting on by
—2at,
e nat

N
UM + 6 IVON 2 + Boke 283 VT |2 < Ce 2 (JU°)12 + (| VU° |12
n=2
20k

€ 2
+ ]))\,1 ||f||Loo(Hfl)7 (414)

and this completes the first part of the proof.
For the remaining part, drop first two terms from (4.14) and then, to apply Stolz-
Cesaro Theorem, (see [29]) to the resulting inequality, we observe that

N
oV =20 2k Y VU2 and g = 2N

n=1
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Note that the sequence {1/"*} is monotonically strictly increasing with ¥ — oo
and N — oo. Hence, an appeal to Stolz-Cesaro Theorem yields

2v —2aky 1 N2 2
me kl}bm_sig VU7 < km ||f||LOO(H71)'
This concludes the rest of the proof. O

As in [4], we now appeal to a variant of Brouwer’s fixed point theorem to prove
existence of solution to the discrete problem (4.4)

Theorem 4.2 (Brouwer’s fixed point theorem) [18). Let H be a finite dimensional
Hilbert space with inner product (-,-) and || - ||. Let G : H — H be a continuous
function. If there exists a positive real number R such that (G(z),z) > 0 Vz with
llzIl = R, then there exists z* € H such that ||z|| < R and G(z*) = 0.

Theorem 4.3 Given a sequence of discrete solution {U’ };f;(l), there exists a unique
discrete solution U" of (4.4) forn > 1.

Proof Assuming that U", m =0, 1,...n — 1 are known, we need to show the exis-
tence of U” to the problem (4.4). Now, define a function G : J, — J, for a fixed n
by

(G(w), &) =3(w, ;) +3k(Vw, Vo) +kv(VW, V) +2k b(w, w, ¢;,) (4.15)
—4U" ) —dk (VUL V) + (U2, ¢,) +1 (VU 2, Ve, ) —2k (", §),).
Set a norm on J; as

Iwil = (Wl + [ Vw])?. (4.16)

It is easy to show that G is continuous. Now, after choosing ¢, = w in (4.15),
we use (3.7), (4.16), the Cauchy-Schwarz’s inequality and the Young’s inequality to
obtain

(G(w), w) = <3II|W|II — 41U+ U - 2kllf"II)IIIWIII'

Choose R such a way that for 1wl = R,
(3R — 4[[U" || + [|0"2||| — 2k[|f*]]) > O and hence,
(G(w),w) > 0.

An appeal to Theorem 4.2 concludes an existence of the discrete solution {U" },>1
of (4.4).

The part of uniqueness is quite similar to the proof of uniqueness problem in [4],
so we skip the proof and this completes the rest of the proof. O

Remark 1 From the Theorem 4.4, we note that for a given U~ € J,, there exists
a unique discrete solution U" € Jj. Thus, it defines a map S} : J, — J;, such that
Sy (U"~!y = U, which is continuous and globally defined.
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Theorem 4.4 As a consequence of (4.14), there exists a bounded absorbing set
B, (@) : [0 1P+ VUV IP) < 2}

where pg is given by
2620{/{

VA
Moreover, the discrete problem (4.4) has a global attractor.

2
Py = il oo (22y-

Proof To prove the first part of the Theorem 4.4, now, we claim that if <||UO||2 +
1/2
K||VUO||2) € B, (0), there exists t,» = n*k depending on <||U°||2 +

172
K||VUO||2> such that for ty > t,+, the discrete solution UV satisfies
1/2
<||UN||2 +x||VUN||2> € B, (0).

To prove we observe from the estimate (4.14) that

IOV + k| vUY

2
- Jo
2 < e 2 (|UYY + i VUO|P) + 70. (4.17)

To complete the first part of the proof, it is enough to claim that
02
TN 4 VU < 22 (4.18)
A use of the fact that 2(a®> + b%) > (a + b)? yields

1
— U + VU < &N,
P2

0 0
That means, there is ¢t} = n*k > élog(”UlH';fW) such that the above holds

for p; > % and ty > t,« By, (0) C By, (0). For p; < %, the result trivially holds for
any t, > 0. Therefore, B, (0) is an absorbing ball. Now, S" possess a global attractor,
say A, k, by mimicking the proof of existence of an attractor in the continuous case,

see Titi et al. [17]. This concludes the rest of the proof. O]

A
Lemma 4.2 With0 <o < L
2(1 + Ax)

mate (4.7) is satisfied. Then, there is a positive constant K depending on My, v, o, A1
such that the discrete solution UN, N > 1 of (4.4) satisfies

choose kg so that for 0 < k < kg the esti-

N
(IVUN P+ | A UN P +282e 72N kY e | ApU" > < K (Mo, v, o, A1) (4.19)

n=1

where, 2, = (2V€2ak - z(l_ek_zak)(" + )Tll)> > 2ve2k > 0,
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Proof Put ¢, = A,U" in (4.4) and multiply by ¢>*». Then, an application of (4.6)
shows

_ L2k

1- N ~ A - A 1 N ~ A
Zat(”VUn||2+K||AhUn||2)+V||AhUn||2+< )<||VU"||2+K||AhU”||2)

l_ezak An—1 2 ~ an—1 2 1 2 An—1 2 2% An—1 2
H VU 7 +«ll AUl T 165VU" I"+«l8°AU |

I - N An—1 - A ~ an—1
+5 (||(2VU"—e“kVUn M2+ [12A,0" — e A, 0" ||2)

= e np ", 0", AU+ d, AU = 1 + 1. (4.20)

For 11, use of the generalized Holder’s inequality that
1] < Cem ™ U 4 VE" 4| An 07 (@.21)

Recall the following Ladyzhenskaya’s inequality for (d = 2, 3) to our subsequent
use:

Ford =2,
10" < O 12 v0" 12 and V0" |4 < CIVO" 212,072, (4.22)

. . y . . . 2
In (4.21), an application of the Young’s inequality with p =4, g =4/3, € = 3

shows

3
A 1 A~ ~ A 3 1 V ~ A
L] < Ce™ 0" 12 | vO" 1A, 0" )12 < C(;) 2| U2 VU | + gnAU" 2. (4.23)

Ford = 3,

/] ~n 1 ~n 3 /] ~n 1 ~ ~p 3
U llgs = CIU [#IVU ||+ and [[VU |24 = CIVU [#[|ARU [|+.  (4.24)
In (4.21), a use of the Young’s inequality with p = 8/7, g = 8, €? = ‘2‘—‘1’ yields

an 1 A ~ an 1 1 7 V o~
L] < Ce™ 0" 17| vO" | A, 0" 17 < C(;) U2 vun |8 + gnAU" 1%, (4.25)

For I, an application of the Cauchy-Schwarz inequality with Young’s inequality
leads to
M o~ A n -~ A 3 . V o~ A
b= @ 20" < I 1 12,07 < IE)+ 50807 (426

Note that,
N
~n—1 o ~ an—1 o ~1 o < 2
DUVETIP + AU 1) = (VO 1P + 1 AU )
n=2
N

+Y AVO I+ AT

n=2

~ N ~ AN
—(IVU 11> + € A0 D). @.27)
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For d = 2, drop the fifth term on the left-hand side of (4.20) as it is positive.
Multiply the resulting on by 4ke~>** and sum up from n = 2 to N. Then, a use of
(2.3), (4.23), (4.26) and (4.27) yields

AN o <~ AN 5 ok 1 — 20k 1 N 2
IVU 1° +«ll AU |17+ K | 2ve™ ™ =2 ———— ot DoIAUTP 428

k
n=2

~ N A N—1 ~ AN ~ aN-—1 A 1 ~ Al
+2e™* VU — VU P +kl2e7 AU — AU 12 < (IVO |17 +«11A,0 |17)

N
_ A 1 —aks ol = _
+H2e™H VO = VUOI k274 A0 = ApUPIP) + CONENG o g1y kD e
n=2
N
FCW)e kYU P YU PV TP, (4.29)
n=2

From a priori estimates of backward Euler scheme (Lemma 4.2 of [29]), we find
that

A - Al
||VU1||2 + k||ARU ||2 < C(My,v,a, ). (4.30)

An application of the Cauchy-Schwarz’s inequality with the Young’s inequality
and (4.30) yields a bound for the second term on the right-hand side of (4.28) as
follows:

~ 1 ~ Al ~
12¢~VU — VU2 + k|2 ¥ A, U — AR UY12 < C (Mo, v, o, A1). (4.31)

Using (4.30) and (4.31) in (4.28), we arrive at

N
~ N ~ AN ~ A
IVOT 12 + k| A5 07 |12 + 282k 114,02

n=2
< C(IVUY ) + k| AR U2 + e [T {p—el
- VAl L*MH™)
N
R e 3 | ST A eA3 ] oA (4.32)

n=2

An Application of Gronwall’s lemma leads to

N
~ N ~ a~N ~ A
IVOT 12 + k| AT |12 + 28k 18,012

n=2
02 X o102 ek 2 2at,
Alp
< CUIVUII” + k1A U717 + e 1 oo g1
N
xexp(Cke_zo‘kZHU”HzH||VU"||2). (4.33)

n=2
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Apply assumption (A2) in (4.33) to arrive at

N
~ N ~ ~N ~ A
IVO™ 12 + k| Ag 0T |2 + 282k > 118,072
n=2

N
< Cv,a, Mo)exp<CkezakZ||U"||2||||VU”||2>. (4.34)
n=2

Multiplying (4.34) by e 2" use (4.8) along with (4.9) to obtain

N
IVUN 2 + k| A5 UN |12 + 2ve =2k e =22k Y | A, 0" |2 < C(v, 0, My). (4.35)
n=2
This concludes the proof for d = 2.
Now, for d = 3 substitute (4.23) and (4.26)in (4.20) and under the similar lines of
proof for d = 2, we obtain

N
~N ~ AN ~ An
IVO 1P+ AU 1P + 282k Y 1A, U |
n=2
2k

02 < 1102 € 2 Qat,
< CUVU|I” + kAU D) + o “f”L:x;(H—l)e

N
+C () k ek Ut v B, (4.36)
n=2

Multiplying (4.36) by e 2" to obtain

N

IVUVI2 + k| A UN |2+ 2e7240 Bk Y A4 0" |17 < e 2 C(IVU° % + | A U°) %)
n=2

20k

+

N
o 161 g1, + C @Y U P VO™ |®
n=2

N
< CiMo, a2, v) + Co(Mo, a, VK Y VU5, 437)

n=2

Now, under smallness assumption on both initial data and forcing function the
boundedness of |[VUY| is proved for all #y > 0. This completes the rest of the
proof. O

5 Error analysis for second-order backward difference method
This section deals with error analysis of our second-order difference scheme (4.4)—
(4.5).

Set, for a fixed n, €' = U" — u,(t;,) = U" — uj. Now, we derive the following
error estimates for second-order backward difference method.
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A
Theorem 5.1 Let 0 <« < M and ko > 0 such that for 0 < k < ko,
4(1 +«Xp)

vk

+1 > ¥k,
14+ kX

Then, there exist a positive constant C = C (v, o, A1, My) such that

n
) C
le" |2 + k| Ve" |* + ke 2 Y 2 || Ve |2 < —k*eCIN, (5.1)
K
=2

andforn=2,---, N,
2,12 2x7 12 c 4 Ct,
[Die"|I” + x| Dy Ve ||~ < mk e (5.2)

Proof Rewrite (3.2) att = t,, and substract it from (4.4) to obtain

(Dt(z)e", (bh) + ka (Dt(z)e", ¢h> +va(e", ¢;) (5.3)
i= EVup)(9)) + AL(d)),
where,
E{ @) = (u), - DPuj 8)) +xa (u), - DPujd)) G4
and
An@y) = b (0}, ui, ¢;) — bU", U", ¢)) (5-5)
= —b(uj, €', ¢,) —b(e", U", ¢p).
= —b(u},e", ¢,) +bE", €, $,) —be", u, ¢)).
Further,

|AR(@p)| = |b(u), €, ¢,) + b, U", ¢))l

=< C(M)(IIVUZII + IIVU”H) Ve[Vl (5.6)

With the help of Lemmas 3.2 and 4.2, we find that
[An(dp) < C, e, 1, Mp) | VE || [Vl (5.7
Multiplying (5.3) by 4ke®™n and choose ¢, = €". A use of identity (4.6) yields
kd (1112 + wlVE 1) + (187" 1% + «c 162 Ve )12 + 4kv | V&' ||
+ (1= Q&1+ kI VE ) + (A — 2Ry (e 12 + x| ve P
+k 5t<||26” — R )2V — by ||2) = 4k ™ BN (u)) (@)
+ 4k e Ap (™). (5.8)
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Summing (5.8) over n = 2 to N and multiplying by e~2*¥, we arrive at

N
18V 112 +k V&N |2 4+e7 26 (878" 2 4k |82 Ve B (120 ke —eN T2
n=2

l_e—Zak 1 N
+if2e Ve — VeV T2tk (dve b 2 [ ——— ) (k+— ) ) DIV
k )Ll n=2
< 8" 1% + kI VE' I + 2e7 6" — &%) + kf2e7* Ve — Vel

N N
e 20k Z e ET (up) () + dke 24k Z e Ay (&)

n=2 n=2

N N
< CUR' P+l VE [P +4e 72Kk Y e B () @) +4ke 5 Y~ e A @), (5.9)
n=2 n=2

To estimate the second term of the right-hand side of (5.9), we find that

N N
4e72HE Y S ET ) (gy) = de kY e (uf, — DU, &) (5.10)
n=2 n=2

N
e 20k p Z e g (“Zt — DtZU", é") =11 + Ix(say).
n=2

Now, a use of the Cauchy-Schwarz’s inequality, (2.3) and the Young’s inequality,
we bound || as

N

N 12 12
|Il| < 46—2011{]{(2 ”eOtf,, (UZ; _ DIZU")||271> (Z ||Vén||2)

n=2 n=2

N N
< Cle, hpke 2k et (u;j, - DEU") )+ eke 203 Ve (5.1

n=2 n=2

3
A Use of [l (uf, — DFU") |12, < & [ e Jup (DII2 dr ([1]) and
Lemma 3.2, we obtain

N k4 N th
k) lle (uh, = DPU") 12, = S ) / 2 llwpre (0|2 dt
n=2 n=2"Mm-2

RN L 2
= 76 « Zf e wn72||uhttt(l)”71dt
n=2"m-2

A

IA

Ky k Yo 2 2
t
76 * Zf e e (O dt
n=2"m

-2

IA

IN
4 4dak 2 2
k*e™ f e Mg ()12, dt
0

C(v, a, A1, Mp) k4 20 (n+2)k
2 ke :
K

IA

(5.12)
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Using (5.12) in (5.11), yields

N
A2 4 cge—2ek Z Ve 2. (5.13)
n=2

C(v,a, A, My, €)
Il = p

Similarly, as for bound of |/| and using (5.13), we find that

N
ke 4 efe— 20k Z Ve 2. (5.14)
n=2

L] < C(v,a, Ay, My, €)
< e

A use of anti-symmetric property for the second term of the right-hand side of
(5.9) shows

M AR@D] < e M@, Vi), &)
< C IV, 1€ Ive]. (5.15)

A use of (5.15) yields

N N
[dke 2K Y 7 e A@")] < Cle)) ke e Vi IP1E"P (5.16)

n=2 n=2
N
+eke N | ver| 2.
n=2

For n = 1, we now observe that

1- ~12 ~1,2 —ak l—e“"k 1 ~112
~a, (18 12+ Ve 1)+ (ve ok — (———— ) [k +—) J1ve1? 5.17)
2 k Al

= e k(e (E' () (@), &")+e ke A, @),

Multiply (5.17) by 2k,and the, with a help of the Young’s inequality, the Cauchy-
Schwarz’s inequality and (2.3) with the estimates (5.15) (forn = 1 and € = v), we
arrive at

12 12 —ak I —ek 1 12

€112 + VeI + 2k (ve e — (——) (k+ — ) ) IVE'I1® (5.18)
1

2ke = (e (E' (up) (@), &1) + 2ke % % Aj, @1)

IA

IA

) 1. ) ke
Ck2 ek ([l (B (up) @) 1%) + E(ne1 1% + x| V&) + vke k| ve! |2
+C(v)ke % e=22k) vy, 128" |2,

and hence, we similarly obtain

102 102 —ak 1—eok 1 12
€12+ V&' (ve ot =2 ——— ) (1 + 5= ) IVE'I? (5.19)
1

k* RETIA
< C, a, A1, Mo)— ™" + C(v)ke™ =2k | Vi |2 18" |12,
K
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A use of (5.13), (5.14) and (5.16) with € = 23—", (5.19), ¢ = 0 and results from
Lemma 4.1 in (5.9), yields

N

AN AN — ~n—1 n—1 —_akaN AN-—1
V12 +x V&Y 12 +e 728y (182" 12 i |62 Ve P + (2R e — &V 2
n=2

_2ak N
+i)2e~ 4 veN —veN 12 p 2k (ve 2k — =™V e L > Iver)?
k Al -

N
K n 2
< C, e, b, Mo) 5 4 C(v) Y ke 22| Vi |7 1&")1°

n=2
+C (ke e~ 2k | vi) |28 2
k4 N—1
< C, o b1, Mo) ™ + Cv) Y ke e ™| Vil |121¢"
n=0
+C (ke ke 2 i |2 1@
k4 N—-1
<C@,a, i, Mo)ﬁez"”” +CW) Y ke e 2| Vi |7 €" |
n=0
+Cke 2k (&Y% + i VeV ). (5.20)

Now, select kg, so that (4.7) is satisfied and (1 — Cke_z"‘k) > 0for0 < k < kyp.
Then, an application of the discrete Gronwall’s Lemma yields

N N-—1
1N 112 +xc | Ve 2 +k Y (Ve |? < CeehLMoljd exp (kZ ||Vﬁ2||2) .(5.21)
n=2 n=0

With the help of Lemma 4.1, we bound
N-1
k> IViG|* < Cry, (5.22)
n=0

and hence, using (5.22) in (5.21), we now arrive at

C(v, o, A1, M)

N
V12 +xc | VeN 2 + &) (Ve |* < = k4eC. (5.23)
n=2

This concludes the proof of (5.1) forn > 2.
For n = 1, we similarly obtain

Cl, a, A1, M
le' 12 + il Ve |2 + k| Ve |2 < S LA M0) g ek
IC2

(5.24)
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To complete the rest of the proof, we now, substitute ¢, = Dt(z) € in (5.3) to arrive
at

IDP e + k| VDPe |2 = —va (e, DPe") (5.25)
+<(uzt - D,(Z)U”) , D,(2)e”)+/ca ((uz, - D,(Z)U”) , D,(z)e”)+Ah (D,(z)e") .
Using (5.7), we obtain

(@) n n Q) gan
Ay (D€} | = Cv, e, 21, M) Ve 1D Ve" . (5.26)
A use of the Cauchy-Schwarz’s inequality with the Young’s inequality (2.3) and
(5.26) in (5.25), yields

1D e IP+eIVDP e P <Cv e, Mo><||Ve"||2+K2||v (w—DP0") ||2,1).<5.27)

We apply (5.12) and Lemma 3.3 to estimate the second term on the right-hand side
of (5.27) as

2 2 2 Bt
ClenV (wh, = DOV 2, <& [ i | Vup (1)l

t
< C(Vya’»();lyMO)k?? g2t [In . dt

th—

< Cv.0hy.My) 14 20, (5.28)
= 3 ’

where k* € (0, k). In view of (5.1) and (5.28), (5.27) implies (5.2). This completes
the rest of the proof. O

Theorem 5.2 A use of the uniqueness condition , that is,

No T ! d N b(u, v, w)
— co(g-1y < an 0= sup —_———
p2 VLT ETD wowertys IVHIIVOIIVw

the following estimate holds true for all n € [Ny, 00)

C
le" I + | Ve |* < ;k“.

Proof The outline of this proof is bit similar to Theorem 5.3 (see, [29]). Note that,
apply Taylor’s series expansion of uy(¢) at #, in the interval (f,_1, f,) and then use
the Cauchy-Schwarz inequality to obtain

In
1V (f — ) 1P <k IV P s (5.29)
h—1
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Now, a use of (5.29) in (5.20) yields

AN |2 AN |2 2ak 1 — ek 1 AR 2
18N11% + . VeV 17 + 2k <ve— ak _ (T) (K + /\—1)) PG
n=2

N-—1
Cv,a,r1, Mo) 4 24, —aN N a2
< ISR 4 C v, ke Z;ufnmﬂ-l)ue I
n=0
+Cke 22k (1N |1 + k| veN 7). (5.30)

Rewrite (5.30) as:
N N _ | — ¢ 20k 1 . N
16V )2 + KIIVeNII2+2k(ve 2ak_ (T) (K + AT) e “’fﬁnfan(Hlﬂl)
N
~ C ’ £ )" ’ M
x > Ive|? < CO 02, MO) 4 2, (5.31)
K
n=2

Using uniqueness condition, it is easy to show that the coefficient of third term
of the (5.31) becomes positive. Multiply e 2% in (5.31) to complete the rest of the
proof. O

Now, we only need to prove the error estimates for the pressure P”. Define p" =
P" — py(t,) and consider (3.1) at t = 1, and subtract it from (4.2) to obtain

", V-¢,) = (the", ¢h> +Kka (the”, ¢h> +va(e", ¢;,)
— E{(up)(@y) — An(dp).
An application of (2.3) with the Cauchy-Schwarz’s inequality and (5.7) shows

(P", V- ) <Clic, v, A1) (IIthe” I+ D7 Ve" |+ Ve" |+ V (uj, —U")II> IV, ll. (5.32)

From (5.28) and the Theorem 5.1 in (5.32), we now arrive at
1
1p" 1l < =7 C (v, &, A1, M)k, (5.33)
k372

Altogether, a use of Theorems 3.1, 5.1, 5.2, (5.24) and (5.33) would conclude the
proof of our main theorem below.

Theorem 5.3 Under the assumption of Theorems 3.1 and 5.1, the following holds
true:

nrk?
and

) ho kFY
I(p(ta) — PHII = C <ﬁ + W) :
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where

_J0ifn=2;
V=11ifn=

Remark 2 The error estimates in Theorems 3.1 and 5.3 are not optimal with respect
to k as shown in the numerical experiments in Section 6. However, with higher regu-
larity results, that is, ug € H> N HOl with some compatibility, it is possible to derive
error estimates which are independent of «. Since one of our objectives in this paper
is to prove error bounds with minimal assumption A2, we refrain from pursuing it
further with higher regularity assumption.

6 Numerical experiments

In this section, we focus on several numerical experiments with varying «, using
(P>-Py) mixed finite element space (see, [6]) for spatial discretization . Below, we
implement a second-order backward difference method for time discretization and
compute the order of convergence, which would confirm our theoretical findings in
Section 5.

Now, consider the following finite dimensional approximating spaces Hy, and Ly,
as:

2 -
H, = {v € (H(}(Q)) N (C(Q))2 :vlk € (P2(K)%, K € n},
Ly ={q € L*(Q) : qlx € Po(K). K € Th},
where 7}, denotes the regular triangulation of the domain Q. Then, apply the second-

order backward difference approximation to (3.1) is as follows: given U"~2 and
U"!, find the pair (U", P") satisfying:

BU", vi) +(k + 2vAL) a(U", vi) + 2At (U™, U™, vy,) 6.1)
+2At b(vp, P") = 4(U" vp) + 4 ka (U vy) — (U2, vp)
—k a(U"2, vp) + At (£(tn), Vi) Vvj, € Vi,

b(U", wp) =0 Yw, € Wy,.

Table 1 Errors and convergence rates for backward difference scheme with k = Q(h)

h lu() —U"lly2  Rate lu() — Ul Rate Ip() — P"Il  Rate

172 0.0112643 0.078272 0.161085

1/4 0.0038994 1.530408  0.045709 0.776018  0.076906 1.066641
1/8 0.0012055 1.693566  0.025378 0.848892  0.037627 1.031309
1/16  0.0003351 1.846867  0.013375 0.923988  0.018442 1.028795
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Table 2 Numerical convergence rates for velocity in L2-norm with variation in « for Example 1

S No. h lu() — U2 () = Uiz lu(tn) = U* g2
x =0.01 & =0.0001 & = 0.00000001

1 1/4 1.5304088 1.5038179 1.5034958

2 1/8 1.6935666 1.6919373 1.6919256

3 1/16 1.8468671 1.8464987 1.8464952

3 1/32 191154251 1.9106039 1.9105942

Using basis functions, we approximate the velocity and pressure as

ng nx ne
=3 () #h0. P =3 ol w, (62)
j=1

=1

where (b‘; (x) and ¢f (x) form bases for Hj, and Lj, with cardinality ng and ne, respec-
tively. Here, u;?x and u;fy represent the x and y component of the approximate velocity
field, respectively, at time t = t,. Using (6.2), the basis functions for H; and Lj
in (6.1), we obtain a system of nonlinear algebraic equations, which is solved using
Newton’s method.

Example 1 Choose the forcing function f in such a way that the exact solution
(u, p) = ((u1, u2), p) is

ur = 0le ™ x2(x — )23 = 292 + ), ua =—0.01e~" Y2 (y—1)2(x3=2x2 + x),
p = —3.84e7’2xy2.

We choose k = 0.01, v = 1, with Q = (0, 1) x (0, 1) and time ¢ = [0, 1]. Here,
Q is subdivided into triangles with mesh size /.

The theoretical analysis provides a convergence rate of O(h?) in L?-norm, for
the velocity convergence rate of O(h) in H!-norm and for the pressure term, the
velocity convergence rate of O(h) in L2-norm. Table 1 presents numerical errors and
computed convergence rates obtained on successively refined meshes for backward

Table 3 Numerical convergence rates for velocity in H'-norm with variation in « for Example 1

S No. h () — U [l () — Ul () — U [l
k =0.01 k = 0.0001 k = 0.00000001

1 1/4 0.7760188 0.7484161 0.7480840

2 178 0.8488925 0.8473675 0.8473556

3 1/16 0.9239889 0.9236156 0.9236121

3 1/32 0.9630824 0.9630052 0.9630045
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Table 4 Numerical convergence rates for pressure in L2-norm with variation in « for Example 1

S No. h lp(ta) — Pl Il p(tn) — P Ip@) — Pl
k =0.01 « = 0.0001 « = 0.00000001
1 1/4 1.0666418 1.0641700 1.0641470
2 1/8 1.0313096 1.0314830 1.0314819
3 1/16 1.0287957 1.0288386 1.0288391
3 1/32 1.0169415 1.0169587 1.0169589

difference scheme, respectively. These computational results agree with optimal con-
vergence rates obtained in Theorem 5.3, respectively. Further, when ¥ — 0 the order
of convergence for velocity and pressure terms are given through Tables 2, 3 and 4
which again confirm our theoretical results given in Theorem 5.3.
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