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Abstract We present a Ritz-Galerkin discretization on sparse grids using pre-
wavelets, which allows us to solve elliptic differential equations with variable
coefficients for dimensions d > 2. The method applies multilinear finite elements.
We introduce an efficient algorithm for matrix vector multiplication using a Ritz-
Galerkin discretization and semi-orthogonality. This algorithm is based on standard
I-dimensional restrictions and prolongations, a simple prewavelet stencil, and the
classical operator-dependent stencil for multilinear finite elements. Numerical simu-
lation results are presented for a three-dimensional problem on a curvilinear bounded
domain and for a six-dimensional problem with variable coefficients. Simulation
results show a convergence of the discretization according to the approximation prop-
erties of the finite element space. The condition number of the stiffness matrix can
be bounded below 10 using a standard diagonal preconditioner.

Keywords Sparse grid - Prewavelets - Semi-orthogonality - Variable coefficients -
Conjugate gradient method - Finite element method
1 Introduction

A finite element discretization of an elliptic symmetric partial differential equation
(PDE) calculates the best approximation with respect to the energy norm. Since a
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finite element method uses polynomials to construct a finite element space, the con-
vergence of such a method can be proven using Strang’s lemma or the Lax-Milgram
theorem.

However, difficulties arise in the application to problems of a high dimensionality.
Then, the computational amount increases by O (N¢), where N is the number of grid
points in one direction and d is the dimension of the space. This exponential growth
of the computational amount restricts the application of the finite element method to
dimensions d < 3.

One approach to solve this problem is to use sparse grids (see [21]). With sparse
grids, one can construct a subspace of the classical finite element spaces on full grids.
The dimension of this subspace reduces to O (N (log N)4~1).

There exist several methods to solve partial differential equations on sparse grids.
Here, we restrict ourselves to elliptic PDEs and Ritz-Galerkin discretizations. Such
discretizations lead to optimal convergence in the energy norm and allow extensions
to adaptive grids, which are needed in case of singularities.

However, it is difficult to solve iteratively the system of linear equations resulting
from a Ritz-Galerkin discretization on sparse grids. An efficient algorithm for this
problem has the following properties:

— amemory complexity of O(N (log N)?~1),
—  requires only O (N (log N)?~!) computations,
— aconvergence rate of O(1).

This algorithm may be based on the unidirectional principle (see [2, 4] and [20])
for constant coefficients and cubical domains. An extension of this algorithm for ten-
sor product variable coefficients is presented in [11]. These algorithms evaluate the
matrix vector multiplication in O (N (log N)4~!) operations. However, these algo-
rithms cannot be applied to arbitrary variable coefficients. Furthermore, it is difficult
to obtain an iterative solver with convergence rate O(1). In order to obtain fast con-
vergence, one can apply a multigrid approach or prewavelets (see [14] and [10]). The
algorithms described in these publications are restricted to constant coefficients as
well.

One interesting application of sparse grids is the solution of the electronic
Schrodinger equation, since this is an elliptic PDE of a high dimensionality. In order
to obtain high accuracy, a wavelet-based sparse grid method was proposed in [9].
The resulting linear equation system was solved in O ((N (log N y4=12) operations
instead of O ((N (log N y4=1)), since the large support of the wavelet functions leads
to a complex structure of the stiffness matrix. It is evident that this high complexity
of the computational amount limits the application of the method described in [9].

So far, the Ritz-Galerkin discretization of elliptic equations on sparse grids has
had limited range of application since most partial differential equations in natural
science or engineering include variable coefficients.

The first Ritz-Galerkin discretization on sparse grid with variable coefficients is
presented in [16]. This discretization applies the semi-orthogonality property of stan-
dard hierarchical basis functions (see Section 2). A complete convergence theory is
given in [15] for the two-dimensional case. The discretization leads to a symmetric
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stiffness matrix in the case of a symmetric bilinear form. Nevertheless, an extension
to higher-dimensional problems is not possible for standard hierarchical basis func-
tions since hierarchical basis functions do not satisfy a semi-orthogonality property
ford > 3.

Other discretizations of PDEs with variable coefficients are presented in [1] and
[8]. The discretization in [1] can be treated as a finite element discretization, while
the discretization in [8] is a finite difference discretization. For symmetric problems,
both discretizations lead to a non-symmetric linear equation system for symmetric
problems, which is an undesired property.

Additionally, a convergence proof is missing for both discretizations. Therefore,
convergence of these methods is not guaranteed in higher dimensions. Furthermore,
the discretization in [1] requires high-order interpolation operators, which increases
the computational load. However, simulation results presented in literature show an
optimal convergence for certain two-dimensional and three-dimensional problems.

In this paper, we present a new method to discretize elliptic partial differential
equations on sparse grids (see Section 2). This discretization uses prewavelets and
their semi-orthogonality property (see [16]). It is well known that prewavelets and
wavelets can be used to discretize partial differential equations (see [3, 13, 19], and
[17]). In the context of sparse grids, they can even lead to natural discretizations
of elliptic partial differential equations with variable coefficients. The elementary
convergence theory of such discretizations is presented for a Helmholtz problem in
[18]. In Section 6, we present an algorithm that efficiently evaluates the matrix vector
multiplication with the discretization matrix. The algorithm applies only standard
1-dimensional restriction and prolongation operators, a simple prewavelet stencil of
size 5, and the classical stencil operator for multilinear finite elements. This operator-
dependent stencil is a 9-point stencil for bilinear elements and a 27-point stencil
for trilinear elements. However, in the six-dimensional case, the size of this stencil
increases to 729 = 3. The difficulty of this algorithm is to apply all operators in the
correct sequential ordering.

In Section 8, simulation results are presented for the three-dimensional Poisson’s
problem on a curvilinear bounded domain and for a six-dimensional Helmholtz prob-
lem with a variable coefficient. The simulation result for Poisson’s problem implies
that sparse grids are not restricted to cubical domains. To our knowledge, the numeri-
cal result for the six-dimensional Helmholtz equation is the first simulation result for
a six-dimensional Ritz-Galerkin finite element discretization of a elliptic PDE with
variable coefficients.

This paper is restricted to non-adaptive grids. However, the algorithm presented in
this paper can certainly be extended to adaptive sparse grids using concepts and ideas
presented in [6, 16], and [12].

2 Sparse grid discretization

Letd > 2 be the dimension of space and 2 = [0, l]d. Consider an elliptic differential
equation:
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Problem Let f € L*(Q), A € (L®(Q)%*? and k € L®(Q),k > 0 be given.
Furthermore, assume that A is symmetric and uniformly positive definite. This means
that there is a & > 0 such that v7 A(x)v > av” v for almost every x €  and every
vector v € R?. Find u € HO1 (€2) such that

f(Vu)TA(X)Vv+K(X)uv dx:/ fundx Yve Hy(Q). 1)
Q Q

Our aim is to find an efficient sparse grid finite element discretization that can be
used even for large dimension d. A typical two-dimensional sparse grid is depicted
in Fig. 1 and a three-dimensional sparse grid in Fig. 11.

Finite elements on sparse grids are constructed by tensor products of one-
dimensional finite elements. Here, we apply piecewise linear elements in 1D. Let us
explain the construction of the sparse grid finite element space in more detail. To this
end, define the one-dimensional grid

Q=27 ien),
L={ili=1..,2"" —1}fort e Ny, I_,=090.
I; is the index set of €2;. Observe that Qg C Q1 C Q7 C .... The complementary

index set is defined by
8 =1\ Q2L-1).

Fig. 2 One-dimensional nodal Yy
basis functions K
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Now, let V; be the space of piecewise linear functions of mesh size 27/~ ! and v}i'i‘ the

corresponding nodal basis function at point 27/~1i € Q, (see Fig. 2).
Using these functions, we define prewavelets ¢; ;, i € E; by (see Fig. 3)

9 lin lin lin : o
00— 3u )+ U, if 1=i
L lin _ 3/, lin l1n lin 11n : r_
Pri = Vi — 5 Fu )+ 1O(Ull+2 Uio) i3 <i <20 -3,
9 . lin 3 .,lin lin N L
1_Uti_§vt l+10t12 if i =2 1

fort € Nand o1 = v%)ml An important property of these functions is the L>-
orthogonality for prewavelets of different levels

1
/ Grigridx =0 ift#1. )
0

Let us introduce the following abbreviations for a multi-index t = (¢, ..., #y) €
N4:
0

s
Ity =) _lul. forl<s<d,
i=1
t<t if <t Vi=1,...4d,
max(t, t') := (max(t;, 1{), ..., max(sg, 1;)), and
max(t) := max(t, ..., 7).

Using these abbreviations, the sets of tensor product indices are defined

neQJ=LmJ}

I = {(il, e id)

B = {6180 |6 € Bios =1, d]

Fig. 3 One-dimensional Y
prewavelet functions 1
1.0
0.1 4 e
T
27—
-0.6 -
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and the tensor product functions
d
li ) li .
vif ) = [Joi" (), i€l
=1
d
eei®) = [ [eni (). i€ B
s=1

where x = (x, ..., x4). These constructions allow to define the tensor product vector
spaces (see Fig. 4)
anfl; = span vi"l’ | max(t) <n,ie Et},
V¢ 1= span vi}f} | t' <tie &y},

{
{
Wy := span {g; | i€ B},
{
{

lin . li -
Vp! := span {v/] |Itly <n,ie &,

TeW . —
V%n := span {g; | Itly < n,ie B}

Obviously, this results in Wy C V.
an“:il is the well-known standard space of multilinear finite element functions
which can be written as follows:

Vsl =span{vf o lieTn m)

The sparse grid spaces Vlljiz and Vg:w are equal (see [18]). However, the adaptive ver-
sions of these spaces are not equal. For reasons of simplicity, only the non-adaptive
case is considered. In the case of smooth functions, sparse and full grid have similar
approximation properties

mip11 lu—vllg < C27"|u|ly2 and
veVn}‘d
) _ aZdu
min |lu — vl < Cn2™" —| -
prew
veVvpy” Oxy...0xg || o
to to to
Wi \"A Vp;ew
t1 t1 t1

Fig. 4 Example of spaces Wy = Wy 1, th““ = V2f“l", and Vg:w = ngw
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where C is a constant independent of n and u. However, the dimensions of the
corresponding spaces are completely different:

dim(V,%) = 02") and dim(vgfw):()(nd*‘zn).

Therefore, the aim of this paper is to find an efficient Galerkin discretization of Prob-
lem (2) using the sparse grid space Vgew. To this end, the following lemma and
corollary is an important observation:

Lemma 1 Let « be constant and A = diag(«, ..., aq) a constant diagonal matrix.
Then, for all indices t, t' such that t; # t for at least two indexes s = 1, ..., d the
following equation holds:

fQ (Vou)T AVgyi + korige dx = 0. 3)

Proof By tensor product construction of the functions ¢ and ¢y y, the integral of
(3) can be written as a product of one-dimensional integrals for each term in (3), since
the coefficients A and « are constant. Here, the orthogonality property (2) implies
that the term containing « is zero. Next, let us consider the term

_a§0ti Aoy i / a‘/’tk i (p’k iy f
. —dx = d il d
ak,/g oxy 0xg K 0 Xk 1_[ Pry.is Pr) i, AXs-

Since t; # t‘; for at least two indexes s = 1, ..., d, there is an index s # k such that
ty # t;. Thus, (2) completes the proof. O

Corollary 1 (Semi-orthogonality property) Let « be constant and A =
diag(ay, ..., ag) a constant diagonal matrix. Then, for all indices t, t', i € E¢, and
i € By such that

|max(t, t)|q > nand|tlg <n, |t'|s <n, @

the following equation holds:
/ (Vi) AVey v + kprioyy dx = 0.
Q

The consequence of this corollary is that prewavelet basis functions with overlap-
ping support are orthogonal to each other (see Fig. 5). This orthogonality property is
the motivation behind the following discretization:

Discretization 1 (Semi-orthogonality) Ler f € L*(Q) and k € L>®(Q),k > 0 be
given. Then, let us define

a(u, v) :=/(Vu)TA(x)Vv+/<(x)uv dx
Q
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Fig. 5 Example of the support
of two basis functions that

satisfy | max(t, t')|4 > n and
[ty <n,|t|s<n (t1,t2)
O

(ty,to)| ©

and

semi-ortho , y,prew prew
a, : VD,, X VD,, — R

semi-ortho . N e a(etis vi) if [max(t, t)|g <n
an ((pt,ls (Pt 7l) L { 0 lf‘ |maX(t, t/)|d -n .

Find u'gew € Vgew such that
n

n
semi-orth, prew prew
ayemorto (wp, > vh) = /Q fu,dx Vv, € Vb, - 5)

In [18], we analyzed the convergence of this discretization for the Helmholtz prob-
lem with variable coefficients with respect to the H'-norm. This paper shows how to
obtain an efficient algorithm for solving the corresponding linear equation.

3 Basic notation

The difficulty in explaining sparse grid algorithms is that the matrices in these algo-
rithms are applied to vectors with varying size. Thus, describing these matrices in
a mathematically correct form leads to a non-trivial notation. A second problem
appears in the case of adaptive grids. All sparse grid algorithms have a recursive
structure that use a tree data structure. Explaining such algorithms in a mathematical
and clear notation is difficult. Therefore, we restrict ourselves to non-adaptive sparse
grids and assume that a sparse grid is a union of semi-coarsened full grids.
Furthermore, we introduce a notation that is based on operators on vector spaces
and its dual space. Assume that the finite element solution u¢ € V; is searched for,

@ Springer



Numer Algor (2018) 78:929-956 937

such that
a’slemi—ortho (ug, vp) = / fvedx Yve € Wi
Q

Then, u; is contained in the vector space Vi, but the mappings

v»—)/fvdx, veW
Q

and

semi-ortho (w v)
9 b

V> a, ve W

are contained in the dual space V{. To store an element in V; or a functional in V} as
a vector, assume that n¢ is the number of grid points on level t

ng = dlm(Vt)

Moreover, assume that the data of a sparse grid algorithm is stored on various suitable
full grids. A corresponding global array is as follows:

Uy = (U0t 2n
Ut € R™

The vector Uy is used to store data of different mathematical objects. One possibil-
ity is to describe a function in V; by the vector U;. Another possibility is to describe
a functional of V{ by Uy. The notation for a corresponding assignment operator is as
follows:

(Ut g u) foru e Vt
and
(Ut ﬁ f) for f e V{

However, the assignment operator ~ 5°U.  depends on the basis, which is used to
represent u or f, respectively. Let us explain this with the following examples:

Example 1 Letu = Zielt Ct,ivg? e W%.
Then,
(Ut > M) < U= (ctidien-

Example 2 Letu =)
Then,

cieti € Wy C Vi

ie on

set . _ [ Cti ifi e B¢
(Ut <~ u) e Ut_(O else. )

Example 3 Let

Vi = (@ %a) ® ® v,

ses SES
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be the basis function which is a prewavelet function in directions s € S C {1, ..., d}
and a nodal basis function for all other directions. Now, let u = ) ; ¢¢ jvt.i. Then, Uy
stores the coefficients ¢ ; after evaluation of

(Ut ﬁ u) .

Example 4 Let f € V/. Then, we write (Ut set f) & U= (f(vii’i‘))ielt.

Example 5 Let f € W{. Then, we write (Ut set f) & U =
feei) ifi€ B¢
0 else. ’

For describing our algorithms, we introduce a special operator 3, which we will
call back construction operator. This operator reconstructs the mathematical object
u which was used to set values in a vector Us. This implies the following property of
the back construction operator 5:

(Ut set u) = u=BU).

«—

Therefore, if Uy was set by u in an assignment (Ut et u) during execution of an

algorithm, then 5 reconstructs « in a later execution of this algorithm. This notation
avoids describing which basis was exactly used to define Uy.

4 Basic operators

The algorithms in this paper are mainly based on well-known one-dimensional
operators. Briefly recall these operators:

1. Prolongation

A prolongation in direction s can be described by

Wy U1 (B(Wiee,)),

<«

where B(Wi_,,) € Vi, is given and e; is the unit vector in direction 5. We want to
describe the operator I’ in matrix format. To this end, let

It—e
(€ ier,, € Rl BWip) = Y ¢ vieyin

iEI[_@S

(cier, € RM. BWy) =) civg,i,

iEIt
where the basis function vy j is a nodal basis function in direction s (see Example 3).
The prolongation in direction s acts on the above vectors as follows:

(i, = MP™ (cf° Jick_, » M = @ jlde MM @ @’ . 1d, (6)
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where Id is the identity matrix and MP™' is the matrix

1
11
2 2
1
Mpr01:
1
11
2 2
1

Obviously, the operator I can be generalized to an operator I{*, which interpolates
in directions «, where a € {0, 1}d.

2. Coarse grid interpolation (or coarse injection)

Let B(Wy) € V;. Then, the operator It‘l e used in

Wie, U I, (B(Wy),

is defined to be the operator, which interpolates 3(W;) on a coarse grid in direction
s. If_es (B(Wy)) applies nodal basis functions in direction s.

3. Restriction of the right-hand side

A restriction of the right-hand side in direction s can be described by
Gie, U (vi> B(GOW), v € Vi),
where B(Gy) € V{ is given. To describe the matrix form of this operator, let

(gier, € R, g =BGy w}).iel,
(8 it € Rl g = B(Groe) (0", i€ T,

The restriction in direction s acts on these vectors as follows:
-1 d
(gico )iEIt—ES - M“I:es (gi)ieltv Msljes - ®f:1 Id ® Mres ®Z=S+] Id’ (7)
where Id is the identity matrix and M™* is the matrix

1 1
213

N[—

Mres _

NI—= N—

B[—

NI—
NI —
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The next operators require the application of matrices including prewavelet
coefficients. These are as follows:

S 1 1 S L
10 2 10 10 10
3923 3 _3
5 5 5 5
119 1
M=] 102 N and M4 = | T0 s (8
5 "2 10 -5 10
Lo 23 1 _3
10 ’ 1 95 10 95
2 10 10

M contains prewavelet coefficients and coarse to fine interpolation coefficients
whereas M™% contains only prewavelet coefficients. Observe that M is a square
matrix and M™% 3 rectangular matrix.

4. Transformation to a prewavelet basis

Let s be a direction such that 1 < s < d. Furthermore, assume that Uy is given
such that B(Uy) € Vi and

— Ut stores the coefficients of B(Uy) in nodal basis form in the direction s and
—  Ug stores th~e coefficients of B(Uy) in prewavelet form or nodal basis form in the
directions d # s.

Now assume that the prewavelet coefficients are calculated in direction s with respect
to level #; of B(U;) and the resulting vector is stored in H;. The corresponding
assignment can be written as follows:

He U 0{(BUY). ©9)
Here, Qy is the L? projection operator onto the space
|V ®W, @ V.
In matrix form, assignment (9) can be written as follows:
@ 1d® MM @ ®_  1d,

where Id are suitable identity matrices and MP™¥ is the matrix of the one-dimensional
case. To describe the matrix MP™W of the one-dimensional case, let

wier, € R, uy = BW) =Y v

iel;

(hi)ies, € RI®, hi=BH) =) o1,

i€eg;
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where ¢ = t;. The matrix MP™¥ performs the following mapping:
(hi)ieg, = MP (u;)iel,-

Let RP™¥ be the following restriction operator which takes only the prewavelet
coefficients:

RPTEY ((hi)iel,) = (hi)ieE,-

Then, MP™® = RPreV p—1,
This means that the assignment (9) has to be implemented by inverting the matrix
M in direction s and taking only the resulting prewavelet coefficients (see (8)).

5. Transformation to a nodal basis

Let B(Hy) € V; and assume that H; stores the coefficients of B(Hy) in the pre-
wavelet format in the directions S C {1, ..., d} and in the nodal basis format for all
other directions. Then, writing It (B(Ht)) means that we decompose 53(Ht) only by
nodal basis functions:

B(Hyp) =Y ceivgy € Vi

iGIt

This implies that after evaluating Q¢ U Ty (B(Hy)), Qy stores the coefficients
ct.i- Obviously, the matrix of this complete transformation to a nodal basis includes
a tensor product of prewavelet coefficients in directions S (see matrix M nodal iy (8)).
Analogously, we define the operator T;?, which performs a transformation to a nodal
basis only in the direction §.

5. Transformation of functionals to a prewavelet basis

Let B(Zy) € Vt/ and assume that Z; represents B(Z;) with respect to nodal func-
tions (see Example 4). Then, F represents 3(Z¢) with respect to prewavelet functions
(see Example 5) after evaluation of

Fe XU (o BZo(p),p e Wy).

Obviously, the matrix of this complete transformation of functionals to a prewavelet
basis is a tensor product of prewavelet coefficients in directions s = 1, ...,d (see
matrix Mmdal jn (8)).

6. Discretization stencil

Let Ut be a vector on a semi-coarsened full subgrid such that B(Uy) € V. Then,
an assignment involving the bilinear form of the operator is as follows:

Ze 5 (v aBUy,v), ve V). (10)

<«

The computation corresponding to this assignment requires a 9-point stencil in the
two-dimensional case and a 27-point stencil in the three-dimensional case.
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As an example, let us consider the two-dimensional case and the bilinear form
corresponding to Poisson’s equation:

a(u,v) = / VuVv d(x, y).
Q

Then, the discretization stencil for bilinear finite elements is as follows:

12 -1 1 -4 1
hy 1 Iy 1
Shony=—~~|—-48—-4|+>-| 2 8 2 |,
hxG | _po 1| MO 4 4

where h, =21, hy = 22 Then, Z; in (10) is Uy applied to the stencil Shy hy-

Remark In this paper, we assume that the 3%-stencils corresponding to the bilinear
form a are given for each depth t. This means that these stencils are the only descrip-
tion of @ which is used in the subsequent algorithms of this paper. In particular,
Algorithm 3 does not need any tensor product construction of a. However, an accu-
rate computation of the 3¢-stencils is a non-trivial task, since the meshsizes h; = 27
can be large. Therefore, the simulation results in Section 8§ are restricted to cases,
where the stencils can be obtained by analytic computations. If an analytic integra-
tion of the local stiffness matrices is not possible, then one has to apply a piecewise
constant interpolation of the variable coefficients on the sparse grid in order to com-
pute the the 3¢-stencils approximatively as in [5]. We will explain the corresponding
algorithm in a subsequent paper.

5 Calculation of prewavelet coefficients

Let (Ft)j¢,<n be a function evaluated on the sparse grid of depth n such that Fy =
(f (xt’i))ielt where xy j is the grid point on level t with index i. Algorithm 1 calculates

the prewavelet decomposition with coefficients (Ct) ¢, <n = (Ct,i) given by

[tlg=<n,iel

f(xei) = Z cvivri (xei) (11)

It'|g<n,i€l

for every sparse grid point x¢ ; € D,, where D,, is the sparse grid of depth .

The calculation of the wavelet coefficients works recursively through all the
dimensions. For this purpose, the coefficients of the highest dimension are calculated
first, starting from the grid with maximum depth down to the coarsest grid. After this,
the algorithm continues with lower dimensions.

The calculation of the prewavelet coefficients on depth ¢ in one dimension requires
one to solve a system of linear equations with 2+! 4+ 1 unknowns. The inverse matrix
M~ can efficiently be computed using an LU decomposition since M is a five-
diagonal matrix (see (8)).
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Now, let us explain the basic idea of the algorithm for dimension 0 < d < don
level 7. First, it calculates the prewavelet decomposition. Then, the local hierarchical
surplus is subtracted from all low-order levels 7; < ;. In the case of sparse grids,
this requires the interpolation of the the hierarchical surplus for grids which have
no direct predecessor. To this end, the combination technique is applied to all direct
neighbors in directions with dimensions larger than d.

The same algorithm is used in reverse order to calculate a point-wise evaluation
F = ( f (xtsi))ielt for a given set of prewavelet coefficients (Ct)¢|,<,- Algorithm 2
starts on the coarsest level of the smallest dimension and accumulates the surpluses
over all dimensions.

Let us explain the structure of Algorithm 2 and the subsequent algorithms Algo-
rithm 1 and Algorithm 3. First observe, that we used the following notation for the
upper part of t:

Us() = (ts11, ts425 -y Ld)-

Then, Algorithms 1, 2, and 3 perform a recursive call for t = m, ...,0 and T =
0, ..., m, respectively. In the recursive functions the dimension § decreases from d to
0. Furthermore, the upper part of the depth vector t is fixed from § + 1,--- ,d. A
recursive call increases this fixed part of t:

variable part

N ETES P
input of recursion: (t1, 12, -+ S ts, 541, 5 1q)
U
recursion call for t:  (t1,t2, -+ ,t5—1, T, ts41,** , td).
;_3;11 t<m—t new fixed part
6 Matrix multiplication
Let
i-orth
An = (@0 (g5 08 ) e, (12)
It'|g<ni'egy

be the stiffness matrix of Discretization 1. The main difficulty is to construct an
algorithm that efficiently evaluates a matrix vector multiplication with matrix A4,.
To construct such an algorithm, the notation introduced in Section 3 is applied. The
recursive Algorithm 3 is obtained.

To explain the concept of this algorithm, we start with a one-dimensional obser-
vation. Assume that the following prewavelet decomposition is given as follows:

n
u:E wy  where wy = E cr Py
t'=1

i€l
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Algorithm 1 Calculate prewavelet decomposition

Input: Let U, = (Up)q),<, be given in nodal format.
Call PREWAVELET ALGORITHM ( U, d).
Output: U, in prewavelet format until dimension d.

Function PREWAVELET ALGORITHM ( U, := (U0 t15<m Ut (t)=t,» ) {
iterate fort =m, ..., 0 {
1. Calculate prewavelet coefficients in direction §:
for every t with 5 = 7 and Us(t) = t,, do:
Ug 8t Qf (B(Uy))  // transform to prewavelets in direction §
Wi = Uy
2. Subtract interpolated prewavelets on coarse grid
iterate fort’ =1, ..., 1|
2.1 for every t with t5 = ¢ and Us (t) = t,, do:
Wi—es Set If_ea (B(Wy)) /] coarse interpolation in direction &
Ut—eg (ﬂ B(Ut—ea) - (B(Wt—ea))
2.21if § > 1 then {
for every t with |t|s = m and 75 = ¢’ — 1 and Us(t) = t, do:
Wi 232 E: (@] ag_1)€{0,110 1A (—1Y““+IA(B(WG—aD

a=(ay,...a5_1,0...,0)Aa#(0,...,0)

Uy 22U B(Uy) — B(Wy) 1/ subtract local hierarchical surplus

}
}

3. Recursion
if 5 > 1 then {

Define m'®" := m — 7. Define Uigfgw = (U1, <mlov 15=1.Us ()=t
If m'°¥ > 0 call PREWAVELET ALGORITHM ( Ulrgrgw, §—1)
}
}
}
End of Algorithm.

Then, we can split the matrix vector multiplication in two parts:

a(u,v) =) atwpv) + a) we,v).

t'>t t'<t

Algorithm 3 calculates these two parts separately. We call these two parts restriction
part and prolongation part.

The restriction part ) ,,_, a(wy, v;) is calculated in the function SPARSE GRID
MATRIX MULTIPLICATION with input parameter D = 1. The essential calculations
are performed as follows in Step 3.2 and Step 1. The recursive call of the algorithm
applies the discretization stencil on Hy (see Step 1) first and then performs several
restrictions (see Step 3.2).
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Algorithm 2 Calculate back prewavelet decomposition

Input: Let U, = (Ut) ), <, be given in prewavelet format.
Call BACK PREWAVELET ALGORITHM ( U,, d).
Output: U, in nodal format until dimension d.

Function BACK PREWAVELET ALGORITHM ( Uy, := (Ut) )5 <m,uds t)=t,» 0) {
iterate fort =0, ..., m {
1. Recursion
if 6 > 1 then {

. . . low .
Define m'°Y := m — 1. Define Uliow = (U0 g5_, <miow t5=1.05 (6)=t,
If m'®Y > 0 call BACK PREWAVELET ALGORITHM ( UL(;IVZW, 5—1)
}

2. Transform back in direction §:
if T > 0 then {
for every t with 5 = 7 and Us(t) = t,, do:
Wy Set Tt’S (B(Uy)) [/ transform to nodal in direction §
U &L BWy) + 1) (B(Ut—e,))
}
3. Add interpolated prewavelets on coarse grid
iterate fort’ =71, ..., 1 {
3.1. for every t with 75 = ¢’ and Us(t) = t, do:
Wi_es set Ita—e(; (B(Wy)) /] coarse interpolation in direction §
Ut—els (ﬂ B(Ut—85) + (B(Wt—€5))
3.2.if § > 1 then {
for every t with |t|s = m and 5 =t — 1 and Us(t) = t, do:
We &L Y e peoap-in (=D (B(Wi_a))

a=(a] sty ,0.,00A@E(Q, ...0)

Uy 52U B(Uy) + B(Wy) 1/ add local hierarchical surplus

}
}
}

}
End of Algorithm.

The prolongation part a(}_, _, wy, v;) is calculated in the function SPARSE GRID
MATRIX MULTIPLICATION with input parameter D = 0. Here the essential calcula-
tions are done in Step 2.2 and Step 1. First Hy is prolongated on finer grids (see Step
2.2) and then the discretization stencil is applied (see Step 1).

The d-dimensional case is a combination of these two cases in all dimensional
directions. In each direction 1 < § < d, we either can perform a restriction or
prolongation. All directions corresponding to restrictions are denoted by

RC{l,..d).
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Algorithm 3 Sparse grid matrix multiplication

Input: Let U, = (Ut),<n be given in prewavelet format.

Fo U (g 0, gp € Wy) Vit // set to zero
for every R C {1,2, ...,d} do { /124 cases

Reorder the directions 1, ..., d suchthat R = {1,2,..., D}, 0<D <d.
H, = (Ht)mdgn =U,
Call SPARSE GRID MATRIX MULTIPLICATION ( H,,, d, D).
}
Output: F, in complete prewavelet format.
Function SPARSE GRID MATRIX MULTIPLICATION ( H,, := (Ho) 4, <m.u45 (t)=t,» 8 » D)
if (5 == 0) {// 1. Deepest point of recursion
if(D==0do 2z $€t (v a(B(Hy),v), ve V) [/ application of 34 _stencil of A
else Zi 8L B(Gy) [/l cases that include restrictions

Ny U (¢ B(Zo(e), ¢ € Wy) // transformation to prewavelets
F 22U B(F) + B(Ny) // add up results of 24 cases

}else if § > D {// 2. Interpolate from coarser grids
2.1. Recursive call on coarsest grid.

Define Hi2 1= (Hu)jg,_, <m.iy=0.Us (0=,

call SPARSE GRID MATRIX MULTIPLICATION ( Hi;l’w §—1,D)
iterate fort =1,...,m {

2.2. Prolongate in direction §

for every t with 75 = 7 and Us(t) = t,, do

Hy U 1)(B(Hp) + I (B(Hi—,))
2.3. Recursive call on finer grids.

Define m'®Y := m — 7. Define Hi"l’}:fw = (H)\t)5_, <m,ts=.Us ()=t,
if m'° > 0 call SPARSE GRID MATRIX MULTIPLICATION ( HIMOYXW, 6—1,D)
}

} else if § < D { // 3. Restrict fine prewavelet functions
3.1. Recursive call on finest grid.
G 38U (w0, veeVy) Vtits=m Ut =t, // set to zero
Define Hi)ow = (Ho)\t)5_ =0, 15=m,Us (=t
call SPARSE GRID MATRIX MULTIPLICATION ( H};’W, §—1,D)
iterate fort =m — 1, ...,0{
3.2. Restrict right hand side.
for every t with 75 = 7 4+ 1 and Us(t) = t,, do:
U TW(B(Hy)) // transformation to nodal basis
Zy L (v a(B(Qp,v), ve W) /1 application of 3¢-stencil of A
Ny U B(Gy) + B(Zy) // add up functionals
Giey; &L (v> B(ND(©), v € Vi) // restriction
Define m'°" := m — . Define HOY, := (HO) g5, <mo™ t5=7.Us (t)=t,

mlow

if m'°" > 0 call SPARSE GRID MATRIX MULTIPLICATION (H!V,, § — 1, D)
bl

End of Algorithm.
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Fig. 6 Matrix vector multiplication on sparse grids in the two-dimensional case. a—d Calculation of part
P ={1,2}, P ={1}, P = {2}, P = (). e Summation of the result of the four parts

Now, the recursive structure of Algorithm 3 can be explained. Assume that « is given
in the following form:

u = E wy, where wy = E @iCti-
[t'|g<n iy

This form corresponds to a decomposition of u in its prewavelets. Then, a short
calculation shows the following:

a(u, gi) = Z DY a0 weeni - (13)

Rc{l1,2,..., SER 1] >1g SER 1] <ty

In the two-dimensional case, this sum leads to four parts:

a(u, 9@ .n).6.ir) = Z a (w(zi,té)’ ‘p(llvlz),(i1,i2)>

1>t 1>

+ Z a Z Wil i5)s Pl Ginin) |+ Z a Z W, th)» Pt1,02),(i1,i2)

1>t 1h<n th>1 1=<n

tal D Wl Prmni)

1<, <t

Figure 6 depicts the calculation of these four parts.

The d-dimensional case (13) consists of 2¢ cases. Each is calculated by calling the
function SPARSE GRID MATRIX MULTIPLICATION with input parameter d and D.
Here, D is the number of restriction directions. In order to simplify the notation, the
restriction directions are reordered such that

R={1,...,D).

However, this is only a notational trick. An actual implementation of the algorithm
should not perform such a reordering.

Observe that the recursive structure of Algorithm 3 leads to the following
sequential calculations:

1. Prolongation in directions D + 1, ..., d. This is depicted in Fig. 7.
2. Application of discretization stencil on level t in Step 1 or Step 3.2.
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Fig. 7 Prolongation step. a
Two-dimensional case. b A
Three-dimensional case
£33
A
A 1!,%&‘
A \ 4
\ 4
Al al
NS o
INENN
[
(a) 2D (b) 3D
3. Restriction in direction 1, ..., D,if D > 1

Now, two important questions are as follows:

Does Algorithm 3 correctly perform a matrix vector multiplication?
How is semi-orthogonality involved in this algorithm?

To answer these two questions, we restrict ourselves to the two-dimensional case
and the computation of the part

Z a Z Wl 1hys Pty 1), (i)

1>t 1<t

This means that D = 1 and d = 2. Clearly, the algorithm would be correct if we
prolongated all of the data to a full grid, applied the discretization stencil, and then
applied restrictions. Such a prolongation restriction scheme is depicted in Fig. 8a. Yet,
this would lead to a computational inefficient algorithm since it requires the full grid
to perform calculations. Instead, all computations are omitted which are not needed
due to the semi-orthogonality property. To explain this in more detail, consider two
overlapping basis functions as in Fig. 8d. Computations along the algorithmic path
depicted in Fig. 8c are needed to take into account the corresponding value in the
stiffness matrix affmi"’“ho (13, ). However, by using semi-orthogonality prop-
erty, the result of these computations is zero. Therefore, this algorithmic path can
be omitted. This shows that the remaining algorithmic paths depicted in Fig. 8b are
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Al ! !
ol . . . s ol
A A AT A A A
Al A A A A | A A
Al A A A A |TA A A
< < < to > > > to to

(a) full grid (c) missing path

(d) semi-orthogonality

Fig. 8 Prolongation-restriction in 2D on a sparse grid ignores the overlapping of t and t'. Calculation
would require a path over the full grid but can be ignored due to semi-orthogonality

enough for obtaining a correct computation. This proves that Algorithm 3 correctly
performs the matrix vector multiplication using semi-orthogonality.

Performance
Finally, the computational costs of the algorithms Algorithm 1-Algorithm 3 are ana-
lyzed. Let Op(§, m) be the computational amount of one recursive call. By Fig. 9,
this computational amount satisfies the following recursive formula:

m
Op(8,m) = ZOp(rS —Lm—1)+ 0" (m —7)*2 . =m0y
=0

m

= ZOp((S —1,m—1)+ 02" (m —1)°7?).
=0
The factor 2~ (m — 7)°~2 follows from the fact that for each t, operations on a
sparse grid of dimension § — 1 and depth (m — t) are performed in each recursive
call. Furthermore, the factor 2"~ ("~ arises from the number of operations on a full
grid of dimension d — (§ — 1). This full grid has depth (zs, - - - , #4), where Z?:a t; =
n— (m— 1) (see Fig. 9) .
Now, a proof by induction shows that
Op@, m) = 02"m*™1).
This implies that Algorithms 1-3 have the optimal complexity

0@"n? 1.
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h 4
t1 variable part ts |ts+1 [tsye fixed: part td
7T=0,...,m
0y NN t
mi=mn i=6+2 i
h 2
t1 variable part ts—1| ts |lsxi fixed part td
7T=0,...,m
d
mi=n-—37 s/t
h 2
t1 variable part ts—_o|ts—1 | ts fixed part ty

v

Fig. 9 Change of the depth vector t during a recursive call

Observe, that this estimate does not show how the computational amount increases
with respect to the dimension d.

7 The complete iterative solver

Discretization 1 leads to the linear equation system
AU = MF, (14)

where A, is the stiffness matrix (12), M the mass matrix, F the right-hand side
in prewavelet format, and U the solution vector in prewavelet format. By using the
orthogonality property (2), M is reduced to a diagonal matrix.

For solving (14), the conjugate gradient method with a simple diagonal Jacobi
precoditioner is applied. The condition number of A, including this simple precon-
ditioner, is O(1). This follows from the multilevel theory in [13] and the following
equivalence of norms:

2~ 2
lullZ = Y e aleris o).

[tlg<n.i€E¢

where u =3 ¢, icg, Ctitti

Algorithm 1 is used to calculate the right-hand side vector F for a given right-hand
side vector (f(p))pep,. The conjugate gradient algorithm requires the application
of the stiffness matrix multiplication Algorithm 3. The resulting vector U applied to
Algorithm 2 leads to an approximation of the finite element solution u%:w € Vgnew

of Discretization 1. The total algorithm is depicted in Fig. 10.
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Calculate back pre-

. . “alculation of pre- .
Right hand side Ca curation of pre Mass matrix . . wavelet
. . wavelet coefficients T CQG iteration e
function evaluation . multiplication decomposition
Algorithm 1

Algorithm 2

Siffness matrix
multiplication
Algorithm 3

Fig. 10 Preconditioned CG-solver using prewavelet decomposition

8 Numerical results

To show the efficiency of the discretization in this paper, two numerical results are
presented. The first example shows that sparse grids can be used to discretize ellip-
tic partial differential equations on curvilinear bounded domains in 3D. The second
example is a six-dimensional Helmholtz problem with a variable coefficient. To our
knowledge, this is the first Ritz-Galerkin finite element discretization of an elliptic
PDE with variable coefficients in a higher-dimensional space.

In this paper, the discretization stencils were obtained by analytic calculations.

8.1 Poisson’s equation

We want to show that sparse grids can be applied to discretize partial differential
equations on curvilinear bounded domains. To this end, consider Poisson’s equation

—Au=finQCR? (15)
u = gondQ2.

In order to discretize this problem on a curvilinear bounded domain, one has to subdi-
vide the domain €2 into several blocks, such that each of these blocks can smoothly be
transformed to a unit cube. By these transformations to a unit cube, one obtains par-
tial differential equations with variable coefficients on the unit cube. The basic idea
of this concept is explained in [5, 7] for two-dimensional domains. To show that this
concept can be extended to a three-dimensional domain, it is applied to the curvilinear
bounded domain depicted in Fig. 11b. Simulation results are compared with simula-
tions obtained on a simple cubical domain [0, 113 (see Fig. 11a). The right-hand side
f and inhomogeneous Dirichlet boundary condition g are chosen such that

u = sin (x7r) sin (y7r) sin (z7)

is the exact solution of (15). The curvilinear bounded domain is obtained by the
transformation of the x-coordinate and y-coordinate accordingly:

~_1 T 1 !
x_zcos<5(x+§>)(y+ )

5= Zsin(Z : i 16
y_ism(E(x—l—E))(y—l—) (16)
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(a) unit cube (b) curved edges

Fig. 11 Sparse grid with depth n =7 on three-dimensional unit cube (a) and domain with curved edges (b)

Now, let u be the exact solution of Poisson’s problem (15) and u%ew the finite

element discretization (5) on the sparse grid D,, of depth n. Furthermore, let en.co =
prew prew o the

lu — up, oo be the error in the maximum norm and e,» = |lu — up,
error in the L-norm. Tables 1, 2, 3, 4, and Fig. 12 show that the discretization with
semi-orthogonality and prewavelets leads to an optimal convergence according the
approximation properties of sparse grids. These approximation properties of sparse
grids are described in detail in [4]. In particular, the convergence of the discretization
error is of order O (h) with respect to the H-norm (see Table 4).

Moreover, the condition number of the stiffness matrix using a simple diagonal
preconditioner stays far below 10 for n = 2, ..., 9 (see Table 5). Therefore, only a
few cg-iterations are needed to obtain a small algebraic error.

8.2 Helmbholtz equation with variable coefficients in PDE of a high
dimensionality

Consider the six-dimensional Helmholtz problem
—Au+cu = fin Q:= [0, 1]6
u = 0on a2 a7

Table 1 Discretization error for variable coefficient c(x, y,z) = 1/(1 + x2) + 1/ + yz) +1/( + yz)

e
n DOF en.oo e en P en —_l”;l
4 111 3.0472 22773 6.7972
5 351 1.0372 295 7.6574 2.96 3.8072 1.78
6 1023 3.2473 3.17 24774 3.10 2.0072 1.9
7 2815 9.74~4 3.32 7.6975 3.21 1.0272 1.96
8 7423 2,964 3.29 23375 3.30 5.1573 1.98
9 18,943 8.8375 3.35 6.927° 3.37 2.5973 1.99
10 47,103 26173 3.38 2.0276 3.43 1.2973 2.0

@ Springer



Numer Algor (2018) 78:929-956 953

Table 2 L.-norm of discretization error

Unit cube Curved domain

n DOF en,oo0 e enoo0 o
2 7 1.4171 3.9472

3 31 7.8472 1.80 22372 1.77
4 111 3.0872 2.54 1.0472 2.14
5 351 1.0472 2.96 4,023 2.59
6 1023 3.2773 3.19 1.3473 3.00
7 2815 9.8374 3.33 42374 3.17
8 7423 2,984 3.29 1.2874 3.30
9 18,943 8.877° 3.37 37773 3.40
10 47,103 26273 3.38 1.0873 3.48

Table 3 L,-norm of discretization error

Unit cube Curved domain
n DOF €n2 % €n,2 Eneiilzz
2 7 1.7572 7.5873
3 31 6.6673 2.63 2,993 2.53
4 111 23373 2.86 1.0273 2.92
5 351 7.78~4 3.00 3.617 2.83
6 1023 2.50~4 3.12 1.29~4 2.81
7 2815 7.7573 3.22 4367 2.95
8 7423 23573 3.30 1.4573 3.02
9 18,943 6.95° 3.37 4,596 3.15
10 47,103 2.027°6 3.43 1.4276 3.23
Table 4 H;-norm of discretization error

Unit cube Curved domain
n DOF e % ey %
2 7 1.367! 6.4372
3 31 1.07°! 1.27 3.4472 1.87
4 111 6.8172 1.57 2.5472 1.35
5 351 3.8172 1.79 1.6072 1.59
6 1023 2.0072 1.90 9.2373 1.73
7 2815 1.0272 1.96 4.8773 1.89
8 7423 5.1673 1.98 25173 1.94
9 18,943 2,593 1.99 1.2773 1.97
10 47,103 1.2973 2.00 6.4174 1.99

@ Springer



954

Numer Algor (2018) 78:929-956

0.1
0.01F

0.001

0.0001

le-05 |

——
unit cube
curved domain

[
X

0.01

0.001

s X

le-06
1

10

100 1000

degrees of freedom

10000 100000

(a) error in Lo-norm

0.0001

le-05

——
unit cube
curved domain

T
[
X

Il Il Il S

10

100 1000 10000 100000

degrees of freedom

(b) error in L oo-norm

Fig. 12 Convergence of the error norm measured by L, (a) and L, (b)

Table 5 Condition number of prewavelet discretization and diagonal preconditioning

Unit cube Curved domain
n DOF Kk (A) x (CTAC) Kk (A) k (CTAC)
2 7 2.96 1.62 7.70 1.63
3 31 8.48 2.87 33.07 2.59
4 111 18.92 3.39 156.75 2.85
6 1023 150.08 4.01 454.82 3.14
7 2815 411.77 4.59 673.84 3.42
8 7423 670.33 5.11 836.71 3.61
9 18,943 780.90 5.47 880.15 3.79

Table 6 Error convergence for a six-dimensional Helmholtz problem

Constant coefficient

Variable coefficient

n DOF n.00 f’; en.co E:f'f;
2 13 0.40427 0.404078

3 97 0.28396 1.42 0.283793 1,42
4 545 0.10686 2.65 0.107563 2.64
5 2561 0.04028 2.65 0.040271 2.67
6 10,625 0.01533 2.63 0.015336 2.63
7 40,193 0.00566 271 0.005662 271
8 141,569 0.002129 2.66 0.002129 2.66
9 471,041 0.000788 2.70 0.000788 270
10 1,496,065 0.000279 2.82 0.000279 2.82
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Table 7 Error convergence for a six-dimensional Helmholtz problem

Constant coefficient Variable coefficient

n DOF en o en2 s
2 13 0.006371 0.017708

3 97 0.004383 1.45 0.013738 1.29
4 545 0.002518 1.74 0.005889 2.33
5 2561 0.001265 1.99 0.002259 2.61
6 10,625 0.000576 2.20 0.000878 2.57
7 40,193 0.000243 2.37 0.000347 2.53
8 141,569 0.000097 2.50 0.000137 2.54
9 471,041 0.000037 2.62 0.000053 2.60
10 1,496,065 0.000014 2.72 0.000020 2.66

with variable coefficient

c(x,y, z,u,v,w) =

(1 - xz) (1 - y2) (1 - z2> (1 — uz) (1 — v2) (1 — w2) . (18)
The right-hand side f is chosen such that

u = sin (x7r) sin (y7r) sin (z7r) sin (um) sin (vor) sin (wir)

is a solution of (17).

Table 6 shows the discretization error for constant coefficients (¢ = 1) as well as
for the variable coefficient (18) using the maximum norm and Table 7 for the L,-
norm. The convergence rate for the problem with constant coefficients is similar to
the reported convergence behavior in [21]. In addition, the solution of the discretiza-
tion with semi-orthogonality and prewavelet convergences in the case of variable
coefficients is as fast as in the case of constant coefficients. This shows that the
discretization with semi-orthogonality does not introduce any remarkable additional
errors.
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