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Abstract In this article, a full explicitly uncoupled variational multiscale (VMS)
stabilization finite element method for solving the Darcy-Brinkman equations in
double-diffusive convection is proposed. This method introduces three uncoupled
VMS treatments for the velocity, the temperature, and the concentration as the post-
processing steps at each time step, respectively. We only need first to solve three
full decoupled linear problems and then to solve three full decoupled postprocessing
problems. This method is easy to implement because the existing codes can be used.
The unconditional stability is proved and the a priori error estimates are derived. A
series of numerical experiments are also given to confirm the theoretical analysis and
to demonstrate the efficiency of the new method.

Keywords Double-diffusive convection · Darcy-Brinkman · Finite element
method · Variational multiscale method · Uncoupled and modular postprocessing
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1 Introduction

The nonlinear time-dependent Darcy-Brinkman equations can describe the double-
diffusion phenomena in a confined porous enclosure, and its dimensionless form is
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described as following [8, 13, 30, 33]: for a bounded and regular domain � ⊂ R
d

(d = 2 or 3), given final time tf , find u : � × [0, tf ] → R
d , p : � × [0, tf ] → R,

T : � × [0, tf ] → R, and C : � × [0, tf ] → R satisfying

ut − ν�u + (u · ∇)u + Da−1u + ∇p = (βT T + βCC)g in (0, tf ] × �,

∇ · u = 0 in (0, tf ] × �, u = 0 on (0, tf ] × ∂�,

Tt − ∇ · (γ∇T ) + (u · ∇)T = 0 in (0, tf ] × �,

Ct − ∇ · (Dc∇C) + (u · ∇)C = 0 in (0, tf ] × �,

T , C = 0 on �T ,
∂T

∂n
= 0,

∂C

∂n
= 0 on �B,

u(0, x) = u0, T (0, x) = T0, C(0, x) = C0 in �, (1)

where u represents the velocity, p the pressure, T the temperature, C the concen-
tration, n is the outward unit normal on �, and �T = ∂� \ �B , where �B is a
regular open subset of ∂�. Moreover, ν is the kinematic viscosity, γ is the thermal
diffusivity, Dc is the mass diffusivity, Da is the Darcy number, g is the gravitational
acceleration vector, βT and βC is the thermal and solutal expansion coefficients,
respectively. The system (1) uses the Boussinesq approximation as governing equa-
tions. The other important dimensionless parameters are the thermal Grashof number

GrT = gβT�TH3

ν2 , the solutal Grashof number GrC = gβT�CH3

ν2 , the buoyancy ratio

N = βC�C
βT�T

, the Prandtl number Pr = ν
γ

, the Schmidt number Sc = ν
Dc

, the Lewis

number Le = Sc
Pr , the thermal Rayleigh number Ra = GrTPrDa, and the Darcy

number Da = K

H2 , where H denotes the cavity height and K is the permeabil-
ity. In addition, �T and �C are the characteristics temperature and concentration
differences along the enclosure, respectively.

The Darcy-Brinkman system (1) can describe the double-diffusive convection phe-
nomena which arises from the combined heat and mass transfer in porous medium. It
is mainly motivated by its importance in industrial applications, such as electrochem-
istry, metallurgy and geophysical model, grain storage, and contaminant transport in
ground water; for more details, we can see [13, 25, 26, 30] and references therein.
Therefore, the Darcy-Brinkman system (1) is very valuable in our real life, and it is
of practical interest to study its numerical methods. One of the preferable methods
for solving Darcy-Brinkman system is the Galerkin finite element method. However,
it may exhibit global spurious oscillations [14, 24] and produce inaccurate and poor
numerical solutions if we solve Darcy-Brinkman system by the standard Galerkin
methods. One reason is the dominance of the convection term. To avoid this problem,
some stabilization methods came into being.

The VMS methods are popular methods for the numerical simulation of turbulent
flows, and they were first derived in [19]. The main idea of VMS methods is to define
large scales by a projection into appropriate function subspaces. For more details, see
[1, 15, 19–21]. Recently, some variants of VMS methods were proposed. For exam-
ple, in [7], a projection-based VMS stabilization finite element technique for solving
steady-state natural convection problem was presented. This projection-based stabi-
lization method was also extended for the non-isothermal free convection problems



Numer Algor (2018) 78:569–597 571

[23]. A subgrid stabilization method for incompressible magnetohydrodynamics was
proposed in [3]. However, there also exists some questions of these VMS stabilization
methods; one of these questions is how to introduce the VMS methods into existing
legacy codes. In [22, 27], the authors derived a variant of VMS stabilization method
for the Navier-Stokes equations; in this method, a separate, uncoupled, and modular
postprocessing step is added at each time step, and this lead to the legacy codes that
can be used. The theoretical analysis and numerical experiments have illustrated the
efficiency of this postprocessing algorithm. This postprocessing method was com-
bined with the characteristics time-stepping method for solving the Navier-Stokes
equations in [6] and was used to solve the incompressible non-isothermal flows
[2].

About the finite element numerical methods of the Darcy-Brinkman system (1),
only a few articles study it. For example, a semidiscrete projection-based VMS-
stabilized finite element method was proposed in [8, 33] that gave out a fully discrete
subgrid-stabilized finite element method, and in [9], the author presented a fully dis-
crete scheme with the linear extrapolation of convecting velocity terms. The main
contribution of this work is that we extend the VMS postprocessing method to the
Darcy-Brinkman system (1) and derive a full explicitly uncoupled VMS stabilization
finite element method for this system. In this method, three uncoupled (postprocess-
ing) VMS stabilization steps for the velocity, the temperature, and the concentration
are introduced at each time step, respectively. We only need first to solve three full
decoupled linear problems and then to solve three full decoupled postprocessing
problems. This method is easy to implement because we can use the existing codes.
The unconditional stability is proved, and the a priori error estimates for the velocity,
the temperature, the concentration, and the pressure are derived, respectively. Com-
paring with the projection-based VMS stabilization finite element method [8], our
method can save a large amount of computational cost and keep accuracy.

The article is organized as follows. In Section 2, we introduce some notations and
preliminary results which will be used throughout this article, and also give out the
numerical algorithm. The unconditional stability of the proposed method was proved
in Section 3. A rigorous error analysis for the presented algorithm was discussed in
Section 4. A series of numerical experiments are provided in Section 5 for verifying
the accuracy and efficiency of the numerical method. In the end, the conclusions are
given out.

2 Mathematical preliminaries

In this section, we aim to generalize some of the notations, definitions, and prelimi-
nary lemmas that will be frequently used in the analysis. Let � ⊂ R

d (d = 2,3) be an
open, bounded, convex, polygonal, or polyhedral domain with Lipschitz-continuous
boundary ∂�. We denote the inner product on L2(�) or L2(�)d×d by (·, ·), and the
norm in L2(�) and the norm in L∞(�) by ‖ · ‖ and ‖ · ‖∞, respectively. The space
Hk(�) is used to represent the Sobolev space Wk

2 (�) with norm ‖·‖k . In addition, the
vector spaces and vector functions will be indicated by boldface type letters, e.g., the
spaces Hk(�), Wk,p(�), and Lp(�) represent the vector Sobolev spaces Hk(�)d ,
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Wk,p(�)d , and Lp(�)d , respectively. For the given function φ(x, t) defined on the
entire time interval (0, tf ), we define the norms

‖φ‖∞,k = sup
0<t<T

‖φ(·, t)‖k, and ‖φ‖m,k =
(∫ tf

0
‖φ(·, t)‖m

k dt

)1/m

.

The following Sobolev spaces for the velocity, the pressure, the temperature, and
the concentration are introduced, respectively, by

X = H1
0(�) = {v ∈ H1(�) : v = 0 on ∂�},

M = L2
0(�) =

{
q ∈ L2(�) :

∫
�

qdx = 0

}
,

W = {S ∈ H 1(�) : S = 0 on �T },

 = {D ∈ H 1(�) : D = 0 on �T }.

The space of divergence-free functions is

V = {v ∈ X : (q, ∇ · v) = 0, ∀q ∈ M}.
Finally, the space H−1(�), the dual space of H 1

0 (�), is endowed with the negative
norm

‖f ‖−1 = sup
v∈H 1

0 (�)

|(f, v)|
‖∇v‖ .

The weak formulation of (1) is given by: Find (u, p, T , C) ∈ (X, M, W, 
), such
that for any (v, q, S, D) ∈ (X, Q, W, 
)

(ut , v) + ν(∇u, ∇v) + c0(u, u, v) + Da−1(u, v)

−(p, ∇ · v) = βT (gT , v) + βC(gC, v),

(∇ · u, q) = 0, (2a)

(Tt , S) + γ (∇T , ∇S) + c1(u, T , S) = 0, (2b)

(Ct , D) + Dc(∇T , ∇D) + c2(u, C, D) = 0, (2c)

where the three skew-symmetric trilinear forms are defined as

c0(u, v,w) = 1

2
(u · ∇v,w) − 1

2
(u · ∇w, v), ∀u, v,w ∈ X,

c1(u, T , S) = 1

2
(u · ∇T , S) − 1

2
(u · ∇S, T ), ∀u ∈ X, T , S ∈ W,

c2(u, C, D) = 1

2
(u · ∇C, D) − 1

2
(u · ∇D, C),∀u ∈ X, C, D ∈ 
.

Applying the Hölder’s inequality, the interpolation theorems, the Sobolev embed-
dings, and the Poincaré’s inequality, we can get the following bounds (see [8, 29]).
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Lemma 1 There exists constantsK which depend on� such that the skew-symmetric
trilinear forms satisfy the following bounds, for any u, v,w ∈ X, T , S ∈ W and
C, D ∈ 


c0(u, v,w) ≤ K‖∇u‖‖∇v‖‖∇w‖,
c1(u, T , S) ≤ K‖∇u‖‖∇T ‖‖∇S‖,
c2(u, C, D) ≤ K‖∇u‖‖∇C‖‖∇D‖,
c0(u, v,w) ≤ K‖u‖ 1

2 ‖∇u‖ 1
2 ‖∇v‖‖∇w‖,

c1(u, T , S) ≤ K‖u‖ 1
2 ‖∇u‖ 1

2 ‖∇T ‖‖∇S‖,
c2(u, C, D) ≤ K‖u‖ 1

2 ‖∇u‖ 1
2 ‖∇C‖‖∇D‖.

Next, we introduce the finite element discretization of the problem (2). Set τh =
{�h} and τH = {�H } are two uniformly regular triangulation of domain �. Here,
h (resp.H ) denotes the maximum diameter of the elements in τh (resp.τH ) and such
that h < H . Let Xh ⊂ X, Mh ⊂ M , Wh ⊂ W , and 
h ∈ 
 be conforming finite
element spaces. We also assume that the conforming velocity-pressure finite element
space (Xh, Mh) ⊂ (X, M) satisfies the discrete inf-sup condition (see [16]), i.e., there
exists a constant β > 0 independent of h such that

inf
qh∈Mh

sup
vh∈Xh

(qh, ∇ · vh)

‖qh‖‖∇vh‖ ≥ β > 0. (3)

Examples of such conforming finite element spaces are the classical Taylor-Hood
element (Pk, Pk−1)(k ≥ 2) (see [28]), the (P2, P0) element (see [10]), and the Scott-
Vogelius elements (Pk, P

disc
k−1)(k ≥ 2) on appropriate meshes (see [5]). The space of

the discrete divergence-free functions is defined as

Vh = {vh ∈ Xh : (qh, ∇ · vh) = 0, ∀qh ∈ Mh}.

Defining

P L2

Vh
: L2(�) → Vh, P

L2

Mh
: L2(�) → Mh,

P L2

Wh
: L2(�) → Wh, P

L2


h
: L2(�) → 
h

by the L2-orthogonal projections into Vh, Mh, Wh, and 
h, respectively, they satisfy

(P L2

Vh
v − v, vh) = 0, ∀vh ∈ Vh,

(P L2

Mh
q − q, qh) = 0, ∀qh ∈ Mh,

(P L2

Wh
S − S, Sh) = 0, ∀Sh ∈ Wh,

(P L2


h
D − D, Dh) = 0, ∀Dh ∈ 
h.
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It is well known that the projections P L2

Vh
, P L2

Mh
, P L2

Wh
, and P L2


h
satisfy the following

approximation properties (see [4, 12, 29])

‖u − P L2

Vh
u‖ + h‖∇(u − P L2

Vh
u)‖ ≤ Khk+1‖u‖k+1,∀u ∈ V ∪ Hk+1(�),

‖p − P L2

Mh
p‖ ≤ Khk‖p‖k, ∀p ∈ M ∪ Hk(�),

‖T − P L2

Wh
T ‖ + h‖∇(T − P L2

Wh
T )‖ ≤ Khk+1‖T ‖k+1, ∀T ∈ W ∪ Hk+1(�),

‖C − P L2

ψh
C‖+h‖∇(C−P L2

ψh
C)‖ ≤ Khk+1‖C‖k+1, ∀C ∈ 
 ∪ Hk+1(�). (4)

Let �t be the time step size, tn = n�t , n = 0, 1, 2, ..., N , with tf := N�t .
For notational clarity, we denote by vn the function v evaluated at t = tn, where
tn = n�t . We also define the following additional norms:

‖|υ‖|∞,k := max
0≤n≤N−1

‖υn+1‖k, ‖|υ‖|m,k :=
(

N−1∑
n=0

‖υn+1‖m
k �t

)1/m

.

Moreover, we define the norms of the dual spaces of Xh and Vh, respectively, by

‖ψ‖X′
h

= sup
vh∈Xh

(ψ, vh)

‖∇vh‖ , ‖ψ‖V′
h

= sup
vh∈Vh

(ψ, vh)

‖∇vh‖ .

Lemma 2 [11]. The norm ‖v‖
X

′
h
and ‖v‖

V
′
h
are equivalent for any v ∈ Vh.

The error analysis uses a discrete Gronwall inequality, recalled from [18].

Lemma 3 (Discrete Gronwall’s Lemma). Let �t, H and an, bn, cn, dn (for integers
n ≥ 0) be nonnegative numbers such that

al + �t

l∑
n=0

bn ≤ �t

l−1∑
n=0

dnan + �t

l∑
n=0

cn + H, l ≥ 0,

then for all �t ≥ 0,

al + �t

l∑
n=0

bn ≤ exp

(
�t

l−1∑
n=0

dn

) (
�t

l∑
n=0

cn + H

)
, l ≥ 0.

We also need assume further that the mesh is sufficiently regular such that the
inverse inequality holds [4]:

‖∇vh‖ ≤ Ch−1‖vh‖, ∀vh ∈ Xh.

Furthermore, the Young’s and Poincar´e’s inequalities as follows will be used frequently

ab ≤ ε

p
ap + ε−q/p

q
bq, a, b, p, q, ε ∈ R,

1

p
+ 1

q
= 1, p, q ∈ (1, ∞), ε > 0,

‖υ‖ ≤ Cp‖∇υ‖,∀υ ∈ X (or Wor 
), Kp = Kp(�).
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For stating our method, we need to introduce the coarse or large scale spaces LH ,
QH , and GH on the coarse mesh τH for the deformation tensor, the temperature
gradient, and the concentration gradient, respectively, i.e. with

LH ⊆ ∇Xh ⊆ L := {lij ∈ L2(�)d×d |lij = lj i},
QH ⊆ ∇Wh ⊆ Q := {qi ∈ L2(�)d},
GH ⊆ ∇�h ⊆ G := {gi ∈ L2(�)d}. (5)

Remark 1 The choice of the coarse spaces LH , QH , and GH is very important (see
[20] for a discussion of this). There are different choices of selecting LH , QH , and
GH , which lead to different VMS methods. Herein, we can choose LH = ∇XH ,
QH = ∇WH , and GH = ∇�H ; this is to say that LH , QH , and GH are the spaces
of polynomials of degree k − 1. Although the larger H provides for more efficient
projections into LH , QH , and GH and reduces storage, it also reduces the accuracy.
Thus, the choice of H must be balanced between efficiency and accuracy.

The relevant L2 orthogonal projection operators for those coarse- or large-scale
finite element spaces are defined as

P L
u : L → LH , P

Q
T : Q → QH , P G

C : G → GH ,

and they satisfy

‖R − P κ
μR‖ ≤ KHk‖R‖k, μ = u, T , C; κ = L,Q,G, (6)

for all R ∈ Hk(�).
The full explicitly uncoupled variational multiscale method for the problem (2) is

given out as follows.

Algorithm 1 (The full explicitly uncoupled VMS method) Let the time step size �t

and final time tf are given, N = tf /�t , n = 0, 1, · · ·, N − 1, u0
h = û0

h = P L2

Vh
u0,

T 0
h = T̂ 0

h = P L2

Wh
T0, C0

h = Ĉ0
h = P L2


h
C0, find (un+1

h , pn+1
h , T n+1

h , Cn+1
h ) ∈

(Xh, Mh, Wh, 
h) via the following two steps:

Step 1: Find (ûn+1
h , pn+1

h , T̂ n+1
h , Ĉn+1

h ) ∈ (Xh, Mh, Wh, 
h), such that for any

(v̂h, q̂h, Ŝh, D̂h) ∈ (Xh, Qh, Wh, 
h)(
ûn+1

h − un
h

�t
, v̂h

)
+ ν(∇ûn+1

h , ∇v̂h) + c0(un
h, û

n+1
h , v̂h)

+Da−1(ûn+1
h , v̂h)−(pn+1

h , ∇ · v̂h) = βT (gT n
h , v̂h)+ βC(gCn

h, v̂h),

(∇ · ûn+1
h , q̂h) = 0, (7a)

(
T̂ n+1

h − T n
h

�t
, Ŝh

)
+ γ (∇T̂ n+1

h , ∇Ŝh) + c1(un
h, T̂

n+1
h , Ŝh) = 0, (7b)
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(
Ĉn+1

h − Cn
h

�t
, D̂h

)
+ Dc(∇Ĉn+1

h , ∇D̂h) + c2(un
h, Ĉ

n+1
h , D̂h) = 0.

(7c)
Step 2: Find (un+1

h , T n+1
h , Cn+1

h ) ∈ (Xh, Wh, 
h), such that for any
(vh, qh, Sh, Dh) ∈ (Xh, Qh, Wh, 
h)(

ûn+1
h − un+1

h

�t
, vh

)
= (λn+1

h , ∇ · vh) + α1(∇un+1
h , ∇vh) − α1(P

L
u ∇un

h, P
L
u ∇vh),

(∇ · un+1
h , qh) = 0, (8a)(

T̂ n+1
h − T n+1

h

�t
, Sh

)
= α2(∇T n+1

h , ∇Sh) − α2(P
Q
T ∇T n

h , P
Q
T ∇Sh), (8b)

(
Ĉn+1

h − Cn+1
h

�t
, Dh

)
= α3(∇Cn+1

h , ∇Dh) − α3(P
G
C ∇Cn

h, P G
C ∇Dh). (8c)

Remark 2 In Algorithm 1, the temperature equation and the concentration equation
are decoupled from the fluid equations, and the projection steps are also decoupled;
this leads to the scheme is decoupled into six sub-problems, and each sub-problem
is linear. However, it is still unconditionally stable with respect to the time step
size. Comparing the projection-based stabilization method [8], which is a nonlinear
scheme for the Darcy-Brinkman equations in double-diffusive convection, Algo-
rithm 1 is more effective and it can save a large amount of computational cost;
numerical experiments will illustrate it.

Remark 3 The eddy viscosity stabilization parameters αi(i = 1, 2, 3) are user-
defined constants; with the proper choosing of stabilized parameters, the optimal
error estimates can be obtained for the velocity, the temperature, and the concentra-
tion, respectively. What is more, the extra projection terms in Step 2 are defined on
the coarse-/large-scale spaces LH , QH , and GH for the velocity, temperature, and
concentration. Thus, the stabilization terms in Step 2 act directly only on the small
scales.

3 Stability analysis

Now, we prove the unconditional stability of Algorithm 1 which ensure the existence
of the numerical solutions.

Theorem 1 Assume that u0 ∈ H1(�), T0 ∈ H 1(�), and C0 ∈ H 1(�), then Algorithm
1 is unconditionally stable, and for allN ≥ 1, it satisfies the following energy estimates

‖T N
h ‖2 + α2�t‖∇T N

h ‖2 + α2�t

N−1∑
n=0

‖(I − P
Q
T )∇T n+1

h ‖2

≤ ‖T0‖2 + α2�t‖∇T0‖2, (9)
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‖CN
h ‖2 + α3�t‖∇CN

h ‖2 + α3�t

N−1∑
n=0

‖(I − P G
C )∇Cn+1

h ‖2

≤ ‖C0‖2 + α3�t‖∇C0‖2, (10)

and

‖uN
h ‖2 + α1�t‖∇uN

h ‖2 + α1�t

N−1∑
n=0

‖(I − P L
u )∇un+1

h ‖2

≤ ‖u0‖2 + α1�t‖∇u0‖2 + 2Daβ2
T ‖g‖2∞tf (‖T0‖2 + α2�t‖∇T0‖2)

+2Daβ2
C‖g‖2∞tf (‖T0‖2 + α3�t‖∇C0‖2). (11)

Proof Setting Ŝh = T̂ n+1
h in (7b) and Sh = T n+1

h in (8b), we have

‖T̂ n+1
h ‖2 + γ�t‖∇T̂ n+1

h ‖2 = (T n
h , T̂ n+1

h ),

‖T n+1
h ‖2 + α2�t‖∇T n+1

h ‖2 = (T̂ n+1
h , T n+1

h ) + α2�t(P
Q
T ∇T n

h , P
Q
T ∇T n+1

h ).

(12)

Making use of the Cauchy-Schwarz and Young’s inequalities on the right-hand side
of (12) along with the properties of orthogonal projection, we arrive at

1

2
‖T̂ n+1

h ‖2 + γ�t‖∇T̂ n+1
h ‖2 ≤ 1

2
‖T n

h ‖2, (13)

and
1

2
‖T n+1

h ‖2 + α2�t

2
(‖∇T n+1

h ‖2 − ‖∇T n
h ‖2) + α2�t

2
‖(I − P

Q
T )∇T n+1

h ‖2

≤ 1

2
‖T̂ n+1

h ‖2. (14)

Thus,

1

2
‖T n+1

h ‖2 + α2�t

2
(‖∇T n+1

h ‖2 − ‖∇T n
h ‖2) + α2�t

2
‖(I − P

Q
T )∇T n+1

h ‖2

≤ 1

2
‖T n

h ‖2. (15)

Taking sum of (15) from n = 1 to N − 1, we get the estimate (9), and the estimate
(10) can be obtained by using the analogous way. We next prove the estimate (11).
From (9) and (10), we know

�t

N−1∑
n=0

‖T n
h ‖2 ≤ tf (‖T 0

h ‖2 + α2�t‖∇T 0
h ‖2), (16)

and

�t

N−1∑
n=0

‖Cn
h‖2 ≤ tf (‖C0

h‖2 + α3�t‖∇C0
h‖2). (17)
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Choosing v̂h = ûn+1
h ∈ Vh in (7a) and making use of the Cauchy-Schwarz and

Young’s inequalities to arrived at

1

2
‖ûn+1

h ‖2 + ν�t‖∇ûn+1
h ‖2 + �tDa−1

2
‖ûn+1

h ‖2

≤ 1

2
‖un

h‖2 + Daβ2
T ‖g‖2∞�t‖T n

h ‖2 + Daβ2
C‖g‖2∞�t‖Cn

h‖2. (18)

Taking vh = un+1
h ∈ Vh in (8a) and using the properties of orthogonal projection to

derive
1

2
‖un+1

h ‖2 + α1�t

2
(‖∇un+1

h ‖2 − ‖∇un
h‖2) + α1�t

2
‖(I − P L

u )∇un+1
h ‖2

≤ 1

2
‖ûn+1

h ‖2. (19)

By (18) and (19), we get

1

2
‖un+1

h ‖2 + α1�t

2
(‖∇un+1

h ‖2 − ‖∇un
h‖2) + α1�t

2
‖(I − P L

u )∇un+1
h ‖2

≤ 1

2
‖un

h‖2 + Daβ2
T ‖g‖2∞�t‖T n

h ‖2 + Daβ2
C‖g‖2∞�t‖Cn

h‖2. (20)

Summing (20) from n = 0 to N −1 and combining (16) and (17), we get the estimate
(11) and complete the proof.

Applying Theorem 1, we can get the bounds on ûh and T̂h and Ĉh as follows.

Theorem 2 Under the assumptions of Theorem 1, the solution (ûh, T̂h, Ĉh) of
Algorithm 1 satisfies the following energy estimates

‖T̂ N
h ‖2 + 2γ�t

N−1∑
n=0

‖∇T̂ n+1
h ‖2 ≤ 2‖T0‖2 + α2�t‖∇T0‖2, (21)

‖ĈN
h ‖2 + 2Dc�t

N−1∑
n=0

‖∇Ĉn+1
h ‖2 ≤ 2‖C0‖2 + α3�t‖∇C0‖2, (22)

and

‖ûN
h ‖2 + 2ν�t

N−1∑
n=0

‖∇ûn+1
h ‖2 + Da−1�t

N−1∑
n=0

‖ûn+1
h ‖2

≤ 2‖u0‖2 + α1�t‖∇u0‖2 + 2Daβ2
T ‖g‖2∞tf (‖T0‖2 + α2�t‖∇T0‖2)

+2Daβ2
C‖g‖2∞tf (‖C0‖2 + α3�t‖∇C0‖2), (23)

Proof Summing (13) from n = 0 to N − 1 and summing (14) from n = 0 to N − 2
to arrive

N−1∑
n=0

‖T̂ n+1
h ‖2 + 2γ�t

N−1∑
n=0

‖T̂ n+1
h ‖2 ≤

N−1∑
n=0

‖T n
h ‖2, (24)
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and
N−2∑
n=0

‖T n+1
h ‖2 + α2�t‖∇T N

h ‖2 + α2�t

N−2∑
n=0

‖(I − P
Q
T )∇T n+1

h ‖2

≤ α2�t‖∇T 0
h ‖2 +

N−2∑
n=0

‖T̂ n+1
h ‖2. (25)

Applying the identity relation
∑N−2

n=0 an+1 = ∑N−1
n=0 an − a0 in (25) and using it in

(24), we have

N−1∑
n=0

‖T̂ n+1
h ‖2 + 2γ�t

N−1∑
n=0

‖T̂ n+1
h ‖2 ≤ ‖T 0

h ‖2 + α2�t‖∇T 0
h ‖2 +

N−1∑
n=0

‖T̂ n
h ‖2. (26)

Thus, we get the estimate (21), and the estimates (22) and (23) can be obtained by
using the analogous way. Now, the proof is completed.

4 Error analysis

In this section, we will give out the convergence results of Algorithm 1 for the veloc-
ity, the temperature, and the concentration in Theorem 3 and Corollary 1, and for the
pressure in Theorem 4.

In order to establish the optimal asymptotic error estimates of Algorithm 1, we
need to assume that the true solution of problem (2) satisfies the following regularity
assumptions:

u ∈ L∞(0, T ;H3(�)) ∩ L2(0, T ;Hk+1(�))

∩H 1(0, T ;H1(�)) ∩ H 2(0, T ;L2(�)),

T , C ∈ L∞(0, T ; H 3(�)) ∩ L2(0, T ; Hk+1(�))

∩H 1(0, T ; H 1(�)) ∩ H 2(0, T ; L2(�)),

p ∈ L2(0, T ; Hk(�)). (27)

Defining the following error decompositions:

ên
u = un − ûn

h = (un − P L2

Vh
un) − (ûn

h − P L2

Vh
un) = ηn

u − φ̂n
u,

en
u = un − un

h = (un − P L2

Vh
un) − (un

h − P L2

Vh
un) = ηn

u − φn
u,

ên
T = T n − T̂ n

h = (T n − P L2

Wh
T n) − (T̂ n

h − P L2

Wh
T n) = ηn

T − φ̂n
T ,

en
T = T n − T n

h = (T n − P L2

Wh
T n) − (T n

h − P L2

Wh
T n) = ηn

T − φn
T ,

ên
C = Cn − Ĉn

h = (Cn − P L2


h
Cn) − (Ĉn

h − P L2


h
Cn) = ηn

C − φ̂n
C,

en
C = Cn − Cn

h = (Cn − P L2


h
Cn) − (Cn

h − P L2


h
Cn) = ηn

C − φn
C, (28)

where P L2

Vh
, P L2

Wh
, and P L2


h
denote the L2 orthogonal projection onto Vh, Wh, and 
h,

respectively.
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Theorem 3 Assume that (u, p, T , C) are described by (27), satisfying the weak form
(2), and (un+1

h , T n+1
h , Cn+1

h ) are given by the Algorithm 1, then there exists a positive
constant K independent of the mesh width h and time step size �t such that the
following error estimate hold

‖eN
u ‖2 + ‖eN

T ‖2 + ‖eN
C ‖2 +

N−1∑
n=0

(‖ên+1
u − en

u‖2 + ‖ên+1
u − en+1

u ‖2)

+Da−1�t

N−1∑
n=0

‖ên+1
u ‖2 + �t

N−1∑
n=0

(
ν‖∇ ên+1

u ‖2 + γ ‖∇ ên+1
T ‖2

+Dc‖∇ ên+1
C ‖2 + α1‖∇en+1

u ‖2 + α2‖∇en+1
T ‖2 + α3‖∇en+1

C ‖2
)

≤ K[h2k + �t2 + (α1 + α2 + α3)(h
2k + �t2 + H 2k)]. (29)

Proof Subtracting (7a)–(7c) from (2a)–(2c) at t = tn+1 separately, it gives(
un+1 − ûn+1

h − (un − un
h)

�t
, v̂h

)
+ ν(∇(un+1 − ûn+1

h ),∇v̂h)

+Da−1(un+1 − ûn+1
h , v̂h) + c0(un+1, un+1, v̂h) − c0(un

h, û
n+1
h , v̂h)

−(pn+1 − pn+1
h , ∇ · v̂h)

= βT (g(T n+1 − T n
h ), v̂h) + βC(g(Cn+1 − Cn

h), v̂h)

+
(
un+1 − un

�t
− ut (tn+1), v̂h

)
, (30)

for any (v̂h, qh) ∈ (Xh, Mh),(
T n+1 − T̂ n+1

h − (T n − T n
h )

�t
, Ŝh

)
+ γ (∇(T n+1 − T̂ n+1

h ),∇Ŝh)

+c1(un+1, T n+1, Ŝh) − c1(un
h, T̂

n+1
h , Ŝh)

=
(

T n+1 − T n

�t
− Tt (tn+1), Ŝh

)
, (31)

for any Ŝh ∈ Wh and(
Cn+1 − Ĉn+1

h − (Cn − Cn
h)

�t
, D̂h

)
+ Dc(∇(Cn+1 − Ĉn+1

h ),∇D̂h)

+c2(un+1, Cn+1, D̂h) − c1(un
h, Ĉ

n+1
h , D̂h)

=
(

Cn+1 − Cn

�t
− Ct(tn+1), D̂h

)
, (32)

for any D̂h ∈ 
h.
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Setting v̂h = φ̂n+1
u ∈ Vh in (30). Due to the orthogonality of L2 projection

operator P L2

Vh
, that ηn+1

u − ηn
u⊥Vh, so 1

�t
(ηn+1

u − ηn
u, φ̂n+1

u ) = 0, then we have

1

2�t
(‖φ̂n+1

u ‖2 − ‖φn
u‖2) + 1

2�t
‖φ̂n+1

u − φn
u‖2 + ν‖∇φ̂n+1

u ‖2 + Da−1‖φ̂n+1
u ‖2

= (∇ηn+1
u , ∇φ̂n+1

u ) + Da−1(ηn+1
u , φ̂n+1

u ) + c0(un+1, un+1, φ̂n+1
u )

−c0(un
h, û

n+1
h , φ̂n+1

u ) − (pn+1 − qh, ∇ · φ̂n+1
u ) − βT (g(T n+1 − T n), φ̂n+1

u )

−βT (gηn
T , φ̂n+1

u ) + βT (gφn
T , φ̂n+1

u ) − βC(g(Cn+1 − Cn), φ̂n+1
u )

−βC(gηn
C, φ̂n+1

u ) + βC(gφn
C, φ̂n+1

u ) −
(
un+1 − un

�t
− ut (tn+1), φ̂

n+1
u

)
. (33)

Choosing vh = φn+1
u ∈ Vh in (8a), we have(

ûn+1
h − un+1

h

�t
, φn+1

u

)
= α1(∇un+1

h , ∇φn+1
u ) − α1(P

L
u ∇un

h, P
L
u ∇φn+1

u ). (34)

Noting that

LHS(34) =
(
ûn+1

h − un+1 + un+1 − un+1
h

�t
, φn+1

u

)

= 1

�t
(φ̂n+1

u − φn+1
u , φn+1

u )

= 1

2�t
(‖φ̂n+1

u ‖2 − ‖φn+1
u ‖2 − ‖φ̂n+1

u − φn+1
u ‖2), (35)

and

RHS(34) = α1(∇un+1
h , ∇φn+1

u ) − α1(P
L
u ∇un

h, P
L
u ∇φn+1

u )

−α1(P
L
u ∇un

h, (I − P L
u )∇φn+1

u )

= α1(∇un+1
h , ∇φn+1

u ) − α1(P
L
u ∇un

h, ∇φn+1
u )

= α1(∇(un+1
h − un+1 + un+1 − un + un − P L

u un

+P L
u un − P L

u un
h),∇φn+1

u )

= −α1(∇ηn+1
u , ∇φn+1

u ) + α1‖∇φn+1
u ‖2

+α1(∇(un+1 − un),∇φn+1
u ) + α1(∇(un − P L

u un),∇φn+1
u )

+α1(∇P L
u ηn

u, ∇φn+1
u ) − α1(∇P L

u φn
u, ∇φn+1

u ). (36)

Then, combining (33)–(36), we get the momentum error equation as follows:

1

2�t
(‖φn+1

u ‖2 − ‖φn
u‖2) + 1

2�t
(‖φ̂n+1

u − φn
u‖2 + ‖φ̂n+1

u − φn+1
u ‖2)

+ν‖∇φ̂n+1
u ‖2 + Da−1‖φ̂n+1

u ‖2 + α1‖∇φn+1
u ‖2

= ν(∇ηn+1
u , ∇φ̂n+1

u ) + Da−1(ηn+1
u , φ̂n+1

u ) + c0(un+1, un+1, φ̂n+1
u )
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−c0(un
h, û

n+1
h , φ̂n+1

u ) − (pn+1 − qh, ∇ · φ̂n+1
u ) − βT(g(T n+1 − T n), φ̂n+1

u )

−βT(gηn
T, φ̂n+1

u ) + βT(gφn
T, φ̂n+1

u ) − βC(g(Cn+1 − Cn), φ̂n+1
u )

−βC(gηn
C, φ̂n+1

u ) + βC(gφn
C, φ̂n+1

u ) −
(
un+1 − un

�t
− ut (tn+1), φ̂

n+1
u

)

+α1(∇ηn+1
u , ∇φn+1

u ) − α1(∇(un+1 − un),∇φn+1
u ) − α1(∇P L

u ηn
u, ∇φn+1

u )

−α1(∇(un − P L
u un),∇φn+1

u ) + α1(∇P L
u φn

u, ∇φn+1
u ). (37)

By using the same techniques, we can get the temperature error equation as

1

2�t
(‖φn+1

T ‖2 − ‖φn
T ‖2) + 1

2�t
(‖φ̂n+1

T − φn
T ‖2 + ‖φ̂n+1

T − φn+1
T ‖2)

+γ ‖∇φ̂n+1
T ‖2 + α2‖∇φn+1

T ‖2

= γ (∇ηn+1
T , ∇φ̂n+1

T ) + c1(un+1, T n+1, φ̂n+1
T ) − c1(un

h, T̂
n+1
h , φ̂n+1

T )

−
(

T n+1 − T n

�t
− Tt (tn+1), φ̂

n+1
T

)
+ α2(∇ηn+1

T , ∇φn+1
T )

−α2(∇(T n+1 − T n),∇φn+1
T ) − α2(∇(T n − P

Q
T T n),∇φn+1

T )

−α2(∇P Q
u ηn

T , ∇φn+1
T ) + α2(∇P

Q
T φn

T , ∇φn+1
T ). (38)

and the concentration error equation as

1

2�t
(‖φn+1

C ‖2 − ‖φn
C‖2) + 1

2�t
(‖φ̂n+1

C − φn
C‖2 + ‖φ̂n+1

C − φn+1
C ‖2)

+Dc‖∇φ̂n+1
C ‖2 + α3‖∇φn+1

3 ‖2

= Dc(∇ηn+1
C , ∇φ̂n+1

C ) + c2(un+1, Cn+1, φ̂n+1
C ) − c2(un

h, Ĉ
n+1
h , φ̂n+1

C )

−
(

Cn+1 − Cn

�t
− Ct(tn+1), φ̂

n+1
C

)
+ α3(∇ηn+1

C , ∇φn+1
C )

−α3(∇(Cn+1 − Cn),∇φn+1
C ) − α3(∇(Cn − P G

C Cn),∇φn+1
C )

−α3(∇P G
C ηn

C, ∇φn+1
C ) + α3(∇P G

C φn
C, ∇φn+1

C ). (39)

Next, we estimate the terms on the right-hand side of the momentum error equation
(37) as follows. The first two terms can be bounded by using the Cauchy-Schwarz
and Young’s inequalities as follows:

ν(∇ηn+1
u , ∇φ̂n+1

u ) ≤ ν

14
‖∇φ̂n+1

u ‖2 + Kν‖∇ηn+1
u ‖2, (40)

Da−1(ηn+1
u , φ̂n+1

u ) ≤ Da−1

14
‖φ̂n+1

u ‖2 + KDa‖ηn+1
u ‖2. (41)
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Noticing that the following identity hold

c0(un+1, un+1, v̂h) − c0(un
h, û

n+1
h , v̂h)

= c0(un+1 − un, un+1, v̂h) + c0(η
n
u, un+1, v̂h) − c0(φ

n
u, P L2

Vh
un+1, v̂h)

+c0(P
L2

Vh
un, ηn+1

u , v̂h) − c0(P
L2

Vh
un, φ̂n+1

u , v̂h) − c0(φ
n
u, φ̂n+1

u , v̂h)

=
6∑

i=1

�hi(v̂h). (42)

Due to skew symmetry of the trilinear form, we know �h5(φ̂
n+1
u ) = 0 and �h6(φ̂

n+1
u ) =

0. Using Lemma 1, the Sobolev embedding and the Young’s inequality to get

�h1(φ̂
n+1
u ) ≤ K‖∇(un+1 − un)‖‖∇un+1‖‖∇φ̂n+1

u ‖
≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
‖∇un+1‖2�t

∫ tn+1

tn

‖∇ut‖2dt, (43)

�h2(φ̂
n+1
u ) ≤ K‖∇ηn

u‖‖∇un+1‖‖∇φ̂n+1
u ‖

≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
‖∇un+1‖2‖∇ηn

u‖2, (44)

�h3(φ̂
n+1
u ) ≤ K‖φn

u‖(‖P L2

Vh
un+1‖L∞ + ‖P L2

Vh
∇un+1‖L3)‖∇φ̂n+1

u ‖
≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
‖un+1‖2

2‖φn
u‖2, (45)

and

�h4(φ̂
n+1
u ) ≤ K‖∇P L2

Vh
un‖‖∇ηn+1

u ‖‖∇φ̂n+1
u ‖

≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
‖∇un‖2‖∇ηn+1

u ‖2. (46)

For the remaining terms, we have

(pn+1 − qh, ∇ · φ̂n+1
u ) ≤ √

d‖∇φ̂n+1
u ‖‖pn+1 − qh‖

≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
‖pn+1 − qh‖2, (47)

βT(g(T n+1 − T n), φ̂n+1
u )

≤ βT‖g‖∞‖T n+1 − T n‖‖φ̂n+1
u ‖

≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
T‖g‖2∞�t

∫ tn+1

tn

‖Tt‖2dt, (48)

βT(gηn
T , φ̂n+1

u ) ≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
T‖g‖2∞‖ηn

T ‖2, (49)

βT(gφn
T , φ̂n+1

u ) ≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
T‖g‖2∞‖φn

T ‖2, (50)
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βC(g(Cn+1 − Cn), φ̂n+1
u )

≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
C‖g‖2∞�t

∫ tn+1

tn

‖Ct‖2dt, (51)

βC(gηn
C, φ̂n+1

u ) ≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
C‖g‖2∞‖ηn

C‖2, (52)

βC(gφn
C, φ̂n+1

u ) ≤ Da−1

14
‖φ̂n+1

u ‖2 + KDaβ2
C‖g‖2∞‖φn

C‖2, (53)

(
un+1 − un

�t
− ut (tn+1), φ̂

n+1
u

)
≤ Kp‖u

n+1 − un

�t
− ut (tn+1)‖‖φ̂n+1

u ‖

≤ ν

14
‖∇φ̂n+1

u ‖2 + K

ν
�t

∫ tn+1

tn

‖ut t‖2dt.

(54)

For the last five terms on the right-hand side of (37), we can estimate them by the
usual way as follows:

α1(∇ηn+1
u , ∇φn+1

u ) ≤ α1

10
‖∇φn+1

u ‖2 + Kα1‖∇ηn+1
u ‖2,

α1(∇(un+1 − un),∇φn+1
u ) ≤ α1

10
‖∇φn+1

u ‖2 + Kα1�t

∫ tn+1

tn

‖∇ut‖2dt,

α1(∇(un − P L
u un),∇φn+1

u ) ≤ α1

10
‖∇φn+1

u ‖2 + Kα1‖∇(un − P L
u un)‖2,

α1(∇P L
u ηn

u, ∇φn+1
u ) ≤ α1

10
‖∇φn+1

u ‖2 + Kα1‖∇ηn
u‖2,

α1(∇P L
u φn

u, ∇φn+1
u ) ≤ α1

10
‖∇φn+1

u ‖2 + Kα1h
−2‖φn

u‖2. (55)

Combining estimates (40)–(55), and regrouping terms, the momentum error equation
(37) becomes

1

2�t
(‖φn+1

u ‖2 − ‖φn
u‖2) + 1

2�t
(‖φ̂n+1

u − φn
u‖2 + ‖φ̂n+1

u − φn+1
u ‖2)

+ν

2
‖∇φ̂n+1

u ‖2 + Da−1

2
‖φ̂n+1

u ‖2 + α1

2
‖∇φn+1

u ‖2

≤ K

(
1

ν
‖un+1‖2

2 + α1h
−2

)
‖φn

u‖2 + KDaβ2
T‖g‖2∞‖φn

T ‖2

+KDaβ2
C‖g‖2∞‖φn

C‖2 + Kν‖∇ηn+1
u ‖2 + KDa‖ηn+1

u ‖2

+K

ν
‖pn+1 − qh‖2 + K

ν
(‖∇un+1‖2‖∇ηn

u‖2 + ‖∇un‖2‖∇ηn+1
u ‖2)

+K

ν
‖∇un+1‖2�t

∫ tn+1

tn

‖∇ut‖2dt + KDaβ2
T‖g‖2∞�t

∫ tn+1

tn

‖Tt‖2dt

+KDaβ2
T‖g‖2∞‖ηn

T ‖2 + KDaβ2
C‖g‖2∞‖ηn

C‖2 + K

ν
�t

∫ tn+1

tn

‖ut t‖2dt
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+KDaβ2
C‖g‖2∞�t

∫ tn+1

tn

‖Ct‖2dt + Kα1�t

∫ tn+1

tn

‖∇ut‖2dt

+Kα1‖∇ηn+1
u ‖2 + Kα1‖∇(un − P L

u un)‖2 + Kα1‖∇ηn
u‖2. (56)

Multiplying through by 2�t and taking the sum from n = 0 to N −1 for (56), and
using the approximation properties (4) and (6), it gives

‖φN
u ‖2 +

N−1∑
n=0

(‖φ̂n+1
u − φn

u‖2 + ‖φ̂n+1
u − φn+1

u ‖2) + ν�t

N−1∑
n=0

‖∇φ̂n+1
u ‖2

+Da−1�t

N−1∑
n=0

‖φ̂n+1
u ‖2 + α1�t

N−1∑
n=0

‖∇φn+1
u ‖2

≤ K�t

N−1∑
n=0

(
1

ν
‖|u‖|2∞,2 + α1h

−2
)

‖φn
u‖2 + KDaβ2

T‖g‖2∞�t

N−1∑
n=0

‖φn
T ‖2

+KDaβ2
C‖g‖2∞�t

N−1∑
n=0

‖φn
C‖2 + Kνh2k‖|u‖|22,k+1

+KDah2k+2‖|u‖|22,k+1 + K

ν
hk‖|p‖|22,k+1 + K

ν
h2k‖|u‖|2∞,1‖|u‖|22,k+1

+K

ν
‖|u‖|2∞,1�t2‖|ut‖|22,1 + KDaβ2

T ‖g‖2∞�t2‖|Tt‖|22,0

+KDaβ2
T‖g‖2∞h2k+2‖|T ‖|22,k+1 + KDaβ2

C‖g‖2∞�t2‖|Ct‖|22,0

+KDaβ2
C‖g‖2∞h2k+2‖|C‖|22,k+1 + K

ν
�t2‖|ut t‖|22,0

+Kα1(h
2k‖|u‖|22,k+1 + �t2‖|ut‖|22,1 + H 2k‖|u‖|22,k+1). (57)

By using the analogous way, we get the temperature and concentration error
inequalities as follows:

‖φN
T ‖2 +

N−1∑
n=0

(‖φ̂n+1
T − φn

T ‖2 + ‖φ̂n+1
T − φn+1

T ‖2)

+γ�t

N−1∑
n=0

‖∇φ̂n+1
T ‖2 + α2�t

N−1∑
n=0

‖∇φn+1
T ‖2

≤ K

γ
�t

N−1∑
n=0

‖|T ‖|2∞,2‖φn
u‖2 + α2h

−2�t

N−1∑
n=0

‖φn
T ‖2 + Kγh2k‖|T ‖|22,k+1

+K

γ
h2k‖|T ‖|2∞,1‖|u‖|22,k+1 + K

γ
‖|u‖|2∞,1h

2k‖|T ‖|22,k+1

+K

γ
‖|T ‖|2∞,1�t2‖|ut‖|22,1 + K

γ
�t2‖|Ttt‖|22,0

+Kα2(h
2k‖|T ‖|22,k+1 + �t2‖|Tt‖|22,1 + H 2k‖|T ‖|22,k+1), (58)
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and

‖φN
C ‖2 +

N−1∑
n=0

(‖φ̂n+1
C − φn

C‖2 + ‖φ̂n+1
C − φn+1

C ‖2)

+Dc�t

N−1∑
n=0

‖∇φ̂n+1
C ‖2 + α3�t

N−1∑
n=0

‖∇φn+1
C ‖2

≤ K

Dc
�t

N−1∑
n=0

‖|C‖|2∞,2‖φn
u‖2 + α3h

−2�t

N−1∑
n=0

‖φn
C‖2 + KDch2k‖|C‖|22,k+1

+ K

Dc
h2k‖|C‖|2∞,1‖|u‖|22,k+1 + K

Dc
‖|u‖|2∞,1h

2k‖|C‖|22,k+1

+ K

Dc
‖|C‖|2∞,1�t2‖|ut‖|22,1 + K

Dc
�t2‖|Ctt‖|22,0

+Kα3(h
2k‖|C‖|22,k+1 + �t2‖|Ct‖|22,1 + H 2k‖|C‖|22,k+1). (59)

Defining the constant

d̄ = max

{
1

ν
‖|u‖|2∞,2 + α1h

−2 + 1

γ
‖|T ‖|2∞,2

+ 1

Dc
‖|C‖|2∞,2, Daβ2

T‖g‖2∞ + α2h
−2, Daβ2

C‖g‖2∞ + α3h
−2

}
.

Now, adding (57), (58), and (59), dropping out some nonnegative terms, and using
the discrete Gronwall Lemma, we arrive at

‖φN
u ‖2 + ‖φN

T ‖2 + ‖φN
C ‖2 +

N−1∑
n=0

(‖φ̂n+1
u − φn

u‖2 + ‖φ̂n+1
u − φn+1

u ‖2)

+Da−1�t

N−1∑
n=0

‖φ̂n+1
u ‖2 + �t

N−1∑
n=0

(
ν‖∇φ̂n+1

u ‖2 + γ ‖∇φ̂n+1
T ‖2

+Dc‖∇φ̂n+1
C ‖2 + α1‖∇φn+1

u ‖2 + α2‖∇φn+1
T ‖2 + α3‖∇φn+1

C ‖2
)

≤ exp(Ktf d̄)

[
νh2k‖|u‖|22,k+1 + Dah2k+2‖|u‖|22,k+1 + 1

ν
h2k‖|u‖|2∞,1‖|u‖|22,k+1

+1

ν
‖|u‖|2∞,1�t2‖|ut‖|22,1 + Daβ2

T‖g‖2∞�t2‖|Tt‖|22,0 + 1

ν
hk‖|p‖|22,k

+Daβ2
C‖g‖2∞�t2‖|Ct‖|22,0 + Daβ2

T‖g‖2∞h2k+2‖|T ‖|22,k+1

+Daβ2
C‖g‖2∞h2k+2‖|C‖|22,k+1 + 1

γ
‖|T ‖|2∞,1�t2‖|ut‖|22,1

+1

ν
�t2‖|ut t‖|22,0 + α1(h

2k‖|u‖|22,k+1 + �t2‖|ut‖|22,1 + H 2k‖|u‖|22,k+1)

+�t2

γ
‖|Ttt‖|22,0 + 1

γ
h2k‖T ‖|2∞,1‖|u‖|22,k+1 + 1

γ
‖|u‖|2∞,1h

2k‖|T ‖|22,k+1
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+γ h2k‖|T ‖|22,k+1 + α2(h
2k‖|T ‖|22,k+1 + �t2‖|Tt‖|22,1 + H 2k‖|T ‖|22,k+1)

+Dch2k‖|C‖|22,k+1 + �t2

Dc
‖|Ctt‖|22,0 + 1

Dc
h2k‖C‖|2∞,1‖|u‖|22,k+1

+ 1

Dc
‖|u‖|2∞,1h

2k‖|C‖|22,k+1 + 1

Dc
‖|C‖|2∞,1�t2‖|ut‖|22,1

+α3(h
2k‖|C‖|22,k+1 + �t2‖|Ct‖|22,1 + H 2k‖|C‖|22,k+1)

]
. (60)

Using the regularity assumption (27) and absorbing constants into K , we get

‖φN
u ‖2 + ‖φN

T ‖2 + ‖φN
C ‖2 +

N−1∑
n=0

(‖φ̂n+1
u − φn

u‖2 + ‖φ̂n+1
u − φn+1

u ‖2)

+Da−1�t

N−1∑
n=0

‖φ̂n+1
u ‖2 + �t

N−1∑
n=0

(
ν‖∇φ̂n+1

u ‖2 + γ ‖∇φ̂n+1
T ‖2

+Dc‖∇φ̂n+1
C ‖2 + α1‖∇φn+1

u ‖2 + α2‖∇φn+1
T ‖2 + α3‖∇φn+1

C ‖2
)

≤ K[h2k + �t2 + (α1 + α2 + α3)(h
2k + �t2 + H 2k)]. (61)

Applying the triangle inequality, we obtain the error estimate (29) and complete the
proof.

Corollary 1 Under the assumptions of Theorem 3, set the eddy viscosity stabilization

parameters αi = O(h2), i = 1, 2, 3, and the coarse mesh width H = O(h
2k−2

2k ), then
there exists a positive constant K such that

‖eN
u ‖2 + ‖eN

T ‖2 + ‖eN
C ‖2 +

N−1∑
n=0

(‖ên+1
u − en

u‖2 + ‖ên+1
u − en+1

u ‖2)

+Da−1�t

N−1∑
n=0

‖ên+1
u ‖2 + �t

N−1∑
n=0

(
ν‖∇ ên+1

u ‖2 + γ ‖∇ ên+1
T ‖2

+Dc‖∇ ên+1
C ‖2 + α1‖∇en+1

u ‖2 + α2‖∇en+1
T ‖2 + α3‖∇en+1

C ‖2
)

≤ K(h2k + �t2). (62)

Remark 4 From Corollary 1, we see that Algorithm 1 can yield the accuracy of
O(�t +h2) by using (P2, P1, P2, P2) finite element pair to approximate the velocity,
pressure, temperature, and concentration. And we find H = O(

√
h) is the maximum

such H .

Theorem 4 Under the same assumptions of Corollary 1, we obtain the estimate for
the pressure

‖|p − ph‖|2,0 ≤ K(hk + �t). (63)
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Proof From (30), we have for any v̂h ∈ Vh that
(
ên+1
u − en

u

�t
, v̂h

)
+ ν(∇ ên+1

u , ∇v̂h) + Da−1(ên+1
u , v̂h) +

6∑
i=1

�hi(v̂h)

−(pn+1 − λh, ∇ · v̂h)

= βT(g(T n+1 − T n), v̂h) + βT(gen
T , v̂h) + βC(g(Cn+1 − Cn), v̂h)

+βC(gen
C, v̂h) +

(
un+1 − un

�t
− ut (tn+1), v̂h

)
, (64)

which together with the Cauchy-Schwarz and Poincaré inequalities yields

1

�t

(ên+1
u − en

u, v̂h)

‖∇v̂h‖ ≤ K

(
‖∇ ên+1

u ‖ + ‖ên+1
u ‖ +

6∑
i=1

‖�hi‖V′
h

+‖pn+1 − λh‖ + ‖T n+1 − T n‖ + ‖Cn+1 − Cn‖
+‖en

T ‖ + ‖en
C‖ + ‖u

n+1 − un

�t
− ut (tn+1‖

)
. (65)

Taking the supremum over v̂h ∈ Vh and applying Lemma 2, we obtain

1

�t
‖ên+1

u − en
u‖X′

h
≤ K

(
‖∇ ên+1

u ‖ + ‖ên+1
u ‖ +

6∑
i=1

‖�hi‖X′
h

+‖pn+1 − λh‖ + ‖T n+1 − T n‖ + ‖Cn+1 − Cn‖
+‖en

T ‖ + ‖en
C‖ + ‖u

n+1 − un

�t
− ut (tn+1‖

)
. (66)

Splitting pn+1 − pn+1
h = (pn+1 − λh) + (λh − pn+1

h ), where λh ∈ Mh, using (30)
and the inf-sup condition (3), we have

β‖λh − pn+1
h ‖ ≤ sup

v̂h∈Xh

(λh − pn+1
h , ∇ · v̂h)

‖∇v̂h‖

≤ K

(
1

�t
‖ên+1

u − en
u‖X′

h
+ ‖∇ ên+1

u ‖ + ‖ên+1
u ‖

+
6∑

i=1

‖�hi‖X′
h
+ ‖pn+1 − λh‖ + ‖T n+1 − T n‖ + ‖en

T ‖

+‖Cn+1 − Cn‖ + ‖en
C‖ + ‖u

n+1 − un

�t
− ut (tn+1)‖

)

≤ K

(
‖∇ ên+1

u ‖ + ‖ên+1
u ‖ +

6∑
i=1

‖�hi‖X′
h
+ ‖pn+1 − λh‖

+‖T n+1 − T n‖ + ‖en
T ‖ + ‖Cn+1 − Cn‖

+‖en
C‖ + ‖u

n+1 − un

�t
− ut (tn+1)‖

)
. (67)
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Using the Hölder inequality and the Sobolev inequalities, we get

�h1(v̂h) ≤ K‖
∫ tn+1

tn

∇ut dt‖‖∇v̂h‖ ≤ K�t
1
2 ‖∇v̂h‖,

�h2(v̂h) ≤ Khk‖un‖k+1‖∇un+1‖‖∇v̂h‖ ≤ Khk‖∇v̂h‖,
�h3(v̂h) ≤ K‖φn

u‖‖∇v̂h‖,
�h4(v̂h) ≤ Khk‖∇v̂h‖,
�h5(v̂h) ≤ K‖∇φ̂n+1

u ‖‖∇v̂h‖. (68)

Noticing that by the inverse inequality and (61), we know

‖∇φn
u‖ ≤ cinvh

−1(�t + hk) ≤ c∗,

where c∗ is a constant. Thus,

�h6(v̂h) ≤ K‖∇φn
u‖‖∇φ̂n+1

u ‖‖∇v̂h‖ ≤ K‖∇φ̂n+1
u ‖‖∇v̂h‖. (69)

From the estimates (68) and (69), we have

6∑
i=1

‖�hi‖X′
h

≤ K
(
�t

1
2 + hk + ‖φn

u‖ + ‖∇φ̂n+1
u ‖

)
. (70)

Combining (70) into (67) and applying the triangle inequality yields

‖pn+1 − pn+1
h ‖ ≤ K

(
‖∇ ên+1

u ‖ + ‖ên+1
u ‖ + �t

1
2 + hk + ‖φn

u‖
+‖∇φ̂n+1

u ‖ + ‖pn+1 − λh‖ + ‖T n+1 − T n‖ + ‖en
T ‖

+‖Cn+1 − Cn‖ + ‖en
C‖ + ‖u

n+1 − un

�t
− ut (tn+1)‖

)
.

(71)

With the above estimate, we have

�t

N−1∑
n=0

‖pn+1 − pn+1
h ‖2

≤ K

(
�t

N−1∑
n=0

‖∇ ên+1
u ‖2 + �t

N−1∑
n=0

‖ên+1
u ‖2 + �t2 + h2k

+�t

N−1∑
n=0

‖φn
u‖2 + �t

N−1∑
n=0

‖∇φ̂n+1
u ‖2 + h2k‖|p‖|22,k + �t2‖|Tt‖|22,0

+�t

N−1∑
n=0

‖en
T ‖2 + �t

N−1∑
n=0

‖en
C‖2 + �t2‖|ut t‖|22,0

)
. (72)

Now, we obtain estimate (63) by Corollary 1 and (61).
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5 Numerical experiments

In this section, we present some numerical examples to test the convergence rate and
stability of the full explicitly uncoupled VMS stabilization method. Here, we choose
a (P2, P1, P2, P2) finite element pair to approximate the velocity, the pressure, the
temperature, and the concentration, respectively. All the numerics were implemented
by using the public domain finite element software package Freefem++ (see [17]).
All computations are carried out in the domain � = [0, 1]× [0, 1] and the domain �

is subdivided into triangles.
The numerical tests are divided into two parts. We first test a problem with

known analytical solution to verify the predicted convergence rates of the presented
method. And next, we simulate the porous cavity problem and compare the numer-
ical results with some benchmark dates. In all cases, the proposed method performs
very effective.

5.1 Convergence rate verification

In the first test, we set the parameters ν = 1.0, Da = 1.0, γ = 1.0, Dc = 1.0,
βT = 1.0, and βC = 1.0. We add functions on the right-hand side of the problem (1).
The boundary values of (u, p, T , C) are given so that problem (1) has the following
analytical solution

u1 = 10x2(x − 1)2y(y − 1)(2y − 1) cos(t),

u2 = −10x(x − 1)(2x − 1)y2(y − 1)2 cos(t),

p = 10(2x − 1)(2y − 1) cos(t),

T = u1 + u2, C = u1 − u2,

where u = (u1, u2). It is easy to know that the analytical solution of the velocity is
divergence-free. The initial condition is the interpolant of the true solution at t = 0.
Set the eddy viscosity parameters αi = h2, i = 1, 2, 3, the coarse mesh width H =
O(

√
h). We compute with the final time tf = 1 and the time step size �t = h2, and

the mesh width h is set for a refinement, each of h gets cut in a half. The convergence
rates are calculated from the errors at two successive values of h in the usual manner
by postulating that E(h) = Chr and solving the formula

Rate = log(E(hi)/E(hi+1))

log (hi/hi+1)
,

where E(hi) and E(hi+1) are the errors corresponding to the mesh size hi and hi+1,
respectively.

The numerical results of the full explicitly uncoupled VMS stabilization method
are shown in Table 1. We can see that our method can get a quadratic convergence rate
for the computed velocity, temperature and concentration in the H 1 semi-norm, and
for the pressure in the L2 norm, which verify the theoretical results. Moreover, it is
easy to see that a cubic convergence rate both for the computed velocity, temperature,
and concentration in the L2 norm is obtained, which indicates that our error estimate
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Table 1 Rates of convergence by using the full explicitly uncoupled VMS stabilization method with
�t = h2, H = √

h, tf = 1

1
h

‖|u − uh‖|∞,0 Rate ‖|u − uh‖|2,1 Rate ‖|p − ph‖|2,0 Rate ‖|T − Th‖|∞,0 Rate

4 0.00196604 0.0417718 0.135942 0.00121879

9 0.000137481 3.28055 0.00865071 1.9417 0.0271136 1.98808 8.79903e-005 3.2412

16 2.37527e-005 3.05161 0.00278116 1.97227 0.00859392 1.99696 1.5097e-005 3.06367

25 6.2204e-006 3.00225 0.00114564 1.98729 0.0035232 1.99801 3.95201e-006 3.00316

36 2.11693e-006 2.95595 0.000553877 1.99312 0.00171005 1.98234 1.33699e-006 2.97223

1
h

‖|T − Th‖|2,1 Rate ‖|C − Ch‖|∞,0 Rate ‖|C − Ch‖|2,1 Rate CPU(s)

4 0.0256881 0.00260801 0.0523946 1.981

9 0.00518953 1.97228 0.000173836 3.33966 0.0110446 1.91985 58.179

16 0.00166319 1.97772 2.99983e-005 3.05367 0.00356199 1.96679 555.05

25 0.000684794 1.98834 7.83021e-006 3.00961 0.00146801 1.98618 14224

36 0.000330942 1.99421 2.62618e-006 2.99597 0.000709628 1.99352 16833.2

in the L2 norm is suboptimal. We also give out the numerical results of the projection-
based VMS stabilization method [8] in Table 2. Comparing Tables 1 and 2, we can
come to the conclusion that the full explicitly uncoupled VMS stabilization method
can save 95.35, 94.42, 94.43, 73.48, and 83.42% CPU time when the mesh size h =
1
4 , 1

9 , 1
16 , 1

25 , 1
36 , respectively, and keep its accuracy.

5.2 The porous cavity problem

A classical rectangular computational domain with an aspect ratio of A = H/L is
used. We test the case A = 1. The domain with its boundary conditions is illustrated
in Fig. 1. We impose no-slip boundary conditions for the velocity. The horizontal

Table 2 Rates of convergence by using the projection-based VMS stabilization method [8] with �t = h2,
H = √

h, tf = 1

1
h

‖|u − uh‖|∞,0 Rate ‖|u − uh‖|2,1 Rate ‖|p − ph‖|2,0 Rate ‖|T − Th‖|∞,0 Rate

4 0.00170756 0.0400734 0.136364 0.000985761

9 0.00013549 3.12471 0.00862154 1.89468 0.0271169 1.99175 8.52964e-005 3.01787

16 2.36796e-005 3.03161 0.00278039 1.96688 0.00859399 1.99716 1.50139e-005 3.01923

25 6.25149e-006 2.98417 0.00114557 1.98680 0.00352188 1.99887 3.93906e-006 2.99814

36 2.1039e-006 2.98651 0.00056014 1.96210 0.0017000 1.99625 1.3295e-006 2.97862

1
h

‖|T − Th‖|2,1 Rate ‖|C − Ch‖|∞,0 Rate ‖|C − Ch‖|2,1 Rate CPU(s)

4 0.0233561 0.00221606 0.0503984 42.558

9 0.00514868 1.86467 0.000172489 3.14842 0.0110167 1.87507 1041.8

16 0.00166211 1.9651 2.99614e-005 3.04229 0.00356128 1.96274 10949.3

25 0.000684763 1.9870 7.82165e-006 3.00931 0.00146799 1.98577 53628.1

36 0.00033335 1.97421 2.6249e-006 2.99426 0.00070866 1.99724 101490.6
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u=0

T=T
0

C=C
0

u=0

T=T
1

C=C
1

Porous medium

u=0   adiabatic and impermeable

u=0   adiabatic and impermeable

g

L

Fig. 1 The schematic diagram of the computational domain with its boundary conditions

walls are adiabatic and impermeable, and they are endowed with ∂T /∂n = 0 and
∂C/∂n = 0. The temperature and concentration are kept at T0, C0 for right and
T1, C1 for left vertical walls with T0 < T1 and C0 < C1, respectively. We take
T0 = C0 = −1 and T1 = C1 = 1.

The dimensionless Nusselt and Sherwood numbers can reflect the heat and mass
transfer properties along the vertical walls and thus are important in engineering
applications. In our study, the average Nusselt number and the average Sherwood
number are defined as

Nu =
∫ 1

0

(
∂T

∂x

)
x=0

dy, Su =
∫ 1

0

(
∂C

∂x

)
x=0

dy.

Table 3 Comparison of the
average Nusselt and Sherwood
numbers for N = 0, Le = 10 at
A = 1 with different thermal
Rayleigh numbers

Ra 100 200 400 1000 2000

Nu Present 3.25 5.16 7.94 14.05 20.11

[8] 3.15 5.02 7.83 14.01 20.00

[13] 3.11 4.96 7.77 13.47 19.90

[30] 3.27 5.61 9.69 – –

Sh Present 14.06 21.13 29.07 47.81 70.28

[8] 13.54 20.11 27.96 48.01 71.25

[13] 13.25 19.86 28.41 48.32 69.29

[30] 15.61 23.23 30.73 – –



Numer Algor (2018) 78:569–597 593

We perform our computations for different thermal Rayleigh number Ra and
implement the proposed method with the mesh width h = 1

24 . The values of the aver-
age Nusselt and Sherwood numbers at A = 1 for different thermal Rayleigh number
Ra in Darcy regimes are given in Table 3, we also summarize these results along
with the results obtained by Çıbık and Kaya [8], Goyeau et al. [13], and Trevisan and
Bejan [30]. It show that the results are consistent with the benchmark solutions in the
bibliography [8, 13, 30].

We next test the case of N = 0 with βC = 0, which is a purely thermal natural
convection in a porous cavity. In Fig. 2, we draw the isotherm and isoconcentration
lines and the streamline for Da = 10−3, Pr = 10, and Le = 10, A = 1 at Ra=100,
400, and 1000, respectively. It may be seen from the results that these graphics are
perfectly agreement with the ones in the investigations of [8, 13, 30] for Darcy regime
even with coarser grids.
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Fig. 2 Isotherm lines, isoconcentration lines, and streamline for Da = 10−3, N = 0, Le = 10, A = 1 at
Ra=100, 400, and 1000 from left to right
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Fig. 3 Isotherm lines, isoconcentration lines and streamline for Da = 10−3, Ra = 400, Le = 10, A = 1
at N = 5, 10, 15 from left to right
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Fig. 4 The Nusselt number as a function of N with vary Darcy numbers solved by the present method
(left) and the GFEM (right)
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Fig. 5 The vertical velocity, temperature and concentration profiles in the horizontal midplane for Da =
10−3, Ra = 100, Le = 100, A = 1 solved by the present method (left) and the GFEM (right)

We also test the case of N �= 0, which is identified as mass driven flow by [30] in
the flow configuration. Figure 3 presents the isotherm and isoconcentration lines and
the streamlines for Da = 10−3, P r = 10, Ra=400, and Le = 10, A = 1 at N=5,
10, and 15, respectively. We can see that there are only minor changes in the isotherm
with the increase of the buoyancy ratio N , while the contour lines of the isoconcen-
tration gradually transform into horizontal. From the streamline patterns, we can see
that the circular vortex at the cavity begin to break up into two vortices tending to be
close to the left and right walls. These graphics show that the concentration diffusion
becomes increasingly dominant with the increase of the buoyancy ratio N . Finally,
in order to see the effect of the stabilization, we show the Nusselt number as a func-
tion of N with vary Darcy numbers solved by the present method and the Galerkin
finite element method (GFEM) in Fig. 4. Also, we draw the horizontal midplane for
the vertical velocity, temperature, and concentration profiles in Fig. 5. Those are in
good agreement with the previous studies in [8, 13, 30].

6 Conclusions

In this article, we propose a full explicitly decoupled VMS stabilization method
for solving the Darcy-Brinkman equations in double-diffusive convection. In this
method, three uncoupled VMS treatments for the velocity, the temperature, and the
concentration are introduced as the postprocessing steps at each time step, respec-
tively. It is easy to implement because we can use the existing code. Comparing
with the projection-based VMS stabilization finite element method [8], our method
can save a large amount of computational cost. Stability and convergence analysis
are provided; numerical tests are given to verify the effectiveness of the method.
The full discretization decoupled scheme [32] or the implicit-explicit stabilization
method [31] will be consider for the Darcy-Brinkman equations in double-diffusive
convection in the future.
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