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1 Introduction

Recently, variational inequality theory has become an important tool for solving
many problems arising in several branches of pure and applied sciences, such as opti-
mal control, mathematical programming, equilibrium problems, and signal recovery
problems. For more details, we refer our readers to [3—16] and the references
contained therein.

In this paper, we introduce a generalized viscosity algorithm for finding a common
element of the set of fixed points of an asymptotically nonexpansive mapping in the
intermediate sense and the set of solutions to variational inequality problems for two
inverse-strongly monotone operators in 2-uniformly smooth and uniformly convex
Banach spaces. Under appropriate conditions imposed on the parameters, we obtain
strong convergence result of the sequence generated by our algorithm. Finally, we
give three numerical examples to show that our iterative scheme is implementable,
efficient and faster than some previously known schemes for solving variational
inequality and fixed point problem in Hilbert spaces. Precisely, in the first and sec-
ond numerical examples, we compare our iterative scheme with algorithm (11) of G.
Cai et al. in [17] and algorithm (6) of Ceng et al. in [9], respectively. We show that
our proposed algorithm is efficient and easy to implement. Also, the third numerical
example gives a convergence result for two- and three-dimensional cases.

2 Definitions and preliminaries

Let C be a nonempty, closed, and convex subset of a real Banach space £ and T :
C — C be amapping. We denote by F(T) the set of fixed points of T (i.e., F(T) :=
{x € C : x = Tx}). The duality mapping J : E — 2E" is defined by

J(x) = {x* € E*: (x,x*) = llxlI?,

| =i}, vx e E.

It is easy to see that if E is a real Hilbert space, then J = I, where I is the iden-
tity mapping on E. When E is smooth, we know from [30] that J is single-valued,
which we shall denote by j. Let {x,} be a sequence in E. In the sequel, we shall use

X, — x(respectively, x, — x, x, A x) to denote strong(respectively, weak, weak*)
convergence of the sequence {x,} to x. Now, we recall the following basic concepts
and facts.

A mapping f : C — C is called a strict contraction, if there exists a constant
é € (0, 1) such that

IfG)—fODIIl=8llx—yll, Yx,yeC. ey

A mapping T : C — C is said to be uniformly L-Lipschitzian if there exists a
constant L > 0 such that

IT"x = T"yll < Lllx = yll, Vx,y € Candn > 1. 2
A mapping T : C — C is said to be nonexpansive if

ITx =Tyl <llx—=yll.Vx,yeC. 3
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A mapping T : C — C is said to be asymptotically nonexpansive if there exists a
sequence {6, } C [0, +o00) with lim,,_, o, 6,, = 0 such that

|T"x =T"y[ < A +6) lx =yl .¥n =1 xyeC. “)

A mapping T : C — C is said to be asymptotically nonexpansive in the

intermediate sense ([31, 32]) if T is continuous and

limsup sup (|7"x — T"y|| — [lx — y[) <O0. 5)

n—o0o x,yeC

It is easy to see that asymptotically nonexpansive mapping in the intermediate
sense properly contains the class of strict contractions, the class of nonexpansive
mappings and the class of asymptotically nonexpansive mappings.

Throughout this paper, we assume that

cp =max {0, sup (|T"x —T"y| — llx — yI)
x,yeC

thenc, > 0foralln € N, ¢, — 0asn — oo and (5) reduces to the relation
1T"x = T"y| < llx = yll +cn (6)

forallx,y € Candn € N.
Now we give two examples of asymptotically nonexpansive mapping in the
intermediate sense.

Example 2.1 ([1]) Let X =Rand C = [0, 1]. Forallx € C,we define T : C — C

by
Tx:{ V3 —x+‘[, 1fxe[0,2]

ifx e (2, 1].
Then,
(1) T is asymptotically nonexpansive in the intermediate sense.

(i) T is continuous but not uniformly L-Lipschitzian, and hence T is not asymp-
totically nonexpansive.

Example 2.2 ([2]) Let H = Rand C = [—1, L] and let |k| < 1. Foreach x € C,
we define

_ Jkxsinl, ifx #0,
Tx_{o, T ifx =0,

Then,
(1) T is asymptotically nonexpansive in the intermediate sense.

(i1) T is not Lipschitzian; therefore, T is not asymptotically nonexpansive.

A mapping A : C — E is called to be accretive if there exists j(x —y) € J(x —y)
such that

(Ax — Ay, j(x —y)=>0,Vx,yeC. @)
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A mapping A : C — E is called to be a-inverse-strongly accretive if there exists
j(x —y)e J(x —y)and o > 0 such that

(Ax — Ay, j(x —y)) > a |[Ax — Ay|I*,V x,y € C. (8)

In a smooth Banach space, an operator A is said to be strongly positive if there
exists a constant y > 0 with the property

(Ax,J () =¥ Ix]?, llal =bA| = sup [((al —bA)x, J(0))| a€ [0,1], be 1,1,

llxll<1
€))
where [ is the identity mapping and J is the normalized duality mapping.
Let C be a nonempty, closed, and convex subset of a real Hilbert space H and let
A : C — H be anonlinear mapping. The classical variational inequality is to find an
x* € C such that
(Ax*,x —x*) >0, Vx e C. (10)
We denoted by VI (A, C), the set of solutions to (10).
In [9], Ceng et al. studied the following problem of finding (x*, y*) € C x C such
that

(UBx* +y*—x*,x —y*) >0, Vx € C, an
which is called a general system of variational inequalities, where A, B : C — H
are two mappings, A > 0 and pu > 0 are two constants. It is easy to see that problem
(11) contains the classical variational inequality (10) as a special case.
For finding a common element in the set of solutions to problem (11) and the set
of fixed points of a nonexpansive mapping 7', Ceng et al. [9] introduced the following
algorithm:

{(AAy*+x*—y*,x—x*) >0, Vx € C,

x1=ucecC,
Yn = Pc(xy — uBxy), (12)
Xn+1 = ot + Buxn + YuSPc(yn — AAyy).
Strong convergence theorems were obtained under some suitable conditions on the
parameters.
On the other hand, let C be a nonempty, closed, and convex subset of a real Banach
space E and A, B : C — E be two operators. Recently, Yao et al. [15] studied the
following problem of finding (x*, y*) € C x C such that

{(Ay*—l—x*—y*,j(x—x*)) >0, VxeC,

(Bx* 4+ y* —x*, j(x —y*)) >0, Vx € C, (13)

For solving the problem (13), Yao et al. [15] considered the following iterative
algorithm:
u,xo € C,
Yn = Qc Xy — Bxp), (14)
Xn1 = @it + BnXn + Y Qc(yn — Ayn),n = 0,
and obtained strong convergence results under some suitable conditions on the
parameters.
In this paper, we consider the problem of finding (x*, y*) € C x C such that

{ (MY +x* —y*, j(x —x*)) >0, Vx € C,

(WBx* +y* —x*, j(x =y%)) >0, Vx € C, (15)
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which is called the system of more general variational inequalities in a real Banach
space. If A = p = 1, the problem (15) becomes problem (13).
Now, we recall some useful facts which are necessary for proving our main results.
Let pg : [0, 00) — [0, co) be the modulus of smoothness of E defined by

1
pE(1) = Sup{a(llx +yl+llx =yl —1:xeSE), Iyl < t}.

pE()

A Banach space E is called to be uniformly smooth if — 0ast — 0. Fur-

thermore, Banach space E is said to be g-uniformly smocgth, if there exists a fixed
constant ¢ > 0 such that pg(t) < ct?. It is well known that if E is g-uniformly
smooth, then ¢ < 2 and E is uniformly smooth.

A Banach space E is called to be strictly convex, if x and y are not colinear, then
llx + vl < lx|l + |lyll. Let 8¢ (¢) be the modulus of convexity of E defined by

) 1
Sg(e) = lnf{l 3 x4yl el Iyl = 1 llx =yl = 6},

for all € € [0, 2]. A Banach space E is said to be uniformly convex if §g(0) = 0, and
dg(e) > 0forall 0 < e < 2.1Itis known that L? is uniformly smooth and uniformly
convex Banach space, where p > 1. Precisely, L? is min {p, 2}-uniformly smooth
and max {p, 2}-uniformly convex for every p > 1.

Let C and D be nonempty subsets of a Banach space E such that C is nonempty,
closed and convex and D C C. A mapping P : C — D is called to be sunny (see [18,
20D if P(x+t(x—P(x))) = P(x), Vx € Candt > 0, whenever x +1(x — P(x)) €
C. A mapping P : C — D is called a retraction if Px = x,V x € D. Moreover, P
is said to be a sunny nonexpansive retraction from C onto D if P is a retraction from
C onto D, which is also sunny and nonexpansive. A subset D of C is called a sunny
nonexpansive retract of C if there exists a sunny nonexpansive retraction P from C
onto D (see [33] for more details).

A duality mapping J is said to be weakly sequentially continuous (see [27, 28]),

if for each {x,} C E with x, — x, then J(x,) A J (x). In [27], Gossez and Lami
Dozo showed that a space with a weakly continuous duality mapping satisfies Opial’s
condition. Conversely, we know from [34] that if a space satisfies Opial’s condition
and has a uniformly Géteaux differentiable norm, then it has a weakly continuous
zero duality mapping.

Proposition 2.3 ([18]) Let C be a closed and convex subset of a smooth Banach
space E. Let D be a nonempty subset of C. Let P : C — D be a retraction and let J
be the normalized duality mapping on E. Then the following are equivalent:

(a) P is sunny and nonexpansive;
(0) [1Px = Py|* < {x =y, J(Px = Py)), Yx,y € C;

© (x—Px,J(y—Px))<0,VxeC,yeD.
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Proposition 2.4 (Theorem 4.1, [19]) Let D be a closed and convex subset of a
reflexive Banach space E with a uniformly Gateaux differentiable norm. If C is a
nonexpansive retract of D, then it is a sunny nonexpansive retract of D.

Lemma 2.5 ([21]) Assume that {a,} is a sequence of nonnegative real numbers
satisfying the following relation:
apt1 < (I —ap)ay, + a0, +68,, n >0,
where
(1) {an}is a sequence in [0, 1] and 22021 oy = 00;
(i) limsup,_, ., on <0;

(i) 3%, 8, < oo.

Then, lim,,_, o a,, = 0.

Lemma 2.6 ([22]) Let E be a uniformly convex Banach space, C a bounded, closed,
and convex subset of E, and T a self-mapping of C which is asymptotically nonex-
pansive in the intermediate sense. If {xg}gen is a net in C converging weakly to x
and if limy—, oo (limsupge 5 [1xg — Tkxﬁ||) =0, then Tx = x.

Lemma 2.7 ([23]) Assume that A is a strongly positive linear bounded operator on
a smooth Banach space E with coefficient y > 0 and 0 < p < |AlI~L. Then,
I —pAll < 1-pY.

Lemma 2.8 ([24]) Let E be a real smooth and uniformly convex Banach space and
let r > 0. Then, there exists a strictly increasing, continuous, and convex function
g :[0,2r] — R such that g(0) = 0 and g(||lx — y|) < lIx[I* =2 (x, jy) + IylI* for
all x,y € Br,where B, = {z € E : |z]| <r}.

Lemma 2.9 ([25],Lemma 2.1) In a Banach space E, the following inequality holds:
e+ yI? < el® 4+ 2y, j (e + ), X,y € X,

where j(x +y) € J(x + y).

Lemma 2.10 ([26]) Let C be a nonempty closed convex subset of a real 2-uniformly

smooth Banach space E. Let the mapping A : C — E be a a-inverse-strongly
accretive. Then, the following inequality holds

(I = 2A)x — (I = AA)Y | < [lx — yII* — 2h(a — K1) | Ax — Ay|*.

In particular, if 0 < A < Kl then I — )\ A is nonexpansive, where K is the 2-uniformly
smoothness constant of E (i.e., K is a positive constant (see [39]) satisfying

e + ¥ < flxl? +2 ¢y, j @) + 2 IKyII*, %,y € E.
Lemma 2.11 ([26]) Let C be a nonempty, closed, and convex subset of a real 2-

uniformly smooth Banach space E. Assume that C is a sunny nonexpansive retract of
E. Let Pc be the sunny nonexpansive retraction from E onto C. Let the mapping A :
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C — E be a-inverse-strongly accretive and let B : C — E be B-inverse-strongly
accretive. Let G : C — C be a mapping defined by

G(x) = Pc[Pc(x — uBx) — AAPc(x — uBx)], Vx € C.

If0 < i < % and 0 < p < %, then G : C — C is nonexpansive, where K is the
2-uniformly smoothness constant of E.

Lemma 2.12 ([26]) Let C be a nonempty, closed, and convex subset of a real 2-
uniformly smooth Banach space E. Assume that C is a sunny nonexpansive retract of
E. Let Pc be the sunny nonexpansive retraction from E onto C. Let A, B : C — E be
two nonlinear mappings. For given x*, y* € C, (x*, y*) is a solution of problem (2)
if and only if x* = Pc(y* — AAy*), where y* = Pc(x™ — uBx™), that is x* = Gx*,
where G is defined by Lemma 2.11.

Lemma 2.13 ([29]) Let C be a nonempty, bounded, and closed convex subset of a
uniformly convex Banach space E and let T be nonexpansive mapping of C into
itself. If {x,} is a sequence of C such that x,, —~ x and x, — Tx,, — 0O, then x is a
fixed point of T.

3 Main results

In this section, we give strong convergence analysis of approximation of a fixed point
of an asymptotically nonexpansive mapping in the intermediate sense which is also
a solution to general variational inequality problem (15). Our result in this paper
is more applicable than the previous results on general variational inequality prob-
lem (15) and fixed point problem since our algorithm solves both general variational
inequality problem (15) and fixed point problem at the same time.

Theorem 3.1 Let C be a nonempty, closed, and convex subset of a 2-uniformly
smooth and uniformly convex Banach space E which admits a weakly sequentially
continuous duality mapping and C a sunny nonexpansive retract of E. Let Pc be
the sunny nonexpansive retraction from E to C. Let the mappings A,B : C — E
be a-inverse-strongly accretive and B-inverse-strongly accretive, respectively. Let
T : C — C be an asymptotically nonexpansive mapping in the intermediate sense
with F(T) N F(G) # @, where G : C — C is a mapping defined by Lemma
2.11. Let f : C — C be a strict contraction with coefficient y € [0,1) and
F : C — C be a strongly positive linear bounded operator with the coefficient y
such that0 <y < 70 and 0 < 0 < ||[F||~'. Assume that Z;’lozl ¢, < 00, where ¢,
is defined by (6). Pick any x| € C. Let {x,} be a sequence generated by

Zn = Pc(xp — uBxy),
Yn = Pc(zp — MAzp), (16)
Xpt1 = Pelay f(xn) + U — a0 F)T"y,1,
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where 0 < A < % and 0 < p < % where K is the 2-uniformly smooth con-
stant appeared in [39]. Suppose that {c,} is a real sequence in [0, 1] satisfying the
following conditions:

(1) limog—mo a, =0, Z;il oy = O0;
(ii) Zn:l latpy1 — apl < 00

Iy, H Ty, —T"y, ” < 00, then {x,} converges strongly to q € F(T) N
F(G), which is also the solution of the variational inequality:

(flq) —0Fq, j(p—q) <0 Vp e F(T)N F(G).

Proof We first show that {x,} is bounded. By condition (i), we may assume,
without loss of generality, that «,0 < |F ||’1. It follows from Lemma 2.7
that

I —o,0F| <1—a,y6.
Take x* € F(T) N F(G). By Lemma 2.12, we obtain
x* = Pc[Pc(x* — uBx*™) — AAPc(x* — uBx™)).

Let y* = Pc(x* — uBx*), then x* = Pc(y* — LAy*). It follows from Lemma 2.11
that

[yn =x*] = [[Gxn — Gx|
< Jxn —x*|. (17)
Combining (16) and (17), we have

|1 = x*| = | Pclon f () + (I — ay@ F)T"y,] — Pox*||
ot (f Gen) = OFx*) + (I — a0 F)(T" y — x|
ay ||f(xn) - f(x*)” + oy “f(X*) _ 9Fx*|| L _Oln)79)(Hyn - ” o)
any |xn = x*| + o | fGF) = 0F x| + (1 — 0n70) [|x0 — x| + cn

x*) —OFx*
% +c¢

A

IA

IA

[1—an (0 — )] ||xn — x| + an(76 — ) .

I f(x*) — 0Fx*|
v0 —vy

*

IA

max{[|x, — x }+cn,

)

By induction, we get

*

Jsn = %] = max { 1 = x

If(x*) —O0Fx* )]  —
9 )79_‘}/ }+nz:;cn3

which implies that {x,} is bounded. By (17), we have that {y,} is also bounded.
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Next, we prove that lim,,_, « ||X,+1 — X, || = 0. Indeed, we observe

l¥n+1 = yull = 1Pc(znt1 — AAzpt1) — Pc(zn — AAzy)||
< I = 2A)zn+1 — (I — 2A)z, ||
< llznt+1 — zall
= | Pc(xnt1 — uBxp+1) — Pc(xn — nBxp) |l
< I = uB)xpt1 — (I — uB)x, |
< lxn41 = xall - (18)

It follows that

l1xn+1 — xull

Pelan f (5a) + (I = @@ FYT" ] = Pelano1 f Gnmt) + (I = eyt 6 F)T" v, 1|

=

@ f () + (I = GO FYT" 3 = et f () = (1 = @t 0Ty, |

= ot (f (o) = f (en—1)) + (0t — et —1) (f (Xn—1) — QFT”yn—l) + U= Otn@F)(T"yn— Tnyn—l)
AU =10 F)(T" vyt = T" "y )|
< apy llxn — Xp—1ll + loty — 0ty—1] ”f(xnf]) —OFT" y,—y H + (= any0)Ulyn — yn—1ll + cn)

+(1 - 05nfl779) H Tnynfl - Tnilynfl ”

= 1= (70 = )1 — Bt |+ letw = @amt | M1+ o+ | T = Ty

where

My =sup | f(xn1) —OFT"y,_1| .

n>2

Putting

O = oy —op_1| My +cy + H Tnyn—l - Tn_IYn—l , op =0,

we see (by conditions (i), (ii), Y o ¢, < 0o and ) 02| || T"+ly, —T"y, ” < 00)
from Lemma 2.5 that

lim [lxp41 — X[l = 0. 19)
n—00

Next, we show that lim,,— o0 ||y, — Ty, || = 0. It follows from Lemma 2.10 that

|20 = y*|? = | Qe — 1Bxy) — Qc(x* — uBx™)|?
< Hxn —x* — u(Bx, — Bx*)”2
< oo —x*|* =28 = K2w) | Bxn — Bx*|*. (20)
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and

lyn = x*|* = |@c(zn — 1Azy) — Qc (v — 2ayH)|?
< Jlzn = y* = MAzy — AYH|?
< lzn = y*|* = 20(a — K22) | Az, — Ay*|°. @1)
Substituting (20) into (21), we obtain
[[vn—x* ||2 <|xn—x* ||2—2[,L(/3—K2/,L) | Bx,— Bx* ||2—2A(a—K2)») | Az, — Ay* ||2

(22)
Letv, = o, f(xy) + (I —a,0F)T"y, forall n € N. By Lemma 2.9, we have

lxust —x*|° = | Pelan f ) + (I — a0 FYT"y,] — x*|?
< Jon = x|

= Jon(f Gea) = OFT"y) + (T"y, — 9|

< |77y = x* |7 + 200 (£ (ta) — OF Ty, j (v — %)

< (ow = x*| 4+ c)® + 2a | f ) = OF Ty | |low — x*|

< Jow =2+ en@]lyw = x|+ en) + 200 | £Con) = OFT"y, | Jon — x|
< |vn = x*|* + a2 + au M5, 23)

where

My = sup{2 [[yn — x*| +cu}, M3 = sup(2 | f(xw) = OFT"yu |Jow — x* ).
n>1 n>2
Combining (22) and (23), we have

[tasr = x* |7 < [0 — x* > = 2168 — K20) || Bxu— Bx*||* = 20(c — K22) | Az, — Ay*|)?
+cnMp + oy M3,

which implies

2u(B — K21) | Bxy — Bx*||* + 2h(a — K24 | Azy — AY*|
= ”xn _)‘7*”2 - ||xn+1 _X*”2 + cnMp + o, M3

< llxn = Xn41l (”xn _x*“ + ”xn—i-l —)C*”) + M2 + o, M3. (24)

Since 0 < A < 25,0 < <
obtain by (24)

%, limy— 00 ¢p = 0, limy_ 00 @y = 0 and (19), we

lim ||Bx, — Bx*| =0, lim |Az, — Ay*| =0. (25)
n—oo n—oo
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Let r1 = sup,>q {llza — y*II, [lx, — x*[I}. It follows from Proposition 2.3 and
Lemma 2.8 that

len = 3*I1°
= || Pcon — nBxy) = Po(x* — puBx™) |
= <xn — uBx, — (x* — uBx"), j(zn — y*)>
= (xn = x*, j(zn — y) + 1 (Bx* = Bxy, j(zn — ¥"))
1
< 5 (x — P an = v P = g1 —zn— @F =y ) + 1 (Bx* = B, j (e — ¥¥)).
where g1 : [0, co) — [0, 00) is a continuous, strictly increasing and convex function
such that g1 (0) = 0. Consequently, we have
lzn = 3> < %0 = * | = g1 (|0 =20 — " = y)|) + 20 (Bx* = By, j (20 — ¥)
< Jaa—2** = g1(|n — 20— = yO)|) + 21 | Bxy — Bx* || za—y*| . (26)
Let rp = sup,o {llzo — ¥*II, llyn — x*|I}. Again by Proposition 2.3 and Lemma
2.8, we have
[yn =%
= | Pezn — 2Azy) — Pe(y* — 2y |

§<Zn — AAzy — (0" = 2AY), (o — x*))
=(zn — ¥*, jOn — X)) + A {Ay* = Az, j(yu — x¥))

1
< §<||zn—y*||2+ |yn—x* |7 = 2([|2n = yn 4+ =y P+ A{AY* = Az, j u—x"))

where g> : [0, c0) — [0, 00) is a continuous, strictly increasing, and convex function
such that g>(0) = 0. Therefore, we have

Iyn = x* 7 < 20 = P =20 20 = yu+&* =3 ) + 22 {Ay* = Azn, j (3 — x™)
<z = ¥*” = g2(|za—yn + &* = Y + 24 | Aza — AV 3u—x*] . @7)
Substituting (26) into (27), we obtain

low = * < o = x* I = g1(lbon = 20 = % =y | + 208 | B — Bx*| 20 — 57|
—82([|zn = yu + F = yO|) + 24 | Az — AY*| |3n — x*| - (28)

Substituting (28) into (23), we get

ner = < o = = g1l = 20 = G =y )+ 200 [ Ban = B fow = 7
_gZ(HZn — Y+ (" — y*)”) + 24 ”AZn - AY*H Hyn —x* ” + cnMz + oy M3.
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This implies that
g1(|xn —zn — F =) + 2|20 — 3 + & =y
< i = 2P = e = 2P+ 20 | B — B2 20 = 5"
+2 || Azy — Ay*|| [|yn — x*| + caM2 + 0 M3
< M = X Il (oen = x| 4 lxer = %) + 200 | By — Bx*| 2w — |
+21 | Azn — AY*|| | yn — x| + cn M2 + @ M. (29)
Noticing lim;,— « ¢, = 0, lim;,—, 5 &, = 0, (19) and (25), we have
Jim gy ([, =z — " =y [) =0, lim ga([[zn — yn + " = yM)[) = 0.
According to the properties of g; and g», we obtain

fim [x, =z, — @ =y =0, m fz, =y + " =y =0. (30
N n—o0

n
This implies that
%0 = yull < %0 — 20 — &5 = ¥ + [lzn = yu + & = y9) |
— 0asn — oo. 3D
By (19) and lim,,_, » @, = 0, we have
”xn —T"y, ” < lxn — xp41ll + ||xn+l —T"yy H
= N0 = X1l + || Pelow f (xn) + (I = 0@ F)T" yu] = PcT" yu|
< lw = X1l + an | f ) = OFT" y, |
— Qasn — oo. (32)
It follows from (31) and (32) that
HYn —T"yu ” < llyn — xall + ”xn —T"yn ”
— O0asn — oo. (33)
We observe

lyn — Tynll < H)’n —T"y, H + ’ T"+1yn =Ty -

Py =y 4

By condition ) 7, ” T"tly, —T"y, || < 00, (33) and the fact that T is continuous,
we obtain

lim ||y, — Tyull =0. (34)
n—>oo
Next, we show that
limsup (f(q) —0F(q), j(xn —q)) <0, (35)

n—00

where ¢ = Pr(r)nr)(f + 1 — 0 F)(q). In fact, there exists a subsequence {x,, } of
{x,,} such that

limsup (f(q) = 0F (q), j(xn — ) = lim (£(q) = OF(g), j Ctn; = @)

n—oo
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Now, we prove that Pr(rynrG)(f + I — 0 F) is a strict contraction. In fact, for any
x,y € C, it follows from Lemma 2.7 that

| Prcrynr@)(f + 1 —0F)(x) — Pecrynr)(f +1—0F)(y)|
SIf) = fMI+ 1T —=0F)(x) =T =)Wl
<ylx=yl+d=70)lx =yl

=[1-=o—-—llx=yl,

which implies that Prr)(f +1 —6F) is a contractive mapping. Banach’s contraction
mapping principle guarantees that Pr(r)(f + I — 6 F) has a unique fixed point. Say
q € C,thatis, g = Prrnr)(f +1 — 60F)(q). Since {x,} is a bounded in C,
without loss of generality, we can assume that x,, — z € C. By (31), we know that
yn; = z € C. From (34), we have that lim;_, o || yn; — T"ys; | = 0 for all m € N.
It follows from Lemma 2.6 that z € F(T). From Lemma 2.13 and (31), we obtain
that z € F(G). Then, z € F(T) N F(G). Since E admits a weakly sequentially
continuous duality mapping j and {x,} is bounded, we obtain

limsup (f(g) = 6F (q). j (va — @) = lim {£(q) = 0F(@). (i, — )

n—od
=(f(@)—0F(q).j(z—¢) =0,
which implies that (35) holds. By (19) and noticing that j is also norm-norm
uniformly continuous on bounded subsets of C , we have that
limsup (f(q) —O0F(q), j(xny1 —¢q)) =0. (36)

n—0o0

Finally, we prove that x, — ¢ as n — oo. It follows from x,;; = Pcv, and
Proposition 2.3 (c) that

(Pcvp — vp, j(Pcvn —q)) =0,
which implies

(Xn41 — Vn, j(xpe1 — ) < 0.
Then, we have

IxXn1 — ql*
= (xn+1 — Up, j(xn+l - 61)) + (v, — q, j(xn-H - Q))
<Avn —q, jxnt1 —q))
= (o0 (f (en) = OFq) + U — an FXT"y — @), j (Gt — q))
=y (f(xn) = f(@), jCnt1 — @) +an (f(q) —OFq, j(xXnt1 — q))

+ (L = anb FIT" yu — @), j (Xnt1 — q))
< oy X0 = qll Ixnt1 — qll + A = @y lyn — qll + cu) I xn+1 — qll

+an (f(q) —0Fq, j(xn+1 — )
<[l =apn(¥0 — V) Ixn — qll 1xn41 — qll + cnMy + 0, { f(q) = OFq, j(xny1 — q))
< LT ) g1 4 Tt — glP1 + oM+ o (F@) — 6F g, jGonst — )
= 3 n n+1 —¢q niig n q q, ] Xn+1 — 4
1 —a,(y0 —y)

2

IA

1 .
5 st = qll* + 0 = qlI* + caMa + oy (f(q) — OFq, j(xns1 — q))

@ Springer



534 Numer Algor (2017) 76:521-553

which implies

) o 2(fq) —0Fq. jGonr — )
Bt — g1 < [1— (78— )] Itn — gl +n (76— y) 2L 4 CARALLL S LU VY YO0

v0—vy
(37)

where

My = sup [xur1 — gl

n>1

Apply Lemma 2.5 to (37), we have x,, — g asn — o0. This completes the proof. [

The following results can be easily deduced from Theorem 3.1. We omit the
details.

Corollary 3.2 Let C be a nonempty, closed, and convex subset of a 2-uniformly
smooth and uniformly convex Banach space E which admits a weakly sequentially
continuous duality mapping and C a sunny nonexpansive retract of E. Let Pc be the
sunny nonexpansive retraction from E to C. Let the mappings A, B : C — E be
o-inverse-strongly accretive and B-inverse-strongly accretive, respectively. Let T :
C — C be an asymptotically nonexpansive mapping in the intermediate sense with
F(T) N F(G) # @, where G : C — C is a mapping defined by Lemma 2.11.
Let f : C — C be a strict contraction with coefficient y € [0, 1). Assume that
Zf;l ¢ < 00, where ¢y, is defined by (6). Pick any x| € C. Let {x,} be a sequence
generated by

Zn = Pc(xp — uBxy,),

Yn = Pc(zn — LAzy), (38)
Xnil = f(xn) + (1 — o) T" yp,
where 0 < A < % and ) < pu < % Suppose that {«,} is a real sequence in [0, 1]

satisfying the following conditions:

@ limyseoa, =0, Z;OZI oy = OO,
(i) Yop2) lons1 — ol < o0

I]‘Zﬁil H Tty — Ty, ” < 00. Then, {x,} converges strongly to g € F(T) N
F(G), which is also the solution of the variational inequality:

(f@@)—q,j(p—q)) =0  Vp e F(T)N F(G).

Corollary 3.3 Let C be a nonempty, closed, and convex subset of a 2-uniformly
smooth and uniformly convex Banach space E which admits a weakly sequentially
continuous duality mapping and C a sunny nonexpansive retract of E. Let Pc be the
sunny nonexpansive retraction from E to C. Let the mappings A, B : C — E be
a-inverse-strongly accretive and f-inverse-strongly accretive, respectively. Let T :
C — C be an asymptotically nonexpansive mapping with F(T) N F(G) # @, where
G : C — C is a mapping defined by Lemma 2.11. Let f : C — C be a strict
contraction with coefficient y € [0, 1) and F : C — C be a strongly positive linear
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bounded operator with the coefficient y such that0 <y < 76 and0 < 6 < |[F| .
Pick any x| € C. Let {x,} be a sequence generated by

Zn = Pc(xp — uBxy),

Yn = Pc(zn — AAzp), 39)
Xn+1 = Pcloy f(xn) + (I — a0 F)T" yy],
where 0 < A < % and 0 < u < % Suppose that {o,} is a real sequence in [0, 1]

satisfying the following conditions:

@ limyseoa, =0, ZZC;] ap = 00,
.. 00
(i) Zn:l lotn+1 — o] < 00.

Iy o2, || T"+ly, —T"y, || < 00. Then, {x,} converges strongly to q € F(T) N
F(G), which is also the solution of the variational inequality:

(flg)—0Fq, j(p—q) =0  Vp € F(T)NF(G).

Corollary 3.4 Let C be a nonempty, closed, and convex subset of a real Hilbert space
H. Let the mappings A, B : C — H be a-inverse-strongly accretive and B-inverse-
strongly accretive, respectively. Let T : C — C be an asymptotically nonexpansive
mapping with F(T) N F(G) # @, where G : C — C is a mapping defined by
Lemma 2.11. Let f : C — C be a strict contraction with coefficient y € [0, 1) and
F : C — C be a strongly positive linear bounded operator with the coefficient y
suchthat) <y < y6and0 <6 < IFI~Y Pick any x| € C. Let {x,} be a sequence
generated by

Zn = Pc(xp — uBxy),
yn = Pc(z, — MAzy), (40)
Xni1 = Pcloy fxn) + (I — a0 F)T"y,],

where 0 < A < 2« and 0 < pu < 28. Suppose that {«,} is a real sequence in [0, 1]
satisfying the following conditions:

() limysecan =0, > 00 ap = 00;
(i) Yop2) lotns1 — ol < o0.

Ifz,fil H Ty, — Ty, ” < o00. Then, {x,} converges strongly to q € F(T) N
F(G), which is also the solution of the variational inequality:

(f(@) —0Fq,p—q) =<0  Vp e F(T)N F(G).

Remark 3.5 Theorem 3.1 improves and extends Theorem 3.3 of Cai et al. [17] in the
following aspects:

(i) From asymptotically nonexpansive mapping to asymptotically nonexpansive
mapping in the intermediate sense.
(i) We add a strongly positive linear bounded operator in our iterative algorithm.
(iii) The assumption of {«,} of Theorem 3.1 is different from Theorem 3.3 of Cai
etal. [17].
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According to the proof of Theorem 3.1, we know that {y,} is bounded.
We now give some examples of mappings that satisfy the condition
oo T"tly, —T"y, | < oo of Theorem 3.1.

Example 3.6 Let T : C — C be a strict contraction with a constant 8 € (0, 1) and
let {x, } be a bounded sequence in C, then

|74 = T | < BT = xall < 7K

where K| is a constant such that K = sup,,>; [|Tx, — x,||. Then, we have
o0 o
3 H Ty, — T"x, H <> Bk < co.
n=1 n=1

Example 3.7 Let C be a nonempty, closed, and convex subset of a Banach space.
Define mapping 7 : C — Cas T"x = (1 + %)x for any x € C. It is easy to see that
T is asymptotically nonexpansive mapping in the intermediate sense. Let {x,} be a
bounded sequence in C, we observe

2 2
1
HT"+ Xn = T"xy | = Il < = llxull < = K2,
n n

nn+1)

where K3 is a constant such that K = sup,,.; [|x, . Hence, we obtain

o0 2

< R

< E ) Ky < o0.
n=1

o0
Z ” T}’l+]xn _ Tn.xn
n=1

Example 3.8 Define a mapping 7 : R — Ras T"x = x + % for all x € R. Then, for
any x, y € R, we have
" n 1 1
IT"x =Tyl =|x+ - =y ——[=[x =yl
n n

So T is asymptotically nonexpansive mapping in the intermediate sense. Moreover,
for all x € R, we obtain

1 1 1 1
Ty - T = —— —x— | = —— <
n+1 n nn+1) — n?

It follows that

o0 o0 1

Z|T"+1x —T"'x| < Z_Z < 00.
‘ n

n=

n=1

4 Applications

Now, we give an application to variational inequality problem for strict pseudocon-
tractive mappings.
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A mapping T : C — C is called to be A-strict pseudocontractive if there exists a
fixed constant A € (0, 1) such that

(Tx =Ty, jix —y) < llx =yl =alld = T)x — (I = THyl*, 1)

for some j(x —y) € J(x — y) and for every x, y € C. A simple computation shows
that (41)s is equivalent to the following inequality:

(I =T)x—I =Ty, jlx—=y) =2l =T)x = =Tyl (42)

for some j(x —y) € J(x —y) and for every x, y € C. Therefore, I — T is A-inverse-
strongly accretive.
By Theorem 3.1, we can obtain the following results easily.

Theorem 4.1 Let C be a nonempty, closed, and convex subset of a 2-uniformly
smooth and uniformly convex Banach space E which admits a weakly sequentially
continuous duality mapping. Let Pc be the sunny nonexpansive retraction from E
to C. Let the mappings A, B : C — C be a-strict pseudocontractive and B-strict
pseudocontractive, respectively. Let T : C — C be an asymptotically nonexpansive
mapping in the intermediate sense with F(T) N F(G) # @, where G : C — Cisa
mapping defined by Lemma 2.11. Let f : C — C be a strict contraction with coef-
ficient y € [0,1) and F : C — C be a strongly positive linear bounded operator
with the coefficient 7 such that 0 < y < 70 and 0 < 6 < ||F||~". Assume that
ZZ‘;] cp < 00, where ¢y, is defined by (6). Pick any x| € C. Let {x,} be a sequence
generated by

zn = (1 = Wxp + nBxy,
yn =1 —=N)zn + AAzy, 43)
Xny1 = Pcloy, f(xn) + U — ap@ F)T"y,],

B

where 0 < A < % and 0 < u < X Suppose that {a,} is a real sequence in [0, 1]

satisfying the following conditions:

(i) limy ooy, =0, Zii] oy = O0;
. o0

(ii) Zn:l |n+1 — an| < 00.

FY o | T yw — Ty, || < oo. Then, {x,} converges strongly to g € F(T) N
F (G), which is also the solution of the variational inequality:

(fl@) —0Fq, j(p—q) =0  Vp e F(T)NF(G).

Theorem 4.2 Let C be a nonempty, closed, and convex subset of a 2-uniformly
smooth and uniformly convex Banach space E which admits a weakly sequentially
continuous duality mapping. Let Pc be the sunny nonexpansive retraction from E
to C. Let the mappings A, B : C — C be a-strict pseudocontractive and B-strict
pseudocontractive, respectively. Let T : C — C be an asymptotically nonexpan-
sive mapping with F(T) N F(G) # 0, where G : C — C is a mapping defined by
Lemma 2.11. Let f : C — C be a strict contraction with coefficient y € [0, 1) and
F : C — C be a strongly positive linear bounded operator with the coefficient y
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suchthat) <y <y0and0 <0 < ||F||_1. Pick any x| € C. Let {x,} be a sequence
generated by
n=01- /’L)xn + uBxy,

yn = U =21z, + 1Az, (44)
Xnt1 = Pclog f(xp) + U — a0 F)T" y,],
where 0 < A < % and 0 < u < % Suppose that {«,} is a real sequence in [0, 1]

satisfying the following conditions:
() limpsocan =0, > 00 @y = 00;
(i) Z;ozl lotn1 — | < 00.
FY o | T yn — Ty, || < oo. Then, {x,} converges strongly to g € F(T) N

F (G), which is also the solution of the variational inequality:

(fl@)—0Fq,j(p—q) =0  Vp e F(T)NF(G).

S Numerical example

Numerical examples of the problem considered in Section 3 (Theorem 3.1) are given
in this section. The stability, effectiveness, and easy implementation of the algorithm
(3.1) considered in Theorem 3.1 is demonstrated and comparison is made with algo-
rithm (11) in Cai et al. [17]. All codes were written in Matlab 2014b and run on Dell
i — 5 Dual-Core laptop.

Example 5.1 Let E = L,([0, 1]) and C be defined as C := {g € L,([0,1]) :
foltg(t)dt > 0}. Suppose that A, B : C — E are defined by (Ax)(t) := ax(t) =
(Bx)(t), where 0 < a < 1. Furthermore, we define T : C — C by (Tx)(¢) := bx(1),
for some 0 < b < 1. Then, for all x, y € C, we have
(Ax — Ay, x —y) = (ax —ay,x —y)
=a(x—y.x—y) =allx —y|
a’|lx = ylI* = [lax — ay||?
l|Ax — Ay|P?,

v

which implies that A (and hence B) is inverse-strongly accretive. Also, for every
x,y € C, we have

IT"x = T"y|| = (16" (x — )|
= b"[|lx —yll
< (L +blx = yll,
which implies that T is asymptotically nonexpansive with k,, = 1 + 0", Vn > 1.
Furthermore, it is easy to see that lim Tt x, — T"x,|| = 0 for any bounded
sequence {x,} C C since for some Ar/ll_;ooO, we have that
0 < IT"* o = Tl = 116" xa (b — D]
= b"(1 =D)[|xul| <b"(1 = b)M.
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Table 1 Example 5.1, Case I: Algorithm 45 and Algorithm (11) in Cai et al. [17]

(A, 1) (0.01,0.01)  (0.19,0.19)  (0.19,0.01)  (0.01,0.19)
Alg. 45 No. of iterations 7 7 7 7

cpu (time) 0.0040 0.0044 0.0041 0.0041
G.Caietal. Alg. (11)  No. of iterations 17 17 17 17

cpu (time) 0.0055 0.0062 0.0068 0.0064

Next, we observe that problem (15) in the context of our choice of operators A and
B here has solution p = 0, a.e on [0, 1]. Similarly, F(T) = {x € C : x = 0,a.e.}.
Hence, 0 € F(T) N F(G). Now, using the algorithm 16 of Theorem 3.1, we choose
o, = nlﬁ Then, all the assumptions are satisfied. Clearly, (fx)(t) = %x(t) is a

contraction with y = % We then have the metric projection Pc as
{c, x)
llell3

By our choices above with & = 1 and F = I, our iterative algorithm 16 reduces to
the following algorithm:

Pc(x) =x —

zn = Pcl(l — pa)x,l, n =1,
yn = Pcl(1 — Aa)znl, (45)

Xn4+1 = PC [mxn + (l — #) bnyn:l .

1200 1

—k—Alg. (45)
—6—Cai et. al. Alg (11)

1000

®
o
o

600

|01 — znl]2

400

200

OO O O 0O OO O 1

0 2 4 6 8 10 12 14 16 18
Number of iterations

Fig. 1 Example 5.1, Case I with (A, ©) = (0.01, 0.01)
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We compare our algorithm (45) and algorithm (11) in Cai et al. [17]. Different

choices of x1, A, and u are used with ezl 16 44 stopping criterion for
fixeda = b =0.1.

Case I:

Case II:

[lxa—x1]]

Consider x; = 3% and different (A, u) = (0.01,0.01), (A, pn) =
(0.19,0.19), (A, n) = (0.19,0.01) and (A, n) = (0.01,0.19). The
numerical results are displayed in Table 1 and the graphs are given in
Figs. 1, 2, 3 and 4.

Consider x; = 3t2 + 2r + 5 and different (A, ) = (0.01,0.01),
&, n) = (0.19,0.19), (A, n) = (0.19,0.01), and (1, n) = (0.01, 0.19).
The numerical results are displayed in Table 2 and the graphs are given in
Figs. 5, 6,7 and 8.

Remark 5.2 1. The numerical results from Example 5.1 above show that both the
algorithm (45) and Algorithm (11) in Cai et al. [17] are very efficient, consistent
across different choices of A and . Irrespective of the choice of initial guess,
there is no significant difference in the number of iterations and the cpu time
taken for both algorithms.

2. Clearly from Tables 1-2 and Figs. 1-8 obtained for the Example 5,1, the
proposed algorithm is faster and has fewer number of iterations compare to
Algorithm (11) in Cai et al. [17].

3. This Example 5.1 also displays the simple nature of the implementation of the
proposed algorithm and so, it can easily be applied.

Hxn—i-l - xn| |2

1200

—%— Alg. (45)
—o6— Cai et. al. Alg (11)

1000

©
o
o

600

400

200

OO O O O O O O I

0 2 4 6 8 10 12 14 16 18
Number of iterations

Fig. 2 Example 5.1, Case I with (A, ) = (0.19, 0.19)
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1200 1

1000
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Hanrl - $n||2

400

200

—%— Alg. (45)

—©o—Cai et. al. Alg (11)

0 2 4 6 8 10

12 14

Number of iterations

Fig. 3 Example 5.1, Case I with (A, ) = (0.19,0.01)

1200

1000

800

600

Hanrl - mn||2

400

200

—k— Alg. (45)

—©6— Cai et. al. Alg (11)

SO OO O O O O O

0 2 4 6 8 10

12 14

Number of iterations

Fig. 4 Example 5.1, Case I with (A, 1) = (0.01, 0.19)
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Table 2 Example 5.1, Case II: Algorithm 45 and Algorithm (11) in Cai et al. [17]

(A, 1) (0.01,0.01)  (0.19,0.19)  (0.19,0.01)  (0.01,0.19)
Alg. 45 No. of iterations 8 8 8 8

cpu (time) 0.0046 0.0047 0.0048 0.0047
G.Caietal. Alg. (11)  No. of iterations 17 17 17 17

cpu (time) 0.0066 0.0067 0.0055 0.0064

Example 5.3 We next compare in real Hilbert space, our proposed algorithm (3.1)
with algorithm (12) studied by Ceng et al. [9].

Let E = L,([0, 1]) and C be defined as C := {g € L,([0, 1]) : foltg(t)dt > 0}.
Suppose that A, B : C — E are defined by (Ax)(¢) := ax(t) = (Bx)(t), where
0 < a < 1. Furthermore, we define S = T : C — C by (Tx)(t) := bx(t), for
some 0 < b < 1. Then, it is easy to see that A and B are inverse-strongly monotone
and S and T are nonexpansive mapping with F(S) = F(T). Also, by Example 5.1,

T satisfies the condition lim ||7"*!x, — T"x,|| = O for any bounded sequence
n—odo

{x,} C C. Furthermore, F(T) = {x € C : x = 0,a.e.}and 0 € F(T) N F(G).
Now, using the algorithm (16) of Theorem 3.1, we choose «,, = ﬁ Then, all the
assumptions are satisfied. Let f := u, where u is a fixed constant. Recall that the
metric projection Pc is

(¢, x)

llell3

Pc(x) =x —

700

¥ Alg. (15)
—&— Cai et. al. Alg (11)

600

500

N
o
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|01 — zall2
g

200
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O—0O O O O O 0O 0O 1

0 2 4 6 8 10 12 14 16 18
Number of iterations

Fig. 5 Example 5.1, Case II with (A, u) = (0.01, 0.01)
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Fig. 6 Example 5.1, Case II with (A, u) = (0.19,0.19)
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Fig. 7 Example 5.1, Case II with (A, u) = (0.19, 0.01)
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Fig. 8 Example 5.1, Case II with (A, u) = (0.01, 0.19)

Choose §# = 1 and F = I, our iterative algorithm (16) reduces to the following
algorithm:

zn = Pcl(1 — pa)x,], n>1,
yn = Pcl(1 —Aa)z,], (46)

Xn+1 = Pc [#M + (1 — #) byn] .

Furthermore with these choices, the algorithm (12) studied by Ceng et al. [9]
becomes (with «;, = n_j-l’ By = 4(,1"—4_1) and y, = %)

x1=ucecC,

yn = Pcl(1 — pa)xyl, 47)
Xl = #u + ToapXn + ét(,?—il)bpc[(l —Aa)ynl.

Table 3 Example 5.3, Case I: Comparison between our proposed algorithm 46 and Ceng et al. algorithm

47

(A, ) (0.01,0.01)  (0.19,0.19)  (0.19,0.01)  (0.01,0.19)
Proposed Alg. 46 No. of iterations 6 6 6 6

cpu (time) 0.017825 0.017018 0.015655 0.015826
Ceng et al. Alg. 47 No. of iterations 292 291 292 291

cpu (time) 0.74563 0.76279 0.71296 0.70151
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We compare our algorithm (46) and algorithm (47) with different choices of x1, A

ang u arz used with % < 107° as stopping criterion for fixeda = b = 0.1
and u = 2t.

Case I: Consider x; = 13 4+ 5¢/2 — ¢ + 20 and different (A, x) = (0.01, 0.01),
&, n) = (0.19,0.19), (A, u) = (0.19,0.01) and (A, u) = (0.01, 0.19).
The numerical results are displayed in Table 3 and the graphs are given in
Figs. 9, 10, 11, and 12.

Case II: Consider x; = 372 4+ 2t + 5 and different (A, ) = (0.01,0.01),
&, n) = (0.19,0.19), (A, u) = (0.19,0.01) and (A, ) = (0.01, 0.19).
The numerical results are displayed in Table 4 and the graphs are given in
Figs. 13, 14, 15, and 16.

Remark 5.4 1. This Example 5.3 also support the arguments as in Example 5.1
regarding our proposed in the sense that it is very efficient, reliable, consistent
across different choices of A and p, and very fast with very small number of
iterations required for convergence.

2. We can see from the comparison Tables 3 and 4 and the Fig. 9, 10, 11, 12, 13, 14,
15, and 16 obtained for this Example 5.3 that our proposed algorithm is faster

(about 400 % faster) and has fewer number of iterations compare to Ceng et al.
[9] Algorithm 47.

2500 U : . .
oo | —*— Proposed Alg. (46)
Ceng et. al. Alg (47)

2000

1500

1000

Hxn+1 - xn| |2

500 -

10 10°
Number of iterations

Fig. 9 Example 5.3, Case I with (A, 1) = (0.01, 0.01)
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2500

—— Proposed Alg. (46) |:
| —&— Ceng et. al. Alg (47) |-

2000
=
"= 1500
8
|
—
L 1000
sl

10’ 10° 10°
Number of iterations
Fig. 10 Example 5.3, Case I with (A, ©) = (0.19,0.19)

| ——Proposed Alg. (46)
| —o—Ceng et. al. Alg (47) |
& ST T
2000
SO
= 1500
8
|
—
_g 1000
il

500

10° 10°
Number of iterations

Fig. 11 Example 5.3, Case I with (&, ©) = (0.19,0.01)
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2500 S AR : PSS .
: | —#—Proposed Alg. (46)
: Ceng et. al. Alg (47) |-

2000

1500 -

1000 -

||xn+1 _xn||2

500

10’ 10° 10°
Number of iterations

Fig. 12 Example 5.3, Case I with (A, 1) = (0.01, 0.19)

Example 5.5 Let inner product < -, - >: R?® x R> — R be defined by
(xy)=x-y=xi-yi+x2-y2+x3-y

and the usual norm |-|| : R3 — R is defined by ||x|| = ,/xlz + y12 + Z% for all
X = (x1, X2, %3),y = (y1, y2, v3) € R>. Forallx e R,let T, A, B, F, f : R? - R3

be defined by T"x = "nilx, AX = }‘x, Bx = %x, Fx = xand f(x) = %x,
respectively. Let o, = % foralln € Nand A = é u = 4—1“ 6 = % Let {x,} be a
sequence generated by (16), then {x, } converges strongly to O.
It is easy to see that F(T) N F(G) = {0}, where G is defined by Lemma 2.11. We
rewrite (16) as follows:
1444n% 4 1483n — 361
16002

Choosing x; = (1, 2, 3) in (48), we have the following numerical results in Figs. 17
and 18.

Xn+1 = X;. (48)

Table 4 Example 5.3, Case II: Comparison between our proposed algorithm 46 and Ceng et al. algorithm 47

(A, 1) (0.01, 0.01) (0.19,0.19) (0.19,0.01) (0.01,0.19)
Proposed Alg. 46 No. of iterations 6 6 6 6

cpu (time) 0.017115 0.016997 0.016146 0.018949
Ceng et al. Alg. 47 No. of iterations 392 392 392 392

cpu (time) 0.98679 0.94996 0.99117 0.97754
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[ —— Proposed Alg. (46)
| —o— Ceng et. al. Alg (47) |-

|01 — @2
(2]
3

400

200

10° 10°
Number of iterations
Fig. 13 Example 5.3, Case II with (1, u) = (0.01, 0.01)

| —o— Ceng et. al. Alg (47) "

[oe]
o
o

|01 — @2
[e2]
3

400

200

10’ 10°
Number of iterations
Fig. 14 Example 5.3, Case II with (&, ©) = (0.19, 0.19)
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14000

{—— Proposed Alg. (46)
| —©— Ceng et. al. Alg (47) |-

|41 — @l
(2]
3

400

200

10° 10°
Number of iterations
Fig. 15 Example 5.3, Case II with (1, u) = (0.19, 0.01)

—%— Proposed Alg. (46)
| —o— Ceng et. al. Alg (47) |-

©
o
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(2]
3

400

200
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Number of iterations
Fig. 16 Example 5.3, Case II with (&, ©) = (0.01, 0.19)
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Fig. 17 Example 5.5: Two Dimension

(b) 30

Fig. 18 Example 5.5: Three Dimension

@ Springer



Numer Algor (2017) 76:521-553 551

6 Conclusions

Recently, the algorithms for the existence of common fixed points for a finite family
of nonexpansive mappings has been studied by many authors (see [35-38] and the
references therein). For example, the well-known convex feasibility problem reduces
to finding a point in the intersection of the fixed point sets of a family of nonexpan-
sive mappings [37]. The problem of finding an optimal point that minimizes a given
cost function over the set of common fixed points of a family of nonexpansive map-
pings is of wide interdisciplinary interest and practical importance [36]. A simple
algorithmic solution to the problem of minimizing a quadratic function over the set
of common fixed points of a family of nonexpansive mappings is of extreme value in
many applications including set theoretic signal estimation [38]. On the other hand,
variational inequality theory has many applications in pure and applied sciences.
There are some numerical methods for solving variational inequality problems and
related optimization problems. An important method to solve variational inequality
problem is translating into fixed point problem. In this paper, by using a modified
extragradient method, we study a generalized viscosity algorithm for finding a com-
mon element for the set of fixed points of one asymptotically nonexpansive mapping
in the intermediate sense and the set of solutions of variational inequality problems
for two inverse-strongly monotone operators in 2-uniformly smooth and uniformly
convex Banach spaces. We also give three numerical examples to support our main
results.
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