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Abstract In this paper, we propose a full Nesterov-Todd (NT) step infeasible
interior-point algorithm for convex quadratic symmetric cone optimization based on
Euclidean Jordan algebra. The algorithm uses only one feasibility step in each main
iteration. The complexity result coincides with the best-known iteration bound for
infeasible interior-point methods.
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1 Introduction

Let (J, o, (-, ")), denoted by J, be a Euclidean Jordan algebra and K be the
corresponding symmetric cone. Consider the convex quadratic symmetric cone
optimization, denoted by CQSCO, given in the standard form

min {(c, x) + %(x, H(x))

sit. Ax)=b (P)
x ek,

<l Behrouz Kheirfam
b.kheirfam @azaruniv.edu

' Department of Applied Mathematics, Azarbaijan Shahid Madani University, Tabriz, Iran

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-016-0140-9&domain=pdf
mailto:b.kheirfam@azaruniv.edu

94 Numer Algor (2017) 74:93-109

and its Lagrangian dual problem

1
max bTy — E(x, H(x))

st. ATy —H@x) +s=c¢ (D)
s ek,

where ¢ € J and b € R™ are given data, A : J — R™ is a given linear map, A"
is the adjoint of A. (x, s) = tr(x o s) stands for the trace inner product in 7, and H
is a given self-adjoint monotone, i.e., H is positive semidefinite linear operator with
respect to (-, -) on 7, i.e., for any x,s € J, (H(x), s) = (x, H(s)) and (H(x), x) >
0. Moreover, assume that g; is the ith row of A, then A(x) = b means that (a;, x) =
bi,i =1,...,m, while ATy —#(x) 4+ s = c means that sz=1 yiai —H(x)+s = c.
Throughout the paper, we assume that the linear map A is surjective, which implies
that AAT is nonsingular.

CQSCO is a generalization of symmetric cone optimization (SCO), which con-
tains linear optimization (LO), second-order cone optimization (SOCO) and semidef-
inite optimization (SDO) as special cases. Furthermore, CQSCO also includes con-
vex quadratic optimization (CQO) and convex quadratic semidefinite optimization
(CQSDO) as special cases. By using Euclidean Jordan algebras, several interior-point
methods (IPMs) have been developed for CQSCO [1, 11, 13, 23, 24]. Until now,
various algorithms based on different starting points have been introduced. Based
on selecting the starting point, are called feasible IPMs or infeasible IPMs (IIPMs).
Because finding the feasible starting point is not an easy work, IIPMs have attracted
more attention. The primal-dual IIPM was first proposed by Lustig [14]. The first
theoretical result on primal-dual IIPMs was obtained by Kojima et al. [12]. They
showed that their algorithm is globally convergent. Roos [18] designed an IIPM for
LO based on using the perturbed problems. Furthermore, his algorithm begins with
infeasible starting point for original primal-dual problems and applies one feasibil-
ity step and a few-at most three-centering steps in each main iteration. Kheirfam and
Mahdavi-Amiri [5] and Kheirfam [6] extended this algorithm to linear complemen-
tarity problem over symmetric cones (SCLCP) and horizontal linear complementarity
problems (HLCP), respectively. Some variants of Roos’ algorithm studied for SCO
by Kheirfam [7, 8]. In [5-8, 18], the authors proposed algorithms with one feasibility
step and several centering steps to get an optimal solution of underlying problems.
Recently, Roos [19] investigated a new IIPM for LO by improving the full-Newton
step IIPM so that the centering steps not be needed. Kheirfam [9, 10] extended this
algorithm to P, (x)-SCLCP and HLCP.

Motivated by the recent developments on I[IPMs, i.e., [9, 10, 19], we present an
infeasible algorithm for CQSCO under the framework of Euclidean Jordan algebras.
The purpose of the paper is mainly theoretical, and the symmetrization of the search
directions is based on the NT-scaling scheme. The algorithm uses only one feasibility
step at each iteration. We derive the complexity bound for the algorithm, and the
result shows that it enjoys the best-known iteration bound for [IPMs.

The outline of the paper is as follows. In Section 2, we briefly recall some basic
information on Euclidean Jordan algebras that are needed in this paper. In Section 3,
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we define the perturbed problems and their corresponding central path. In addition,
we provide the search directions and also present the algorithm. The complexity
analysis is discussed in Section 4. Some numerical results are reported in Section 5.
Section 6 ends the paper with a conclusion.

2 Preliminaries

In this section, we present some basic results on Euclidean Jordan algebras that are
needed in the subsequent sections. Our presentation is mainly adapted from [2].

Recall that a Euclidean Jordan algebra J is a finite dimensional inner product
space over the field of real numbers endowed with a bilinear mapo : J x J — J
satisfying the following properties for all x, y, z € J:

i) xoy=youx;
(i) xo(x?oy)=x%o0(xoy), where x> =xox;
(i) (xoy,z) = (x,yoz), where (x,y) =tr(x o y).

The Jordan algebra 7 has an identity element, if there exists an element e € 7 such
thateox = xoe = x for all x € J. Recall that an idempotent c is a nonzero element
of J such that ¢> = ¢. An idempotent ¢ is said to be primitive if it is not the sum

of two other nonzero idempotents. A set of primitive idempotents {c1, c2, ..., ¢ } is
called a Jordan frame if ¢; oc; = 0,forany i # j € {1,2,...,r}, and Z?:l ci=e.
For any x € J, let r be the smallest positive integer such that {e, x, ..., x"} is

linearly dependent; r is called the degree of x and is denoted by deg(x). Moreover,
we define the rank of 7 as r := max{deg(x) : x € J}. For an element x € J, let
L : J — J be the linear map defined by L(x)y := xoy, forall y € J. Furthermore,
the linear map P (x) := 2L(x)> — L(x?), where L(x)? := L(x)L(x), is called the
quadratic representation of x in J. For any x € 7, there exists a Jordan frame
{c1, ..., ¢/} and real numbers Aj(x), ..., Ar(x) such that x = Y ;/_, A;(x)c;. The
numbers A;(x),i = 1,...,r are uniquely determined by x, and they are called the
eigenvalues of x. We denote Amin(x)(Amax(x)) be the minimal (maximal) eigenvalue
of x. Furthermore, tr(x) := A{(x) + ---+4+ A,(x). Note that sincee =c; + --- + ¢,
the eigenvalues of e are all equal to 1, it follows that tr(e) = r. Recall that for a
Euclidean Jordan algebra 7, its cone of squares is the set /C := {)c2 :x € J}. Acone
is symmetric if and only if it is the cone of squares of some Euclidean Jordan algebra.
Recall that two elements x and y in J operators commute if L(x)L(y) = L(y)L(x),
and are called similar, denoted as x ~ y, if x and y share the same set of eigenvalues.
An element x € J is said to be invertible if there exists an element y such that
xoy = yox = e. The element y is called the inverse of x and it is unique. It is
denoted by x~1. The Frobenius norm || - ||z induced by the inner product (-, -) and

the spectral norm are given by ||x| r := /{x,x) =  tr(x?) = N Al.z(x) and

Ixlloc := max |A;(x)|. We associate with a proper cone K the partial order defined
L

by x >x vy & x —y € K, and we define an associated strictly partial order by
X >k ¥y © x —y € intkC, where int/C denotes the interior of K. Furthermore,
x e K& Aj(x) >0,and x € intkC < X;(x) > O0foreachi =1,...,r
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Lemma 1 (Lemma 3.2 in [3]) Let x, s € intKC. Then, there exists a unique w € intl)C
such that x = P(w)s. Moreover,

_1 1
w=p () (P (H)s) " [= P (1) (Pshi) .
This unique w is called the NT-scaling point of x and s [16].

Lemma 2 (Lemma 2.9 in [17]) Given x € intKC, we have

_ Ix% —ellF
x —x7Fp < =
Amin(X)

Lemma 3 (Lemma 30 in [21]) Let x, s € intKC. Then
1
[P(x)2s —ellp < llxos—ellF.
Lemma 4 (Theorem 4 in [22], Lemma 30 in [21]) Let x, s € intK. Then

Amin (P(x)%s> > Amin(X ©5), Amax (P(x)%s) < Amax(x 05).

3 An infeasible algorithm

In this section, we present an infeasible interior-point algorithm for solving the
CQSCO problem. As usual for [IPMs, we suppose that an optimal solution exists and
let the algorithm start with the following initial infeasible point

(xo, yo, so) = (p,,e, 0, ,ode) , (1)
where

% lloe < pp, max{lls*lloo, llopHe + cllF} < pa 2

for some optimal solution (x*, y*, s*). The initial values of the primal and dual
residual vectors present as follows:

rgzzb—A(xO), rg:zc—ATyO—so—i-’H(xO). 3)
Our aim is to show that, under this assumption, our algorithm finds an € solution.

3.1 The perturbed problems

Let (xo, yo, sO) be the starting point. For any v with 0 < v < 1, we consider the
perturbed problem (P,), defined by

min <c — vrg, x) + 1 (x, H(x))

2
st Ax) =b—vr) (P,)
x e,
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and its dual problem (D)), which is given by

max (b — vr2>T y— %(X, H(x))

sit. ATy —Hx) +5=c—vrd (Dy)
sek.

It is obvious that (x, y,s) = (xO, yO, sO) is a strictly feasible solution of (P,) and
(Dy) when v = 1. We conclude that (P,) and (D,) satisfy the interior-point condition
(IPC) for v = 1. More generally, we have the following lemma, whose proof is
similar to the proof of Theorem 3.1 in [5] ( see also Theorem 5.13 in [18]).

Lemma 5 The original problems, (P) and (D), are feasible if and only if for each v
satisfying 0 < v < 1, the perturbed problems (P,) and (D,) satisfy the IPC.

3.2 The central path of the perturbed problems
Let (P) and (D) be feasible and 0 < v < 1. Then Lemma 5 implies that the perturbed

problems (P,) and (D,) satisfy the IPC, and hence their central paths exist [4]. This
means that the system

b—A) =vry, xek, “
c— ATy +Hx) —s=vr), sek, (5)
Xos = e, (6)

has a unique solution for every u > 0, as the p-centers of the perturbed problem
pair (P,) and (D,). Note that, since x0 050 = ule with u0 = PpPds 9, y9, 59y is
the %-center of the perturbed problems (P,) and (D,) for v = 1. In the sequel, the
parameters . and v always satisfy the relation = vu?.

Assuming that x, y, and s satisfy the conditions (4)—(6) for some © > Oand v > 0.
Our aim is to obtain search directions Ax, Ay, and As that satisfying the conditions
(4)—(6) with v replaced by v := (1 — 8)v, except that we target the T -centers of
(P,+) and (D,+), i.e.,

Alx + Ax) = v+r2,
AT (y+ Ay) = H(x + Ax) +5 + As = v+r3,
(x + Ax) o (s + As) = ute. @)

So, assuming that (x, y, s) is feasible for the system (4)—(6) and neglecting the
quadratic term Ax o As, it follows that Ax, Ay, and As should satisfy

A(Ax) = 0vr),
AT Ay — H(Ax) + As = Gvrg,
soAx+xo0As = (1 —0)ue —x os. (8)

Due to the fact that x and s do not operator commute in general, the system (8) does
not always have a unique solution. It is well known that this difficulty can be solved
by applying a scaling scheme. It goes as follows. Let x, s, u € int/C, then xos = e if
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and only if P(u)xo P(u)~'s = e (Lemma 28 in [21]). Here, we consider u = w_%,
where w is the NT-scaling point of x and s as defined in Lemma 1. Now replacing
(6) by P(w)’%x o P(w)%s = ue, and then applying Newton’s method, we obtain
the following system

A(Ax) = 0vr),
AT Ay — H(Ax) + As = Gvrg,
P(w)"2Ax 0 P(w)2s + P(w) " 2x o P(w)? As =
(1—0)pe — P(w) Zx o P(w)?s. (9)
The new iterates are obtained by taking a full step as follows
xti=x+Ax, yT:=y+ Ay, st:=s5+ As.

Introducing the notations

. P(w) 2x {: P(w)és:|’ - P(w)~2 Ax _ P(w)? As 10

v Vi NN

one can easily check that the system (9) which defines the search direction
(Ax, Ay, As) can be rewritten as follows:

A(dy) = ovr),

- Ay _ 1 1
AT =2 _H(d) +dy = —0vP(w)2rY,
I /7 d
dy+dy = (1 -6 —v, (11)

where A = ﬁAP(w)% and H = P(w)%’HP(w)%. If triple (x, y, s) is feasible
for the perturbed problem pair (P,) and (D), and 4 = vp), 04, then we measure
proximity to the p-center of this perturbed problem pair by the quantity

1
8(x, 53 ) 1= 8() = Zllv = v I, (12)
where v is defined in (10). Moreover, it follows that
8(v)=0<:>v=v_1 S v=e,

which this means that (x, y, s) is on the central path of the problem pair. As an
immediate consequence we have the following result.

Lemma 6 (cf. Lemma IL.62 in [20]) With § := 8(v), one has ﬁ < 2 (v) < p(d),
foreachi =1,...,r, where p(8) := 8 + /1 + §2.

3.3 An iteration of our algorithm
In Section 3.1, we established that if v = 1 and u = u©, then (x°, y°, 59) is the u-

center of the perturbed problem pair (P,) and (D,). The initial iterates are given as in
(1). So, initially, we have 6 (x, s; u) = S(xo, so; /,LO) = 0. In what follows, we assume
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that at the start of each iteration, just before the p-update, §(x, s; u) < v where t
is a positive threshold value. This certainly holds at the start of the first iteration. In
more details, suppose that for some 1 € (0, u°] we have x, y, and s satisfying the
feasibility conditions (4) and (5) for v = /% and such that §(x, s; u) < t. Reducing

wtou™ = (1—6)u, with@ € (0, 1), we find new iterates x*, y, and s that satisfy
(4) and (5), with v replaced by v = (1 — #)v, and such that §(x+, s™; u) < 7.
Note that

b—A(xt) =b — A(x + Ax) = vr) — A(Ax) = vr) — Ovrl) = (1 = O)vr),
and similarly,

c— ATy+ +HEY) —sT =c— AT(y + Ay) + H(x + Ax) — (s + As)
= vrg — AT Ay + H(Ax) — As = vrg — Gvrg
= (1—0)vry.
From the above equations and Lemma 10 (below), it follows that after each iteration
the residual vectors and the duality gap are reduced by a factor 1 — 6. The algorithm
stops if the norms of the residuals and the duality gap are less than the accuracy

parameter €. At this stage, an e-approximate optimal solution of CQSCO has been
found. A formal description of our algorithm is given in Fig. 1.

4 Analysis of the algorithm

Let x,y, and s denote the iterates at the start of an iteration, and assume
S(x,s; 1) <.

4.1 Upper bound for §(v*)

As we established in previous sections, the full-NT step generates new iterates
xt, y*, and sT that satisfy the feasibility conditions for (P,+) and (D,+). A crucial

primal — dual Infeasible IPM
Input : accuracy parameter € > 0;
update parameter ¢, 0 < 6 < 1;
parameters p, > 0, pqg > 0.

begin
z = ppe; y = 0; 5= pge; pi=p® = pppg; v =1;
while max (tr(z o ), |rpl| 7, |7all7) > € do
begin
(z,y,8) = (z,y,s) + (Ax, Ay, As);
p= (1= vi=(1-0y;
end
end

Fig. 1 The algorithm
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element in the analysis is to show that after each full-NT step, we have xT, s™ €
int/C, and such that §(x T, sT; ut) < 7.

To this end, we consider the scaled search directions d, and dy and the variance
vector v as defined in (10). Using (10), we have

xt =x 4 Ax = JEPW)2(v+dy), 5T =5+ As = JEPW) 2 (v + dy).

Since P(u))% and its inverse P(w)_% are automorphisms of int K, then x and s+
belong to int/C if and only if v + d, and v + d; belong to intkC, respectively. In this
case, by using the third equation of (11), we may write

w+dy)oWw+ds) =vov+4vo(dy +ds)+diody =1 —60)e+d, ods. (13)
The proof of the following lemma is similar to the proof of lemma 3.2 in [5], and is
therefore omitted.

Lemma 7 The iterate (x™, y™, sv) is strictly feasible if

(1 —0)e+d; ods € intkC.

Corollary 1 The iterate (x*, y*, sT) is stricily feasible if
”)"(dx Ods)”oo <1-6.

Proof By Lemma 7, the iterates (x+, y*, sT) are strictly feasible if (1 — 8)e + dy o
dy € intKC. ||A(dy o ds)|loo < 1 — 6 implies that —1 + 6 < A;(dy ody) < 1 — 6 for
eachi =1, ..., r. Therefore, A; (1 —0)e+dyods) =1 —0 4+ Xi(dy ods) > 0. The
last inequalities mean that (1 — 0)e + dy o d; € intKC, and the corollary follows. [J

In the sequel, we use the notation w(v) := %(de ||%r ~+ |\d; ||%7) and assume that
@(v) < 1 — 6. One has

A

[A(dx 0 di)lloo = lldx 0 dsllF < lldxlFlldsllF

1
5 (Il + 1) = b0, (14)

IA

It follows that ||A(dy o ds)|lco < 1 — 6. Hence w(v) < 1 — 6 implies that the iterates
(x*, yT,sT) are strictly feasible, by Corollary 1. We proceed by driving an upper
bound for §(xT, s*; u™). By definition (12), we have

1 -1
5(etostiut) = 5 vt = 1)
+ _ P(w+)*%x+ _ P(w+)%s+

where v = N |:_ T
shortly by § (v ™).

i|. In what follows, we denote §(x+, s*; u™)

Lemma 8 Ifo(v) < 1— 0, then

5 (v+) < o)
“2/0=6)1 -6 —-a@)
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1
Proof Using Lemma 2, /1 —6 vT ~ [P(v + dx)%(v + ds)]Z (see the proof of
lemma 3.3 in [5]), Lemma 3, Lemma 4, (13), and (14), we have

_ ") —ellr

F )\.min(v-‘r)
) (%) -,

— 1

() ), e (2)- ()
d

2 (v%) = o = ()|

dyody ‘ dy ody )
1-6 1-0
e S (e )
b (14 455) (1= (55 ])
< o(v) ] '
VA =01 -6 — o))
This proves the lemma. O

4.2 Upper bound for @ (v)

In this section, we obtain an upper bound @(v) which will enable us to find a default
value for 6, 0 < 6 < 1. For the moment, let us define

Fpi=0vr), Fqi=0vrg, Fi=(1-60)v" —v. (15)
With n := —%, the system (11) (by eliminating dy) reduces to
A(dy) = 7p,

Ay (1 +F)d) =7 — - Pantiy. (16)

Multiplying both sides of the second equation in (16) from the left with A(I + H) ™!
and using the first equation of (16), it follows that

= =1 =7 _ - —1(_ 1 1_
A(l+H) A'n+r,=Al+H <r——P(w)2r).
(I+H)  Aln+rp,=A( +H) NG d
Therefore,
_ _ R _ 1 1
_ —1 4T - o)y =
n=(Ad +#~ A7) [A (I +7#) (r —ﬁp(w)zrd> r,,} Can
Substitution into the second equation of (16) gives

— 1 -\ —1
(1+7)AT) 7,

dy=(I1-P)(I+7)" <F—ﬁP(w)5fd>+(I +H7) ,ZlT(
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where P := (I + f{)*]yzlr(fl(l + ﬁ)*IAT)flfl. Let (x*, y*, s*) be the optimal
solution satisfying (2). It follows that A(x*) = b, ATy* — H(x*) + s* = ¢,0 <
x* <k ppe and 0 <x s* <k pge. Therefore, it follows that

0 <k x* —x* <k ppe, 0=k s’ —s* <k pae. (18)
Substituting 7, = 9vr2 = 0v(b — AxY = v AQG* — x%) and 7y = erg into the

expression for d,, we obtain

de = —P)I+H)™ <f - %P(w)ir[?) + %PP(w)i (x* —xo) .

To proceed, we further simplify the above expression by defining
v - 0 _ _
W= PP (v 20), W= (= BYU + R P,
Vi Ji

Fii= - P)YI+H) 7.
Then we may write
Idell3 = 171 — u® +u* % = 171 — w15 + w1
1A IF + et 15 — 2071, u®) + u* 117
IFE + 13 A+ 207 e a1 e+ a1

2017N% + 20wt 13 + a1

IA I

IA

For ||ds || r, we have
Idsll% = IF — dell3 = IIFI13 + llde 1% — 2(F, dx)
< 20713 + 20dx I3 < 617 1% + 4llu* 1% + 2[lu” |13

Therefore, we may write

_ 1 _ 3
) = 5 (IdsllF +1ds113) = 41715 + 5 (200 05 + 1 13) . (19)

Due to the definitions #* and u®, we have
022 1 92 _1 2
20ut 1% + ut )% < T(2||1r>(w)zr§||F + P2 (x* - xo) ||F). (20)

We now obtain the upper bounds for || P(w)_% (x* —x9) ||2F and || P(w)%rgnzp. Using

that P(w)% is self-adjoint with respect to the inner product and Pw) le = w2,

we have
IP@) ™26 = 203 = (Pw) 72 (0 — x*), Pw) 20 — )
= (P(w)_1 (x" —x*),x% — x*)
= (P(w)_l(xo—x*), ppe)—(P(w)_l(xo—x*), ppe—(xo—x*)>
< (P(w)_l(x0 —x%), ppe) = p,,(P(w)_le, xV — x*)
(P(w)_le, ppe) — pp(P(w)_]e, ppe — (Y — x"))
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Since x0 = ope, Y =0,s5" = pge and pg > lopHe + cllF, it follows that 2p4e >
rg > 0. Therefore, we have

1P )23 = (Pw)2rl, P(w)2rl) = (P(w)rd, r9)
= (P(w)rg, Zpde) — (P(w)rg, 2pqe — rg)
(P(w)rg, Zpde) = 2,0d<P(w)e, r2>

2pa(P(w)e, 2pge) — 2p4(P(w)e, 2pge — rg)
4p§(P(w)e, e) = 4,03 tr(wz).

1A

IA

Substituting of the two last inequalities into (20) gives

6%v?
— (8,03 tr (wz) + ,olzjtr (w_2> )
7

- 6212 (8,002, tr (x?) N ,012, tr (s%) )

2 2
2l + Nl %

IA

1o\ Wrmin()? hmin (V)
2 2
< 025 (5) <8tr(2x ) +tr(s2)>7 @1
Pp Pa

where the last inequality follows by Lemma 6 and u = vp, 4. Using the orthogonal-
ity of v and v~! — v with respect to the trace inner product, the triangle inequality
and ||v||%p =tr(e) =r, we get

171% = (1 =)™ = v) — Ov]|% < 4(1 — 0)?8(v)* + 6°r. (22)
Substitution of (21) and (22) into (19) yields that

2 2 2 2
o(v) < 16(1 — 0)>8(v)* + 46°r + 3070 ) <8tr(x ) + s )>. (23)

2 Py 1%

To continue, we need upper bounds for tr(x) and tr(s), which is contained in the
following lemma.

Lemma 9 Ler (x, y, s) be feasible for the perturbed problem pair (P,) and (D).
With (x°, yo, s9) as defined in (1) and p, and py as defined in (2), we have

1) = 1pp (24 p®)) . 1r5) < roa (24 0(®)?).

Proof Let (x*, y*, s*) be the optimal solution satisfying (2). Then from the fea-
sibility conditions of the perturbed problem pair (P,) and (D,), it is easily
seen that

Ax —vx® — (1 —v)x*) =0,

AT =y =1 =)y = HE —vx® =1 = v)x") + (s —vs’ — (1 —v)s¥) = 0.
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Since H is self-adjoint positive semidefinite linear operator, we have

0< (H(x —ux? — (=), x—vx®— (1 - v)x*>

= (H(x —ux? — (=), x—vx®— (1= v)x*>

+> =i = vy — (L= v)y)ai, x — vx® = (1 = v)x¥)
i=1
= <7—[(x —ux? — (1 —v)x"),x—vx — (1 = v)x*>
+(—AT(y = vy? = 1 = v)y*), x —vx® — (1 — v)x¥)
=(s— ps® — (1 —v)s*, x —vx® — (1 = v)x*)
= (x,5) —v((x%s) + (x,5%) = (1L =) ((x*,5) + (x,5%))
+02(x %) + v = o) (%, 50 + (x0 5%) + (1 — v)Px*, s%). (24)

Since (x9, y9, s9) is as defined in (1), we have
O) = pppatr(e) = pppar, (x°, ) + (x,5°) = pp tr(s) + patr(x),
(x*,5%) + (x%, %) = pa tr(x*) + pptr(s*) = 2pppar.

(xo, K

Furthermore, using (10) and Lemma 6, we get

Pw) 2x P(w)is
JE VR

Substituting these into (24), also using (x*, s*) = 0 and 1 = vp, py, we obtain

(. ) = )= v, ) = ullvly < 1o (@),

Pptr(s) + patr(x) < rpppa(2+ p(8)%).

The required results follow from the last inequality and the fact that x >x 0 and
s > 0. This completes the proof. O

By substituting the results of Lemma 9 into (23), we derive an upper bound for
w(v) as follows

o) < 16(1 — 0)%8(v)> + 46°r + §r292p(5)2(2 + p(8)%)>. (25)

4.3 The effect on the duality gap

The following lemma shows that, in each iteration of the algorithm, the duality gap
is reduced by the factor 1 — 6.

Lemma 10 If the iterate (x+, y*, sT) is strictly feasible, then

(xT,sT)y <2(1 —0)ur.
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Proof Since

(xt, sty = < P (w*)% vt VP (w*)f% v+> — ot vt

.
2
= (1 =OulvTlF = A —0)u Y xi(v*)
i=1
2
< (1 = O)primax (vF)". (26)
On the other hand, by Lemma 4 and (13), we have

M (5 = 2 P(U-Fdx);(v—f-ds)
max max ,\/1—9 \/1—6

(55 (322)

1

= m)»max<(v +dy)o (v+ ds))
1

= m)\,max((l - 9)6 + dx o dY))

IA

1
1+ m”k(dx ody)lleo < 2,

where the last inequality follows by Corollary 1. Substituting this bound into (26),
we obtain the inequality in the lemma. O

4.4 Values for 0 and t

Our aim is to find a positive number 7 such that if §(v) < t holds, then §(v*) < 7.
By Lemma 8, this will hold if

o) < 1-206, (27)

@ (v)
T =T =0=a0) — (28)

Using (25), the inequality (27) holds if

27
16(1 — 0)%8(v)> + 46°r + 7#9%(5)2(2 +p8)»)* <1—0.

Assuming §(v) < t, we therefore need to find t such that the above inequality holds,
with 6 as large as possible. One easily verifies that the left-hand side expression
in the above inequality is monotonically increasing with respect to (v). Hence, it
suffices if

27
16(1 — 0)°t> + 46%r + 7r292p(r)2(2 +p()H)? <1-0. (29)

In the rest of this section, we show that (29) and (28) hold if 6 and 7 are taken as
follows:
1 1

0= — 1=—. 30
3 T 16 (30
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At this case, defining
1 \2 4 27
: :16(1——) 2 ()22 22y >,
g(r, 1) 53 ) T + 28007 + 5618,O(T) Q+p@), r=
we get g(r, 7) — (1 — 0) < —0.8661 < 0. This means that the inequality (29) holds,
i.e., the iterate (xT, yT, sT) is strictly feasible. Note that g(r, T) provides an upper
bound for w(v), by (25). From Lemma 8, it follows that

)< LIS s 1) <0.0624 < .
2/0-0)1-0—-ow) ~ 2/A-0)1—-0—g(r 1))

Therefore, the algorithm is well-defined in the sense that the property §(x, s; u) <t

is maintained in all iterations.

(v

4.5 Complexity analysis

We have found that if at the start of an iteration the iterates (x, y,s) satisfying
8(x,s; ) < t and 7 and O are defined as in (30), then after the full step, the new
iterate (x*, y*, sT) is strictly feasible and 8§(x ™, s*; ™) < 7. This establishes the
algorithm to be well-defined. At each iteration, both the values of tr(x o s) and the
norm of the residual vectors are reduced by the factor 1 — 6. Hence, the total number
of main iterations is bounded above by

1 max (tr(x? o 59, ||”2||F» 17911 F)
alog c :

Thus, we may state the main result of our work.

Theorem 1 If (P) and (D) have an optimal solution (x*, y*, s*) such that ||x*||cc <
pp and ||s*|loo < pa for pp > 0 and pg > 0, then after at most

max (17 (0 5°), 1911 . 1911 )
. .
iterations the algorithm finds an e-solution of (P) and (D).

53rlog

5 Numerical results

To test the method, we use a number of test problems from the test set given in [15].
We use (xg, y0, 50) = (3¢,0,e), b =3Ae and c = —3He + e as the starting values.
The results are listed by using MATLAB version 7.8.0.347 (R2009a) on a PC with
2GB RAM under Windows XP to solve the selected test problems. We set € = 1071,
and we take the set of parameters 7 = ll() and 6 = ﬁ for the proposed algorithm.

In Table 1 ‘Iter’=number of iterations, ‘time’=CPU time (s), ‘dual-gap’:"TTS and
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Table 1 Numerical results

Name n m Iter. Time Dual-gap Opt.

primall 325 85 158,208 1610.568951 3.0768e-04 —645.0018
primal2 649 96 339,722 13,230.334885 1.5408e-04 —1.2930e+003
primal3 745 111 395,421 84,226.285055 1.3423e-04 —1.4850e+03
primal4 1489 75 844,964 172,892.618194 6.7159¢-05 —2.9731e+03
primalcl 230 9 107,747 262.684171 4.3476-04 —372.3328
cvxqply, 1000 500 546,370 41,091.772428 9.9999¢-05 —2.0267e+07
cvxqp3,, 1000 750 546,370 45,551.455874 9.9999¢-05 —2.0267e+07
cvxgply 100 50 42,430 56.955248 9.9995e-04 —2.0423e+05
cvxqp2, 100 25 42,430 48.678467 9.9995e-04 —2.0423e+05
cvxqp3, 100 75 42,430 63.679049 9.9995e-04 —2.0423e+05
gouldqp2 699 349 368,645 10,259.584279 1.4306e-04 1.0470e+4-03
gouldqp3 699 349 368,645 10,162.697975 1.4306e-04 —4.36174-€03
duall 85 1 35,333 178.191453 0.0012 —50883

dual2 96 1 40,525 259.038709 0.0010 —34605

dual3 111 1 47,712 416.832747 9.008e-004 —42876

dual4 75 1 30,678 124.237973 0.0013 —25632
dualcl 9 215 2668 27.547797 0.0111 —21009411
dualc2 7 229 1982 18.185493 0.0143 —6.2784e+006
dualc5 8 278 2322 32.318771 0.0125 —909408
dualc8 8 503 2322 48.30303788 0.0125 —7.7594e+007
tame 2 1 432 0.206462 0.0500 6

hs21 2 1 432 0.500003 0.0500 —3.3923
qsc205 203 205 93,754 538.460147 4.9261e-04 —410.9995
ksip 20 1001 6778 127.193175 0.0050 43.8102
genhs28 10 8 3021 0.673330 0.0100 —294.1681

‘Opt’=cl'x + %xTH x provided for the selected problems. The results are given in
Table 1.

From the above table, we see that the proposed algorithm converges for the
selected problems. Although, in theory, the convergence is not guaranteed for bigger
6 values, we performed a MATLAB experiment for 6 = 0.5 and € = 1078, Results
are given in Table 2.

It can be seen from tables that for 6 = ﬁ and 6 = % the algorithm gives the
same optimal values, whereas it requires smaller number of iteration and consumes
less CPU time for 6 = %
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Table 2 Results of numerical tests

Name n m Iter. Time Dual-gap Opt.

primall 85 325 37 2.919720 2.1828e-011 —6.4500e+002
primal2 649 96 38 8.089346 1.0914e-011 —1.2930e+003
primal3 745 111 38 13.847444 1.0914e-011 —1.4850e+003
primal4 1489 75 39 57.604279 5.4570e-012 —2.9730e+003
primalcl 230 9 37 1.186898 2.1828e-011 —3.7233e+002
cvxqpl,, 1000 500 39 22.799327 5.4570e-012 —2.0267e+007
cvxqpl; 100 50 35 0.428151 8.7311e-011 —2.0422e+005
cvxqp3,, 1000 750 39 24.309886 5.4570e-012 —2.0267e+007
duall 85 1 35 1.365417 8.7311e-011 —50883

dual2 96 1 35 1.738733 8.7311e-011 —34605

dual3 111 1 35 2.190599 8.7311e-011 —42876

dual4 75 1 35 1.101488 8.7311e-011 —25632
gpcstair 467 356 38 4.809967 1.0914e-011 —2.1722e+004
aug3d 3873 1000 41 868.188402 1.3642¢-012 —1.7460e+003
aug3dc 3873 1000 41 802.639363 1.3642e-012 —7.0453e+003
aug3dcqp 3873 1000 41 846.513214 1.3642e-012 —7.0453e+003
aug3dqp 3873 1000 41 804.434460 1.3642e-012 —1.7460e+003
mosarqp2 900 600 38 14.95639 1.0914e-011 —2.3107e+004
mosarqpl 2500 700 40 228.949336 2.7285e-012 —1.2505e+004
gscsdl 760 77 38 9.841303 1.0914e-011 —1.2187e+004
yao 2002 200 40 132.507548 2.7285e-012 —4.0040e+003
cvxgp3;s 100 75 35 0.791434 8.7311e-011 —2.0423e+005
gouldqp? 699 349 38 7.308872 1.0917e-011 1.0470e+4-003
gouldqp? 699 349 38 7.782762 1.0914e-011 —4.3617e+003
hs21 2 1 30 0.090634 2.7940e-009 —3.3925

6 Conclusions

In this paper, we presented an infeasible interior-point method for convex quadratic
symmetric cone optimization based on full-NT step. Our algorithm is used only one
feasibility step in each iteration. The obtained complexity bound coincides with the
best-known iteration bound for [IPMs. We provided results for 6 = ﬁ and 6 = 0.5
in Tables 1 and 2. Results of numerical tests are given in Section 5.
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