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Abstract Multiple orthogonal polynomials satisfy a number of recurrence relations,
in particular there is a (r + 2)-term recurrence relation connecting the type II mul-
tiple orthogonal polynomials near the diagonal (the so-called step-line recurrence
relation) and there is a system of r recurrence relations connecting the nearest neigh-
bors (the so-called nearest neighbor recurrence relations). In this paper we deal with
two problems. First we show how one can obtain the nearest neighbor recurrence
coefficients (and in particular the recurrence coefficients of the orthogonal polyno-
mials for each of the defining measures) from the step-line recurrence coefficients.
Secondly we show how one can compute the step-line recurrence coefficients from
the recurrence coefficients of the orthogonal polynomials of each of the measures
defining the multiple orthogonality.
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1 Introduction

Multiple orthogonal polynomials are polynomials of one variable that satisfy orthog-
onality conditions with respect to » > 1 positive measures. In this paper we will only
consider positive measures on the real line. Let 7 = (ny,...,n,) € N" be a multi-
index and || = ny + - - - + n, its length and let 1, ..., i, be r positive measures
on the real line. There are two types of multiple orthogonal polynomials [10, Chapter
23], [1, 2, 20]. Type I multiple orthogonal polynomials are such that (Az i, ..., A )
is a vector of r polynomials, with deg A; ; < n; — 1, satisfying

,
[+ Y ansdn =0, 0=k=li-2, (1)
j=1

with normalization

/x'ﬁ'—l Y Aj @) dpjx) = 1.

j=1

Type Il multiple orthogonal polynomials are monic polynomials P; of degree 71| for
which

/xkpﬁ(x)duj(x)zo, 0<k<nj—1 (1.2)

holds for 1 < j < r. The existence (and unicity) is not guaranteed, but
if the type I and type II multiple polynomials exist with the above normaliza-
tion, then they are unique and then the multi-index 7 is said to be a normal
index. The measures (w1, ..., i) are a normal system if all the multi-indices are
normal.

Multiple orthogonal polynomials satisfy a number of recurrence relations. Let
Pran(x) = P(n,n ,,,,, n)(x), Prn+1(X) = P(n+l,n,n,..4,n)(x)’ and in general prn+j(x) =
Put,..nt1n.nyx) forO < j <r,where (n+1,...,n4+1,n...,n) has j times
the component n + 1 and » — j times the component 7, i.e.,

j
(n~|—1,...,n+1,n...,n)=(n,n,...,n)~|—25i,
i=1

where ¢; are the standard unit vectors in N”. Then the step-line polynomials p,, (x)
satisfy the following (r + 2)-term recurrence relation

Xpm(x) = pmi1(X) + Y B, j P j (%), (1.3)
j=0

where B, ; are real recurrence coefficients and pg = land p_; =0for1 < j <r.
This recurrence relation corresponds to the well known three term recurrence relation
for orthogonal polynomials when » = 1. These step-line polynomials (the type II
multiple orthogonal polynomials near the diagonal) are also known as d-orthogonal
polynomials (with d = r) and the orthogonality in (1.2) becomes
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/pm(x)xkduj(x)=0, O0<k=<|(m—j)r].

See, e.g., [4, 8, 12]. This recurrence relation only connects multiple orthogonal
polynomials near the diagonal (n, i, . . ., n). All multiple orthogonal polynomials (of
a normal system) are related by a system of r recurrence relations relating P; with
its nearest neighbors P,z and Pi_g,;. The system of nearest neighbor recurrence
relations is given by (see [18])

.
XPi(X) = Piyg,(¥) + b Pi(x) + Y _aijPig(x),  1<k<r (14
j=1
In this paper we deal with two problems. For the first problem we assume that the
recurrence coefficients By, j, m € N, 0 < j < r, in the step-line recurrence relation
(1.3) are given, and the goal is to find all the nearest neighbor recurrence coefficients
aj j, b j withn € N and 1 < j < r. In particular this would give all the recur-
rence coefficients of the (monic) orthogonal polynomials for each of the measures
M-

an(x; 1) P (5 1) dpj () = ¥, 2 (1)
which satisfy the three term recurrence relation

XPy(x; ) = Pog1(xs o) + b () Pa(x; ) + a,z,(uj)Pnfl(x; ).
Indeed, one has
bu(i) = buz,jo an(i)) = du,. -

In Section 2 we will show, for r = 2, how one first can obtain the recurrence relation
for the r shifted step-line polynomials, i.e., the multiple orthogonal polynomials with
a multi-index ké; + 71, with k € Nand 1 < j < r fixed and 7 a multi-index on
the step-line. Then, in a second step, we show how to obtain the nearest neighbor
recurrence coefficients from the shifted step-line recurrence coefficients. We explain
the procedure for r = 2 so that the reasoning is easy to follow and not obscured by
the notation.

The second problem is the inverse of the first problem: we assume that the recur-
rence coefficients a,41(i ), by (1) of the orthogonal polynomials of each of the
measures (1, 1 < j < r, are given, and we show how one can compute all the near-
est neighbor recurrence coefficients and the step-line recurrence coefficients from
this input. In Section 3 we will explain the case r = 2 in detail. We will also show
how to find the nearest neighbor recurrence coefficients from the marginal recurrence
coefficients for general r.

In order to find the recurrence coefficients B, j,m € N, 0 < j < r in the step-line
recurrence relation, one may use either the Jacobi-Perron algorithm or the vector QD-
algorithm. The Jacobi-Perron algorithm generates a vector continued fraction and
was introduced by Jacobi in 1868 [11] and studied in detail by Perron in 1907 [14].
A modern version of the Jacobi-Perron algorithm and its relevance for simultaneous
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rational approximation of functions can be found in [13]. Vector continued fractions
and the Jacobi-Perron algorithm are quite popular in number theory to produce simul-
taneous Diophantine approximations to several real numbers, see the monographs
of Schweiger [16, 17]. Another way to obtain the step-line recurrence coefficients
from the moments of the measures 1, ..., i, is to use a generalization of the QD-
algorithm proposed by Van Iseghem [22]. The classical QD-algorithm of Rutishauser
[15] can be used to find the recurrence coefficients a;,+1(u;), by (u ;) of the orthog-
onal polynomials of each of the measures w , but one can also use the (modified)
Chebyshev algorithm as described in [9, §2.1.7]. In this paper we assume that the
step-line recurrence coefficients are given (for the first problem) or we assume that
the recurrence coefficients a,41(u;), by (1) are given for every measure u; with
1 < j < r (for the second problem).

2 The recurrence coefficients along the step-line

In this section we only consider multiple orthogonal polynomials with r = 2. Hence
the (monic) type II multiple orthogonal polynomials P, , depend on a multi-index
(n,m) € N, Let p,(x) = (X)) and poy41(x) = Pyy1,,(x), then the recurrence
relation along the step-line is

Xpn(x) = puyp1(X) + Bupn(x) + YuPn—1(x) + 8y pu—2(x). 2.1

It is important to note that the step-line recurrence coefficients (8,),>0, (V1)n>1 and
(8n)n>2 do not determine the measures 11 and w7 in a unique way, even if we nor-
malize the measures to be probability measures. The first measure is determined
uniquely as a probability measure, but for the second measure one can use any convex
combination Auq + (1 — A) o because

A / Pn()xF dpy(x) + (1 - 2) / pn()xFdpa(x) =0, k< L%J —1,

since the first of these integrals vanishes for k < L%J and 5] — 1 < L%J, see

[6, Remark 2.2]. This degree of freedom will be reflected when we want to compute

the recurrence coefficients of the orthogonal polynomials p,(x; ©1) and p, (x; 12).
The nearest neighbor recurrence relations are

xpn,m(x) = Pn—i—l,m(x) + Cnym Pn,m(x) + anm Pn—l,m(x) + bn,m Pn,m—l(x)s(2~2)
xpn,m(x) = Pn,m-i—l(x) + dn,m Pn,m(x) + an,mPn—l,m(x) + bn,m Pn,m—l(x)-(z-3)

As a consequence one has

PnJrl,m(x) - Pn,erl(x) =Kn,mPn,m(x)’ 2.4)

where . m = dy.m — Cnom-
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2.1 From step-line to shifted step-line

We introduce for j > 0 the polynomials

,0 ,0
Do () = Py in(x),  pohD i (¥) = Pagj1n(x), 2.5)
and fork > 0
0,k 0,k
PSR = Punik (), PSk (0 = Ptk (). 2.6)
The polynomials p,ﬁj 0 are the multiple orthogonal polynomials on a shifted step-line

with a shift j in the direction of €; = (1, 0). The polynomials p,(qo’k) are those on the

shifted step-line with a shift k in the direction of ; = (0, 1) (Fig. 1). These shifted
step-line polynomials again satisfy a four term recurrence relation, which we denote
by

j,0 j,0 j,0 i,0 j,0 i,0 j,0 j,0
wpi V) = p Y 0 + BV p O @) + Y Y ) + 870 pY 0, @)

with initial conditions y;j 0 = 8§.j 0 = 8(].]_.(_?) = 0 and in a similar way
0,k 0,k 0,k
xpP ) = P ) + B PO 0 + 1O p Y @) + 800 p D ), (2.8)

Ok+D _ SIEO’kH) = S(O’kH) = 0. With this notation we

with initial conditions y, P

have ,3,50’0) = B, yn(0,0) = yu, and 8,(10’0) = §,. We introduce two more sequences
i,0 0,k
(e =0 and ()20 by
G,

0
Pt jt1n() = Pogjni1(x) = O Py jn(x), 2.9)

m r- -
I Pn,n

- T—>Pn+1,n
|
- | |
| |

Fig. 1 Step-line and shifted step-lines
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and
Puitnik(¥) = Pongis1 (¥) = 0 Py i (), (2.10)
so that (2.4) gives
i,0
01(1] )= Kn+jn = dn+j,n — Cn+j,n> Cy(,o’k) = Knn+k = dnntk — Contk- (2.11)

Qgr firs(g res_%lt shows how one can obtain the recurrence coefficients
BV, 0 599y from the recurrence coefficients along the step-line.

Theorem 2.1 One has forall j > 1

B = Y " nzo,
V) = Vonei s n>1, 2.12)
2, = 0 VIO, nz
and
ﬁ;ﬁ)jﬁ = ,35,;}2)1 + cy(,j’o), n >0,
Vabtr = v eV — g D nz0. @13)
i =S L0z

where (c,(l] ’O))nzo is the solution of the Riccati type difference equation

U0 5G—1.0)

(.0 n—192n+j+1
T LU0 _ G0 10 (2.14)
2n+j n—1 "2n+j
with initial condition
§U=LO)
i,0 Jj+
oV = - (2.15)

J

Proof Take the recurrence relation (2.7) with n replaced by 2n + j

(J,0) J,0) J,0) (4,0 (00 _(j,0) (J,0) _(j,0)
P31 ) = Py OO+ By i Pony j )+ 7oy j a1 ) 85,5 P’y o (%),

use (2.5) to find

j,0 j,0 j,0

X Pt () = Putji 10 (0) + B Put jn () + Varet Pt jn—1 () + 85005 Py j 1.1 (x).

(2.16)

Now use (2.9) to replace P4 j41,,(x) and (by changingnton — 1) Pyyj—1(x), to
find

o o o
XPuyjn(x) = Pogjnt1(x) + (ﬁé,]H)J +c )> Pt jn(x) + Vz%r; Pyyj—1.n(x)
j,0 ,0 ,0
+ (390 + VD) Pasjoa . @17)
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On the other hand, we take the recurrence relation (2.7) for j — 1

j—1,0 j—1,0 j—1,0 j—1,0 j—1,0 ji—1,0 j—1,0 j—1,0
wpi! 00 = p Y 048 pl T o T Y @8 T S o,

replace n by 2n + j and use (2.5) to find

i—1,0 i—1,0
xpn+j,n(x) = Pn+j,n+1(x) + ﬂéf,ﬂ )Pn+j,n(x) + Vz(,jH_j )PrH-j—l,n(x)
i—1,0
+ 85 P a1 (). (2.18)

Comparing (2.17) and (2.18) gives

j,0 i,0 i,0 i,0 i,0 j,0
(B + ) Pajon @) + 50 Py + (859 + V) Pasjorn ()

i—1,0 i—1,0 i—1,0
= ﬁéﬁ,_;,.j )Pn+j,n(x) + Vz(,J,_;,_j )Pn-'rj—l,n(x) + 8;{1_”- )Pn+j—1,n—l(x)'

The polynomials Py, Pugj—1,n, Pntj—1,n—1 are linearly independent (since
they have degrees 2n + j,2n + j — 1 and 2n + j — 2), hence one finds

(J,0) (.00 _ p(—10)
'32n+j ton T = '62n+j ]

.0 _ (G-10)
Yanvj = Vontj

(,0) (.0 _,G.0 _ (=10
St T 1 Yon'pj = gy

which gives the required relations (2.12).
In a similar way we start with the recurrence relation (2.7) with n replaced by
2n+j+1

(j,0) _ (0 (j,0) (7,0 (j,0) (,0) (7,0 (j,0)
P54 1) = Py o B i1 Pony 1 )TVl 1 Py GO +85, 1051 Poyy -1 (6,

and use (2.5) to find
(j.0)

7,0 7,0
X Put 1) = Puj1net GBI Pat ot n (Vg r g1 Pt jn (8505 L Pajon1 (1),

Use (2.9) to replace Py j11,,(x) and Py ,—1(x), to find

0 0
xpll+j,il+l (X) + Cr(LJ )XP11+j.n(x) = Pn+j+1,n+l (X) + ﬁ;{,+)j-+1 Pn+j,n+1 (X)
(J,0) (J,0) (j,0)
+ (Vzi+j+1 +ai :822+j+1) Pt jn(x)
j,0 ,0) ¢ (/.0
+ 5§fl+)j+1 Poyj—10(x) + C,(lj_l)aéil+>]'+] Pyyj—1,n—1(x).
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Use (2.18) to replace x P, j » (x) to find

,0 j,0
xpil+j,)1+1(x) = Pn+j+l,n+1(x) + (,Béil+)]'+] - C;g] )> Pn+j,n+1 (%)
(0 (7,0) 5(;,0) (j,0) p(j—1,0)
+ <V2n+j+1 + ¢y /32,14_.,'4_1 —Cn 132n+j ) Ppyjn(x)
,0 j,0 j—1,0
+ (‘Sgw)jﬂ — )Vz(;iﬂ' )) Poyj—1.0(x)

1,0) ¢ (j,0 ,0) ¢ (j—1,0
(Vo5 = 80 ) P ). (219)
On the other hand, we take the recurrence relation (2.7) for j — 1 with n replaced by
2n + j + 1 and use (2.5) to find

i—1,0
XPotjnr1(X) = Pogjtin+1(x) +ﬂ§,]1+j+)1pn+j,n+l(x)

i—1,0 i—1,0
+ Van i Prt (@) + 85 P oa(0). (220)

Comparing (2.19) and (2.20) then gives

(.0 (.0 i,0 j,0 i,0 j,0 i—1,0
(ﬂzihg)/uﬁl - CnJ )> Pt jnt1(x) + <y2(1+.;+1 + Cl(lj ).35,1142,41 - Cl(1/ ),Béf,ﬂ )> Py jn(x)
,0) j,0) . (j—1,0) (.0 ¢(j,0 (j,0) ¢(j—1,0
+ <5§{z+1+1 —cf Vantj ) Py j—1.n(x) + (an—])82{1+)j+l — ol )Sglﬂ- )) Pytj-1.n-1(x)

j—1,0 j—1,0 j—1,0
= B a1 OO sl O Pt ) + 8550 Py o1 (0).

The four polynomials Py nt1, Putjns Potj—1,ns Patj—1,n—1 are linearly indepen-
dent, hence one finds

(J,0) (J,0) _ pG—=10)

1 = Byt

(J,0) (,0) (4,0 (J,0) p(G—=1,0) _ _(j—1,0)

Vougjat T 60 Bonyjpr =i Pongj = Yongjkr

3(]10) _c(j,O) (j-10) _ 3(1'—1,0)

2n+j+1 n 2n+j = 2n+j+10

(J,0) ¢ (4,0 (J,0) o (j=1,00 _

VsV = e Vs LY = o, 2.21)

The first three relations give (2.13) and the last equation gives (2.14) if we replace

8% 2)] 41 by the third equation in (2.13). For n = 0 the relation (2.19) becomes

j,0 i,0
xPja ) = Prana () + (B = ) Pia)

j,0 j,0 j,0 ji,0 j—1,0
+ (0 + VB BT Proo)

(j.0)

(j—1,0)
— ¢ yjj P;

j—l,o(x)9

and if we compare the coefficient of P; 1 o(x) with the corresponding coefficient in
(2.20) when n = 0, then
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(10) (-10) _ s(G-1.0)
Vi _81+1 ’

which gives (2.15). O]

The Riccati equation (2.14) can be solved explicitly if all the step-line coefficients
at shift j — 1 are known. The substitution c(J 0 /d(] 0 gives

d(] 0)8(]_1 0 _(-10)
d(j,O) 2n+j 2n+j
n 8(/—1(D ’
2n+j+1
which is a first order linear recurrence relation. Its solution is

n y(j—l,O) i sU-L0) n sU=1.0
(.0 2i+j 2k+j+1 (j,0) 2k+j
i = Zsu—l,m G-t n—8<,—1o> (222)
i=1 “2i4j+1 k=1 “2k+j 2k+j+1

However, this is only useful if one has explicit expressions for the step-line
coefficients.
An algorithm for computing the recurrence coefficients for the shifted step-line

is as follows. Assume that all the recurrence coefficients 8, (=10 y(j _1’0), 8,(,j -9

are known, then one first computes the auxiliary sequence (c(J ))nz() recursively
by using (2.14). Once this is done, one uses the relations (2.12) and (2.13) to

get the recurrence coefficients for the shifted step-line w1th shift j. The fol-

.0

low1ng Maple procedure computes (8, ))]<n<2N —j+1s (yn )]+1<n<2N —j+1 and

8 P) j12<n<an_j1 for 1 < j < J.

shift_j:=proc(N,J)
local n,j;
for n from O to 2*N+J+1 do
b[n] (0) :=betal(n);
g[n] (0) :=gammal (n) ;
d[n] (0) :=deltal(n);
end do;
for j from 1 to J do
gl31(3):=0;
d[j1(j):=0;
dlj+1]1(j) :=0;
c[01(§):=—alj+11(5-1)/glj1 (G-1);
b[j1(3):=b[j1(j-1)-c[01(j);
bl[j+11(§):=b[j+1]1 (G-1)+c[01(j);
glj+11(§) :=g[j+11(j-1)+c[0] (j)*(b[j]1 (G-1)-b[j+11(§));
for n from 1 to N-j do
cnl (j) :=cln-11(j)*d[2*n+j+1] (j-1)/(d[2*n+j] (j-1) -c[n-1] (j) *g[2*n+]j] (j-1));
b[2*n+3] (j) :=b[2*n+j] (j-1)-c[nl (j);
gl2*n+j] (j) :=g[2*n+3]1(j-1);
d[2#n+j]1(j) :=d[2*n+j] (j-1)-c[n-11 (j) *g[2*n+j]1 (j-1);
b[2*n+j+1] (j) :=b[2*n+j+1] (j-1)+c[n] (j);
gl2xn+j+1] (§) :=g[2*n+j+1] (j-1)+c[n] (7D *(b[2%n+j] (j-1)-b[2*n+j+1] (j));
d[2xn+j+1](j) :=d [2*n+]j+1] (j-1)+c[n] (j)*g[2*n+j] (j-1);
end do;
end do;
end proc;

@ Springer



528 Numer Algor (2015) 70:519-543

Remark 1 Observe that (2.14) and the third equation in (2.12) give

8(]—1,0)

C(LO) _ C(LO) 2n+j+1

" n—1 8(/1)) ’
2n+j

and (2.21) gives
8(j’0)
(.00 _ (j,0) 2n+j+1
e =1 5G=10) "
2n+j

Comparing both expressions gives
8(j_1’0) S(j—l,O)

5(/’,0) _ 2n+j+172n+j
2n+j+1 — 8(‘i'0)
2n+j

Hence one may therefore replace lines 16-24 in the Maple procedure by
for n from 1 to N-j do

d[2*n+j] (j) :=d[2*n+j] (j-1)-c[n-1] (j)*g[2*n+j] (j-1);

d[2%n+j+11(§) :=d [2%n+j+1] (j-1) *d [2%n+j] (G-1) /d[2%n+]1 (§) ;

c[nl (j) :=c[n-1]1(§)*d[2*n+j+1] (j-1)/(d[2*n+j]1 () ;

b[2#n+j] (j) :=b[2*n+j] (j-1)-c[n] (j);

g[2*n+3j] () :=g[2*n+j] (j-1);

b[2*n+j+1] (§) :=b[2*%n+j+1] (j-1)+c[n] (j);

g[2xn+j+1] (j) :=g[2*n+j+1] (G-1)+c[n] () * (b [2*n+j] (j-1)-b[2*n+j+1]1 (j));
end do;

The formulas in Theorem 2.1 and the computations in the algorithm hold provided

6;{152)] #0.If 8;;2)] = 0 then we cannot compute c,(lj 0 and this quantity is needed in

most of the other formulas for the j-shifted step-line. The condition 8;{12)1 = 0 for all
j = landn > 1 is a sufficient condition that implies that all the required recurrence
coefficients can be computed and hence implies that the multi-indices (n + k, n) are

normal.
There is a similar result for the recurrence coefficients (,3,50”(), yn(o’k), 8,(,0’k)).

Theorem 2.2 One has for all k > 0

i =Pttt nz0,
Vanir | = Vot nzl,
Snsk | = Sapik + Ot Vanths  n=1
and
Bantin = Bt = nz0.
Vaniirl = Vaneisr — 6 By = Bty n =0,
Sl = Skt — s =1
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where (c,(lo’k)),,zo is the solution of the Riccati type difference equation

(0,k) ¢(0,k)
¢, 90

0,k) _ 2n+k+1

no T 00 06 0k (2.23)
mtk T Cal1 Yoni

with initial condition
o _ Bt
k&) %kl

% =00 k=1, (2.24)

Yk

and for k = 0 the c(()o’o) is a free parameter.

Proof The proof is very similar to the proof of Theorem 2.1, but one uses the
recurrence relation (2.8) and the relations (2.6) and (2.10). ]

An important difference is that one also needs c(()o’o) which one can find by taking

n = 0 and k = 0 in the relation for ﬁég’f,jl), giving

0,0 0,1 0,0
(00 _ pOD _ 400

Here ,Béo’o) = Bp is known as the first of the step-line recurrence coefficients, but

,Béo’]) can not be obtained in terms of the step-line recurrence coefficients. Recall
that the step-line recurrence coefficients do not determine the measures @1 and
> but only determine w1 and for the second measure any convex combination of
n1 and o is possible. This degree of freedom is reflected in c(()o’o) being a free
parameter.

Again, the Ricatti equation (2.23) can be solved explicitly. The substitution

0.k _ 0.k)

cp ' =1/d, " gives

(0,k) ¢ (0,k) 0,k)

40k — dn—l 62n+k + Yontk

n - S(O’k) ’
2n+k+1

and this first order linear recurrence has the following expression as solution

n J/(O,k) i 8(0’k) n 5(0,/{)
0,k) _ 2i+k 2]+k+1 (0,k) 21+k
d\"h = (Z N o0 T ) o (2.25)
i=1 92i+k+1 I=1 92+k I=1 %2 +k+1
. (0,k+1)
The following Maple procedure computes (B, Vk<n<2N—k+1,

0,k+1 0,k+1 .
(7 ))k+1§n§2N—k+1 and (8 ))k+2§n§2N—k+1 for 0 < k < K. It requires

as extra input the first two moments of the measure 7, i.e., m(1,2) = m(u;) and
m(0,2) = mo(p2).
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shift_k:=proc(N,K)

local n,k;

for n from O to 2*N+K+1 do
b[n] (0) := betald(n);
g[n] (0) := gammaO(n);
d[n] (0) := deltaO(n);

end do;

c[0](0) := m(1,2)/m(0,2)-b[0] (0);
for k from O to K do
glk] (k+1) :=0;
d[k] (k+1) :=0;
d[k+1] (k+1) :=0;
b k] (k+1) :=b[k] (k) +c[0] (k) ;
blk+1] (k+1) :=b[k+1] (k) -c[0] (k) ;
glk+1] (k+1) :=g[k+1] (k) -c [0] (k) *(b[k] (k) -b[k+1] (k+1));
for n from 1 to N-k do
c[n] (k) :=c[n-1]1 (k) *d [2*n+k+1] (k) / (d [2*n+k] (k) +c [n-1] (k) *g [2*n+k] (k)) ;
b[2#n+k] (k+1) :=b [2*n+k] (k)+c [n] (k) ;
gl[2xn+k] (k+1) :=g [2+n+k] (k) ;
d[2*n+k] (k+1) :=d [2*n+k] (k) +c [n-1] (k) *g [2*n+k] (k) ;
b[2*n+k+1] (k+1) :=b[2*n+k+1] (k) -c[n] (k) ;
g[2*n+k+1] (k+1) :=g[2*n+k+1] (k) -c [n] (k) * (b [2*n+k] (k) -b[2*n+k+1] (k+1)) ;
d[2#n+k+1] (k+1) :=d [2*n+k+1] (k) -c [n] (k) *g [2*n+k] (k) ;
end do;
c[0] (k+1) :=d [k+2] (k+1) /g [k+1] (k+1) ;
end do;
end proc;

Remark 2 One has

S(O’k)
C(O,k) _ C(O,k) 2n+k+1
n — "n-1 8(0,k+1)’

2n+k

and in a way similar as before one has

sQ.K) 0.k

8(0’k+1) _ 2n+k+1"2n+k
2n+k+1 — 5(0’k+1)
2n+k

Hence one can replace the lines 16-24 in the above procedure by

for n from 1 to N-k do

d[2*n+k] (k+1) :=d [2*n+k] (k) +c [n-1] (k) *g [2xn+k] (k) ;

d[2*n+k+1] (k+1) :=d[2*n+k+1] (k) *d [2*n+k] (k) /d [2*n+k] (k+1) ;

c[n] (k) :=c[n-1] (k) *d [2*n+k+1] (k) /d[2*n+k] (k+1) ;

b[2#n+k] (k+1) :=b [2*n+k] (k) +c [n] (k) ;

g[2*n+k] (k+1) : =g [2*n+k] (k) ;

b[2#n+k+1] (k+1) :=b[2*n+k+1] (k) -c[n] (k) ;

g[2xn+k+1] (k+1) :=g[2*n+k+1] (k) -c [n] (k) * (b [2*n+k] (k) -b [2*n+k+1] (k+1)) ;
end do;
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A sufficient condition for normality of the multi-indices (n, n + k) is now that
85D #£ 0foralln > 1and k > 0.

2.2 From shifted step-line to nearest neighbor recurrence coefficients

Our next step is to find the nearest neighbor recurrence coefficients
n.ms bum,s Cnm, dpm in (2.2)—(2.3) from the recurrence coefficients on the shifted
step-lines.

Theorem 2.3 The coefficients of the nearest neighbor recurrence relations (2.2)—
(2.3) are forn > 0 and j > 1 given by
_ gU0o
Cntjn = 13211+j’
i,0
dn+j,n = Cn+j,.n +Cr(1] )7
sU—10)
_ 2n+j+1
C’(lJ,O)
(J,0)
bn+j,n = Vzé+j — dn+j,n-

An+jn =

and forn > 1andk > 0

(0,k)
Cn,nt+k = ﬁ2n+k1

dn,n+k = Cnn+k T+ C’(IO,k)’
S(O’k)

2n+k
nn+k = — 0.0 °

n—1
(0,k)
bnptk = Yon+k — Gn.n+k-

The initial coefficients are ag,0 = bo,o = 0, co.0 = Po and do o is a free parameter.

Note that if bo(u1) = my(u1)/mo(n1) and bo(uz) = my(uz)/mo(u2) are the
first recurrence coefficients of the orthogonal polynomials for w; and u, respec-
tively, then co,0 = bo(w1) and do,o = bo(w2). Hence the particular choice dpo =
mi(ua)/mo(ua) gives the nearest neighbor recurrence coefficients of the multiple
orthogonal polynomials for the measures ©; and py. Another choice of dp o still
gives w1 as the first measure, but a linear combination of w1 and w, for the second
measure.

Proof We start from (2.16) and replace the polynomial P, 1 ,—1 by using (2.9)
to find

. _ , (J.0) ‘ (J,0) .
X Pyt jn(x) = Pogjt1,0(x) + ﬂ2n+j Poyjn(x)+ YVontj Ppyjn-1(x)

(J,0)

2n+j

~0y (Prtjn—1(0) = Pasj10 (1))
R

n—1

_|_
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Now we compare this with the recurrence relation (2.2) with n replaced by n 4 j and
m = n, then

(J,0)
Cn+jn = B

2n+j°
(7,0
o _ G0 2n+j
bntjn = YVontj + G.0)°

Cn-1
(J,0)
82n+j
an+jn =

G0
Cr—1
Use the last equation in (2.21) to obtain

3(‘i_1’0)
2n+j+1
An+jn = —

C’(IJ,O)

so that the formula is valid for all n > 0. For d, j , we use the relation (2.11) to find

0
dn+j,n = Cn+j,n + Cr(lj ).
This gives the first part of the theorem.

For the second part of the theorem we use (2.8) with n replaced by 2n + k and by
(2.6) this gives

+85 0P

0,k 0,k
XPunk(X) = Pustnsk () + Byt Pank () + Vot Pansk—1 (x)
2n+k

n—1,n+k—1(X)- (2.26)
Replace the polynomial P,_j ,4k—1 by using (2.10) (but with n replaced by n — 1)
to find

0.k 0,k
X Pk (X) = Pag sk () + Boris Pank () + Vot Pank—1 (x)
(0,k)
+ 2n+k

00 (Prntk—1(X) = Pooy gk ().
Cn—1
Comparing with (2.2) with m = n + k then gives

(0,k)
Cnntk = Byt

500

_ 2n+k

ap n+k = — 0.0
Cn—1

0.4) St

_ s n+

bn,nJrk - J/Zn_t,_k + C(O’k) .
n—1
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For d;, .+« we use (2.11) to find

0,k
dn,n+k = Cnn+k + C,(1 )-

This gives the second part of the theorem. O

In Maple one can compute the nearest neighbor recurrence coefficients using the
following procedure:

nncoef :=proc (n,m)

local j,k;

if m<n then j:=n-m;
shift_j(n,j);
c(n,m):= b[2*m+j] (§);
d(n,m):= c(n,m)+c[m] (j);
a(n,m):= -d[2*xm+j+1] (j-1)/c[m] (j);
b(n,m):= gl2*xm+j] (j)-a(n,m);

else k:=m-n;

shift_k(m,k);
c(n,m):= b[2*n+k] (k) ;

d(n,m):= c(n,m)+c[n] (k);
a(n,m):= -d[2*n+k] (k) /c[n-1] (k) ;
b(n,m):= g[2*n+k] (k)-a(n,m);
end if;
Vector([c(n,m), d(n,m), a(n,m), b(n,m)]);
end proc;

2.3 The recurrence coefficients of the marginal measures

Now that we know the nearest neighbor recurrence coefficients, we can find the
recurrence coefficients of the orthogonal polynomials P, (x; 1) for the measure
u1 and P, (x; wp) for the measure uy. The recurrence relations for these monic
orthogonal polynomials are

XPp(x; i) = Ppyp1Ge; i) + by (i) P (x5 ) + a,z,(m)Pnfl(x; Wi).

Observe that P, (x; 1) = Py 0(x) and Py, (x; u2) = Po,m(x), so if we compare with
the nearest neighbor recurrence relations (2.2) and (2.3) we find

bi(pn1) =cjo, ajz-(ltl) =ajo,
and
br(up) = dox, ai(pua) = box.

If we use Theorem 2.3 then this gives

j,0 j—1,0
biu) =Y. Ay =y, .27)
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where we used (2.15) to simplify the expression for a; o. The recurrence coefficients
for w, can be obtained more easily from (2.26) with n = 0, which gives

X P (x) = Pyi(x) + BN Por() + v Posci (),
and if we replace P; ; by using (2.10) with n = 0, then

0.k 0.k 0.k
xPox(x) = Py p+1(x) + (c(() o4 ﬂ,ﬁ ' )) Po,x(x) + Vk( Py k-1(x),

so that

() = BV +c00, atua) = v 0. (2.28)

Observe that these results allow us to find the recurrence coefficients of the orthog-
onal polynomials for the measures w1 and p; if the recurrence coefficients of the
step-line multiple orthogonal polynomials are known. There are examples of mul-
tiple orthogonal polynomials for which the recurrence coefficients of the marginal
orthogonal polynomials are not known. Such a situation occurs for instance in the
case of multiple orthogonal polynomials associated to the modified Bessel functions
of the first and second kind. In 1990 A.P. Prudnikov posed an open problem to find
the orthogonal polynomials for the modified Bessel functions of the second kind
K, (24/x) on [0, 00) (see [19, Problem 9 on pp. 239-241]). It turned out that in this
case it is more natural to consider multiple orthogonal polynomials for a pair of mod-
ified Bessel functions of the second kind K, (24/x), K, +1(24/x). This was shown by
Van Assche and Yakubovich in [21] (see also [3]) and later for the modified Bessel
functions of the first kind by Coussement and Van Assche in [5] (see also [7]). Our
algorithm allows us to find the recurrence coefficients of those polynomials, even
though we are not able to find explicit expressions for them. If we start from the
step-line recurrence coefficients given in [21, Thm. 4]

Bph=m4+a+1)Bn+a+2v)—(e+ 1) —-1),

Yp =nm+a)n+oa+v)3n+2a+v),

h=nn—1Dn+a)y(n+a—-—1n+a+vn+a+v—1),
for the multiple orthogonal polynomials with

dpy(x) = x*T2K,QV%),  dpa(x) = x*TOTD2E, L2V,

and put « = 0 and v = 0, then Table 1 gives the results of our algorithm for the
recurrence coefficients (a,, b,) of the weight K¢ (24/x).

Note that the values for the coefficients a, presented in Table 1 are the same as
the ones that were computed in [19] using the moments.

3 From marginal to nearest neighbor

In the previous section we started from the step-line recurrence coefficients and we
showed how to find the nearest neighbor recurrence coefficients and in particular the
recurrence coefficients of the orthogonal polynomials for the marginal measures
and w,. In this section we will investigate the inverse problem: suppose the recurrence
coefficients (arzlJrl (1i), bn(i))n>o0 are given for i € {1, 2}. How can one find all
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Table 1 Recurrence coefficients of orthogonal polynomials for K(2+/x)

n an by

0 - 1

1 1.7320508075688772935 9.6666666666666666667
2 8.5374989832437982487 28.186991869918699187
3 20.265386777687130909 56.571895845674401834
4 36.925214834648582674 94.823932737801348717
5 58.518554562959399225 142.94410230778264607
6 85.045955898223602580 200.93289913274452209
7 116.50767686120789662 268.79060407933245800
8 152.90385976282648737 346.51739199614374938
9 194.23459164836084172 434.11337913848760712
10 240.49992974325090503 531.57864673346522330

the nearest neighbor recurrence coefficients (@, m, by.m, Cn.m» dn.m) and the step-line
recurrence coefficients (8;, ¥n, 6n)?

3.1 The nearest neighbor recurrence coefficients

The nearest neighbor recurrence coefficients satisfy a system of non-linear partial
difference equations, as was noted in [18]. We will briefly show how to find these
partial difference equations. The nearest neighbor recurrence relations (2.2) and (2.3)
can be written in a matrix form as

Yn+l,m = Ri(n, m)Yn,mv Yn,m+1 = Ro(n, m)Yn,m,

where
Py (x)
Yn,m = Pn—l,m(x)
Pn,m—l(x)

and Ry and R; are the two transfer matrices

X —Cnom —An,m _bn,m
Ri(n,m) = 1 0 0 )
1 0 dn,mfl — Cn,m—1
and
X — dn,m —An,m _bn,m
Ry(n,m) = 1 Cn—1,m — dnfl,m 0
0 0

Now there are two ways of finding Y, ,u+1 from Y, ,, using these transfer matrices:
one way is to first compute Y, 11, and then to increase m by one, which gives

Yn+1,m+1 =Ry(n+1,m)R(n, m)Yn,m‘
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Another way is to first compute Y}, ;,+1 and then to increase n by one, giving
Yitim+1 = Ri(n,m + DRy(n, m)Yy .
Comparing both expressions gives the matrix relation
Ro(n+1,m)Ri(n,m) = Ri(n,m+ 1)Ry(n, m).

If one computes the entries of this matrix identity, then one finds the following partial
difference relations (see also [18, Thm. 3.1]):

dn—i—l,m - dn,m = Cn,m+1 — Cn,m> 3.1
det (dn+],m dn,m) , (3.2)

Cnm+1 Cn,m

an+1,m + bn+1,m - (an,m+l + bn,m+l)

an.m+1 Cnom — dn,m

= . ; (3.3)
An.m Cn—1,m — dn—l,m
bn+l,m _ Cnom — dn,m (.4)
bn,m Cnom—1 — dn,m—l

We will show that these partial difference equations with boundary conditions

ano=az(u1), buo=0, cno=by(n1), n>0, (3.5)
and
aom =0, bom=ax(wa), dom=bn(ur), m=>0, (3.6)

where a,% (mi), by (i) are the recurrence coefficients of the monic orthogonal poly-
nomials for the measure u; (i = 1,2) (with a%(m) = aé(uz) = 0), can be
solved recursively to find the nearest neighbor recurrence coefficients for the multiple
orthogonal polynomials with the measures (w1, ®2).

Theorem 3.1 Suppose (a,zl(/u))nzl and (b, (14i))n>0 are the recurrence coefficients
of the monic orthogonal polynomials P, (x; 4;) for the measure w;, i.e.,

X Py (X3 14i) = Pug1 (%3 1) + b (i) P (x5 100) + @2 (i) P—1 (x; i), n >0,

with Py(x; ;) = 1 and P_1(x; i) = 0. Then the nearest neighbor recurrence coef-
ficients for the type Il multiple orthogonal polynomials can be computed recursively
by (3.1)—(3.4), using the boundary conditions (3.5)—(3.6), provided c, m # dn m for
alln,m > 0.

Proof We use induction on k, where k = n-+m is the length of the multi-index (n, m)
and show how to compute a, m, by.m, Cn.m, dn,m When the recurrence coefficients
are known for multi-indices of length less than k. For k = 0 we have that ap ¢ =
bo,0 = 0 (these appear as coefficients of P_j ¢ and Py _; and hence are not needed)
and co,0 = bo(1e1), do,o = bo(uz2). Hence the case k = 0 is settled. For k = 1 we
already have aj 0 = ai (1), c1,0 = b1(k1), bo1 = a?(u2), do,1 = b1(u2), and we
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also defined ap,;1 = b1,0 = O (these appear as coefficients for P_; ; and P _; and
are not needed). This leaves only to determine ¢ | and dj . If we use (3.1) and (3.2)
for n = m = 0, then this gives the system of equations

di,0 —co,1 = do,o — 0,0,
di,0c0,0 — ¢o0,1do,0 = a1,0 + b1,0 —ao,1 — bo,1.

This is a linear system of two equations for cp; and djo. The determinant of
the system is do,0 — co,0 and hence this system has a unique solution whenever
bo(ur1) # bo(u).

Suppose next that we know all the nearest neighbor recurrence coefficients for
multi-indices (n, m) of length < k (Fig. 2). From (3.3) we then find

Cn,m — dn,m
Ap.m+1 = An,m

Cn—1,m — dn—l,m

and from (3.4) we find

Cnom — dn,m
bn+l,m = bn,m .
Cnom—1 — dn,m—l

If we replace n by £ and m by k — £, then this gives

Cok—t —dok—e

agk—e+1 = ag k—¢ ) 1<t <k. 3.7
Co—1k—t — de—1k—t
For £ = 0 and ¢ = k + 1 we use the boundary conditions
2
aok+1 =0, axt1,0 = a1 (L1).
In a similar way
Cok—t — dek—e
bet1.k—t = bek—e , 0<l<k-—1. (3.9)
Cok—t—1 — dg k—0-1
m
N
A
A3
A3
A3
-
A 3
A 3
A
A3
N 5‘
A
A3 A3
AN
. .
PR .
TR *. ‘s
A
. so N S
n
0O 1 2 3

Fig. 2 Moving along the linesm +n =k
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For £ = —1 and £ = k we use the boundary conditions

bok+1 = a;%+1(M2), br+1,0=0.

The expressions on the right of (3.7)—(3.8) contain coefficients of multi-indices of
length k and k — 1 and hence they are known. If we use (3.1) and (3.2), then

dn+l,m —Cnm+1 = dn,m — Cn,m>

dn+l,mcn,m - Cn,m+ldn,m = Qupii,m + bn—i—l,m —Adpm+1 — bn,m—i—h

which is a linear system for ¢, 41 and dj+1,, With determinant dy, ,, — ¢,;. This
system has a unique solution whenever ¢, ,;, # dj ;. This solution is

Apiim + bn+1,m — ap,m+1 — bn,m+1

Cnm+1 = Cnm )

Cnom — dn,m

and

Ant1,m + bugim — nm+1 — bt
dn+l,m = dn,m + .

Cnyn — dnom
Replacing n by £ and m by k — £ then gives

n Ap1k—t +Deg1k—e — Ao p—e+1 — ber—e41

Clk—t+1 = Clk—¢ , 0<¢<k,
Ck—e — dik—t
(3.9)
and for £ = k + 1 we use the boundary condition
Ck+1,0 = b1 ().
Similarly we have
—¢+5b —¢— Qg j—g+1 — box—
i poe = dos + Ao+1,k— T Dot 1 k— — Qg k—0+1 — Do k—0+1 ’ 0<t<k.
cek—t — dek—e
(3.10)
and for £ = —1 we use the boundary condition
dok+1 = bkt1(u2).
O

We can implement this in Maple using the following procedure which computes
an.ms bn.m, Cnm, dn.m forn+m < N + M. It requires the input al(n) = a,zl(ul) and
bl(n) = b, (1) for the first measure w; and a2(n) = a,zl(uz) and b2(n) = b, (2)
for the second measure up, for 0 < n < N+ M, where we set a%(m) =0= aé(,uz).
In particular it gives the coefficients cy a, dy,m, an,m. by, m which will be given in
the output explicitly.
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IP:=proc(N,M)

local n,m,k;

for n from O to N+M do
c(n,0):=b1(n);
a(n,0):=al(n);
b(n,0):=0;

end do;

for m from O to N+M do
d(0,m) :=b2(m) ;

a(0,m):=0;
b(0,m) :=a2(m) ;
end do;

for n from 1 to N+M do
for k from 1 to n-1 do

a(k,n-k):=a(k,n-k-1)*(c(k,n-k-1)-d(k,n-k-1))/(c(k-1,n-k-1)-d(k-1,n-k-1));
b(k,n-k) :=b(k-1,n-k)*(c(k-1,n-k)-d(k-1,n-k))/(c(k-1,n-k-1)-d(k-1,n-k-1));

end do;
for k from 1 to n do
c(n-k,k) :=c(n-k,k-1)

+(a(n-k+1,k-1)+b(n-k+1,k-1)-a(n-k,k)-b(n-k,k))/(c(n-k,k-1)-d(n-k,k-1));

end do;
for k from 1 to n do
d(k,n-k) :=c(k-1,n-k+1)-c(k-1,n-k)+d(k-1,n-k);
end do;
end do;
Vector ([c(N,M),d(N,M),a(N,M) ,b(N,M)]);
end proc;

3.2 The step-line recurrence coefficients

Next we will show how to compute the recurrence coefficients in the step-line

recurrence (2.1) if one knows the nearest neighbor recurrence coefficients.

Theorem 3.2 Suppose that the nearest neighbor recurrence coefficients are given.

Then the step-line recurrence coefficients in (2.1) are given by

Bon = Cn,n» n >0,

Von = Qpgp + bn,na n>1,

S = an,n(cn—l,n—l - dn—l,n—l)v n>1,
and

,32n+l = dn+1,n, n >0,

Von+l = Aptian + bn+l,nv n >0,

82n+l = bn—i—l,n(dn,n—l - Cn,n—l)a n>1.

Proof From the nearest neighbor recurrence relation (2.2) we find

xpn,n(x) = Pn+1,n(x) + Cn,nPn,n(x) + an,nPnfl,n (x) + bn,nPn,nfl

(x).
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Use (2.4) to replace P, , to find

XPpyyn(x) = Pyr1,0(x) + cnnPon(x) + (@nn + bp ) Pon—1(x)
+an,n(cn71,n71 - dnfl,nfl)Pnfl,nfl(x)'

If we compare this with (2.1) with n replaced by 2n, then we find the relations for the
even recurrence coefficients. The proof for the odd recurrence coefficients is similar:
use (2.3) to find

xPnJr],n(x) = Pn+],n+l (x)+dn+l,nPn+1,n(x)+an+l,nPn,n(x)+bn+1,npn+l,nf] (x),

and replace P, ,—1 using (2.4), giving

xpn+1,n(x) = n+1,n+1(x) + dn+1,nPi1+l,n(x) + (an+1,n + bn+1,n)Pn,n(x)
+bn+l,n (dn,n—l - Cn,n—l)Pn,n—l(x)'

Comparing with the recurrence relation (2.1) with n replaced by 2n + 1 gives the
required result. U

3.3 The nearest neighbor coefficients for general r

For general r there are more partial difference equations for the nearest neighbor
recurrence coefficients. The nearest neighbor recurrence relations (1.4) can be written
as

Yite, = Ri(n)Yj, l<k<r,
where
P;(x)
Pz (x)
Y; = .
Pji_g, (%)

and Ry () are (r + 1) x (r + 1) transfer matrices given by

X — bﬁ,k _aﬁ,l e _aﬁ,k e —aﬁ’r
L biga—bigp--- 0 - 0
Rk(ﬁ) = 1 0 0 0
) 0 oo 0 e big g —biik

Expressing that Y1z 1z, can be computed in two ways when i # j is done by

R;(n + gj)Rj(fi) = Rj(ﬁ +¢é;)R;(n),
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and this gives the following partial difference relations [18, Thm. 3.2]: for all 1 <
i # j <r onehas

biits;,j — bi,j = biité;i — bii, (3.11)
r r
biie. i bii
Z‘Wz—@_,,k - Zaﬁ+5i»k = det <bfiiﬂ b?’l~> J (3.12)
k:l k:l n—rej,j n,j
Giveji  baj— b, (3.13)
a i bi.j —bi-zi '

Theorem 3.3 Suppose the recurrence coefficients (a,%(u,-))nzl and (by(14i))n>0 of
the monic orthogonal polynomials for the measure ju; are known (1 <i <r). Then
the nearest neighbor recurrence coefficients aj ;, b; j (1 < j < r) can be computed
from (3.11)—(3.13) and the boundary conditions

ané’j,j:a;l(:uj)v bné'j,j:bn(/'l’j)v nzO, 1 ij}",
where a%(p,j) =0, and
ang;, i =0, n>0,i#],
provided that by ; # by ; for all multi-indices neNandl<i#j<r.

Proof We use induction on the length N = |7| of the multi-index 7. For |ii| = 0 we
see that ag i = 0 and b()j =bo(uj) for1 < j < r.If [n| = 1 then 7 = ¢; for some
i with 1 < i < r. Therefore a; ; = a;, ; = 0 whenever i # j and a;,; = alz(ui).
Furthermore bj; ; = bz, ; = b1(u;). Using (3.11) we also find

bg, j = bz;.i +bo(pj) — bo(ui),
and (3.12) gives

r r
bg,;.ibo(ij) — bz, jboui) = Y _az,k — Y g, -
k=1 k=1
Solving this linear system gives for i # j
ZZ:] ag; k — ZZ:] ae; k
bo(j) — bo(u;)

provided bo(i;) # bo(u ;). Hence all the nearest neighbor recurrence coefficients
are known for |71| = 1.

Suppose that we know all the nearest neighbor recurrence coefficients with multi-
indices of length < N. Let m be a multi-index of length N + 1. In order to compute
ap ; we choose a j # i such that m; > 1 and write m = n + €;, where 7 is a
multi-index of length N. Then from (3.13) we find that

by i — bi i

’

bg; i = bo(ui) +

Qi = Qjie;i = aﬁ,ibﬁ_giyj g (3.14)
The coefficients on the right hand side have a multi-indices of length N or N — 1 and
hence (3.14) allows us to compute a;; ; when m; = n; > 1. If m; = O then a;; ; is the
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coefficient of the polynomial Py _z which is 0, hence we don’t need this coefficient
and we can set it equal to 0. If m j = O for all j # i thenm = (N + 1)¢; and we have
AN+1)%;,i = 6112V+1(Mi)-

If i # j then the (3.11) and (3.12) are a linear system for the two unknowns
bji1z,; and bﬁ+g_,.’ ;- The solution is

r r
Zkzl Aiitej,k — Zkzl Aiite;,k
bii j — b

biité;i = bii + (3.15)

provided that b; ; # by ;. Hence if there exists j # i withm; > 1, thenm = n+e¢;,
and we can compute by, ; from (3.15). If m; = O for all j # i thenm = (N + 1)¢;
and by +1yg;.i = Dn+1(1i). O
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