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1 Introduction

A matrix A = [a;;] € C"™" is called an H-matrix if its comparison matrix < A >=
[m;;] defined by

n,n _ laiil, i= J
<A>=[mleC ,ml‘j—{_mij" i £,
is an M-matrix, i.e., < A >"1> 0, [1, 3, 4]. H-matrices are widely used in many
subjects such as computational mathematics, mathematical physics, economics and
dynamical system theory [10]. A special interesting problem among them is to find
upper bounds of the infinity norm of H-matrices, since it can be used to prove the
convergence of matrix splitting and matrix multi-splitting iterative methods for solv-
ing large sparse systems of linear equations, see [1, 5-7]. Many researchers have
obtained some bounds. In 1975, J.M. Varah [11] provided the following upper bound
for strictly diagonally dominant (SDD) matrices as one of the most important sub-
class of H-matrices. Here a matrix A = [a;;] € C™" is called SDD if for each
ieN={1,2,...,n},

laji| > ri(A),

where r; (A) = ) |ajjl.
i

Theorem 1 [11] Let A = [a;;] € C™"" be SDD. Then

—1
A" Moo =

min(la;;| — r;(A))’
ieN

We call the bound in Theorem 1 the Varah’s bound. As Cvetkovic et al. [5] pointed
out, the Varah’s bound works only for SDD matrices, and even then it is not always
good enough. Hence, it can be useful to obtain new upper bounds for a wider class of
matrices which sometimes are tighter in the SDD case. In 2013, Cvetkovié et al. [5]
study the class of Nekrasov matrices which contains SDD matrices and is a subclass
of H-matrices, and give the following bounds by applying the Varah’s bound to the
matrix C = [ — (|D| — |L|)~! U], where D is the diagonal part, —L is the strict
lower triangular part, and —U is the strict upper triangular part of a Nekrasov matrix.

Definition 1 [4, 5] A matrix A = [a;;] € C"" is called a Nekrasov matrix if for
eachi € N,

laii| > hi(A),

i-1 n
where h1(A) = r1(A) = }_ |aij| and h;(A) = ) ‘|Z’?.||hj(A) + X laijli =
j#l j=1" j=i+1
2,3,...,n.
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Theorem 2 [5, Theorem 2] Let A = [a;;] € C""" be a Nekrasov matrix. Then

max %A

; aii

A oo < —F——, 0
1 — max 24
ieN il

and
max z; (A)

A,1 < ieN ’ 2
|||M_MM%PMMD @
ieN

i-1,
where z1(A) = 1 and z;(A) = I'Z;fj'lz,-(A) F1,i=23,...,n
j=1
Since a SDD matrix is a Nekrasov matrix [4, 8], the bounds (1) and (2) can be also
applied to SDD matrices. However, the Varah’s bound cannot be used to estimate the
infinity norm of the inverse of Nekrasov matrices. Furthermore bounds (1) or (2) are
tighter than Varah’s bound when mi]\r/1(|a,- il —ri(A)) is very small for the SDD matrix
I1S]

A (for details, see [5]).

As shown in [5], each bound (1) or (2) can work better than the other one. So,
in general case, for Nekrasov matrices, one can take the smallest estimation of these
two.

To estimate the infinity norm of the inverse of Nekrasov matrices more precisely,
we in this paper give new bounds which involve a parameter u based on the bounds in
Theorem 2, and then determine the optimal value of & such that the new bounds are
better than bounds (1) or (2) in Theorem 2 (Theorem 2 in [5]). Numerical examples
are given to illustrate the corresponding results.

2 New bounds for the infinity norm of the inverse of Nekrasov matrices

First, some lemmas and notation are listed. Given a matrix A = [g;;], by A = D —
L — U we denote the standard splitting of A into its diagonal (D), strictly lower (—L)
and strictly upper (—U) triangular parts. And by [A];; we denote the (i, j)-entry of
A, that is, [A],'j = ajj.

Lemma 1l [2] Let A = [a;;] € C™" be a nonsingular H-matrix. Then
A7l < <Aa>"1.

Lemma 2 [9] Given any matrix A = [a;j] € C™", n > 2, witha;; # 0 foralli € N,
then

hi(A) = laisl [(DI = 1LDT"|Ue] .

i

where e € C™" is the vector with all components equal to 1.
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Lemma 3 [9] A matrix A = [a;;] € C™", n > 2 is a Nekrasov matrix if and only if

(D] — LD HUe < e,

i.e., then I — (|D| — |L|)~'U| is a SDD matrix, where I is the identity matrix.

Let
C=1-(D|—IL) U= [c]

and

B =|DIC = |D| - |D|(ID| — LN~ |U| = [bij],

and then from Lemma 3, B and C are SDD when A is a Nekrasov matrix. Note that

en = 1lc =0k=23..,nandey = -84, k =2,3,...,n, and that
bi1 = lanl, bx1 =0,k =2,3,...,n,and byy = —|aw|, k = 2,3,...,n, which
lead to the following lemma.
Lemma 4 Let A = [a;j] € C"" be a Nekrasov matrix, and let 1 > ”a(l’?l). Then the
matrices
C(w =D = (1= (DI = 1L~ 1U1) D), 3
and
B(w = BD(w) = (10| = IDI(D] = L)™' |UT) D) )
are SDD, where D(n) = diag(u, 1, ---, 1). In addition,
1C (1)~ loo < max 1 )
- _ A g hi(A)
= Tan] 1 rg,?f( laii|
and
_ 1
1B ™ oo < (6)

min {M|a11| — h1(A), ?;21]1(|aii| - hi(A))}

Proof 1t is not difficult from (3) to see that [C(u)]x1 = pcky for all k € N and

[C(w)kj = ckj forallk € N and j # 1. Hence
ri(A)
lain]

[CW]i = p, ri(C(r)) =r(C) =
andfori =2,...,n,

[C(w)]ii = cii, i (C(n)) = ri(C).
Since C is SDD and p > L) we have that C (i) is SDD.

laiil”

Moreover, by applying the Varah’s bound to estimate the infinity norm of C (1) ~!,

we obtain

_ 1
1€ (1) loo < max

1

< = max { ! , max } .
ieN |[C(W)]iil — ri(C()) u—=ri(C) i#l |cii| = ri(C)
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Note that C = I — (|D| — |[L)~|U| = [cij] and all diagonal entries of matrix
(ID| — |L])~YU| are less than 1. Then we have that fori € N, i # 1,

jeiil = 1= [apI = 1Lh U]

ii

and that foreachi € N,

r(©) =Y [apI=1Ln~ ]
ki

ik’

Then (also see the proof of Theorem 2 in [5]) fori € N, i # 1,

- - hi(A)
) — —1— _ 1 -1 _ 1 -1
el =ri(€) =1 g[um Ly 1], = 1=[api—eptiwe] =1 2=
; —_ @ _ @
Since 71 (C) = rllanl = Iflznl , we have
1CGD ™ oo < max | ——— . max —— }
<= w—ri(C) i#l |cii| = ri(C)
1 1
= max max
hi(A) hi(A)
Tt P T
1 1
= max
h° hi(A)
m= |6|111| ! Iln;llx laii
Inequality (6) can be proved analogously. O
Now, we give the main result of this paper.
Theorem 3 Let A = [a;;] € C*" be a Nekrasov matrix. Then for u > r|la(]l|4|)
1 zi(A) 1 1
A7 [|oo < max{u, 1} max max , (D
ieN laiil p— AT gy bl
lain] i#1 aii|
and
max{u, 1} max z; (A)
1A Nloo < : ®)

min {M|1111 | — h1(A), IZI;éi{l(laiiI - hi(A))}
where z; (A) is defined in Theorem 2.
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Proof We only prove that (7) holds, and in an analogous way, (8) is proved
easily. Let C(u) = CD(u) = (I —(ID|—|LD)7'U|) D(w), where D(pn) =
diag(u,1,---,1). From (3), we have

Cw = (1= (DI = ILDU1) D4 = (DI = LD~ < A > D(w),
which implies that
<A>=(D|~|LDCWDwW™".
Furthermore, since a Nekrasov matrix is an H-matrix, we have from Lemma 1,
1A Moo < 11 < A > loo < IDGIIolICE) ™ lool (DI = ILD ™ Hloo.  (9)

Note that |D| — |L| is an M-matrix, and then similar to the proof of Theorem 2 in
[5], we easily obtain

_ zi(A)
(D] = ILD ™ oo = I1¥]loe = max =——, (10)
ien |aji|
where y = (|1D| — |L])"'e = [y1, 2, ..., yo1" and z;(A) = |aiilyi, i.e.,
i—1 |a|
a(A) =1, and z;(A) = ) —Lz;(A)+1,i=2,...,n.
— lajjl
]_
From (5), (9), (10) and the fact that || D(u)||cc = max{u, 1}, we obtain
(A 1 1
1A oo < max{ye. 1} max 2 max ,
ieN |ajil w— A 1 _ max b
laii] i#1 lai|
The conclusions follows. O]

Example 1 Consider the Nekrasov matrix A in [5], where

-7 1 —02 2
7 88 2 -3
Ar=1 5 05 13 -2
0530 1 6

By computation, i1 (A) = 3.2000, hy(A) = 8.2000, h3(A) = 2.9609, hs(A) =
0.7359, z1(A) = 1, z20(A) = 2, z3(A) = 1.2971 and z4(A) = 1.2394, and
||A1*1 lloo = 0.1921. By Theorem 2 (Theorem 2 in [5]), we have

||A1_l||OQ < 0.3805, (The bound (1) of Theorem 2)
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and
||A1_1||oo < 0.5263. (The bound (2) of Theorem 2)

By Theorem 3, we have

n=0.5 n=0.8 u=1.1 u=1.4 u=1.7
bound(7) 4.8198 0.6025 0.3535 0.3745 0.4547
©n=0.6 ©n=0.9 u=1.2 u=1.5 u=1.8
bound(8) 2.0000 0.6452 0.4615 0.5699 0.6839

Remark 1 Example 1 shows that for some values of i, bounds (7) and (8) of Theorem
3 are better than bounds (1) and (2) of Theorem 2 respectively. Figures 1 and 2 show
that there is an interval such that for any w in this interval, the bound (7) ((8), resp.)
of Theorem 3 for the matrix A; is always smaller than the bound (1) ((2), resp.) of
Theorem 2.

An interesting problem arises: whether there is an interval of p such that the
bound (7) ((8), resp.) of Theorem 3 for any Nekrasov matrix is smaller than the
bound (1) ((2), resp.) of Theorem 2? In the following section, we will study this
problem.

3 Optimal values of the parameter p
In this section, we determine the values of w in the bounds (7) and (8) such that

the bounds (7) and (8) for ||A~!||s are less or equal to the bounds (1) and (2),
respectively.

o
3

The bound (7) of Theorem 7
— — The bound (1) of Theorem 2| |

o

)}

o
T

I
o
)

-1
1

o
&
5

o
»
T

The bound of IIA

0.45}

0.4}

0.35F

< (1.2294, 0.3288)

0.8 1 1.2 1.4 1.6 1.8

Fig. 1 The bounds (1) and (7)
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0.9

The bound (8) of Theorem 7
0.851 — - — The bound (2) of Theorem 2|

0.8}

0.751

-1
L

0.7}

0.65[

The bound of IIA

0.6}

0.55F

0.5F

; # ' (1.2092, 0.4594)
0.8 1 1.2 1.4 1.6 1.8
u

0.45
Fig. 2 The bounds (2) and (8)

3.1 Optimal value of p for the bound (7)

We distinguish two cases:

hi(A) hi(A) h1(A) hi(A)
— > max . S ax
la11] i#l ajil la11] i#l aj

to determine the optimal value for the bound (7).

Lemma 5 Let A = [a;;] € C™" be a Nekrasov matrix with

hi(A hi(A
1A)  max 1A (1)
layy] i#l |ag]
Then
1 <n <n, (12)
hy(A hi (A T it
where n1 = 1 + |;(“|) —I,n;llx I[a(i,-\)’ and m = BRSO
i T Taqq ]

Proof Obviously, the first inequality in (12) holds. We only prove that the second
holds. From Inequality (11), we have that

hi(A)  hi(A) (h1<A)>2
— < 0.

laii| i1 ai] a1l
Equivalently,
hi(A) hi(A) hi(A) hi(A) hi(A) [ hi(A)\? hi(A)
1— — max — < 1—max ,
i#l aii|  lan] a0 lanl i#l ail laii] i#l ajil
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1.€e.,
hi(A)  hi(A) hi(A) hi(A)
1 — max + 1-— < 1 — max .
i#l |aji| lai1] laii] il ajl
Note that 1 — % > 0, then
1 — max 1)
hi(A) | hy(A) Tl
1 — max < o
i#l |aji| lajr] 1 —
lain]
that is, 1 < n7. The conclusion follows. O

We now give an interval of u such that the bound (7) of Theorem 3 is less than the
bound (1) of Theorem 2.

Lemma 6 Let A = [a;;] € C™" be a Nekrasov matrix with
hi(A) hi(A)
> ma .
lai] i#l |ajil

Then for each . € (1, n2),

—1 zi (A) 1 1
[|A™ |loo < max{u, 1} max max ,
ieN |aii| w— hi(4) 1 — max hi(A)
lay] i#1 lajil
max 4
ieN i
_ hi(A)°
. 1,12\3( laiil

Proof From Lemma 5, we have w € (1, 11U [71, n2) , and max{u, 1} = u.

(I Forpu € (1,n1], then
) L hi(4)

’

lai1] — i#l aj|
that is,
1 - 1
- hi(Ad) = | _ pax A
la] A1 il
Therefore,
(. 1) : 1 -
max{u, 1} max 7 , . = .
_ ha _ hi(A) _
M= Tan ! rln;lf( laii M= Tan

hi(A)

<1
lain]

Consider the function f(x) = W, x € [1, n1]. It is easy from
lajpl
to prove that f(x) is a monotonically decreasing function of x. Hence, for any

we 1, ml,
fw) < f(),
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i.e.,
" 1 _ 1
_ @ T hi(A)’
M= Tan 1 laitl 1 rlréz}\)/( laiil
which implies that
zi (A) zi(A)
MI}E\)} laii I,Ig\); laii
) _ hi(A)
W= Qo P—maxSen
Hence,
zi(A)
max{u, 1} max ai(4) max ! ! Ilrg}\)]( ]
T ieN ajil w— h|iz(A|) "1 — max hli(f‘) 1 — max )
11 i#l aji ieN |ai;
(I) For w € [n1, m2) , then
hi(A) hi(A)
— 1 — max ,
lai] i#llaiil
that is,
1 - 1
_ @ =g hi(A)
M= Tan 1 Iln;lx laiil
Therefore,
| 1 1 _ "
max{p, 1) max p A | ) [T )
lain] i#1 laii i#1 laii
Consider the function g(x) = l’c—h,m), x € [n1, n2]. Obviously, g(x) is a
—max J RS
e
monotonically increasing function of x. Hence, for any u € [n1, n2),
1 — max (A
i#1 laii|
gn) < g W )
lati]
that is,
w 1 _ 1
1 — max &4 [ — @) gy A
A1 il lait] ien laiil
which implies that
zi(A) zi(A)
MI,ISG( laii Ilrgé( laii
1 — max _%(ﬁ) 1 — max _%(ﬁ)
i#£1 i ieN 14
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Hence,
zi(A)
max{u, 1} max zi(4) max : : < 1115‘\’,‘ ]
- ieN laiil M—M7 1 — max 4 1 — max 24
a1 il laiil ieN ldiil
The conclusion follows from (I) and (II).
O

Lemma 6 provides an interval of u such that the bound (7) in Theorem 3 is better
than the bound (1) in Theorem 2. Moreover, we can determine the optimal value of
by the following theorem.

Theorem 4 Let A = [a;;] € C*" be a Nekrasov matrix with

hi(A) A

> ma .
lain] i#l |aji|
Then
I hi (A)
. 1 1 _ laygl g el
mlln max{u, 1} max AT e i — TG (13)
ne(l,n) K= TaqT _Iln;f( Tag;] _I,n;f( a1
Furthermore,
max 24 (1 4 M) _ gy 1 max S
_ ieN i a1 il i ieN laiil
A 1 < < 14
I lloo = hi(A) hi(A) " (14)
1 — max o l—maxﬁ
izl i ieN 4

Proof From the proof of Lemma 6, we have that

X
fx) = W, x € [1,m]
lay1]
is decreasing, and that
X
8) = ——— 7y X €l ml
i#l il

is increasing. Therefore, the minimum of f(x), which is equal to that of g(x), is

f<1+h1(A) maxhi(A)) =g<]+h1(A) 0 hi(A)>

— — max
laitl  i#l laiil laitl  i#l laiil
hi(A) hi(A)
P Fant — Max Tag
- A
1 I,n;llx laii
which implies that (13) holds. Again by Lemma 6, (14) follows easily. O
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Remark 2 Theorem 4 provides a method to determine the optimal value of u for a
Nekrasov matrix A = [a;;] € C"" with

hi(A) hi(A)
> ma .
lar1] i#1 |agl

Also consider the matrix Aj. By computation, we get

hi(A hi(A
HAD 64571 > 02278 = max "1 AD.
lai] i#l ajil

Hence, by Theorem 4, we can obtain that the bound (7) in Theorem 3 reaches its
minimum

max ZAD (1 hAD pa hl-(A.)>

; laiil lai] ; laii
N 1
< e =0.3288
1 — max ’la—ll
il laii

at u = n1 = 1.2294 (also see Fig. 1).

Next, we study the bound in Theorem 3 for a Nekrasov matrix A = [a;;] € C™""
with
hi(A) hi(A)
< ma;

laii] ~ Al aii]

(15)

Theorem 5 Let A = [a;j] € C*" be a Nekrasov matrix with (15) holds. Then we
can take ;. = ny such that

zi(A 1 1
||A_1||oo < max{u, 1} max i )max R, e
ieN |ajil w— AT gy A
lay] i#1 la;il
zi(A)
r,-ne%( laiil
] — max A
ieN laji
Proof Since ;ﬁéﬁﬁ) < rlnﬁlx }%, we have © = n; < 1, max{u, 1} = 1 and
1 1 1 1
max , = - = - .
w— h‘il(A‘) 1 — max h" (4) 1 — max h'(ﬁ“) 1 — max & (f‘)
11 i#l ajil i#l laji ieN i
Hence,
zi(A)
max{u, 1} max zi(A) max ! ! = rlré%( ]
T ieN aii w— h|cI¢(A|) " 1 — max hl" (4) 1 — max h"(fé)
11 i#l ajil ieN @il
The proof is completed. O
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3.2 Optimal value of p for the bound (8)

We also distinguish two cases:

lai1] — h1(A) < I};gl(laul —hi(A)), and lay| — h1(A) > I&i?(laul —hi(A))

to determine the optimal value for the bound (7). Before that we give a lemma which
is proved easily.

Lemma 7 Let a, b and c be positive real numbers, and 0 < a — b < c. Then

b+c c
< .
a a—>b

Lemma 8 Let A = [a;;] € C™" be a Nekrasov matrix with

lait] — h1(A) < I[I;’Ei{l(|aii| — hi(A)).

Then
I < n3 < 14, (16)
minaii [ —hi (A))+h1 (4) min(laii =i (A)
where 113 = Tar] sand N4 = ey

Proof Since A is a Nekrasov matrix, we have |a11| — h1(A) > 0, consequently,
the first inequality in (16) holds. Moreover, Let a = |aji|, b = h1(A) and ¢ =
m#i{l(|a,~i | — hi(A)). Then from Lemma 7, the second holds. O]
l

We now give an interval of x such that the bound (8) of Theorem 3 is less than the
bound (2) of Theorem 2.

Lemma9 Let A = [a;;] € C™" be a Nekrasov matrix with
lai1] —h1(A) < n;éi?(|aii| — hi(A)).
l

Then for each . € (1, n4),

max{u, 1} max z; (A)
1A oo <

min {Mlalll —hi(A), Iln#i{l(|aii| - hi(A))}

max z; (A)
ieN

< — .
min(|a;;| — hi(A))
ieN

Proof From Lemma 8, we have u € (1, 31U [73, n4), and max{u, 1} = u.
(I) For u € (1, n3], then
wlair| < r,r;girll(|aii| — hi(A)) + hi(A),
1
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1)

that is,
wlai| —hi(A) < rir;éi{l(laiil — hi(A)).

Therefore,

maX{H” 1} . I,L
i : T plann| — hi(A)
min {M|a“|_hl(A)J;n?Z?('aiil_hi(A))} /’L| 11| 1( )

Consider the function f(x) = m, x € [1, n3]. It is easy to prove
that f(x) is a monotonically decreasing function of x. Hence, for any n €
(1, n3l,

fw) < f(1),

nw 1 1
< = . 9
wmlart] —hi(A)  lai| — hi(A) ?611]{/1(|aii| —h;i(A))

i.e.,

which implies that

pumaxz;(A) max z; (A)
ieN ieN

< — .
plai] —hi(A)  min(|a;i| — hi(A))
ieN

Hence,

max{u, 1} max z; (A) max z; (A)

< .
min {mm ~ b (), min(la | - hz-(A))} el = hi(A)
For i € [n3, n4) , then

ulail = Tj‘;éi?(ldiil — hi(A)) + h1(A),
that is,
plai| —hi(A) = Iil;éi?(laiil — hi(A)).
Therefore,

max{u, 1} . u
} ~ min(la;i| — hi(A))
i1

min {Mlaul —h1(A), Iil;éilll(laiil —hi(A))

Consider the function g(x) = m x € [n3, na]. Obviously, g(x)
[#l 1 1

is a monotonically increasing function of x. Hence, for any u € [n3, n4),
rl,ni{l(laiil — hi(A))

S0 =\ T =)

that is,

" 1 1
. < = . 9
min(|a;;i| — hi(A))  lan| —hi(A)  min(a;;| — hi(A))
i#1 ieN
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which implies that

1 max z; (A) max z; (A)
ieN ieN

: < — .
I};él?(laiil —hi(A)) ?éllg(laiil —hi(A))

Hence,

max{u, 1} max z; (A) max z; (A)

< . .
min {M|a11| —h1(A), 1‘[;211*1(|a”| _ hl(A))} 1;211{]1(|all| — hi(A))
i

The conclusion follows from (I) and (II).

O

Similar to the proof of Theorem 4, we can easily obtain the following theorem by
Lemma 9.

Theorem 6 Let A = [a;;] € C"" be a Nekrasov matrix with

lai1] — h1(A) < rir;éi?(|aii| — hi(A)).

Then
min(|a;; |[—h; (A))+h1(A)
min maxfse. 1) =7 (YY)
w1 | minfulans - ) mindaii-hicap] | TR
Furthermore,
max z; (A) (min(|aii| —h;i(A)) + hl(A)> max z; (A)
||A_1|| < ieN i#1 - ieN
* = la11| min(la;;| — hi(A)) min(la;;| — hi(A))’
i#l ieN

(18)
Remark 3 Theorem 6 provides a method to determine the optimal value of u for a
Nekrasov matrix A = [a;;] € C" with
laii] —hi(A) < I,I;&i{l(|aii| — hi(A)).
L
Also consider the matrix Aj. By computation, we get
laii| —h1(A) = 3.8000 < 5.2641 = II;Z?(|aii| — hi(A)).
L
Hence, by Theorem 6, we can obtain that the bound (8) in Theorem 3 reaches its

minimum )
max z; (A) min(|a;;| — h; (A)) + h1(A)
ieN i#l

- = 0.4594
lai1] {I;{l(|aii| — hi(A))

at u = n3 = 1.2092 (also see Fig. 2).
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Next, we study the bound (8) in Theorem 3 for a Nekrasov matrix A = [a;;] €
C™" with

la11] — h1(A) > Tlgéi?(|aii| — hi(A)).

Theorem 7 Let A = [a;;] € C"" be a Nekrasov matrix with

lai1] — h1(A) = Ilgéi?(laiil — hi(A)).

Then we can take v = 13 such that

max{u, 1} max z; (A)
1A oo <

min {Mlanl —hi(A), Igéi{l(laiil - hi(A))}

max z; (A)
ieN

~ min(ja;i| — hi(A)
ieN
Proof since |aj1| — h1(A) > m#i{l(|a,‘,~| — h;(A)), we have
L

min(|a;;| — h;i(A)) + h1(A)
i#1 <1

w=1m3 =
lait]

max{u, 1} =1, and
max{u, 1} 1

min {M|a11| — hl(A), n;élll'lﬂa”l _ hl(A))} ?é]]bl(|all| - hl(A))

Hence,

max{u, 1} max z; (A) max zi(A)

min {ulan [ = I (4), min(laii| hi(A))} min(laii| = hi(A))

The proof is completed. O

Remark 4
(I) Theorems 4 and 5 provide the value of u, i.e.,
hi(A) hi(A)
m

— X
lai1] i#l aj|

p=mn =1+

such that the bound (7) in Theorem 3 is not worse than the bound (1) in The-
orem 2 for a Nekrasov matrix A = [a;;] € C™". In particular, for a Nekrasov

matrix A with % > mﬁc %, the bound (7) is better than the bound (1).
i i
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(I) Theorems 6 and 7 provide the value of u, i.e.,
I_I;éi?(laiil — hi(A)) + h1(A)
1

H=1n3=
lai1]

such that the bound (8) in Theorem 3 is not worse than the bound (2) in The-

orem 2 for a Nekrasov matrix A. In particular, for a Nekrasov matrix A with

lai] —hi1(A) < I,I;Z?(|llii| — h;(A)), the bound (8) is better than the bound (2).
1

4 Numerical examples

Example 2 Consider the following five Nekrasov matrices in [5]:

8 1 —0233 21 —9.1 —4.2 2.1
| 7 B2 3 |07 901 —42 21
271 —1367 13 2T —07-07 49 —2.1 |’
05 3 1 6 —0.7 —0.7 —0.7 2.8
? 211 Oiz —23 6 =32
As=1 5 05642 | A= :; 113 Ig ’
05—-11 9

8§ —-0.5-0.5-05
-9 16 -5 =5
-6 —4 15 3
-49 -09 -09 6

Ag =

Obviously, A», Az and A4 are SDD. And it is not difficult to verify that A4, As
satisfy the conditions in Theorems 4 and 6 and A2, A3, Ag satisfy the conditions in
Theorems 5 and 7. We compute by Matlab 7.0 the upper bounds for the infinity norm
of the inverse of A;,i = 2, ..., 6, which are showed in Table 1. It is easy to see from
Table 1 that this example illustrates Theorems 4, 5, 6 and 7.

Table 1 The upper bounds for ||A,Tl Hoosi =2,..., 6

Matrix Ay Az Ag As Ag
Exact ||A™ |0 0.2390 0.8759 0.2707 1.1519 0.4474
Varah 1 1.4286 0.5556 - -

The bound (1) 0.8848 1.8076 0.6200 1.4909 1.1557
Theorems 4 or 5 0.8848 1.8076 0.5270 1.4266 1.1557
The bound (2) 0.6885 0.9676 0.7937 2.4848 0.5702
Theorems 6 or 7 0.6885 0.9676 0.5895 1.5923 0.5702
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