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Abstract In this paper, we consider the semilocal convergence of multi-point
improved super-Halley-type methods in Banach space. Different from the results
of super-Halley method studied in reference Gutiérrez, J.M. and Herndndez, M.A.
(Comput. Math. Appl. 36,1-8, 1998) these methods do not require second derivative
of an operator, the R-order is improved and the convergence condition is also relaxed.
We prove a convergence theorem to show existence and uniqueness of the solution.

Keywords Semilocal convergence - Super-Halley-type method R-order of
convergence - Nonlinear equations in Banach spaces - Generalized weak condition

1 Introduction

Many problems arisen from scientific and engineering computing areas need to solve
the nonlinear equation

F(x)=0, (1.1)
where FF : Q@ € X — Y is a nonlinear operator, X and Y are Banach

spaces, €2 is a non-empty open convex subset of X. The second-order New-
ton’s method [1] is widely used to solve (1.1). In recent years, some third-order
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methods have been developed since their rapid convergence speed, for example, the
Chebyshev-Halley methods [2], which are given by

1
Xn+1 = Xp — (1"1‘ ELF(xn)[I_ aLF(xn)]_l) Ly F(x,), (1.2)

where I is the identity operator in a Banach space X, I",, = F’ (x,,)f1 and Lp(x,) =

W F’ (x,)Ty, F (xy,). This family of methods contains some classical third-order meth-

ods, such as Chebyshev method (o = 0), Halley method («¢ = 1/2) and super-Halley

method (¢ = 1). Some results on Chebyshev-Halley methods and their variants can

be found in references[2-8, 12, 13] where in the reference [6], J.M. Gutiérrez and

M.A. Herndndez have studied the convergence of super-Halley method. By assuming

that

(A1) [IToll < B,

(A2) [ToF (xo)ll < m,

(A3) IF"()|| < k1, x € Qo,

(Ad) |F"(x) = F"DI < ka2llx = yll, x,y € Qo,

where T'g = [F’(x0)]™", €0 is an open convex subset of . J.M. Gutiérrez and M.A.

Hernandez have proven that the R-order of super-Halley method is at least three.
Notice that under the conditions (A1)-(A4), the solution of some equations can

not be studied. Such as the nonlinear integral equation of mixed Hammerstein type

[9], which is given by

m. .p
x(s) + Z/ Gi(s,))H;(x(t))dt = u(s), s € [a, b], (1.3)
=174

where x is a solution to be found, u, G; and H; are known functions (i =
1,2,...,m), —00 < a < b < +o00. To find the solution of (1.3), it needs to solve
the following equation

m.p
[F(xX)](s) = x(s) + Z/ Gi(s, HH; (x(1))dt — u(s), s € [a, b]. (1.4)
i=1v4

On the condition that H(x(r)) is (L;,q;)-Holder continuous in Qo, i =
1,2,...,m, considering the max-norm, then

m
IF"(x) = F"ll < 3 Lillx = yll%, Li = 0,q; € [0, 1], ¥x,y € Q. (1.5
i=1
this shows that for g; € (0, 1), F” is neither Lipschitz continuous nor Hélder con-
tinuous in 2. So the operator given by (1.4) does not satisfy the Lipschitz condition
(A4), the solution of this equation can not be studied by super-Halley method under
the conditions (A1)-(A4). Since the importance for nonlinear integral equation of
mixed Hammerstein type, it has been studied in many papers, such as the refer-
ences [8—11]. In reference [8], J.A. Ezquerro and M.A. Herndndez have replaced the
assumption (A4) by the following conditions
BYHF"(x)—F" M| < wo(lx—=yl), x,y € , where w(z) is a non-decreasing
continuous real function for z > 0 and w(0) > 0.
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(BS) there exists a positive real function v € C[0, 1], with v(z) < 1, such that
w(tz) L v()w(z), fort € [0, 1],z € (0, +00).

Under the conditions (A1)-(A3), (B4)-(BS), J.A. Ezquerro and M.A. Herndndez
have proven that Halley method converges with R-order at least two. Choosing
w(z) = Y i, L;iz%, they also proved that the R-order of Halley method is at least
2 4+ q , where ¢ = min{q1, g2..., gm}, ¢i € [0, 1],i = 1,2...m.

In reference [12], a family of modified super-Halley methods with fourth-order
convergence is studied. This family of methods focus on finding a simple root of
nonlinear equation f(x) = 0, where f : D C R — R is a scalar function, D is
an open interval. Extending one family of the methods to Banach space, then the
corresponding formula can be written as

1 1
Xntl = Xp — <I+ 5 Kr(a) + EKF(mZ(I— alKFm))—l) [,F(xy),  (1.6)

where I is the identity operator in a Banach space X, §; € [0, 1], [, = F ’(x,,)f1 and
KF(x,)is an operator defined by

Kp(xp) = l—‘nFN (xn - %FnF(xn)) Ly F(xy).

Notice that the Chebyshev-Halley methods and the methods (1.6) require second
Fréchet derivative of operator F, when F” is hard to compute or the computational
cost is large, then the Chebyshev-Halley methods and the methods (1.6) become
less useful. In reference [13], M.A. Hernandez has introduced a modified Chebyshev
method free from second Fréchet derivative given by

Yn =X — D F(xp),
Zn = xp + (1/2)(yn — Xn), (1.7)
Xn+1 = Yn — Fn[F/(Zn) - F/(xn)](yn —Xu), n =0,

where I',, = F’ (xn)fl. Under the conditions (A1)-(A4), M.A. Hernandez has
proven that the R-order of method (1.7) is three.

In order to reduce the computational cost of second Fréchet derivative , to improve
the R-order of convergence, also in order to relax the convergence condition used in
reference [6], in this paper, we consider the semilocal convergence for multi-point
improved super-Halley-type methods in Banach space given by

{ = Xn — [1+ LOG) + 100U - 81Q(xn))_1] LnF (), (1.8)

Xngl =2n — [I + Q(xn) + 820(xn)* | TnF(zn), n >0,

where 81 € [0, 1], 82 € [—1, 1], Ty = F/(x,)~L, I isthe identity operator in Banach
space X, Q(x,) = 30, [F'(xn) — F'(uy)] and u, = x,, — %FnF(xn). The first step
of these methods can be viewed as variants of the methods (1.6), where Kg(x,) is
approximated by Q(x;).

The derivation of this approximation can be stated as:
Since u, = x,, — %FHF(xn), F(x,) — F(x*) =0asn — oo, where x* is a solution
of F(x) =0, then x, — u,, - 0asn — oo.
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By Taylor expansion, it follows that
F/(xn) = F/(”n) + F//(un)(xn —up) + O((x, — Mn)z)s
Omitting O ((x, — uy,)?), it holds that
F/(xn) ~ F/(un) + F//(”n)(xn — Up).
So
F/(xn) - F/(un) ~ F//(un)(xn — Up).
Notice that u,, = x;,, — %F,,F(x,,), then
F//(un)rnF(xn) ~ 3[F/(xn) - F/(un)]-

Moreover
l_‘n]'ﬁ//(un)l—‘nF()Cn) ~ 3Fn[F/(xn) - F/(un)l

That is Kr(x,) =~ Q(xy). This approximation is a small modification of the one
used in reference [13], where in the reference [13], a third-order variant of Chebyshev
method free from second Fréchet derivative given by (1.7) is introduced. Applying
Q(xp) to replace Kr(x,) in the methods (1.6), the first step of methods (1.8) can
be obtained. The second step adds the function evaluation at another point. Conse-
quently, under the conditions (A1)-(A4), the R-order of methods (1.8) is increased
to five, which is higher than the ones of super-Halley method, the methods (1.6) and
method (1.7).

Applying a condition similar to the one used in reference [8], suppose that:

(CH IF"(x) = F"WI < w(lx =y, x,y € Qo,

where w () is a continuous and non-decreasing real function for ;> 0 and satisfies
w(0) =20, w(tn) < tlw(w), for u € (0, +00),t € [0, 1], ¢ € [0, 1].

Notice that the condition (C4) is weaker than the assumption (A4), since it contains
the Lipschitz continuity ( assumption (A4)) and Holder continuity as its special cases,
and it is effective for many problems where neither Lipschitz nor Holder continuity
is effective, such as the nonlinear integral equation of mixed Hammerstein type given
by (1.3).

Under the conditions (A1)-(A3) and (C4), the semilocal convergence of methods
(1.8) is analyzed and a existence-uniqueness theorem is proved to show the R-order
of these methods. Finally, the efficiency index analysis and numerical results are also
carried out.

2 Some preliminary results for convergence analysis

Define B(x,r) ={y € X : |ly—x|| <r}and B(x,r) ={y € X : ||[y—x|| < r}inthis
paper. Let the nonlinear operator F : Q € X — Y be twice Fréchet differentiable
in a non-empty open convex subset 9 € 2, where X and Y are Banach spaces.
Moreover, let xg € £ and assume that

(C1) Tygexistsand ||[[g| < B,

(C2) [[ToF(xo)ll < n,

(C3) IF'()l <M, xeQ, M=0,

(C4 ||F'(x) = F'O < o(lx —yl), x,y € o, where w(u) is a continuous
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non-decreasing real function for u > 0 and satisfies w(0) > 0, w(tu) < tYw(u), for
u € (0, +00),7 €10,1], g € [0, 1].
Now we define the following functions as:

g(;):p(r)+5(1+t+|az|ﬂ) 1+ 1 p(0)? 2.1
2 1— ot ’ '
h(t)zl——g(t)t’ 2.2)
I L L 2
o(t,u) = |:(q+l)3‘1 +1°(1 4 [82] + [82]1) + q+1(1+l+l52|l )u}cb(f,u)
t? t )
+5 (1 + 1_5]t> (1 Tl )¢>(l,u)
J 2\? 2
+5 (11 +1820) g u) 23)
where
=1 lt 2 2.4
pt) = +§ +m, (2.4)
L £2 | 1 t 13 X t\?
o0t u) = 3( +1—51z+1—51z)+§< +1—81t>
L S - (2.5)
2q+D3¢  (g+D@+2) )

Let f(r) = g(t)t—1,since f(0) = —1 <0, f (%) > 225_76 > 0, we can know that

f () = 0 has at least a root in (0, %) Let s* be the smallest positive root of equation
1
gt —1=0,thens* < 5.

Lemma 1 Let the functions g,h and ¢ be defined by (2.1)-(2.3) and s* be
the smallest positive root of equation g(t)t — 1 = 0. Then we have (a) g(t)
and h(t) are increasing and g(t) > 1, h(t) > 1 for t € (0,s%); (b) for
t € (0,5%) and a fixed u > 0, (t,u) is increasing as the function of t;
for u > 0 and a fixed t € (0,s%), o(t,u) is increasing as the function
of u.

Lemma 2 Let 0 € (0, 1), the definitions of functions g, h and ¢ be given by (2.1)-
(2.3). Then g(01) < g(t), h(01) < h(1), (01, 00+ Dy) < 9CH2D (¢ u) fort €

0, s*), u > 0, where s* is the smallest positive root of equation g(t)t — 1 = 0.

Define the following sequences as:
N1 = dpMy, (2.6)

Bn+1 = h(an) B, 2.7
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an+1 = MBn110n+1, (2.8)
buy1 = Bur1Mnr10(Mny1), (2.9
dpt1 = h(an+1)@@ns1, bps1), (2.10)

where n > 0. Here, we choose no = n, Bo = B, ay = MpBn , by = Bnw(n) and
do = h(ao)¢(ao, bo).

Lemma 3 Let s* be the smallest positive root of equation g(t)t — 1 = 0. If
ap < s* and h(ag)dy < 1, (2.11)

then

(a) h(ap) > land d, < 1 forn > 0,

(b) the sequences {n,}, {a,}, {bn} and {d,} are decreasing,
(c) glay)a, < 1 and h(ay)d, < 1 forn > 0.

The following lemma will be used in latter developments.

Lemma 4 Assume that the nonlinear operator F : Q C X — Y is twice Fréchet dif-
ferentiable in a non-empty open convex subset Q2 C 2, where X and Y are Banach
spaces. Then

1
F(xnt1) = 3/ [FN (xn + 1 (un — xn)) — F//(xn)] (un — x,)dtUn F(25)
0
+382 [F/(un) - F/(xn)] Q(xn)nF(zn)
—F" ()0 = 30) [ Q) + 82060 | T F (22)

1

+[) [F” (xn +1(yn — xn)) — F”(xn)] (Yn — Xn)dt (Xp41 — Zn)
1

+/0 F" O+ t(zn — yu)) (zn — Yu)dt (Xpi1 — zn)

1
+/ [F/ (zn +1(Xp41 — 20)) — F/(Zn)] (Xn+1 — zn)dt, (2.12)
0

where y, = x, — ['nF(xp) , zp and xp41 are given in (1.8), §, € [—1,1], the
definitions of Ty, u,, Q(x,) are same to the ones in (1.8) .

Proof By Taylor expansion, it holds that
F(xny1) = F(zp) + F/(Zn)(xn—H = Zn)

1
+/ [F' (zn + 1 (i1 = 20)) = F'(20) ] (g1 — za)d1, (2.13)
0
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1
F/(Zn) = F/(yn) +/0 F" Vn + t(zn — Y)) (zn — yu)dt, (2.14)

F'Gn) = F'(i) + F ()0 — %)
+f P Gk 10n =50 = '] O —x)dr. (219
Then we have
Flina)) = Fz) = F/G) [1+ Qo) + 8000 | TuF(zn)

—F" ()i = ) [T+ Q) + 820050 | TP (21)
1

+/(; [F// (Xn +1(n — X)) — F//(xn)] (Yn — xn)dt (Xp41 — 20)
1

+[) F" (yn 4 t(zn = yn)) (zn = yu)dt (Xnt1 — 20)

1
+/0 [F' (zn + t Gngt — z0)) — F'(z0)] (tng1 — zn)dt

=3 [F/(”n) - F/(xn)] CuF (zn) + F" ()T F (x0) T F(20)
+382 [F/(un) - F/(xn)] Q(xn)nF(zn)
—F" () — ) [ Q) + 820060)* | TuF(za)

1

+[) [F” (xn +1(yn — xn)) — F//(xn)] (Yn — Xn)dt (Xp41 — 2n)
1

+/0 F" O + (@0 — ) (zn — Yu)dt (Xpi1 — zn)

+ /0 1 [F' @+ 11 — 20)) — F'(@a)] a1 — z0)dt. (2.16)
Notice that
F'(uy) = F'(xn) + F" (x2) (n — x)
+ /O 1 [F" (n + 1w = x0)) — F" ()| (un — xp)dt.— (2.17)

Substituting (2.17) into (2.16), then (2.12) can be obtained. O]

3 Semilocal convergence for the method

For n = 0, the existence of I'g shows that yg, u¢ exist. Furthermore,

o = xoll = Il = FoF (x0)|l < n0- (3.1)
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1 1
lug — xoll = ”—groF(XO) < 3710 (3.2)

This means that yo € B(xo, Rn) and up € B(xo, Rn), where R = =7
Moreover,

1Q(xo) Il < 3MBllxo — uoll < MpBn = ap. (3.3)

Since 81 € [0, 1] and ap < s* < 1/2, we have §;ap < 1. By the Banach lemma, it
follows that [/ — §; Q()co)]_1 exists and

~ 1
I =81 Q(x0) || < ———. (34)
1 —d1a9
Then
|| < s i — % | rorco
20 X0l X 261() 2(1 — (Sla()) 0 X0
= p(ap)IToF (xo) || < pao)no (3.5)
and
1 5
“yoll < | 2ap+ —20 | |ToF
llzo = yoll 2ao+2(]_51a0) ITo F (xo) |
B (3.6)
S 129720 Zspag |1 :

From Taylor expression, it holds that

1
F(zn) = F(xn) + F/(xn)(zn — Xn) +/ [F/ (xXn +t(zn — xn)) — F/(xn)] (zn — xp)dt
0

3., ,
3 [F (xn) — F (un)] p F(xn)
3
-5 [F'(xn) — F'(un)] Q)T = 81 Q(x)) "' T F (x)

1
4 / [F Gon + 1 on — 30)) — F'Can)] Gz — ). 3.7)
0

Then we have

1 a
IF o)l < = |1+ ——— + p(ao)® | M|IToF (x0)|ln0
2 1 —61a0
< Iliy 9 M2 3.8)
2 1 —d1a9
and
a a 2
Boll Fzo)ll < — |1+ ————— + p(ao)* | ITo F (x0) |
2 1 —d1a9
ag ag
< 2|14+ ——— 4 p(ao)* | no. 3.9)
2 1 — 81a9
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Notice that
It = zoll < (1 +a0 + 18213 ) Boll Fzo)]
< 2 (1+a+5la) [1 b p(ao)z] IToF o)l
o 2 ap
? (1 +ap + |82|a0> [1 +— T + p(ao) ]no, (3.10)
SO

lx1 — xoll < llx1 — zoll + llzo — xoll < g(ap)IToF (xo)|l < glao)no. (3.11)

From the assumption dy < 1/h(ap) < 1, it follows that x; € B(xg, Rn).
Since ag < s* and g(ag) < g(s™), we have

11 —ToF (x| < ITollllF'(x0) — F'(x1)
< MBollxr — xoll
< glagap < 1.
It follows by the Banach lemma that 'y = [F’ (xl)]’] exists and

ITo
Ity < , /
1 — Tollll F"(x0) — F'(xp)
ITo
< —— 2 = h(ap)|IToll < h(ao)Bo = Bi. (3.12)
1 — g(ao)ao
From Lemma 4, we have
1
F < | — 1 ) ) M F
IF (x| [ o Ty3a 10w 00 + ol + 1321+ 192la0) no] Boll F (o)

1
+m<1 + ag + [821a)now (o) Boll F (z0) |

2 (1 75 ) (14 a0+ 181a3) Mool P
1 2 2 2
+5 (1 a0+ 1821a3)” Mifoll Fo) 1P (3.13)
Since
3 1
F(zn) = z [F// (xn + 1@y — xn)) — F//(xn)] (un — xp)dtTy F (xp)

— = [F' () = F'un)] Q) (I = 81Q(xn)) ™" T F ()
1

+ | [F" G+ tGn = x0)) = F" ()] n — x)2(1 = 1)dt

o\'\""’\

+/(; F" (xXn +1 (Y0 — xp)) Y — Xn)dt(2n — Yn)

1
+[) [F/ (yn +t(zn — yn)) — F/(Yn)] (zn — yn)dt,
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then

1 ap

ao
| F(zo)ll < > (1 + ) M||ToF(x0)llno

1—51(10 + 1 —51(1()

ag ao 2
+90 (14 M| ToF (x0)lImo
8 1 —é1a0

+2(q+—1)3’1 ITo F (x0) Inow (no)

G+ Dqg+2) 14
T+ ITo F (x0) 0@ (10) (3.14)

and

1 a
+
1—9681a9 1 —d1a9

2
Boll Fzo)ll < %" (1 + )nroF(xo)u

25 (14— Y irorco
— _— X
8 1 — 8ya0 0T R0

0 0
+2(€] T 1)3 ITo F (x0) |l + m||FQF(x0)||
= ¢(ao, bo) ITo F (x0) || < ¢ (ao, bo)no. (3.15)

Substituting (3.15) into (3.13), it holds that

IF&xe)| < |: now (no) + ao(1 + [82| + |52|a0)M770] ¢ (ao, bo)|ITo F (x0) ||

1
(q + D)3

1
+m(1 + ao + 821ag)now (10) (o, bo) [To F (xo) |

ap ag 2
+2 (1 + —) (1 + a0 + 182103 ) Mo (@0, bo) [T F (xo) |

2 1 —3d1a9
1 2\? 2
+5 (14a0+1821a3)” Mnog (0. bo)IToF (xo) (3.16)
and
BollF(xpIl < [L +ad(1+ 1621 + |52|ao)] @ (ao, bo) [T F (x0) |l
(g + 1)34

1
+m(1 + ao + [82lag)bo¢b (a0, bo) ITo F (xo) |

a(% ao 2
+ 2 (14 (1+a0 + 1521a3) 9@, bo) ITo F(xo)
2 1—41a9

4o 2\? 2
+3 (1+ a0+ 18213) ¢ (@o. bo) Lo F (o)

= @(ag, bo) [ToF (xo) || < @(ao, bo)no. (3.17)
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From (3.12) and (3.17), it follows that

Iyt =x1ll = I =T1FG) < ITHHE Gl
< h(ag) Boll F (x|l < h(ao)e(ao, bo) ITo F (xo) |
= dol|ToF (xo) |l < dono = n1. (3.18)

Since g(agp) > 1, we have

Iyt — xoll < llyr —x1ll + llx1 — xoll
< (g(ao) + do)no
< g(ao)(1 +do)n < Rn, (3.19)

which shows y; € B(xg, Rn). Similarly, it can obtain that u; € B(xg, Rn). In
addition, we have

M|T1 T F )|l < h(ao)doap = ay, (3.20)

IT1HIT Feollo(IT1 F ol < Bimae (1) = by. (3.21)

Applying induction, the existence of I', = [F’(x,)]”! and the following items
can be obtained.
M TN < h(@n—DITh=1ll < h(an—1)Bn-1 = Bu,
D T Fxp)ll < hlan—1)@an—1, bu— ) ITh=1 Fn— Dl < du—10n-1 = Nn,
D) MTCnlITh F o) || < an,
AV) 1T T F i) o (100 F (xp)11) < bn
(V) Nzn = xnll < plan)ITn F )|l < p(an)iin,
(VD xp41 — xnll < 8@ ITn F(xn) |l < gan)nn.
Moreover, we have the following lemma.

Lemma 5 Let the assumptions of Lemma 3 and the conditions (C1)-(C4) hold. Then

ity — xoll < R, llza = xoll < Ry, [1Xa41 — Xoll < Rn, where R = £99.

Proof By (II), (V) and (VI), it follows that

n—1
it = xoll < lltw =l + ltn = x0ll < 31+ Y lxigr = i
i=0
1 n—1 n
S 3t Zg(ai)ni < g(ao) Zm‘,
i=0 i=0
n—1
zn = xoll < llzn = Xall + 1% — Xoll < plan)in + Y Ixigs — x|
i=0
n—1 n
< plan)nn +gao) Y _ni < glao) Y _ i
i=0 =
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and
n n
btns1 = xoll < Y it —xill < gao) Y mi
i=0 i=0
n i—1
= g(ao)no + g Y mo | [T |- (3.22)
i=1 j=0
Let y = h(ap)do, A = 1/h(ag). Since ay = yao, by = Pimow@n) =

h(ag) Bodonow (dono) < h(ag)dy by < y1+9 by, by Lemma 2, it holds that

1_ 1
di < h(yao)g(yao, y " Pbo) < y 20 dy = y 20 =gy = 5y 320,

Suppose that d; < Ay(3+24)k, k > 1. From Lemma 3, we have h(ay) > 1,
ai+1 < ai and h(ax)dy < 1. Then

dis1 < hag (h@odiar, h@d, " be) < haoe (hadag, ha) 0 by )

< h(ak)(z+2q)d]£3+2q) <)Ly(3+2q)k+].

Therefore d; < Ay @120’ j > 0.

Furthermore,
il il 3420)] 0D (342¢)] B2 -1
[Td < TTar® =alyZm O90) Z50, 55 i =1, (.23)
j=0 j=0
Substituting (3.23) into (3.22), it follows that
n ;G2
Ixat1 —xoll < glao) Y mor'y ¥
i=0
G+29)"+142g
1 —antly, = 192
< glao) Y < Ry.
1 —dy
Similarly, ||u, — xo|l < Rn, ||z» — xoll < Rn. The proof is completed. O

Lemma 6 Let R = ‘%ﬂ: Ifay < s* and h(ag)dy < 1, then R < 1/ag.
The following theorem shows the existence-uniqueness of a solution.

Theorem 1 Let F : 2 C X — Y be twice Fréchet differentiable in a non-
empty open convex subset Q, where X and Y are two Banach spaces. Assume
that xo € S and all conditions (C1)-(C4) hold. Let ay = MPBn , by = Bnw(n),
do = h(ag)p(ag, by) satisfy ay < s* and h(ag)dy < 1, where s* is the smallest pos-
itive root of the equation g(t)t — 1 = 0 and g, h, ¢ are defined by (2.1)-(2.3). Let
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B(xo, Rn) C Qo, where R = ff% the sequence {x,} gener-
ated by methods (1.8) converges to a solution x* of F(x) = 0 wzth X, x* belong to
B(x0, Rn) and x* is the unique solution of F(x) = 0 in B(xo, 7 — Rn) [ Qo.

Furthermore, a priori error estimate is given by

G+29)" 1 1

lxn —x*|| < glag)nr™y 22 m, (3.24)

where y = h(ag)dy and A = 1/ h(ap).

Proof By Lemma 5, it follows that the sequence {x,} is well-defined in B(xg, Rn).
Now we prove that {x,} is a Cauchy sequence. Since

n+m—1 n+m—1

Pom = Xall <D llxipr —xill < glao) Y mi
i=n

i=n

G2 (G+29)" "1 +(1429))
< glamny SHR 1Ay 12
q
< g(ao)n e . (3.25)

we have that {x,} is a Cauchy sequence. So there exists a x* such that lim,,_, o, X, =

x*,

Letn =0, m — ooin (3.25), then
| x* —xo 1< Ry. (3.26)
It shows that x* € B(xg, Rn).

Next we prove that x* is a solution of F(x) = 0. From Lemma 4, we have

IFnpD)ll < [ w(no) +ap(l + [82| + |52Iao)M] ¢ (ao, bo)n?

1

(g + )34
1

+ﬁ(l + ag + 1821ad)w (o) (ao, bo)n?

a a
NIl I (1 Fap+ |52|a§) M (ay, bo)n?
2 1—341a9

1 2
+5 (1 tfao+ |52|a5) M (o, bo)*n>. (3.27)

Letting n — o0 in (3.27), then it follows that || F(x,)|| — O since n, — 0. By
the continuity of F in o, then F(x*) = 0. Now we prove the uniqueness of x* i
B(xg, -2 7 — Rn) () Q0. From Lemma 6, we have that

2 2 1
— —Rp=(——-R|n>—n>Ry
ap ag

MpB
and B(xo, Rn) € B(xo, 1245 — Rn) N szo Then x* € B(xo, 125 — Rn) () Q0. Let
x** be another root of F(x) = 0 in B(xg, = 7 — Rn) (M Qo. Deflne H = fo F'(1 -
1)x* + tx**)dt. Notice that
0=F(x™) - F(x*) = Hx*™ — x*). (3.28)
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Since

IToll | H — F'(x0)||
1
< Mﬂ/ [(1 = )llx* = xoll + tllx™* — xoll1dt
0

Mp Rn + 2 R 1 (3.29)
< — — — =1, .
2 | g T
it follows by the Banach lemma that H is invertible, hence x** = x*.

Finally, by letting m — oo in (3.25), then (3.24) can be obtained. Moreover, it
holds that

g(ao)n 1/(242¢) (3+29)"
[lxn — x* < (y 0 D (3.30)
’ y /G2 (1 — do)
where y = h(ag)dy and A = 1/h(ap). O]

From (3.30), we know that the R-order of methods (1.8) is at least 3 4+ 2g under
the conditions (C1)-(C4). Especially, when g = 1, The R-order becomes five, which
is higher than the one of super-Halley method.

4 Numerical results and efficiency analysis

Example 1 We consider the solution for a integral equation of mixed Hammerstein
type which is given by

1
3 6
x(s) =1 +f G(s, 1) <§x(z)7/3 + Ex(t)3) dt,s €[0,1], 4.1
0
where x € C[0, 1], € [0, 1] and G is the Green function

(1 —s)t, t <,

G(S”):{s(l—z), s<t.

Solving the equation (4.1) is equivalent to find the solution for F(x) = 0, where
F:QCC[0,1] — C[0,1],

' 3 73, 0 3
[F(x)](s) =x(s) — 1 —/ G(s,t) (gx(t) + Ex(t) )dt, s e€[0,1]. 4.2)
0

Taking €29 = B(0, 2). Obviously, F(x) is twice Fréchet differentiable in ¢ C €.
The Fréchet derivatives of F are given by

1

/ T o4, 0o
F(x)y(S)=y(S)—fO G(s,1) §X(I) +§X(l) y(0)dt, y € Qo,

" ! 28 5 12
F'(x)yz(s) = _./0 G(s,1) (Ex(t) + ?x(t)> y()z(@)dt, v,z € Q.
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Notice that F” can not satisfy the assumption (A4), but it can satisfy the condition
(C4). Here, we define
(W) = 2puh 42
O = 3047 T 1ot

and
1

61=§~

Then F” can satisfy the condition (C4). Taking the constant function xo(¢) = 1 as
the initial approximate solution, then we have that

1
F =,
IF o)l = g
40

Toll < —
I Toll 77

B.

IToF(xo)ll € == =,

S

IF" ()| < 0.894--- = M.

Here, the max norm is used. Moreover, we compute

ag ~ 0.2453.
Since
ao 2 a0 2
g(a0) = plao) + 5 (1+ao +1821a3 ) | 1 + —2— + p(a)? |,

2 1 —é1a9
where

@) =1+ Lo 4 —

PRa0) = a0 S T sa0)
we write
g(81,82) = g(ao),

then

g(ap)ap < 2(1, ag ~ 0.3902 < 1,
this shows that ay < s*. Since

by 2 1 2 ]
ag,bg) = | ———— +a5(1 + 82| + |82|lag) + —— (1 + ag + |82]as) b ag, b
@(ao, bo) |:(q+1)3‘1 o (1 + 182] + [82]ao) q+1( o0 + 1821ag)bo | ¢ (ao, bo)
2
9o 4o 2
+ 5 (1 + 1—81a0> (1 +ao + |52|ao>¢(ao,bo)
ag 2
+5 (14 a0 +182103) " @a0. b *3)
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Table 1 Existence ball and uniqueness ball of the solution

81 8o existence ball uniqueness ball
0 0 B(1,0.295--+) B(1,1.214---)N Qo
0.5 1 B(1,0.306---) B(1,1.203---) N Qg
1 1 B(1,0.311---) B(1,1.198-- )N Qg
where
2 3 2
a 1 ap a ao
bo) = 2 (14 - + 21+ —
¢ (@, bo) 2 ( 1 —d1a9 1—341a9 8 1—341a9
b b
e+ 0 : “4)
2@+ D37 (g+D(g+2)
define
@(81, 82) = @(ao, bo), 4.5)
then

1 2
h dy < | ——=——| @(1,1)~0.0876 < 1.
(ao)do [1_8(171)%] Fa. 1) <

As a result, the conditions of Theorem 1 are satisfied. Taking different parameters
81 and &3, the existence ball and uniqueness ball of the solution are listed in Table 1

From Table 1, one can know that as tested here, choosing §; = §, = 1, the radius
of existence ball is larger than the others.

Example 2 Consider the following problem that find the minimizer of the chained
Rosenbrock function [14]

Table 2 The iterative errors (||xx — X*||2) of various methods

k NM CM HM SHM KM VCM OPM

1 5.62e-1 3.26e-1 2.27e-1 6.0le-2 6.59¢-2 3.36e-1 4.54e-2
2 4.81e-2 1.31e-3 4.51e-3 1.91e-5 9.97e-6 1.72e-2 5.70e-7
3 4.67e-3 1.10e-7 2.05e-8 1.46e-14 4.71e-16 4.70e-6 0

4 2.52e-6 0 0 0 0 0 0

5 1.08e-10 0 0 0 0 0 0
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Table 3 The comparison of various methods

order F F' F” Efficiency index
Newton method 2 1 1 0 o1/ (m+m?)
Chebyshev-Halley methods 3 1 1 1 31/ (m4m?+m* (m+1)/2)
Methods (1.6) 4 1 1 1 41/ Gn+m?+m? (m+1)/2)
Method (1.7) 3 1 2 0 31/(m+2mz)
Methods (1.8) 5 2 2 0 51/@m+2m?)

m
g =Y [4(x —x} )P + (1 —xiy)?], xeR™.
i=1

Finding the minimum of g needs to solve the nonlinear system F(x) = 0, where
F(x) = Vg(x). Here, apply methods (1.8) with §; = 1,5, = —1 (OPM) , and
compare it with Newton method (NM), Chebyshev method (CM),

Halley method (HM), super-Halley method (SHM), the methods given by (1.6)
with §; = 0.9 (KM) and method given by (1.7) (VCM). In numerical tests,
the stopping criterion of each method is ||x; — x*|; < le — 15, where x* =
(1,1,---, DT is the exact solution. We choose m = 50 and x9 = 1.2x*.
Listed in Table 2 are the iterative errors (||xy — x*||2) of various methods. From
Table 2 , we know that as tested here, OPM converges more rapidly than the
others.

For the nonlinear systems of m equations in m variables, considering the effi-
ciency index o 1/7 [1], where o is the order of method and t represents the number of
evaluations for the required scalar component functions per iteration, we list the effi-
ciency index for various methods in Table 3. Moreover, we also compare the order of
various methods, the numbers for the required function, first derivative and second
derivative evaluations per iteration.

From Table 3, we can know that the order of methods (1.8) is higher than the oth-
ers. The efficiency index of methods (1.8) is always higher than the ones of Newton
method, method (1.7) and Chebyshev-Halley methods (including Chebyshev method,
Halley method, super-Halley method). When m > 2, the efficiency index of meth-
ods (1.8) is higher than the one of methods (1.6). Since methods (1.8)do not need to
compute the second derivative, when the computational cost of F” is large or F” is
hard to compute, methods (1.8) are more efficient than methods (1.6).

5 Conclusions
This paper considers the semilocal convergence for multi-point improved super-
Halley-type methods in Banach space. To solve the problem that F” is neither

Lipschitz nor Holder continuous, the Lipschitz continuity of F”’ used in reference [6]
is replaced by its generalized condition, and the latter is weaker than the former. The
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R-order of these methods is proved to be at least 3 4+ 2g with the generalized continu-
ity condition of F”, where ¢ € [0, 1]. Especially, when F” is Lipschitz continuous,
The R-order becomes five, which is higher than the one of super-Halley method.
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