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Abstract We state a uniform convergence theorem for finite-part integrals which are
derivatives of weighted Cauchy principal value integrals. We prove that a sequence
of Martensen splines, based on locally uniform meshes, satisfies the sufficient con-
ditions required by the theorem. We construct the quadrature rules based on such
splines and illustrate their behaviour by presenting some numerical results and
comparisons with composite midpoint, Simpson and Newton-Cotes rules.
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1 Introduction
We consider the Hadamard finite-part integral

]éb (xf(%dx, A€ (a,b), peN, @))
which is well defined for f € H) ,(B), with

Hp . (B) :={gl g € C’([a,b]), w(D’g, A,[a,b]) < BA*, 0 < <1, B> 0},
where D? denotes the pth derivative operator and

A T) = + h) — , geCW)).
(g ) X,Hhen}?)édﬂlg(x )—gXx)|, g )

For this type of integral the following properties hold [10].
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Property I Whena < A < b and p € N we have

A C)) Ld (" fw Ldr [ [
——dx = —— ——dx == —— dx,
« (x=n)pPt pdrJ, (x—2A)P pldixr J, x—A
where , N )
—€
][ T 4 = tim f LACYN NI )N
a X—A e—0 | J, x —A Ade X — A
is the Cauchy principal value integral.
Property 2 For c > 0 and p > 1 we have
M f(x) | o=PFY, ifc =1and pis even, @)
ween (x =P | O(h™P),  otherwise.

Hence, the above integral, which is well defined for /4 fixed, tends to infinity as
h — 0. These integrals are often encountered in several physical and engineering
problems [11, 21].

In this paper, we are interested in the numerical evaluation of (1), obtained by
replacing f by an approximation fx from a sequence { fy} such that

?[” N
——————dx
a (x - )\)p +
can be evaluated analytically or easily approximated numerically for all N. In [13],
Rabinowitz proved the following uniform convergence result for weighted finite-

part integrals, which is an extension of the uniform convergence result for weighted
Cauchy principal value integrals [12].

Theorem 1 Let

1
Cre N J(x)
I(f;x;p) = ?é_l waﬂ(x)m
be the weighted finite-part integral, where
wep(1) = (1= 0)* A+ 0P, @, B> 1,

and f € Hp ,(B) on J := [—1,1]. Let { fn} be a sequence of approximations of f
such that fy € CP(J) and, setting ey := f — fn,

dx, re(=1,1), peN, 3)

D enlloe = 0(1) for N — oo, j=0,...,p, 4)
Diey(-1)=0, 0<j<p—B, Diey()=0, 0<j<p—a, (5
ey € Hys(B1), 0 <o < u, forsome B > 0andall N. (6)

Then I(fy; X; p) exists and, if c + min(o, B) > 0, the sequence {I(fn; A; p)}
converges uniformly to I (f; A; p) forall A € (—1, 1).

In [4] two examples of sequences { fy} based on locally uniform partitions and
satisfying (4)—(6) are provided for any positive integer p. These are the modified
approximating splines and the modified optimal nodal splines, which are obtained by
modifying the approximating splines [8] as well as the optimal nodal splines [1-3]
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in such a way that condition (5) is true for any positive integer p. In this paper, we
consider sequences of approximating splines for which we can prove (4)—(6) without
modifying their definition on [a, b]. In particular, we shall consider the Martensen
spline operator, introduced in [9] and recently studied in [15, 16]. For the numeri-
cal evaluation of finite-part integral (1) we propose a sequence of Martensen splines
of degree n based on locally uniform partitions. We prove that (4)—(6) are true with
1 < p < n. For finite-part integrals (3), with p < n — 1, we construct the quadrature
rules based on Martensen splines of degree n. The majority of numerical methods for
finite-part integrals (1) are based on suitable composite rules, as, for example, mid-
point [20], Simpson [21] and Newton-Cotes [19]. Numerical results show that the
proposed spline quadratures perform better than composite quadrature rules [19-21].
Indeed, the proposed method requires a less number of integrand function’s evalua-
tions compared to the other ones and allows a considerable flexibility in the choice
of quadrature nodes.

2 Martensen splines

In this section, we give the necessary background material on Martensen splines as
presented in [15-17] and [5].

Let T :== {a = t9 < --- < tgp, = b} be a partition of the interval [a, b], we
denote by IT,(Tg) the linear space of piecewise polynomial functions of degree at
most n with breakpoints at #;. Let

Sut1(TR) = T, (Tr) N C" "' ([a, b])

be the linear space of polynomial splines of degree at most n with simple knots at the
points of Tg. Let

Bynr1(x) = (=1)" " gpnir — 1[5, -t — )L

be the (n + 1)th order normalized B-spline [14], where [#q, ..., ts4n+1]1f is the (n +
1)th divided difference and

, x", x>0,

X =

+ 0, x<O.

Let
n
(ps,n(y) = l_[(y - ts+u) € 1_In
v=1

be the dual polynomial for By ;1. Fori =0,...,n—1landr =0, ..., R we denote

by Fi(r") the Hermite-Martensen splines or HM-splines defined by [5]

rn—1 i gn—i
(rn) (_1) d
Fl' (x) = Tmfps,n(trn)Bs,nJrl(x) € Sn+1(TR), x € [trn—n, trutnl,
N

where %%,n(tm) is the (n — i)th derivative of ¢, ,(y) evaluated at y = t,,.

S=rn—n
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Assuming that f € C n=1([a, b)), the defining formula for the Martensen spline
Mg (f) of degree n on [a, b] is given by [17],
R n—1

MR(f)@) =YY D' ftrn) F{™ (x) € Spp1 (Ti). ®)

r=0i=0

In order to define Fi(o) and F i(R") we need the 2n auxiliary B-spline knots 7_, <
<ty <toandtr, < tRpt1 < 0 < tRntn-
We introduce the fundamental Hermite splines [16]

rn—1 i gn—i
(=D" d
Gi,n,tr,,_,l‘...,tm x) = Z .y WQDS,n(trn)Bs,nJr](x)v X € [trn—n, trnl,
s=rn—n :

rn—1 (_1)! dn—i
Hi,n,tr,,,.‘.,lm_,_,, (x)= TWWS,n(trn)Bs,nJrl(x): X € [trn, trngnl

S=rn—n

The HM-splines Fl.(m) can be expressed in terms of Gjnpp,...1,(X) and

Hintyystrin () [16],

F™ (%) = X001 ) Gt oot ) + K100/ ) Him oty @) (9)
Using (9), for x € [txn, tin+n] Mr(f)(x) can be written in the form [15]

N

n—1

MR()(x) =D (D' f (k) ity .otinan @) + D' f Crnsn) Gt ().
i=0

The Martensen spline Mg ( f) satisfies the interpolation conditions
D*MR(f)(trn) = DX f(trn), k=0,...,n—1,r=0,..., R, (10)

i.e. Mg(f) interpolates certain values of f and its derivatives [16]. So, we can
subdivide the knots in primary and secondary ones. In particular,

TR,p ={t;yulr =0,..., R}
is the set of primary knots, whereas
Trys:={tjlj #0modn, j=0,..., Rn}

is the set of secondary ones.
We denote with

hi := tknan — tkn, with k=0,..., R — 1,

and

,,,,,

The following further properties hold [16]
Mgr(f) = f forany f € Spy1(Tkr), (11)
Mg(f) = f forany f € P". (12)
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Let . .
Api= max L Ap>1, (13)
SIS e T
and A
AR ‘= max —l, ANRzL (14)
0<i,j<R-1 h

izjl=t Y
We say that the sequence of partitions {Tr}reNn ({TR,p}reN) is locally uniform if
there exists a constant A > 1 (A~ > 1)suchthat A < A (AR < A) for all R.
Let
e} =D'(f —Mp(f), 0<s<n—1.
The following uniform convergence result is provided in [5] for Martensen splines
and its derivatives.

Theorem 2 Let f € C"([a, b]), suppose that {TRr,p}ReN is such that
Hr — 0 as R — oo.

If {Tr,p}ReN is locally uniform, then
Heg)H — 0 as R— oo.
o0
If {Tr}Ren is locally uniform, then, for 1 <s <n — 1,

Heg) — 0 as R — oc.

o0

3 Martensen splines for numerical evaluation of finite-part integrals

In order to evaluate (3) numerically with n-order singularity at A and f € H,_1 ,(B)
on [—1, 1], we consider the sequence {Mr(f)} of Martensen splines of degree n,
based on a sequence of locally uniform partitions {7}, as approximants for f.

The condition (4) of Theorem 1 is true in virtue of Theorem 2. Whereas, condition
(5) follows from (10), with » = 0, R. In order to verify (6), we need the follow-
ing lemmas. Lemma 1 gives a local estimate for | D" Mg(f)(t)|, with ¢ € [1, tj4+1].
Lemma 2, proved in [5], provides a local estimate for |eg)(t)|, witht € 17, t;+1] and
s=0,1,...,n—1.

Lemma 1 Let f € C" ' ([trn, tknsn)), let t € [11, t141] C [tkn, tkntn), then
|D"MR()®)| < Kinhi ' o (70, he, [tk tknsn D),

where

or = .
Kipi= ot ——k Z(n—i)(’j)A’R, (15)

T =Dl -0 &

with AR deﬁ'ned in (]4) and
[ =n!
n+lpn =N ([ /2]) .
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Proof Let T,—2(x) be the Taylor expansion of f att and Ry (x) = f(x) — T—2(x).
By using (12), we can write

D"Mg(f)(x) = D"Mg(T,—2 + Rr)(x) = D"Mg(T,—2)(x) + D" Mg(R7)(x)
= D"T,_2(x) + D"Mg(R7)(x) = D"Mg(RT)(x),
which yields
ID"Mg(f)(1)| < <" (|D’ Ry (tin)| | D" Hip g t0nen )| + | DI RT (trn )|
1 0

1=

|DnGiv”»tknsmstkn+n (t) ’) .

In [5], fori =0,...,n — 1, the following estimates are proved:
) n—i—1
| D Ry 1) | =~ 0 (£, i Tttt ), (16)
n—i—1)

n! Fn+l,n Ath;(
it (n = D! (41 — )"

The estimates (16) and (17) are also true respectively for |D'R7 (txnin)| and
|D"H; , 1., (#)]. Using (16) and (17), we are allowed to conclude that

|D"Gint,..ostimin D] < (17)

----- tkn4n
ey | T Aihi
D'M Hl <2 ki =D e [tens n _ntln
D" M (f)(1)] < g(n_l. o(f ottt 37 S
RV Dapin X Aln!
=2 (Vl—l)!h Ntins t k n+1,n R
o(f o s tonenD (o= (n_l)!; i D
= Kl,nhjzlw(f(n_l)» Rics Wen s ten+nl)s
with K; , defined in (15). O

Lemma 2 Lett € [t7,141] C [tin, tinan] and let £ € C" " ([txn, tinin]), then, for
0<s <n-—1, wehave

Kohz_lw(f(”_l), his [tkns tinn]),  for s =0,

e 0| <
K sh7 o (FY, b, [t tknan]), for 1<s <n — 1,
where
i Z(” Y ( ) A
21—‘n+l K < )
K= (n—1) AL,
’ (n—1)! (tl+1 —1)5 4 Z k
with

r o n! Ky
n+l,s - = m <[s/2]) .
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Now, we can prove the following theorem, which provides a bound for the
modulus of continuity of D"~ Mg(f).

Theorem 3 Let f € C"~1(J), if Mr(f) € Sn+1(TR) satisfies
1600 < CLo(F"D, hi, [tkn, trntnl), © € [0, f11], (18)
ID"Mg(f)(1)] < Cohi ' o (FO7V hie, [tin, tknanD)s 1 € (1, 1141),  (19)
with [t7, tiy1] C [tkn, tknyn]- Then

o(D"'MR(f), A, J) < Czo(f"7D, AL ). (20)
Proof We have to show that, for —1 <u <v <1,
D" 'MR(f)(w) — D" 'Mr(f)w)| < C3o(f" Vv —u, J).

Assume first that u, v € 17, f741]. Since Mr(f) € C"~ (17, 141]) and Mg (f) €
C"((#, t1+1)), it follows that

D" 'Mg(f)(v) — D" 'Mg(f)) = (v —u)D"Mg(f)&)., u <& <.
By condition (19) we get
D" '"MRr(f)(v) — D" 'Mr(f)w)| < C2lv —ulhi ' w(FV, hi, [tin. tinsn])
Colv — ulh o (0 e, ).

IA

Using the following property of the modulus of continuity [18]:
cw(g,d,I) <2dw(g,c,I), for0 <c <d,
since v — u < hj, we have that
D" MR(H@) = D" MR(H@)| = 2C0(F 7, o —ul, D). @D
Ifty <u <#41 < v <1743, using (21) we obtain
D" MR(H@) = DT MR(H@)| = DT MR()©) = D MR W)
| D" MR () @15 = D M)
< 4Colv —ulo(f" 7, v —ul, D).

Finally, we consider #;,, <t <u < tiy1 < tgypn a0d tj,, < t; <V < tj4 <
teontn, With j > i 4 1 and k; < k. It can be easily proved that

1 kn+n—1
I—j i
tenn — tken < (41 — 1) E AR’ + E AL (22)
j=kn j=l+1

where Ap is given in (13). From (22) and the fact that

(tiv2 —tiy1), ¢j—tj-1) <v—u
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(since [ti 11, tit2], [tj—1, t;] € [u, v]), we get

i+1 kin+n—1
i+1— —i—1
fongn —tn < @ —w) | Y AT ARt (23)
m=kn m=i+2
j—1 kon+n—1
j—1—m m—j+1
lonen —lion < —u) [ D Ap "+ Do AR @4
m=kon m=j

We can notice that
D" MR()@) = D" Mr(H@)| = [FO7V @) = D" MR(H)
+[ 00w = D MR (@)

[ - ro ).

Obviously,
FO D) = OV <w(fF" D, v —u, J).

From (18), (23), (24) and the fact that

w(g,01+62,1) <w(g, 01, 1) +w(g, o, 1),

we get

FO V@) = D" Mr(F)@)| < Croo(F "V, hiy, [ty thyntn])

i+1 kin+n—1
<sc| Y Ay > At
m=kn m=i+2

a)(f("—l)’ vV—u, J)
= C4w(f(n_l)7 v—u, J)s

with
i+1 kin+n—1
_ i—m+1 m—i—1
Cy =Cy Ap + Ap ,
m=kn m=i+2

and, similarly,

FO V@) = D IMR(NH®)] = CLo(F O, g, T, fonin)

j—1 kyn+n—1

j—m—1 —j+1

ol S ey
m=kyn m=j

w(f(n_l)v v—u, J)
= Cso(f" Vv —u,J),
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with
j—1 ) kon+n—1 )
CS _ Cl Z A'Ile_m_l + Z A’;—.H—l
m=kon m=j
Then, we get

D" MR(/)@) = D" MR()W)| < (1 + Cy + Coo (£ v —u, J).
This proves our theorem with C3 = max(4C;, 1 4+ C4 + Cs). O]
Hence, by using (20), we have

o(f"V AL D)+ oD MR(f), A, J)
A+ C)o(f" VD A, J) < (1+ C3)BA*, (25)

w(E@W ™V AL T

IA

IA

then egeo) € Hu_1,,((1 4+ C3) B) and condition (6) is satisfied.

By Theorem 2, (10) and (25), the sequence {Mg(f)}, constructed on a locally
uniform sequence of partitions {Tr}, satisfies conditions (4), (5) and (6), then it is a
viable candidate for { fx} in Theorem 1.

4 Quadrature rules based on Mg
4.1 General case
We are interested in evaluating numerically 7 (f; A; n — 1), defined in (3), by replac-

ing f € C"1([—1, 1]) with its spline approximation Mg ( f) of degree n, defined in
(8). We approximate / (f; A; n — 1) by the quadrature sum

R n—1
I(fsrn—=1D =" "D fltr)wi V),
r=0 i=0
where
1 ar! ! Wgp (X) (rn)
wy (L) = ][ F'"(x)dx, r=0,...,R,i=0,...,n—1.
' (n—Dldaxn=1 J_; x—x !
Using (7), we can write
rn—1 i —i -1 1
(=D" a"™ 1 a B nt1(x)
wr,i(A) = Tmfﬂs,n(frn)mm][ op (X) de-

S=rn—n
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Hence, in order to evaluate w,;, we have to compute

1 a1 Lstn+1 B
77_][ Wyp (X) Ll(x)a'x, sS=-n,..., -1,
(n— D!dx-1 J_, X=X
1 dnil fstn+1 sn+l( )
I(Bspt+1;A;n—1) = mdkﬁ]{ wa;;(x)xidx s=0,...,Rn—n—1,
1 an! ! rn+1(x)
7][ waﬂ()id,s=Rn—n ..... Rn — 1.
(n— a1 ], Y
In order to do this, we can consider all n-degree polynomials p; @x),j=s,...,5+
n, such that

PA/(X) = By nr1(x), x €[tj, tjp1].

Setting
n+1

Py =) @tk

we evaluate pj. (x)/(x — X) by using

n k n+1
Pm=ax=-0y (Z avx’”) xR gt (26)
k=1 \v=I k=1

Using (26), the evaluation of I (Bs ,+1; A; n — 1) is reduced to the computation of the
following integrals:

dar=t i p;(x) n—1 i »
d)\?]{ Wap (X) _)de dk"l Z Zav)» v / wap (X)x" " dx
n+l1
+Z“ - k][ (1) —— x:|. @7)

In particular, we consider « = 8 = —0.5,0, 0.5, for which the integrals in (27)
can be evaluated exactly, otherwise we have to use a numerical method [6].

4.2 Singularity of order 2

We evaluate numerically 7 (f; A; 1) with a 2-order singularity at x = A. Replacing f
by

R 2
Mr(f)(x) =YY "D f(t3)F" (x) € Sa(T), (28)
r=0i=0
we get
R 2 ‘
L5 =) Y D f w0, (29)
r=0i=0
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with

d
Wi (M) = d/\][ ‘i“ﬂ_(x)F“”( ydx, r=0,....,R, i=0,12.

Using (7) we have

3r—1 i
( l)t d3 i 1 ()C)
wr,i()‘) = Z 3‘ d 3= l% n(3r) f Wap ()C) s4 Y dx,
s=3r-3 ’ -

then, to compute w, ;, we have to evaluate the following integrals:

d lr+4
ﬁ 540) dx, s =-3,-2,—1,
d Is44 X
I(Bsa; 25 1) = T a,g(x) Bsa( )dx s=0,...,3R — 4,
1
B
 wap ) 5400 e S =3R—3.3R—2.3R—1.
dr Ji, X —A
Let

p‘;-(x) = ai1x° + axx” + azx +ag = Bsa(x), x €tj,tj41],

with j = s, s+1, s+2, s+3, be the polynomial representation of By 4(x) in [¢;, #;11].
In order to evaluate the quantities pj (x)/(x — X), we write p; (x) in the form

pi(x) = [lexz + (@ + a1 M)x + (@3 + ark + c‘m\z)] (x—A)+as+azr+a 2 >+a 1.

Then, the evaluation of I (B; 4; A; 1) is reduced to the computation of the following
integrals, for j =s,s + 1,5+ 2,5 + 3,

d [+ p‘;(x) _ [l lj+1
oA wp (X) P )de = by fz, wap(X)xdx + b2/ wep(x)dx
- Lji+1 Lj+1
4 oy ) dx 4 by ][ oup (D) ——d,
Zj

where

by = a,

l;z = ay + 2a1A,

by = as + 2axk + 3a1 2%,
by = a4 + azh + asrh> + ajr>.
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4.3 Singularity of order 3

Similarly to the previous case, in order to evaluate numerically 7 (f; A; 2), with a
3-order singularity at x = A, we replace f by (28). Hence, we get

R 2
I(f;2:2) =) D f)wni(h), (30)
r=0 i=0
with
1 a?
wi(h) = L oup () F()dx, r=0,....R i=012.

2a:2 ] x—a
Using (7), wy; (x) can be written in the form

3r—1

(RO 1d* ! Bia@) |
wr,i()\) = ~ 3 s, n(t3r) = Y] f Wop (X (x ) dx,
A3 dy 2dx — X

then, in order to evaluate w, ;, we have to compute

1d ][tsg O L PP W
2 d)\’z O Dlﬂ X — )\' ’ - ’ ’ s

. Ld> [l Bya(x) ,
I(BS’4,)\,,2): EW 0{/3() Y )C,SZO,...,3R—4,
ts

14 ! B
Eﬁ][ g (X S"‘(’;)dx, s=3R—3,3R—2.3R—1.
ts X —

Let p; %(x) be the polynomial representation of B, 4(x) in [¢}, f;41], as shown in
Section 4 2 the evaluation of By 4(x) is reduced to the computation of the following
integrals, for j =s,5s + 1,5 + 2,5 + 3,

1 42 Lj+1 ps(x) j+1 _ Lj+1
__][ Wap (x) dx = c1/ wep(x)dx —i—cz][ a)alg(x) — dx
[ 1 t

2 dA? .
J J
d [u+ 1 J
+C3d_A a)a,g(x)x —-dx
_ d? ’J+1 ) 1
+c4— wyp (X X,
dz* J;, A

where
¢y = ap,
¢y = ay +3a X,
Gy = az + 2ah + 3a11?,

Lo ~ 42 =43
C4=§(a4+a3)»+a2)\ +aA )
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Table 1 Errors in the case

y=2 R |EX| |ER|
7 —_— 8.19¢-02
15 —_— 2.61e-02
31 —_— 8.79¢-03
63 — 3.03e-03
127 — 1.06e-03
255 1.33e-03 3.73e-04
511 4.86e-04 1.31e-04
1023 1.76e-04 4.65e-05
2047 6.31e-05 1.46e-05
4095 2.26e-05 8.00e-06

S Comparisons and numerical examples

In this section we compare our quadratures (29) and (30) with composite midpoint
[20], Simpson [21] and Newton-Cotes [19].
We denote by Er the errors obtained with our quadrature rules,

Eg=1W:np)=1(f: 7 p)— I(Mr(f); 2 p), p=1,2.

For both values of p we approximate f by the cubic Martensen spline Mg (f).
5.1 Comparison with midpoint

We evaluate numerically the finite-part integral (3), withoe = 8 =0, p =1, A =0
and
fE) =x*+x+ [2 + ﬁ} x[PH20y =23,
X
by using the quadrature sum (29) and the composite midpoint rule [20]. Obviously,
fx) e CY+1/2([—=1, 1]). The exact value of the finite-part integral is [20]

I(f;0; 1) =2+ y =2,3.

124y -1

We adopt a uniform mesh for both methods. Let E RM be the quadrature error
obtained by the composite midpoint rule, where R is the number of integration’s
subintervals.

In Tables 1 and 2 we compare the numerical results presented in [20] with the
results obtained by our method, respectively in the case y =2 and y = 3.

With y = 2 our method performs better than the one presented in [20], whereas

with ¥ = 3 our method is more accurate up to R = 1023, while for higher values of
R, the errors grow.
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Table 2 Errors in the case

y=3 R |EX| |ER|
7 —_— 6.31e-03
15 —_— 9.40e-04
31 —_— 1.53e-04
63 —_— 2.60e-05
127 — 4.51e-06
255 7.07¢-05 7.89¢-07
511 1.81e-05 1.23e-07
1023 4.58e-06 1.37e-07
2047 1.16e-06 1.65e-06
4095 2.92¢-07 2.02e-06

In Fig. 1 the absolute errors, reported in Tables 1 and 2, are represented for the
different values of R, so we can compare graphically the behaviour of quadrature
errors. In both cases y = 2 and y = 3 we can see that our method get the same
accuracy of midpoint for considerably less values of R.

5.2 Comparison with Simpson

We evaluate numerically the finite-part integral (3) witha = 8 =0, p = 2 and

[ =x,
=2 =3
107 ‘ ‘ 107 : :
—e— [E| » —e- IE
b —e—EMI —e—IEY
-3
4 10 r 4
1 10"'? E
p
H
?

"
o
T

|- -

. L e .
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000
R R

Fig. 1 Graphical representation of absolute errors. Axis y is in logarithmic scale
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Table 3 Errors in the case

)»=t[R/4]+/’l/2+‘L’h,With R =0 T=1/4
t=0,1/4
|E3] |Eg| |E3 |Eg|

8 —_— 1.43e-05 —_— 2.73e-02
16 —_— 1.20e-06 —_— 6.83e-03
32 —_— 8.73e-08 —_ 1.71e-03
64 —_ 3.66e-09 —_ 4.27e-04
128 —_ 1.55e-06 —_ 1.04e-04
256 6.40e-02 2.79¢-05 3.16e-02 9.47¢-05
512 3.22e-02 2.49¢e-04 1.60e-02 3.05e-03
1024 1.62e-02 2.63e-02 8.07e-03 2.22e-02
2048 8.11e-03 2.50e-01 4.05e-03 3.06e+00

by using the quadrature sum (30) and the composite Simpson’s rule [21].

For both methods we adopt a uniform mesh. We consider two different singulari-
ties of order 3, A = f(g/41+h/2+thand A = to+h/2+th, with T = 0, 1/4, where
h is the width of every subinterval. The exact value of the finite-part integral is [21]

3 5
—S)L — % —i—6)\21n‘1;)L .
(1 —2A2)2 L+
In order to construct the composite Simpson’s rule, we have to introduce a quadrature
node at each subinterval then, to compare our method with Simpson, we have to
assume R = 2n, where n is the number of subintervals used for the construction of
the composite rule.

Let E ISQ be the quadrature error obtained using the composite Simpson’s rule, with
R + 1 quadrature nodes.

In Table 3 we compare the results presented in [21] with the results obtained by
our method, in the case A = f{g/4) + h/2 + th, with T = 0, 1/4, whereas in Table 4
we compare the results obtained by the two methods in the case A = 19 + h/2 + th,
with7 =0, 1/4.

I(f;1;2) =61 —

Table 4 Errors in the case

A=ty +h/2+ th, with R =0 T=1/4
t=0,1/4
|ES| |ER] IES| |ER|
8 —_ 3.29e-04 —_ 2.75e-02
16 —_ 8.26e-05 —_ 6.88e-03
32 —_ 2.07e-05 —_ 1.72e-03
64 —_ 5.53e-06 —_ 3.93e-04
128 —_ 6.31e-05 —_ 1.31e-03
256 1.26e-01 1.31e-04 6.32e-02 3.91e-02
512 6.35e-02 1.59e-01 3.18e-02 1.64e+00
1024 3.18e-02 2.16e+00 1.60e-02 5.30e+01
2048 1.59¢e-02 4.70e+00 7.99¢-03 2.30e+02
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We represented in Figs. 2 and 3 the errors in Tables 3 and 4, obtained for different
values of 7.

We can observe that, with smaller values of R, our method performs better than the
composite Simpson’s rule, presented in [21], but for higher values of R errors grow.

5.3 Comparison with Newton-Cotes

We evaluate numerically the finite-part integral 3) withae = 8 =0,p =1,A =0

and

11

2’3"

Obviously, f(x) € C 5+7([—1,1]). In particular, we compare our quadrature (29)

with Newton-Cotes rule of degree 3 [19]. The exact values of the integrals are [19]

1242

1(f:0:1) = — =~
9+ 3y

1042
1(f;0; 1)=%3;/, for 8 =3,

fOy=x*+1x""7, §=3,4, y =

, for § =4,

with y = 1/2, 1/3. For both methods we adopt a uniform mesh.

To construct the piecewise Lagrange interpolation polynomial of degree k, we
have to introduce k— 1 quadrature nodes at each subinterval, then, in order to compare
our method with Newton-Cotes, we have to assume R = kn, where n is the number
of subintervals used for the construction of the composite rule.

Let E g be the quadrature error obtained using the composite Newton-Cotes rule
of degree 3, with R 4 1 quadrature nodes.

1
. 7=0 , T=1
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Fig. 2 Graphical representation of absolute errors, in the case A = f{g/4) + h/2 + th. Axis y is in
logarithmic scale
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Fig. 3 Graphical representation of absolute errors, in the case A = fo+h/2+ th. Axis y is in logarithmic
scale

In Tables 5 and 6 we compare the results presented in [19] with the results obtained
by our spline quadrature (29) for both values of §, then we represent the abso-
lute errors in Figs. 4 and 5, so that we can compare graphically the behaviour of
quadrature errors.

In both cases, we can see that our method perform better than the rule proposed
in [19]. In particular, we observe that the accuracy of our spline quadrature with
R = 69 is comparable or sometimes better than the accuracy achieved by composite
Newton-Cotes with R = 285.

5.4 Final remarks

Evaluation of Hadamard finite-part integrals of the form (1) is reduced to the
computation of Cauchy principal value integrals in virtue of Property 1 in Section 1.

Property 2 in Section 1 says that when we subdivide the integration’s interval
[a, b] in R subintervals and when the singularity lies in one of these subintervals,

Table 5 Errors in the case

s=4 R y=1/3 y=1/2
IEX] |ER| |EX| |ER|
15 2.52¢-02 2.33e-04 2.35¢-02 2.13e-04
33 2.17¢-03 1.89¢-05 1.98¢-03 1.65¢-05
69 2.21e-04 1.85¢-06 2.00e-04 1.58¢-06
141 2.44e-05 1.97e-07 2.20e-05 1.68¢-07
285 2.81e-06 2.35¢-08 2.54e-06 2.02¢-08
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Table 6 Errors in the case

5=3 R y=1/3 y=1/2
IEX| |ER| |EX] |ER|

15 5.11e-02 9.60e-04 4.43e-02 3.60e-04

33 7.15¢-03 1.60e-04 5.49¢-03 5.53¢-05

69 1.18¢-03 2.93e-05 7.99¢-04 9.25¢-06

141 2.11e-04 5.61e-06 1.26e-04 1.61e-06

285 3.96¢-05 1.09¢-06 2.07¢-05 2.82¢-07

the finite-part integral in (2) tends to infinity as R — co. Moreover, the best case is
when the singularity is located in the middle point of a subinterval [10].

From numerical results in Tables 2, 3 and 4 we can observe that our method
presents the numerical instability phenomenon derived from Property 2 for values of
R smaller with respect to the considered composite rules. This behaviour is due to
the fact that both quadratures (29) and (30) require integral evaluations on intervals
[#j,tj41], j =0,1,...,3R—1. Consequently, for equally spaced knots and for fixed
R, the integration interval containing the singularity is the third part of the integration
interval required by other methods.

When the singularity is located in the middle point between two spline knots, as
for example A = 0 in Section 5.1 and t = 0 in Section 5.2, our quadrature performs
slightly better for higher number of knots.

Nevertheless, by using a considerably less number of quadrature nodes, our spline
quadrature achieves the same or better accuracy with respect to the considered com-
posite rules. Moreover, we have a great flexibility in the choice of quadrature nodes
and we can use spline spaces S,,+1(Tg) of different orders.

1 1

vT=3 vT=3
10 : : 3 : 107 : : —2 :
e |E
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0 50 100 150 200 250 300 0 50 100 150 200 250 300
R R

Fig. 4 Graphical representation of absolute errors in the case § = 4. Axis y is in logarithmic scale
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Fig. 5 Graphical representation of absolute errors in the case § = 3. Axis y is in logarithmic scale

Since Martensen interpolation is a natural extension of piecewise linear interpo-
lation, a further investigation should be the use of Martensen splines for finite-part
integrals with endpoint singularities as considered by C.W. Groetsch [7].
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