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Abstract In this paper we use the Jacobi collocation method for solving a special
kind of the fractional advection-diffusion equation with a nonlinear source term.
This equation is the classical advection-diffusion equation in which the space deriva-
tives are replaced by the Riemann-Liouville derivatives of order 0 < o < 1 and
1 < u < 2. Also the stability and convergence of the presented method are shown
for this equation. Finally some numerical examples are solved using the presented
method.
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1 Introduction

Fractional calculus has played a significant role in describing many phenomena in
engineering, physics, chemistry, economics and other fields. These phenomena can
be described very successfully using fractional differential equations. One of the
most important fractional differential equation that is used in engineering is the
fractional advection-diffusion equation therefore some authors presented numerical
and analytical methods for solving the fractional advection-diffusion equation. For
example, in [47] Shen et al. derived the fundamental solution for the space-time
Riesz-Caputo, fractional advection-diffusion equation with an initial condition. In
[24] authors proposed a spectral representation of the fractional Laplacian operator
and used the equivalent relationship between fractional Laplacian operator and Riesz
fractional derivative and derived analytical solution for the multi-term, time-space,
Caputo-Riesz fractional advection-diffusion equation on a finite domain. Wang and
Wang [50] developed a fast characteristic finite difference method for solving space
fractional transient advection-diffusion equation. Huang et al. [21] presented a finite
element method to solve the fractional advection-dispersion equation. Zheng et al.
[54] proposed the finite element method for the space fractional advection-diffusion
equation with non-homogeneous initial-boundary condition. El-Sayed et al [44] used
the Adomian decomposition method for solving an intermediate advection-dispersion
equation. Authors of [16] used the homotopy perturbation method for solving the
fractional advection-dispersion equation. In [38] authors presented an analytical
algorithm to solve the fractional advection-dispersion equation based on homotopy
analysis method. Jiang and Lin [23] presented a new method for solving the following
advection-dispersion equation in the reproducing kernel space
%ux,t) t) = —v(x, t)B u(x 1) + k(x, t)ayu(x 1) + f(x,t),

T ax”

u(x,0 = f(x), u(,t)=0; u(L,t)=0.

Ervin and Roop [12] investigated the numerical approximation of the variational
solution of the fractional advection-dispersion equation on bounded domains in
R?. Liu et al. [26] proposed an implicit difference method to solve the space-
time fractional advection-diffusion equation. In [52] authors used the Melin and
Laplace transforms and derived an analytical solution for the time—fractional
advection-diffusion equation. In [42] authors used the Sinc-Legendre collocation
method for approximating the solution of a class of fractional convection-diffusion
equation with variable coefficients. Huang and Liu [22] derived an analytical
solution for the space-time fractional advection-dispersion equation based on the
Green function and Fourier-Laplace transforms. In [40] Roop, used the finite ele-
ment method for solving a singularly perturbed fractional convection-diffusion
equation. Sousa in [48] derived an explicit finite difference method for solv-
ing a fractional advection-diffusion problem. Al-Khaled and Momani [1] pre-
sented an approximate solution for a fractional diffusion-wave equation based
on the Adomian decomposition method. Authors of [34] used finite differ-
ence approximations for solving the fractional advection-diffusion with vari-
able coefficients on a finite domain. Meerschaert and Tadjeran [35] examined
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some numerical methods such as finite difference method, backward Euler and
implicit Euler methods to solve a class of initial-boundary value problems gov-
erned by fractional partial differential equations with variable coefficients on a
finite domain. Chen et al. [7] derived implicit and explicit difference methods
for solving the fractional reaction-subdiffusion equation. Authors of [49] proposed
the fractional weighted average finite difference method for the space-fractional
advection-dispersion equation. In [10] a fully discrete numerical approximation is
used to approximate the solution of a time—dependent nonlinear space-fractional
diffusion equation. Yang et al. [53] presented three numerical methods to solve
the fractional partial differential equations with Riesz space fractional derivatives,
namely the L1/L2- approximation method, the standard shifted Grunwald method
and the matrix transform method. Baeumer et al. [2] presented numerical solution for
the fractional reaction-diffusion equation. Yang et al. [51] presented novel numeri-
cal methods for time-space fractional reaction-diffusion equations in two domains.
Authors of [37] used the Laplace and Fourier transforms and obtained a general
representation of analytical solution of two dimensional space-time Riesz-Caputo
fractional diffusion equation in terms of the Mittag-Leffler function. Also they
presented a numerical technique for the solution of this equation based on Grunwald-
Letnikov approximation. Bueno-Orovio et al. [3] employed Fourier spectral method
for solving fractional reaction-diffusion problems. Also they extended this approach
to fractional reaction-diffusion problems in rectangular domains of R”. Also we refer
the interested reader to [8, 19, 20, 27-32, 36, 41, 43, 56] for some numerical methods
which have been proposed to find the numerical solution of the fractional differential
equations.

In this paper we present a Jacobi collocation method for solving fractional
advection-diffusion equation with a nonlinear source term. We organize our paper
as follows: In Section 2 we present some preliminaries, then introduce fractional
advection-diffusion equation. In Section 3 we write this equation in the operational
form and apply Jacobi collocation method for approximating its solution. In Section 4
the convergence and the stability of the presented method are shown. Also numerical
examples are given in Section 5.

2 Preliminaries

In this section we introduce the fractional advection-diffusion equation and describe
some preliminaries and notations .

Definition 1 Suppose y > 0, m = [y] and I = [a, b]. For function f given in the
interval 7, the left and right handed Caputo fractional-order derivatives are defined

as [39] :

CDYf(x) = p(m;_y)f(x — )y =l pm (e,

b
$D} f) = 15ty [ (e =) (),
X

@ Springer



604 Numer Algor (2015) 68:601-629

and the left and right handed Riemann-Liouville fractional-order derivatives are
defined as:

X
DV f®) =ty w6 = )" f(o)d,
a

m m b
ED)f(0) = (s dem [ = 0" f(0)de.
X

The Riesz fractional-order derivative is defined as [47, 55]:

37 f(x)
(O )|
where ¢ = m For the function f given in the interval I, where f(a) =
2

f () = 0, we can extend the function to have f(x) = Otoall x > a and x < b.
Thus we have [55]

fx) Ry R v
s = 4PV +E ] 1),

1

where ¢ = Teos()"

In this paper we study the numerical solution of the following fractional
advection-diffusion equation with a nonlinear source term :

B =k (x, DRuu(x, 1) + p(x, ) Rou(x, 1) + f(u, x, 1),

(x,1) € QR=1[a,b] x[0,T], 1<pu=<2,
u(x,0) = g(x),
u(a,t) =ub,t) =0,
where 0 < x(x,f) < k < oo and «, p, f, g are continuous functions and f is a
source term which satisfies the Lipschitz condition. Also R, u(x, t) is defined by

ey

e+ (e, DEDYu(x, 1) + c—(x, DEDJux, 1), 1 < n <2,
Ryu(x,t) =
2
Lou(x,n), n=2,

where
O0<ci(x,t)<c1, 0=<c_(x,1) Zc2,

where c1, ¢y are constants. In this equation if
-1
) t) =c— ) t) = AN
cy(x, 1) =c_(x,1) 2cos(7F)
then R, u(x, t) which represents the Riesz fractional derivative is defined by [55]
Ryu(x,t) = @ (EDYu(x, ) + RDlu(x,1)).
In Eq. (1), Ryu(x, t) is defined by
Rou(x,t) =dy(x, DRDTu(x, 1) + d_(x, ) BDJu(x, 1),

0<di(x,t) <di <oo, 0<d_(x,t) <dy < o0,
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where if 0 < d;(x,7) < di < oo, then we have d_(x,t) = 0, —c0 < —p <
px,t) <0and0 <o < 1.If0 <d_(x,1) < dy < oo, then we have d(x,t) =0,
0<pkx,t)<p<oocand0 <o <1.Alsoif

di(x,t) =d_(x,t) = ————,
£ = A0 = S
then Ry u(x, t) is defined by

Rsu(x,t) = m( DZu(x, t)+RD"u(x t))

and 0 < p(x,t) <p<ooand0 <o < 1.
Table 1 reports research works on the numerical or analytical solutions of (1) in the
special cases.

Lemma 1 Suppose y > 0, m = [y] and I = [a, b]. Assume that f is such that
RDY f, RD) f, DY f and C D} f exist, then [39]:

T(m— y)dxnmf(x—f)'” =1 f(vydr

X
r = 0" T @

m—1 ; ;
[P @@ —a) 77
X T

m m b b
Py dr [ (@ = 0" (e = s [ =0 O @d et
* X

m—1
D" fD ) (=)
2 TT+j=v)

Lemma 2 Assume that y > 0 and u are such that 5 DYu, f DZu exist then [39]:

d* d*
dxk( Dlu ):fD,’{*"u, - k( DY u ):fz)g*"u.

Lemma 3 The Jacobi polynomials P,fa’ﬁ ) (x), are defined as the orthogonal

polynomials with respect to the weight function o®P(x) = (x —a)*(b—x)P,
(¢ > —1,B > —1) on [a, b]. These polynomials satisfy the following properties

Table 1 The special cases of Eq. (1)

Reference o k(x,t) px,t) cy(x,t) c—(x,t) dy(x,t) d_(x,t) f(u,x,t)
[50] l<wu=<2 1 «kk,t) pxt) 1 1 0 f(x, 1)
[21] l<wu=<2 1 « P 1 0 1 0 0

[48] l<pu<2 0 « 0 ﬁ CGS(},T# 0 0 fx, 1)
[49] l<pu<2 1 « o 1 0 1 0 0
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[25]:
n
Prfol,ﬂ)(x) — Z B]Ea»ﬂ,n)(x _ b)k’
k=0
n
PYE()[,,B>(X) — Z E]E(Y,B,n)(x _ a)k’
k=0
where
pehbm _ (b—a)"*nl(k+B+1),_
k = Rtk tat D), ¢k
plefmn _ (@b nlktatD),
k — (n—k)(n+k+o+p+1),_i k!’
and
k
@=1, @=[[+i-D, k=123 .,
i=0

3 The collocation method for solving Eq. (1) based on the Jacobi polynomials

Let Py be the space of all polynomials of degree at most N and IP’([)V =
{P e Py| P(a)=P(b)=0}. In this section we apply the Jacobi collocation
method for solving (1), this means that we look for a mapping uy € ]P’?V, such that
for any # € [0, T'] we have:

K xq'ﬂ< a ¢ — o
Lun? ) = S [6+<xk"5,t>[;’;f@n>l “uN(n,t)dn} ) +e(pn
a {:{?
20 - PG o.p 4 o
gz [ o =0 un (. ndn + Tamey 14+ 0| dg [ € = m T un(n, t)dn @
I {=X:Aﬂ a {=X,L:‘ﬁ
b
—d_(xP ) [(;’[{f(n - {)“uN(n,t)dn:| ) + v 0,500, k=12, N—1,
c=xy
and
un (P 0) = (), k=0,1,.., N, 3)

where x,(:’ﬂ (0 < k < N) are the Gauss-Jacobi points (The roots of (N + 1)-th Jacobi
polynomials). Suppose

N
un @, 1) =Y aj0) PP (x). @)
j=0

In this section for simplicity we use P;(x) instead of Pj(a’ﬁ ) (x), therefore we can
write

uy(x, 1) = R)AT (1), )
where
R(x) = [Po(x), P (x), ..., Py(x)], (6)
and
A() = [ag(t), ar (1), ....an ()] . @)
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Therefore we have the following system of ordinary differential equations

R@AT (1) =0,
K on.ﬂ
RO AT @0 = 5557 {er 6P nnGEDHAT 0 + e (P RGP AT 0] +

X, (3 o, o (22 8
"F(({c = {d+(xk LGP AT (1) fd,(xk’ﬁ,t)14(xk’ﬁ)AT(t)} + FREEPAT (1), 0P 1), ®
k=1,2,.,N—1,

R(B)AT (1) =0,
with the initial condition
[RGEPAT (@0), ROSPHAT (1), RaSPYAT (1), .., REGPHAT I = k=0,1,..N, (9

where

h(x)= L§2/<t—n>' “R(n)dn} . b= dghz/(n—;)l “ROdn |,

¢=x {=x

¢ b
d d
I(x) = [d{ f @ —n)”R(n)dU} - = |4 / - RGdn | .
a C=x ¢ C=x

= [Py, gy, o g

In the current paper we use the classic 4-stage Runge—Kutta method which is a
fourth-order formula [4]. For this purpose we first evaluate

[;’;m/ (§—n)’”“1R(n)dn} [;’;m;f (n—g“)’"“lR(n)dn} :

c=xiP c=xiP
where 1 <k <N -1, m=1, 2. Using Lemma 1 we can write:
¢ T
1 dm —pu—1 _ R"‘“(n)
r(m—m[d;maf@ -y R(n)dn} e = f () Serdn+
» r=x; (10)
m—1 R(j)(a)(xzt'ﬁ—a)'/ #
= Ta+j—p
and
—u—1 _ 1 R™ ()
I‘(m M) |:d<-m f(’] omTH R(ﬂ)d’?:| wp — T(m—p) ‘;/‘ﬁ (,],x“’ﬁ)#_mﬂdn—i_
{=x; X k (11)

m—1 (=1y"=i RO b)(b— \Z‘ﬁ
. i)™

T(+j
iz (4j—p)

On the other hand the relations between the matrix R(x) and its derivatives, R® (x),
are:

RO Gx)=Rx)ZF, k=1,2, .., 12)
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where Z is the operational matrix of derivative and it can be seen that [13]:

0 21,0 220 *** Zn0
0 0 z21 -+ zZni
Z = . :
00 0 0 zpp-
00 0 O 0
where
PO (1) a+p+2i
Zii—1 = - = NE
e (i —DBEHD 2@+ p+i)
and

. Jj+1
1 . Bk
PN —j1 Y Bz,
k=i—1

S @)
!
J!B;

zij =

Now using Eqgs. (10) and (12) yield:

m ;
[ﬂmf@nw#'RWMﬂ =
a ;:X;Aﬁ

. j=0,1,2, .0

wf T m—1 (xf‘ﬁfa)jqul(a)ETZf
F(In—/,L) F}(Xk )E VAR ZOF(H'—/—H) )
Jj=

and employing (11) and (12) we conclude:

b
[J’; [ C)’"_“_IR(n)dn} =
¢

="
m=1 (—1yn=i (b—x*#) " Fy(b) BT 2]
Lo — ) (mx;’*‘*)Bsz S
j=0 :
where
CESPY o 0 - 0 7
ESPD &P 0 0
E=| E@#D gesd gesd ,
: : : .0
i E(()"‘*ﬂﬁ) R P S
F BP0 0 -+ 0 ]
BERD BEAY o L
B=| p@p? gepd papd ,
: : : .0
L Béa,ﬁ,3) Bl(a,ﬁ,n) o o Br(la,ﬁ,n) ]
T
Fi(x) = [ I, x—a), x—a)?, -, (x—a)"] .
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and ,
R =[1 =b G=b% o a=b" ],
B xzt-ﬁ Y x;yﬂ ]
a, By 1 1 — (n—a)"
F3(xk )= T'(m—p) f ap —m+1 dn’ f w-ﬁ(’? 6337m+] d'?» o ap p=m+1 d?] ’
L a (Xk 7?7) a (Xk —r]) a (xk 77]) |
and
[ f" i f” (1=b) b ]
, 1 __@=bh —b)"
Fa(f?) = ol — . VIGGRAE e C—
= | e (") o (n=x?) o (=27 |

4 The convergence and stability analysis

In this section we present the convergence and stability analysis of the collocation
method for Eq. (1). Let us present some definitions and lemmas before we prove the
main theorems of this section.

Definition 2 Suppose I = (a, b) and Lim s (I) is the space of square integrable functions in /. Now we
can define the following inner product and norm on chowj I):

b
(t, V) o = /a)o"ﬁ(x)u(x)v(x)dx, Yu,v € Limﬁ D),

a

b 2
lluell o = /wa’ﬁ(x)(u(x))zdx . Yue L2, ().

a

Suppose I = (a, b), therefore we define [5]:

HY, (D) = {u\a;u €L, (), 0<i< k},

/ . . . .
where Biu = %. H f}w (1) is a Hilbert space with respect to the inner product :
k
W Vs = D (001, 00) s
m=0

which induces the norm:

=

k L
— aJ
lull, s = 25 odu ]
j=
also it is easy to see that :
lo7u s < N, O <m<k. (15)

We define [45]:
HY,, (D)= {ul dlue L’ (D, 0<j<k ke N} ,

where 8){ u= % H f)a b (I) is a Hilbert space with respect to the inner product

k
— Y
W Vg = 3 (duolv)

Jj=0
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which induces the norm:

-2
oull
weti B+

k
el et e = | D

j=0

Definition 3 Suppose Py is the space of all polynomials of degree at most N. Iy s : Liaﬂ I —
Py is an orthogonal projection if and only if for any u € Lim s (I), we have [5]:

(M e (X)) = u(x), v(X)) up =0, Vv €Py.

Lemma 4 Foranyu € Ha’;mﬁ (I), p = 1, there exists a constant Cy independent of N, such that [5]:

HM - HN,wavﬂ (u)”wmﬁ = C1N7p||’4||p,wwﬁ~

Lemma 5 Suppose u € Py, therefore there exists a constant C| independent of N such that [45]:

< CiN*|lull s, Yk €N.

Wtk Bk =

k
oy u

Definition 4 It is known that the general form of Gauss quadrature rules is given by:

b n m
[ st = Y w4 3 v cao+RIL
g =1 =1

n
j=1
are predetermined. w is also a positive measure on [a, b]. In the special cases if m = 1 and zx = a or
m = 2 and z; = a and zp = b the resultant quadrature rules are called the Gauss-Radau and Gauss-
Lobatto quadrature rules, respectively. For more introduction about Gauss quadrature weights and nodes
we refer the interested reader to [5, 14, 15, 17].

where the weighs {wj} and {vx}}L, and the nodes {xj };=1 are unknowns and the nodes {zx}7,

Lemma 6 Suppose I = (a,b) and x?’ﬂ , (0 < j < N), are the Gauss-Jacobi or Gauss-Radau or
Gauss-Lobatto quadrature nodes and wj, (0 < j < N), are the Gauss-Jacobi or Gauss-Radau or
Gauss-Lobatto quadrature weights [5] . The Jacobi interpolation is denoted by ];‘,”g(u). For any u €
Huk)m,3 (I), k > 1, there exists a constant C independent of N, such that [5, 18, 45]:

=15t @) ., = CoNFul s, 16)
and for any u € Ha’ifw N (1), m > k, there exist constants C3 and Cy4 independent of N, such that:
k k—
O = M@)o = OOV 10 an
ak B k—m || -
o (=1 @) e = CN [0 ] i (18)

Also for any u € H,Zla,ﬁ (1), 1 <k < m, there exist constants Cs and Ce¢ independent of N, such that:
_1_
Ju =Ty s @] s < CsNH 737 ully 05
a,p 2%k—L—m
u—1Iy"(u) < CeN“""27"lully -
k,w®B ’

For any u, v continuous on [a, b], We set

N
(U, V) pup = ZM(Xf’B)v(x;”'ﬂ)w?’ﬂ,
i=0
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where xi“‘ﬁ , (0 < i < N), are the Gauss-Jacobi or Gauss-Radau or Gauss-Lobatto
quadrature nodes and w;"ﬂ , (0 < i < N), are the Gauss-Jacobi or Gauss-Radau or
Gauss-Lobatto quadrature weights. Therefore we define

N
el et = > P u? ().
i=0
The Gauss integration formulas imply that:

U, V) yos = U, V) ep, If uv€Poyys,

where § = 1,0,—1 for Gauss, Gauss-Radau or Gauss-Lobatto integration rules,
respectively.

Lemma 7 For the Gauss and Gauss-Radau integration rules we have [45] :

@ )t = Py o] = = 1P @ Weller. Vo € i

Definition 5 Let s > 0, we define the seminorms [33]:

R s
IlDXu

R s
X Dbu‘

lwl gy = oo M) = ,00°

and the norms:

S
S

leelgary = (Nul2o0 + o) Mty s= (200 + ulyer) )

Suppose
Ce(I) = {ulu € C®(I) with compact support in (a,b)} .

Let us define H; (1) as the closure of C3° (1), with respect to norm H~||H,»‘(1) and H; (1) as the closure of
C§°(I), with respect to norm ||. || Hy (D)

Lemma 8 Let s > 0, the spaces H}'(I) and H; (I) are equal in the sense that their seminorms as well
as norms are equivalent [33].

Lemma9 Ifq <s, then we have [33]:
Hi(I) C HA(I), H(I) C H ().

Lemma 10 Foranyu € H,S (I), 0 <s < u, there exists a constant Cy such that [33]:
|u|H,S(1) =<C |M|H,”(I)’
and for anyu € HY(I), 0 < s < u, there exists a constant Cy such that:

sy < Calul ey

Definition 6 Let o > 0 and k € N, we define the seminorms:

R na
anu

. . R na
|M|Hla.k(1) : ‘k,w0.0’ Iu\H;,,k(]) = ||y DbuH

k.00’
and the norms:

1
5 1

2 2 : 2 2 z
il gt gy o= (0 g+ D2 ) el gy o= (W] oo + )
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Let us define Hf"k (I) as the closure of C§° (1), with respect to norm ||. ”Ha‘k(l) and Hf"k (I), the closure
1
of C(‘)>O (1), with respect to norm ||.]| HE (1)

Lemma 11 Let o > O, the spaces H,“’k(l ) and HY ‘k(l ) are equal in the sense that their seminorms as
well as norms are equivalent.

Proof 1t can be proved using Lemmas 2 and 8. O

Lemma 12 Forany u € Hl“"k(l), 0 < s < u, k> 0 there exists a constant Cy such that:
Ul s, < Crlul ,uk, -
Il ook gy = Crlutl e g

Also for any u € H,'f’k(l), 0 <s < W, k> 0 there exists a constant Cy such that:
Il gk ay = Coltl e

Proof This lemma can be easily proved using Lemmas 2 and 10. O

Definition 7 We define
L°(I) = {u |uis measurable on I and llulloo,; < 00},

where

lutlloo,s := ess sup [u(x)].
xel

Lemma 13 (Sobolev inequality) Suppose u € HaIﬂﬂ (1), therefore we have [5]:

1

1 21 1
llulloo < (m +2) ||M||ijﬂ ”M”iwaﬂ :
Lemma 14 Suppose

X m b
I, x) = F(%waf(x =" u@mdy, and I*(u, x) = %Xf(n = )" u(mydn,

where m — 1 < y < m. Also suppose u € Liw (1), therefore we conclude I : Lin,/s Iy — Lz)a_ﬁ 1)

and I* : Lim (1) — Lim s (I) are bounded operators, this means that there exist constants C and C !
such that [11]:

I @)l ot < Cllullpes, —and | I*@)| s < Clutll -

Lemma 15 [fu € Py, then [18]:
1
lullos < Nully s <4/2+ N””Hw"-ﬁ-

For the Sobolev space X, let
P (3 X) = {u| lu(x, My € Hlyg(D}, m=0,

endowed with the norm:

Netll e x o= (e, Hlx M e -
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4.1 The stability and convergence of the collocation method for Eq. (1)
R . .. . 0,0 0,0 0,0 :
emark 1 For simplicity, we use x, wi, [1y and Iy instead of x;", 0, Iy, 00 and Iy~ , respectively.

Theorem 1 (The stability theorem) Supposeun € IF’(,)\, is the approximate solution of (2) obtained by the
method presented in Section 3, also suppose {xk},i\]:O and {wk},iV:O are the Gauss-Legendre quadrature
nodes and weights, respectively and 1 = (a, b). Assume that f € Hal)o,o D), k, p, ¢4, c—, dy, d_ €
Hl

b1 %

(), g € Hj)o,o (I) and f and 0y f satisfy in the Lipschitz condition. Also suppose k, p, ¢4+, c—,

dy, d_, g and uy in (2) and (3) have the errors K, p, ¢4, C—, (Lr, d_, gand i € P(I)\/’ respectively.
Therefore we have
liill g w00 < CllEO)]13 400 + CEO)ly 400

where C and C' are constants.

Proof We know that uy and uy + i satisty in the following equations:

B () = e Gx 1) (0 (o0 B D un 0]y + e i) KD a0, ) +

P 1) (ds G 0 EDZun (e, 0]y, + d- (o0 RDFun (e, 0] L ) + F G x ), (19

un(xg,0) = g(xx), k=0,1,2,..., N, (20)
and
Mgt () = +7) (1) (€4 +E4) G ) BDY (a + ) (6,1, +

(- +) (D KDY uy +) 6.0y ) + 0+ 5) (e 1) (s + ) (o)
e

EDZ (uy + ) (6, 0]y + (4 +d) (o 0 FDF G +) (.0 ) +

fun + i) (), xk, 1), k=1,2,..,N—1,
i(xg, 0) + un(xg, 0) = g(xx) +g(xx), k=0,1,2,...,N. (22)

Suppose h(x) = (x — x0)2(x — x3)%(x — a)%(x — b)%. Now subtracting (21) from (19) and multiplying
both sides of the new equation by wih(xg)i(xx), k = 0, 1, ..., N and summing up these equations we
can write

a~ ~ ~ o~ ~ o~ ~ o~ ~ o~ ~7 ~
(h(T’;v M)w“-“ = (h/(mr Rpti, “)N‘wo-o + (h/cc, beMu, ”)N,wO-O + <h,odJr Rpoa, u)N,w0-0+

(npd_ £ g, ‘7>N,mo.o +(nf. ﬁ)N,mo,o + ((3711 i) o= (5. ﬁ)N,mo.o> +(nfa)

(23)
where f (i) = f(uny + i) — f(uy). It is easy to see that
(4em.) ,, = |(hcs EDLE.2)y o] + |(hRE- RDY ) 00| + ’(h[)cL foria)
’(hﬁﬁ, Rpog u) +'<hf' u) —(hf u) +’(hf' u) (+
XL N 0.0 P NL00 > ) 0.0 * ) 0.0
diiy = diip ~

(8)0- (0), )|

(24)
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Now we have
(niey Bppa.a) = (v (hkes Kpta).a) o (25)
o

N.w0.0

therefore we can write

~~ R -~ o~ ~~ R ~
(h/cc+ DU, M)N’wo,o‘ < HIN (hKC+ p Difu)

oalillpo- 26)

Employing Lemma 6 yields

|7 (hiees GDEE)| 00 — [iEs & DF ] 00 < |Iv (hieey §Dx ) — (hedy FDL )| 00 <

CiN7Y 9, (hiccy RDY )| 10 < CINTV ([0, (REx) h BDYd| 10 + |0y (h DY) RE | 1) -

a
27
therefore we have

|1 (h&s BDEG)| 00 < CIN (0 @E) R RDEG|,, ., + |0 (h DY) Ry ,00) +
vk EDfa| o0 < CINTY([ox REp) B EDYa| i+ [[0x (R EDYE)| i lREL0) + (28)

Y1 ”h ngﬁ”wo.o,

where y; = [|K¢4l,00. But we know that

o (nivea)],,,

Using Lemmas 1 and 14, respectively we conclude

< || Rpti

‘wl-l + Hhﬂx <5D’l‘1ﬁ) le.l' (29)

[ EDLa] 00 < | LR | Dk, < | Mt @]+
(30)
va| S DEi| 0 < w3 | (@) + Ca|| 02| i1 < v | (@] + C3 |82 0.0
and following (30) we have
| &1 o =i @+l . G1)
h(x—a)'

where yo = [1]| 11, 73 = | "Fn

o= Il 40.0. Using Lemmas 1, 2 and 14, respectively we
ol

ﬁ'/(a)(x—a)ﬂwl
o ()

obtain

[ (8DLR)] 0 = |

R pltl~ @(a)(x—a)""
wioetal s ()

wll

[nEpttta| < ysli@]+ s i @] + €5 03] o,
(32

where y5 = hl(f(;fz;)u ., and y5 = % ,,- Now employing Lemmas 1 and 14, one can
w™ w™
write
3y (©E4) h RDVi ‘w L = koL Sl @]+ colola] . 33)
where y7 = 13 @)l and g = | MG25" | | Therefore substiting (28)-33) in (26),
ol

respectively and using (15) we can write:

< CiN“Mill,00 (C7 |i'(@)] + Cs | (@)| + Co||0%ii 0.0 +Cro| 030 00) +

‘(h,z@ RDia, @)y 00

lall o0 (v |& @) + Cs[|82ii | 00) < s0|@ @] + 1| @] + &2 82| 20 + 53 |83 00 +

~ ~ 2 ~ 2 ~ ~
sallilZo0 < ss|@ @] + selid” @] + g7 Il oo + sa llilZo0 -
(34)
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We know that
~~ R ~ ~ ~~ R ~ ~
(hKC_ <pa, u)N’wOA0 = (IN (h/cc_ X Dgu) , u)ww. (35)

Now using Lemmas 6, 1, 2 and 14 and Eq. (15) and follow the process that we obtained (25)—(34) we
can write

|(nice- £ p}ta, @)

vovo| < |1 (ke EDFa)| ool 00 < CouN =" ([[8y ) h £ Dl 00+
[ox (h Dy )| i lkENyrt) + y8|h Dy it o0, < CUN il o0 (Cra | ()] + Ca [a@” ()] +

Cra||82i oo +Cis ]3] o0) + liilluoo (0 | )| + Cig|02i]| 00) < g8 Nl 00 + sold@ (B[ +

~ 2 ~
S0l@” B[+ su I3 00

(36)
h _e= _ | htp=x)' .
where yg = [|kc_|| 0.0 and y9 = T | . Therefore one can write
ol
i - - - 2 - 2 -
’(hkc— $Dyi, u)leoy(, < s lliilZo0 + sol@ B)|" + cr0l@” B + s @l oo - 37
Also we have
‘(hﬁ@ Rpog, ﬁ)N.wm < HIN (npd, £pgi) me lllo0 = N~ (o (5d: ) n kD72 o

o (1 D) || 6ds | )+ v10lh BDG] o, < LN~ Niilo (Cis [ @) + Cro03it] 00)

~ ~ ~ ~ 2 ~ 2 ~
+Co0lldxiill 0o llEll oo < 12 N0 + G131 @] + s1a]@” @] + 15 1113 o0 »

(38)
and

(hﬁd, ngﬁ,ﬁ) e HIN (hﬁd, ngﬁ) H S llill00 < Cor N~ (
o0

3 (,3&,) h RDg i

J’_

N ol

o (0 XDga) | |5 )+ vurllh BDG ] oo = CrN il po (C [/ 8] +

02~ - ~ - . 2 - 2 -
Cos]| 02| yp.0) + Caalldeiill oo lill 00 < 161200 + 17| (@) + 18]i@" (@] + 19 Ill3 00 »
(39)
where yj0 = H,ﬁzi_,_ H 00 and y11 = Hﬁg_ H ot Employing Lemmas 7 and 6, respectively we obtain
™ w™

‘(hf’ ﬁ)N’wo.o - (hf’ IZ)wo,o

(Jnaes],,. + 1 o) Nl

where vy = vy ||hll,11 and vz = vy ||h/ ||w|,|. f and 9, f, satisfy in the Lipschitz condition therefore one
can write

llill o0 < viN~!

< fne(ur) 7

o ()], v

0.0

W] ) lllpo < N7 (b

e a4l

0 F| L) =100 () = Faun)lys < vallillnn < vsllyo0, o)
and

[ 7], = 17+ = @l < vollilr < vililo0. @)
Substituting (41) and (42) in (40) gives

‘(hf’ ﬁ>N’wo.o - (hf’ ﬁ)wo,o

A

vaN = [l - 43)
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Also we have
|(17.7) ol = 17| polllano = o] 7]y Nilaso < vo li1200 . (4

Using Lemmas 7 and 6, respectively one can write

By ~ iy - _|(8ar _ (dii ~
(50) = (0), | = | (), = (S0),

% d
IZN 3 ||M||3woo

= o3| i

(45)
Substituting (34), (37), (38), (39), (43), (44) and (45) in (24) we have

i ~ ~ 2 ~ 2 ~ 2 ~
(%.@0) = 03l @[ + 04l @[ + 05 @) + V[ G + 07 13, o +
(46)
U8 ||’2|| w00 T 0INT 34 Hu||3w00

Using Lemma 16 we conclude there exists a constant & € (a, b), such that 7(£) # 0 and

bi NI he) d
(505) o =0 (55°5) 0 = 75 500 @

also using Lemma 13 and Eq. (15) we have

i@ < |2, < o @l 0. (48)

@ @[* < " |2 < ol 0. 49)

i ) < @2, < w2l 0. (50)
and

") < |2, < s il o0 - 1)

Now substituting (47)—(51) in (46) yields
d . . _ d .
||u||200 + 910 N3 o0 < P10 113 oo + P11 NiEl200 + (mzN 34 1910) - I3 00 (52)
therefore we have

d .
—lil2g0. (53)

d .
mo il o = D10 013 o + 913 1300 + (212N 4 910) - Nl 00 = =

Employmg Gronwall lemma [5] one can write

t
~n2 ~ 2 — ~n2 ~n2 —
D1a llill3 00 < € @O 00 + f((z?mN 3o D1a) &Nl o0 — 45 Hullwuo)e(’ Dds+
0

, (54)
913 [ lliil|200e" ) ds,
0
by integrating by parts from f ((016N + 014) 45 1@l o0 — ”u”woo) (t=5)ds we conclude
D13 00 + NilZpo < e (IFOIE oo + 1FO)00 ) + (216N + 21) (Nl 00
t (55)
— @013 o0 + gnﬁu;wqo 19 ds)
and employing the Gronwall lemma [5] two times, we can write
lilZ00 < P17 (1914 1EO)13 00 + \|ﬁ<0)||10,0) . (56)
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Finally using Lemma 15 we have
Il 000 < CIEO) I3 400 + C'GO) ]y y00- 57)
O

Theorem 2 (The convergence theorem) Suppose u is the exact solution of (1) and uy is the solution
of (2) which is obtained by the method presented in Section 2, also suppose {xk}£’:0 and {wk}/lcv:() are
the Gauss-Legendre quadrature nodes and weights, respectively and I = (a, b). Assume that u €
Hu‘)(l0 ([0, T, H"™ (D), 1 < p <2, and 3L f € CI), i =0,1,...mand p, k, c4, c_, dy and

d_e H",(I)and g € H',,(I), m > 2 andl > 2m — 3. Then
lu@) —un@®llpo -0, Viel0,T],

as N — oo.

Proof Suppose h(x) = (x — xp)(x — xn)(x — @)™+ (x — b)™+D_ For simplicity suppose P;(x)
(j = 0,1,...,N) are the Legendre polynomials of degree j, (j = 0, 1, ..., N). By multiplying both
sides of (2) in wih(x;) Pj(xx), (k = 0,1, ..., N), and summing up these equations we have

N N
3 G Dwih (e Py ) = 3 fieoe, e @ n) KDL (x, 0
k=0

wih () Py (ko) |+
k=0

=xi

N N
kz {K(Xk,t)Cf(Xk,t)fD,’fuN(x,tﬂ th(Xk)P_j(xk)} + > (oG, )y (xx, 1)
=0 k=0

X=Xk

R no
s DIun(x,t) }X:x/‘

N
wih() Pj(x)} + Y {p Gk, d— (e, 1) ffDZMN(x,f)!x:Xk
=0

N
wih(e) Py ()} + 1; {f (un Gk, 1), X, 1) wich () Py () }

(58)
Suppose
N d
Aj(t) = 3 grun (o, Hwih () Py (xk)
k=0
N
Bi(0) = X e s G 0 EDYun (6,0 wih (o) P (50,
k=0
N
C(0) = ¥ {etxe, e KDY (x. 0 wih (o Py (0 |
N
D0 = 3 {pCu, 0y (i, 0 EDGun (v, 1) wih () Py (k0.
k=0
N
Ej0) = ¥ { ot 0d- (0 EDGun (e, 0| wih e P () .
N
Fi(t) = Y {f (un (i, 1), Xk, 1) weh() Py (xo)}
k=0
therefore (58) can be written in the form:
b
J(Zuy G, Hh@) Py ()™ (x)) dx = Bj(t) + C;(1) + D;(1) + E; () + F;()+
‘ (59)

(Zun(x, Dh(x)P;(x)0"0(x)) dx — Aj(1).

R
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. —e—approximate solutin
“®wg | —exact solution

u(x,t=1)

0 0.2 0.4 0.6 0.8 1

X

Fig.1 The comparison of the exact and approximate solutions for N = 3 and («, ) = (—0.1,0), 7 = %
at the time r = 1.0 (Example 1)

Multiplying both sides of (59) in P;(x) and summing up from j = 0to j = N yield

. N N N N
ZunG.Dh(x) = Y Bi()Pj(x)+ Y. Cj(OPj(x)+ Y. Dj()Pj(x)+ Y Ej(t)Pj(x)
Jj=0 j=0 j=0 j=0

N b N
+X (f(g’,uzv(x, Dh(x)Pj(x)) dx — Aj(t)) Pi(x)+ Y Fi(t)P;(x) + Lun(x. Hh(x)—  (60)
Jj=0 \a j=0

N b
j=0 \a

Also we can write

N
Z Bj(t)Pj(x) = Li(x,1) + La(x, 1) + h(x)k (x, t)cy (x, t)fouN(x, 1), (61)
j=0

where
Ul R ni R i
Lite,) = X | (hwes BDEuy, Py)y o0 = (hees EDEun, Py) 00} Py0),
Jj=0

Lo(x, 1) = Ty 00 ROk (x, 1) ey (x, DRDYuy (x, 1)) — h(x)x (x, eq (e, DEDY uy (x, 1).

It is easy to see that hZf Diuy € Ha';})o (I), m > 2 [9]. Now using Lemmas 7 and 6 and Eq. (15),
respectively we can write:

IL1(x, )]l 00 < 2N2Cy ||IN (e hi o DYupy) — (et hx anMN)Hwo,o
<2NTgCY b o DY un],, o0s

where 19 = max |lkcy|l,, ,00 and Cy and C { are constants. Suppose
0<t<T ’

en(x,t) =u(x,t) —un(x,t),

therefore using (15) it is easy to see that

L1 (x, Dl oo < 2N>"xoCY la D4 ul],, o0 + 2N 00CY || o Dt en .00 (62)
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where A = 7ol|l],, ,00 and C i/ is a constant. Noting to Lemma 4 and Eq. (15) we conclude

IL2(x, D)l 00 < TN Ca|lh o D un | < MN"Cy|laD¥ul,, oo+

m, 00

(63)
MG N [uDlen], o

where C, and Cé are constants. Similar to (61)—(63) we can write

N

Y Ci()Pj(x) = L3(x, 1) + La(x, 1) + h(x)k (x, e (x, DED}uy (x, 1),
j=0
N
> Dj(0)Pj(x) = Ls(x, 1) + Le(x, ) + h(x)p(x, )dy (x, DX DTun (x, 1),
=0

N
Y Ej(O)Pj(x) = Ly(x, 1) + Lg(x, 1) + h(x)p(x, d—(x, DEDFun (x, 1),
j=0

where
N L
Lyx,)= Y {(h/cc, EDJun. Py)y oo — (hice— D un. P) oo} Py (),
j=0
La(x, 1) =y 400 R0k, 1) e~ DEDun (x, 1)) — h(0)k (x, e (x, DEDY uy (x, 1),
N
Lse.0) = Y | (hods EDZun. Py)y oo = (hods EDZun. Pj) oo} Py ).
Jj=0
Le(x,1) = My ,00 (h(x)p(x, 1) di(x, )EDTun (x, 1)) — h(x)p(x, )dy(x, DEDTuy (x, 1),

N
Loty = X {(hod= BDGun. P))y oo = (hod— KDGun, Pj) 00} Pi(x),
j=0

Lg(x, 1) = Iy 400 (h(x)p(x, 1) d—(x, DRDTun (x, 1)) — h(x)p(x, Nd—(x, DEDFup (x, 1),

and
IL3Cx, Dllyo0 < N> Cati [k« Dyun|,, o0 < N> 7" Ciat |« Dyul,, o0
(64)
+N2_mcé)h1 ”XD;:eN ||m,w0v0’
ILaCe, Dllyo0 < N7"Cati|[h «Dyun|,, o0 < N7"Ciri]xDyul,, o0+
(65)
N="Clha|«Dyen],, ,o0-
ILs(x, Dl 00 < N> Csta||h o« DIun |, oo < CshaN*"" | DZu,, o0+
(66)
CshaN* " [aDZen |, 00-
IL6(x, D00 < N Cota||h aDFun |, oo < N7"Cira|aDSul,, o0+
(67)
N_mCé)LZ ”“D;CYeN ||m,w0>0’
[I1L7(x, )]l 00 < N2 MCys Hh xDjun Hm,m(’-f’ = C§ASN27m ”xDZu”m,wo.o
(68)
+CpaaN* " Dy en|,, ,00-
||L8(x7 f)”w(),() = N_mC8T3 Hh XDZMN Hm,m0~0 = Cé)\'3N_m H,(DZM ”m.a)o'(J
(69)

+CrNT" [ DFen ], 401
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where A1 = 11||hll,, 400, TI = max |kc_|l,, ,00, A2 = ©2llkll,, 00, T2 = max |lpdy|l,, ,00, A3 =
' 0<t<T ’ ’ 0<t<T '

|l 000, 3 = C max |l pd_||,, ,00. Suppose
0<t<T

N

Lo, ) = Y {(bF @) i)y oo = (B @n), P) oo} Py @)
j=0
LioGr, 1) = (Ty g0 (Flun G, 1), x, DRG) — fun (x, 1), x, DA(X))
therefore we can write
N
Z Fi®)Pj(x) = Lo(x, 1) + Lio(x, 1) + f(un(x,1), x, )h(x). (70)
j=0

Using Lemmas 7, 6, 4 and Eq. (15), respectively and noting that f satisfies in the Lipschitz condition,
give

ILoCx, D) llgo0 < N27"81 1 f Ul .o00 < N2T"811 £ (un) — £ @)l 000+

N2 £ @)l 00 < 82N>t — un [l 00 + N> 781 £ @)l 000 < CoN* (71)

len .00 + N> Coll £ @)l 000

and
IL1oCx, Ol oo < NT"83If ()l m00 < N7"Crollen |l y00 + N7
72)
Croll £ @)l 00

We know that uy is a polynomial of degree at most N, therefore huy € Hu’:fw(l ) and employing
Lemmas 7, 6, 4 and Eq. (15), respectively we get

< CpN*™ ” %MN Hm 0.0
0.0 ’ (73)

N (b,
> (f;ruN(x, t)h(x)Pj(x)dx — Aj(t)) Pj(x)

j=0 \a

= CUNT [ Grew o0 + N7 Cl | 5w

m,w m,w0?

and

< CoN | &en|,, oot

J=C 0.0 )

N b
DunG,Hh(x) =Y (fz?tuN(x, Oh(x)P; (x)dx) P;(x)
) \a

Nimclz ” %u ”m,a}o-o :

By multiplying both sides of (1) in /(x) and subtracting from (60) we can write:

h(x)Zen(x.t) = Li(x, 1) + La(x. 1) + L3(x, ) 4+ La(x, 1) + Ls(x, ) + Le(x, )+
Ly(x, 1) + Lg(x, 1) + Lo(x, 1) + L1o(x, 1) + h(x) (x, ey (x, DR D en (x, 1) + 1 (x, 1)

(75)
h(x)e—(x, DDl en(x, 1) + h(x)p(x, )dy (x, DEDT ey (x, 1) + p(x, )d_(x, 1)

EDFen(x, 1) + (fun(x,0),x, 1) = fulx, 1), x,1) h(x),
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therefore we conclude

1% ”eN ”wo'o =N7" o ”‘7 foiu Hm,w(m + mel?l HX Dll:u Hm,(uO'O +NT 2 ”aDgu ||m,w0'0+

N0 DFull, oo + (CoN>" 4 CloN=") &5 Gl 00 + Palla D en ], oo+
(76)

s ”XD}IjeN ”m,mo-0 + 96 H“DgeN ”m,mo-0 + 07 ||xDlt7IeN ”m,wovo + I?SN_m ”f(l/l)”m,w(),()+

(Cgszm + CioN"") llen llp. 00+ (C11N27m +Cj2N™™) %lle;vllm,wo‘o,

where

Do = Ao (2N2C1+ Ca)r, ¥ = Ay 2N?C3 4+ Cy)r,
B = A2 (2N2Cs + Ce) 1, 93 = A3 (2N2C7 + Cs) 1,
V4 =210 RN>"C1+ N™"Co+ 1)1, ¥5s = A1 2N?>7"C3+ C4N~" + 1) r,
B6 = A2 (2N27Cs + N™"Ce + 1) 1, 07 = A3 (2N?7"C7 + CgN™™" + 1) r,
9 = (N2 + 1) 817, r =85 1Al .
where 81 and §; are constants. Using Lemmas 12 and 11 we can write
Lllenllg00 < (N7 (90 + 01 + 02 + 93) + (CoN>~" + C1oN ") D) el ggpm 1y +
(94 + 95 + 96 + 97) + (CoN>™" + CioN ")) llew || gom gy + (CLUN*" + CN™") - (77)
Sllenllggem gy + (CoN>" 4 CroN ™) 82 1l 00 + I8N ™" 1L f (@) 00
Suppose
A= (N7 @0 + 91 + 02 + 93) + (CoN*™ + CloN ™) §1)
A = (W4 + P54+ D6 + 07) + (CON*™™ + C1oN ™)),
23 = (CLUN?™™ 4+ CpN™™), dg = (CoN*™™ + C1oN™™) 83, As = 9gN ™™,
therefore we can write
G llenllono + A2 g llewll grom gy < Mllull g gy + allen L ggrm gy + O3 +22) G lewllgem gy +

Aa L lutll 00 + AsILF @)l 00

Using the Gronwall lemma [5] arrives at

'
||€N”L§}(1) + )\2||€N||H[“v’”(1) =< ||€N(O)||L}U(1) + )~2||€N(O)HHI“~”‘(1) + )»lg”u‘|lenxu)e(”s)ds+

t t t
(A3 +x) [ ||€N||Hlﬂ»m(1)e('_5)ds + g Ll p00e"Vds + As 11 f W)l p00e" > ds.
0 0 0
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t
Integrating by parts from [ ddT llenll H( 1)6(’ —ds, yields
0
t
llewlly00 + Aallenll grem gy < llen Ol 1y + Aallen O grem gy + A flluel geom
0
'
eds + (A3 + 12) (”eN”H,‘“"(I)f ”eN(O)”Hl“"”(])et + f”@N”H’M-"'(” et_sds) + (78)
0

t t
Aaf Lllully 00e ™ ds + s [1| £ @),y p00e" ™ ds.
0 0
Now one can use (78) and Gronwall lemma [5] two times to conclude:

lewllzzy + A2llen lgncry < 72 (len )l iz ) + hallen @l g ) ) +

t v T
A4f(f (f ddtlullm_wo_oe(")ds)eyl(“_t)dr)eh(’”)dv+
0 \0 \0

1 v T
,\Sf(f ( ||f(u)||mywo,oe(’”ds)eyl (”’)dt)eys =gy
0 \0 \0
79
1 v T
)\.]f(f (f ||u||[-]/u~m([)e(rs)ds)eyl wr)d‘[)f)y}(tv)dv.
0 \0 \0
From (3) we can write:
en(x,0) = In(g(x)) — g(x).
Using Lemmas 13 and 6, respectively we can conclude:
B L N B 0)d S T P T
Tn—1) dx2 f(x n) en(n,0)dn = Tm— dx2 f(x n
a 1,000 a
2 % _ 3_
llew 01, Olloo, (@)@l o0 < C12 || Ty oz ({(x =)' llen(, 0l 00dn L =CuN: !
m,w"
(80)
Also employing Lemma 6, yields
1
len )1l 00 < CLaN>"~2 il 00 8D
Using (80) and (81) we have:
1 3_
||€N(0)||Hlf‘v’”(1) < J/3N2m 2 [Hgl\l,wo,o + N2 L (82)
Therefore from (79), (82) and Lemma 6 we conclude:
1 3
lenllono < ysN> " + y6N>" "2 Iglly 00 + yINT ™ + N7, (83)
where ys, v6, y7 and yg are constants independent of N. Therefore the proof is completed. O
Table 2 The maximum of absolute error for N = 3. (Example 1)
N\ E(a, B) E(—0.2,-0.2) E(—0.1,0) E(0,0) E(0.1,0) E(0.2,0.2)
& 1.2922(—6) 1.1938(—6) 1.1484(—6) 1.1788(—6) 1.1197(—6)
47'0 3.7285(=T7) 3.53658(—7) 3.6320(—7) 3.4907(-7) 3.5449(-7)
& 7.3599(—8) 7.4482(—8) 7.1744(-8) 6.8996(—8) 7.0070(—8)
ﬁ 9.085(—9) 9.6514(—9) 9.2991(—9) 7.1748(—9) 9.0850(—9)
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Table 3 The maximum of absolute error for N = 4 and y = 1.9 (Example 2)

T\ E(a, B) E(-0.5,0) E(0,0) E(0,0.5) E(0.5,0.5)
% 4.3451(=3) 3.3650(—6) 3.7088(—6) 2.5397(—6)
% 1.2298(—7) 5.4399(—8) 5.8558(—8) 4.9580(—8)
1]W 4.4365(—9) 3.0039(—9) 3.0731(-9) 3.0267(—9)
ﬁ 2.0135(—10) 1.8786(—10) 8.7576(—10) 1.8836(—10)
Remark 2 In Theorem 2 the order of convergence is max {2 —m,2m — % —1, % —1, —l} .

5 Numerical results

In this section u‘,”\;ﬂ represents the numerical solution of equations using the technique
presented in the current article.

Example 1 Consider the following equation [49]:

ou _ du 0.8R 1y (.2
o = —452 £ TO2x" 5 D+ 5e (*+35), (84)

(x,1) € 2=10,1] x [0, T],
u@,t) =u(l,t) =0, 0<t<T,
ulx,0)=5x(1-x), 0<x<l,

where y = 1.8. The exact solution of this equation is u(x, t) = Se~'x(1 — x).

In this example ¢ is the time step size and we choose (e, 8) and t according to
Table 2. In this table we define E(ao, ) = [max u(x, ) —u;/"s(x,t)‘. Also in Fig. 1
o;fggl

we plot the approximate solution of this equation that has been obtained by the
presented method for ¥ = 3 and («, ) = (—0.1,0), T = % atthe timer=1.0.

Example 2 Consider the following equation [6]

= F+ D, (D e© x0T, ye,?2],
u(x,00=x2(1-x)?2, 0<x<lI, (85)
u@©0,t)=0, 0<t<T, u(l,t)=0, 0<t<T,

Table 4 The maximum of absolute error for N = 5 and y = 1.5 (Example 2)

™N\E(a, B) E(-0.1, -0.1) E(-0.1,0) E(0,0) E(0.1,0.1)
% 2.3469(—6) 7.1146(=T7) 4.5674(=T) 2.2847(=3)
% 5.1047(-9) 5.1987(-9) 5.2202(-8) 5.2448(-9)
ﬁ 3.3093(—10) 3.2984(—10) 3.2910(—10) 3.2843(—10)
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0.25 . . _ _
—e— approximate solution
—— exact solution 3.5
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0.1 £
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3
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0.5
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(a) (b)

Fig. 2 a The comparison of the exact and approximate solutions for N = 4 and («, 8) = (0,0), y = 1.9,
T = % at time ¢ = 1.0 and b The maximum absolute error for N = 5, («, ) = (0.1,0.1), y = 1.5 and

T = % attime ¢ = 1.0 (Example 2)

where

1—x

FO0 = U407 (14 0%y + it (1 )y (=1 +x)2x7 (1222 — 6xy

(=1+Y)y) + A +0"x% (12(=1 + )2 + (=7 + 6x) y + y?)) sec (F£).

The exact solution of the above equation is u(x, 1) = (t + DY x2(1 — x)z. In Tables 3 and 4 we show the
maximum absolute error for Example 2 when y = 1.9, N =4 and y = 1.5, N = 5, respectively and in

these tables t represents the time step size and we define E(«, B) = Omaxl ‘u(x, 1) — ussP (x, t)‘A Also
<x<

N
0<t<T

in Fig. 2a we graph the exact and approximate solutions of Example 2 for N =4,y = 19,7 = 21—0
and («, B) = (0, 0) and in Fig. 2b we plot the absolute error for Example 2 when N = 5and y = 1.5,
T = 55 and (o, B) = (0.1, 0.1).
Example 3 Consider the following equation :

a

eTl: =TA2Dx"ED iy —ud + 2 4 ! (—x9 +3x8 =37 4265 — xt 663 — 3x2) . (86)

(x,t) e =10,1] x [0, T],
u@©,t) =u(1,t) =0, 0<t<T,

ux,0)=x2—x3, 0<x<l,

where y = 1.8. The exact solution of this equation is u(x, ) = 5¢7'(x2 — x3). In this example we
choose (o, B) and t according to Table 5. Note that in this table t represents the time step size and

Table 5 The maximum of absolute error for N = 6. (Example 3)

™N\E(a, B) E(-0.3,-0.3) E(-0.3,0) E(0,0) E(0.3,0) E(0.3,0.3)
% 1.6666(—5) 8.5046(—6) 1.8098(-5) 1.2534(=5) 1.4785(=5)
1(1)0 1.5413(=7) 1.4208(=7) 1.4782(=7) 1.5331(=7) 1.4307(=7)
2(1)0 9.9964(—8) 9.2050(—8) 3.8520(—8) 4.9839(-8) 9.5283(—8)
3(30 2.0047(-9) 1.8378(-9) 5.9116(-9) 3.2837(—-9) 4.7393(-9)
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16

maximum absolute error

2 ! ! ! ! ! ! ! ! !

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 3 The maximum absolute error for N = 6, (o, 8) = (0.3,0.3) and 7 = ﬁ attime ¢t = 1.0 (Example
3)

E(a, ) = Joax u(x,t) — u‘,x\,’ﬂ(x, t)|. Also in Fig 3 we plot the absolute error for Example 3 when
0<t<l1

N =6,7 = 4 and (o, B) = (0.3,0.3).

Example 4 Consider the following fractional advection-diffusion equation with the Riesz fractional
derivative [46]:

Qu(x,t) _ 4 3%u(x,1) Y u(x,1)
. = AT BTy H (),

u(x,00=0, 0<x<1, 0<t<T, (87)
u@©,t) =u(1,t) =0, 0<x<1, 0<t<T,

where

Table 6 Error of solving (87) using the presented method for N =7, v = 0.002 at t = 2.0

(@, B) (=0.5.—0.5) (=0.5.0.5) (0,0) (0.5.-0.5) (0.5.0.5)
0.1 1.6428(—7) 2.8451(=7) 0.9412(=7) 5.5611(=7) 4.018(=7)
0.2 4.3028(—7) 3.0620(—7) 1.9270(—7) 7.0349(—7) 5.9037(=7)
0.3 5.6309(—7) 5.2031(=7) 2.4914(=7) 7.0565(—7) 6.4620(—7)
0.4 8.6271(=7) 6.4729(=7) 5.4825(=7) 7.9463(=7) 8.2421(~=7)
0.5 9.2639(—7) 8.6203(=7) 6.9436(—7) 9.1382(=7) 8.9414(=7)
0.6 1.9702(—6) 9.5395(—7) 7.0156(—7) 1.0415(—6) 2.0731(—6)
0.7 3.0517(—6) 2.3742(—6) 9.1281(=7) 3.5399(—6) 3.2307(—6)
0.8 6.0183(—6) 5.2767(—6) 2.8926(—6) 4.1631(—6) 5.8310(—6)
0.9 9.4919(—6) 7.0582(—6) 5.0387(—6) 6.0619(—6) 8.3261(—6)
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Table 7 Error of solving (87) using the presented method for N = 5, t = 0.0002 at r = 2.0

N p)  (=05.—-05)  (=0.5.0.5) (0,0 (0.5.—0.5) (0.5.0.5)
0.1 5.9310(—11) 2.4493(—11)  3.3502(—11) 1.4299(—11)  3.0155(=11)
0.2 5.0610(—11) 3.0195(=11)  4.9153(=11)  3.5518(=11)  4.6024(—11)
0.3 7.6913(—11) 3.9015(—11)  6.0449(—11)  3.9149(—11)  4.9345(—11)
0.4 8.0183(—11) 5.1661(—11)  6.9422(—11)  5.0153(=11)  6.4462(—11)
0.5 9.1491(~11) 8.0531(=11)  7.1466(—11)  7.2068(=11)  6.9250(—11)
0.6 1.9361(—10) 9.0617(—11)  9.3104(—=11)  8.5347(—=11)  9.6771(~11)
0.7 2.4551(—10) 1.8106(—10) 1.7154(=10)  9.0614(—11)  2.5305(—10)
0.8 5.3550(—10) 2.0928(—10)  4.6992(—10) 1.8273(=10)  3.6502(—10)
0.9 6.2405(—10) 51609(—10)  7.1591(=10)  3.5304(—10)  6.0316(—10)

ot —
[l = 2;‘0’%7) {ﬁ[x“ +(1-x)] -
F(Ea) [x3_0 +d - x)3ia] + 1“(52:7) [x4_0 +0- x)4ia]} +

_Btved! )2 r,2-y )2 v] o 12
Teos() | TO7 (X777 + =07 ] = g

[37 + (=027 ]+ s [ + -0 ]+

1771l (y + o) x2(1 — x)%.

The above problem has the exact solution u(x, t) = t7e?'x2(1 — x)2. In this example we take A = 2,
B =2,0 =0.4andy = 1.7. In Tables 6 and 7 we show the results of solving (87) using the presented
method in the special points of x at ¢+ = 2.0. In Table 6, we show the error of the presented method for
solving this example when N = 7, t = 0.002 and in Table 7, we show the error of presented method for
solving this example when N = 5, 7 = 0.0002 and in these tables t represents the time step. In [46], for
solving (87) the authors presented two methods, explicit difference approximations (EDA) and implicit
difference approximations (IDA). The results of solving this equation using these methods in the special
points of x are shown in Table 8. Comparison between the presented method and the methods of [46]
shows the efficiency of the new method.

Table 8 Error of solving (87) using the EDA and IDA methods at ¢ = 2.0

X EFDA method with T = 0.0002 IDA method with 7 = 0.002
and 7 = 0.02 (N = 50) and i = 0.01 (N = 100)
0.1 0.000123 0.0000839
0.2 0.000823 0.0009065
0.3 0.001839 0.0017731
0.4 0.002563 0.0023931
0.5 0.002822 0.0026157
0.6 0.002563 0.0023931
0.7 0.001840 0.0017731
0.8 0.000824 0.0009065
0.9 0.000123 0.0000839
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6 Conclusion

In this paper we applied the collocation method to solve a special kind of fractional
advection-diffusion equation with a nonlinear source term. For this purpose after
rewriting the given fractional partial differential equation in the operational form,
we replaced the Gauss-Jacobi points in the equation. Then by solving the resultant
system of ordinary differential equations using the four-stage Runge-Kutta method,
the approximate solution of this equation was obtained. Moreover in two main theo-
rems we studied the stability and convergence of the presented method. Finally some
examples were solved using the presented method and the numerical simulations
were reported. These results show the applicability and efficiency of the new method.

Acknowledgments We would like to gratefully and sincerely thank to associate editor and one of the
reviewers for their valuable suggestions and comments which have improved the paper.
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