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Abstract We develop a novel and general approach to the discretization of partial
differential equations. This approach overcomes the rigid restriction of the traditional
method of lines (MOL) and provides flexibility in the treatment of spatial discretiza-
tion. This method is essential for developing efficient numerical schemes for PDEs
based on two-derivative Runge—Kutta (TDRK) methods, where the first and second
derivatives must be discretized in an efficient way. This is unlikely to be achieved
by using MOL. We then apply the explicit TDRK methods to the advection equa-
tions and analyze the numerical stability in the linear advection equation case. We
conduct numerical experiments on the Burgers’ equation using the TDRK methods
developed. We also apply a two-stage semi-implicit TDRK method of order-4 and
stage-order-4 to the heat equation. A very significant improvement in the efficiency
of this TDRK method is observed when compared to the popular Crank-Nicolson
method. This paper is partially based on the work in Tsai’s PhD thesis (2011) [10].

Keywords Two-derivative Runge—Kutta methods - PDE methods - Stability
region - Advection equation - Heat equation

1 Introduction to two-derivative Runge-Kutta methods

We have discussed the derivation of two-derivative Runge-Kutta (TDRK) methods in
[4], hence only the basic information on TDRK methods is shown in this section for
convenience of reference.
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We consider an initial-value problem,
Y=F0), vy = o,
with f : RNV — RY and assume that the second derivative is also known,
Y=g = Mfe»,  g:RY > RY.

An s-stage TDRK method for the step y, — y,+1 applied with stepsize / is defined
by

N N
Yi = yo+h)y ai fO)+02Y a@g(¥y, i=1,....s,
j=I j=I
N N
Ynkt = Yo +h Y _bif () + 1 big(¥i).
i=l i=1
It is convenient to rewrite the defining equations in block-matrix form,
Y =e®y+hAQINFY) + I (A INGY),
Vsl = Yn +h (T @ INFX) + h BT @ ING(Y),

where ¢ is the s x 1 vector of units, and the block vectors in R*V are defined by

Y, VACSD) g(¥1)
y=|:1|, Fm=| : |, ¢Gm=| :
Yy J(Xs) 8(¥y)
The coefficients of the method can be displayed in an extended Butcher tableau
c A A
Ay

where A, Aares X s matrices, and b, /b\, c are s x 1 vectors.

The TDRK methods used in the later sections of this paper are TDRK4, TDRK4a
and TDRK?244sss; their coefficients are listed respectively from left to right as
follows:

000 00O 0000?00 000 O O

11 o 1100 ,00 (1o 1

22V 0, 131 , 22 12 712 (1)
1310000

IOé; 12 éé]lz_llz
663000

TDRK4 and TDRK4a are explicit order-4 methods while TDRK244sss is a 2-stage,
order-4, stage-order-4, semi-implicit method which is also symmetric and stiffly
accurate [4, 10].

2 A novel semi-discretization method for PDEs

In order to apply the TDRK methods to PDEs (partial differential equations), we
develop a semi-discretization method in this section based on the method of Rothe
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[5, 8]. The aim is two-fold. Firstly, it provides a method to numerically evaluate the
second derivative with respect to time ¢, as required in a TDRK method. Secondly,
it provides a general approach to discretize the PDEs with more flexibility than the
traditional MOL [6]. Following the method of Rothe, we consider discretizing the
temporal variable ¢ in the first step by Runge-Kutta methods or TDRK method with
error of order O(87*1), and leave the spatial variables to be discretized with error
of order O(h?) in the next step. This guarantees a local error order O (871! + h9).
Meanwhile, the spatial discretization can be chosen in a more flexible way to meet
stability and/or computational requirements. The approach is general and enables
us to systematically apply ODE numerical methods to PDEs. In fact, many classi-
cal numerical schemes for PDEs can be considered as special cases of this general
approach, for instance, the Lax-Wendroff scheme for the advection equation. This
approach is valid for general PDEs. However, for simplicity, we consider only the
PDEs with one spatial dimension. One may easily generalize the result to general
PDE:s. Letting f (1) be a smooth function of 1, we consider PDEs having the form

M ) @)
= u .
ot
where P(u) is a linear partial differential operator with constant coefficients such as
P(u) ! d Pu) -
u)= _ u an u) = u.
dx 0x2

We start by differentiating (2) with respect to ¢,
8u
ar?

a a
g P@) = fr(Pw)) , Pu)

0
Fy(P)P ( a;‘) = f(PW)P(f(P))).

or, written in a compact form,
82
ot

Notice that z?z commutes with P ( gtP =P gz) and the chain rule plays a basic role
in the derivation of (3). This can be compared with the similar formula for ODEs,

Yty = £,

u
) = P 3)

d? y
d 12 = f y f ’ (4)
by using the chain rule. It is therefore clear that (4) differs from (3) only in the
additional linear operator P.
This procedure can be carried out for higher derivatives, for example,

33 3

= WP = F PP+ HPUPU.
3 d

= UnPUOPU) + KPP

= SonnPOPOPS) +3fin PP P
+ PP POPO) + L PSPPI,
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and so on. The above formulae are similar to the counterparts in ODE theory. In fact,
we can recover the elementary differential formulae for the scalar ODEs by simply
removing the operator P (also the associated bracket) from above formulae. We then
have the following theorem.

Theorem 1 The n™ derivative of the exact solution is given by

"u

g = 2 AOF@ @), (5)

|T|=n
where
F@) = fMPF@) - P(F(m), fort=I[t,..., wnl,

and o () is the number of ways of labelling T with an ordered set.

The proof is exactly the same as in the ODE theory based on Butcher’s tree theory
[1-3]. Theorem 1 has a useful corollary:

Corollary 1 For the linear PDEs of the form,

ou
=P),
a7 ()
Equation (5) reduces to
"u
o =P, ©

Using exactly the same approach, we can derive the elementary differential theo-
rem and the order conditions using Butcher’s tree theory. This observation leads to
the conclusion that the numerical methods for ODEs including RK methods and the
TDRK methods are directly applicable to the discretization of the PDEs (2) with the
time variable t.

This approach differs from the classical MOL, where a PDE is first discretized in
space and then an ODE numerical method is applied to solve the semi-discretized
ODE system. To distinguish the current approach from MOL, we call the current
approach MMOL (modified method of lines). MMOL can be considered as a direct
generalization of MOL in the sense that all PDE schemes based on MOL can be
obtained by MMOL as a special case but not vice versa. In fact, the numerical scheme
derived by MOL corresponds only to a single numerical scheme by using one spe-
cial spatial discretization in MMOL. Many additional numerical schemes can be
obtained only by MMOL with using various different spatial discretization meth-
ods. The multiplicity of selection of the spatial discretization in MMOL would, no
doubt, create opportunities to improve the numerical scheme obtained by MOL. It
is therefore a necessary task to explore all possible numerical schemes based on
MMOL in a systematical way, in order to achieve an optimal performance among
them. This is particularly important in TDRK methods, where the numerical scheme
for the second temporal derivative is required as an input; when the MOL approach is
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used the scheme for the second derivative is rigidly determined by the first step spa-
tial discretization. This rigidity may directly result in poor performance schemes or
unstable schemes in some PDEs. MMOL effectively removes this rigidity and pro-
vides flexibility in constructing a numerical PDE scheme and thus achieve optimal
performance.

Example 1 To illustrate the advantage of the new approach, we consider the model
advection/wave equation,

ou ou 0 7
ar T ax =V @
We interpret the well-known Lax-Wendroff scheme as a TDRK method with a suit-
able numerical scheme for the second time derivative used in the MMOL approach.
Let u, (x) be the numerical approximation to the exact solution u(x, t,,) at time t,.

We apply the explicit 2-stage TDRK method,

000 00
110 00,
1010
with timestep § = f,,41 — t, to the advection (7) and get
Yl = ul’l(x)7
Y2 = up(x) —ad(upy(x))x,
a2s2
”n+l(x) = up(x) —ad(u,(x))x + ?) (n(x))xx- ®)

A full discretization of the advection equation is obtained by applying a suitable
spatial discretization for variable x. It can be shown that if the following spatial
descretizations

Up(Xj41) — tn(xj—1)
2Ax
Up(Xj+2) — 2up(x;) + un(x;—2)

(Mn(xj))xx ~ AAR2 s

are used, the resulting numerical scheme is equivalent to the one derived using the
RK?2 method with MOL approach, which is a well-known unstable scheme. However,
the flexibility of the current approach allows us to select a more compact scheme,
using the neighbouring grid points, to approximate u, in (8),

(uy (xj))x ~

3

(M"(xj))xx ~ un(xj+l) - 2un(xj) + Uup (xjfl) .

Ax?
This leads to the following numerical scheme
vt —ut v, =20+ U"
Uttt =yt _ s j+l1 J-1 252 j+1 J ./—17 9
J i~ 2Ax ta 2Ax?2 ©)

where U 7 ~ u(xj, t,), the numerical solution at the grid point (x;, ;). This is a
stable numerical scheme with second-order temporal and spatial accuracy. In fact,
this is the well-known Lax-Wendroff scheme. Our novel approach sheds new light
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on the relationship of the RK method and the Lax-Wendroff approach, and possibly
opens more applications of RK methods to PDEs along this line in the future.

This example shows that the numerical scheme for the second derivative is deter-
mined by that of the first derivative, resulting in a loose spread-out numerical scheme
for the second derivative. This is a common flaw when the MOL approach is used in
TDRK method. It is therefore necessary to take advantage of the flexibility of MMOL
in applying TDRK methods to PDEs.

3 TDRK method for advection equations
3.1 A case study for the stability of TDRK methods applied to advection equations

We study the numerical stability of a TDRK method when applied to the model
advection (7) on the interval (0, 1) with spatially periodic boundary condition
u(0,1) = u(1, t) imposed. We use the explicit TDRK4a method (1) for demonstra-
tion in this study. To proceed, we find the second derivative using Corollary 1 and (7)
as

U _ 2P = D (10)
=a u)=a u),
or?
where D(u) = u,x to indicate that D must be treated as a whole in the spatial

discretization. Applying the TDRK4a scheme, we obtain

Y1 = uu(x),
4252
Yo = up(x) —ad(Y)x + ) D(Y1),

¥s = a0 — 2 (v = © (1)
3 = Up(Xx 8 1)x 8 2)x>»
)
1 (X) = 1 (x) — “6 (YDx + (Ya)x +4(¥3)5), (11)

or, in terms of D,

a2 2
Upp1(X) = up(x) —aduy(x))x + ) (U (X)) xx

3¢3 a484

—“12 (Dl () + (D) + ) Pl (12)

To obtain a full discretization of the advection equation we use the following grid
points on the interval [0, 1] for the spatial discretization,

xj=jh, j=0,1,....N,N+1, h=Ax=1/(N+1),
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and the following fourth-order spatial discretizations for u, and uy, respectively.

1 1 2
ux(xj, tn) = h (12”(xj—2s In) — 3”(xj—lstn)
2 1 4
Fyu@jntn) = U2, tn) | + OO, (13)
1 1 4
”xx(xjatn) = 02 _lzu(xjfZatn)'F 3u(xj71atn)

5 4 1
—Zu(xj, th) + 3u(xj+1, th) — 1214(XJ'+2, tn)) +0h"). (14)

Note that (14) is not derived from (13) using the MOL, which will have given us a
much less compact scheme than (14). Let U }’ A~ u(xj, tp), the numerical approxi-

mation to the solution at the gridpoint (xj, ), and let U" = [U}, U}, ..., U]'\’,]T )
Inserting (13) and (14) into (11) (or (12)), after some algebraic manipulation, we have
2902 3¢3 404
a“é a’é a*s
Ut = |1 —asA A2 _ <A3 A D) (AZD) U,
ah+2h12 h+hh+24 7DOn
where Aj, and Dy, are the finite difference matrices with size N x N for the first and
second derivatives respectively,

-0 2 _1 12~
3 12 12 3
_2 9 27 _1 1
3 3 12 12
1 _2 0 2 1
1 12 3 3 12
Ap =
h .' . .‘.
1 1 2 2
12 12 ~3 0 3
2 1 T2
L 3 12 12 3 .
and
-5 4 1 14
2 3 12 12 3
4 5 47 7
2 12 12
_31 4 _35 4 1
1 12 3 2 3 12
Dy =
h? "
o 1 4 5 4
12 12 3 2 3
47 1 147 s
L 3 12 12 3 2

Aj, and Dy, are circular matrices because u (0, t) = u(l; t) [6]. The eigenvalues of Ay,
and Dj, are found to be

aj(h) = 3’h Sin(27 jh) (4 — cos(2jh)), for Ay, (15)
ri(h) = 16 in?(mjh) (1 1 2(jh) for D (16)
j = 3hzsm ] 4cos ] , for Dy.
Stability requires
2¢2 343 4 o4
a“8* 5  a’s’ /3 a’s” [,
—ash;+ " a5 = " (33 +2j25) + y ()| =1 an
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Inserting (15) and (16) into (17) and through a numerical estimate, we obtain a
stability (CFL) range:

lald

h

This shows that the TDRK4a method exhibits a similar stability behavour to RK4, the
classical Runge—Kutta method of order 4, when applied to the advection equation.
The same stability analysis can also be applied to TDRK4 in (1) and leads to a similar
stability result.

< 1.5.

3.2 Numerical experiments on the Burgers’ equation

We consider the inviscid Burgers’ equation

86 _ (18)
at ax
The second derivative is found as

Uy = 8uu§ + 4u2u” = 8uu§ + 4u2D(u),

where D(1) = uy, as in (10). Applying the TDRK4a method to (18), the internal
stage values are, for timestep §,

Y] = Mn(x)v
52
Y2 = un(x) ‘5<Y12>x +5 (8v1(m0? +4¥7D(r)),

Y3 = uu(x) — 385 (le)x - 2 (Yzz)x’

8 2 2 2
Uns 1 (6) = 1 (x) — <<Y1> + <Y2> +4<Y3> ) (19)
6 x x x
Similarly, applying the TDRK4 method to (18), the internal stage values are, for

timestep §,

Yl = Mn(-x)a

Y= uo— (1) + ‘382 (871 ((r)* + 4¥7D(1))
i) = ) =3 (1) +%

+2 (8%2((012). +413D(1)))). (20)

(8Y1<(Y1)x>2 +4YID(Y)

A full discretization of the Burgers’ equation can then be readily obtained by using
sufficiently high order spatial discretizations for u, and D(u). In our implementation
of (19), the spatial discretization is performed using the sixth-order compact scheme
described by Lele [7]. See Appendix A for details. The high order spatial resolution
would allow us to capture the temporal error trend. This is important for an explicit
method because the CFL condition imposes a severe restriction on the time stepsize
8, which is of the same order as the spatial stepsize /i, and the spatial error would
overwhelm the temporal error with a low order spatial numerical scheme.
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We conduct numerical experiments on Burgers’ (18) with the boundary and initial
values,
sin(2x)

,
This Burgers’ equation can be solved using the method of characteristics and the
solution is given in parametric form:

u(0,t) =u(m,t), u(x,0) =

sin 2xq .
U= 5, x = sin(2xq)t + xg,

where x¢ € [0, ]. The regular solution ceases to exist at time = 0.5 and thereafter.
A shock solution will occur after that time.

Figure 1 shows the solutions of Burgers’ equation at time + = 0, 0.21, 0.42 and
0.48. The wave progressively steepens along time near the midpoint x = 7.

Figure 2 shows the error behaviour of RK4 (MOL), TDRK4 (MMOL) and
TDRK4a (MMOL) at position x = 0.207 for various time points, t = 0.21, 0.42 and
0.48.

e Att = 0.21, the exact solution has a sine-like shape, as shown in Fig. 1. All three
methods show similar behaviour, but RK4 performs slightly better than the other
two.

Solution of Burgers’ equation at different time t

u(x,t)

Fig. 1 Solution of Burgers’ equation
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Order Plot: x=0.20pi, t=0.21 Efficiency Diagarm: x=0.20pi, t=0.21
-6 -6

-7

e 8[| -0 —Rka
2 — A TDRK4
8"- 9 —— TDRK4a

-10

-11
-4 -35 -3 -25 -2 -1.5 -1 -0.5 0 0.5 1 1.5
log 10 (Work Done)

t=0.42

Iog10 lerror|

-9.5

-10

-10.5

0 1 2
log 10 (Work Done)

1=0.48

Iog10 lerrorl

-4 -3.5 -3 -2.5 -2 -15 -1 0
log,, 8 Iog10 (Work Done)

1 2

Fig. 2 Order plots and efficiency diagrams for Burgers’ equation

@ Springer



Numer Algor (2014) 65:687-703 697

e Attt = 0.42, the solution has a steeper wave shape. TDRK4a has a similar
error behaviour as RK4, but TDRK4 performs significantly better than these two
methods.

e The wave is at the edge of breaking at t = 0.48, both TDRK4 and TDRK4a per-
form better than RK4. Here, TDRK4 is clearly a superior method over RK4 and
TDRK4a. The reasons are in its treatment of nonlinear wave evolution and the
singularity development. The scheme that TDRK4 uses to calculate the second
derivatives, D in (20), is more compact than the scheme derived from the MOL.
Hence it is more efficient in capturing the sharp wave shape. (In all figures work
done is measured in CPU time). We notice that TDRK4 uses a more compact
scheme for D than TDRK4a, and this explains why TDRK4 performs better than
TDRK4a.

In Fig. 3, we observe a similar trend in the error behaviour of the methods at position
x = 0.457 for t = 0.42 and 0.48 as in Fig. 2 at position x = 0.207.

Order Plot: x=0.45pi, t=0.42 Efficiency Diagram: x=0.45pi, t=0.42

-4.2 4.2
_4.4 Q\@@@b@%w
. . N .
= /
g -46f| —-O —RK4 SRR A -4.6 %
[0}
e — A~ - TDRK4 . /
® -48[| > TDRK4a . \ -4.8 /
A :
-5 : \ -5
\ /
-5.2 -5.2 A
4 35 -3 25 -2 -15 -1 0 1 2
Iog10 S Iog10 (Work Done)

= BN /.
g A
(0]
2 35 -35 /
g /

\ /

4 \ -4 /
A A
-4.5 -4.5
-4 -3.5 -3 -2.5 -2 -1.5 -1 0 1 2
Iog10 8 Iog10 (Work Done)

Fig. 3 Order plots and efficiency diagrams for Burgers’ equation
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4 The TDRK method for the heat equation

We conduct numerical experiments on the heat equation

ou 9%u
o ax2’ @

with the fourth-order semi-implicit TDRK244sss method (1). Using Corollary 1, we
have
8%u

972 = 7)2(”) = Uxxxx-

Let u,(x) ~ u(x, t,) and the semi-discretization of the problem for timestep & reads
as:

1)
Upr1(x) = up(x) + 2((”n (X)) xx + (Upg1(X))xx)

82
+ 12 ((un (X)) xxxx — Wna1(X))xxxx)s (22)
U(0.5,t) vs t plot
1 T T T T T
* . Crank-Nicolson
+:.  TDRK244sss
0.8
Exact
= 0.6 .
[Te} \
S
204 i
i\\
0.2 . |
¥
0 ! ! R e X i & )
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
t
IogwIErrorl vs t plot at x=0.5, number of time steps = 10
_1 T T T T T
—%— Crank-Nicolson
-2 — © '~ TDRK244sss
g 3
i G - - 0. _
o
_g? -4
QL K
_5 > P s
N o - -6 - — -
o
—6 | | | | | | | | |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 4 The numerical solution vs the exact solution plot and the error behaviour plot at x = 0.5 for the
heat equation
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or
8 82
Upt1(x) — 2(un+l(x))xx + 12(”n+l(x))xxxx

8 82
= 2(”?1 (Nxx + 12(”?1 (X)) xxxx T un(x). (23)
Let us consider the initial and boundary conditions
ulx,0)=sx), u©,1)=p@) and u(l,r)=q().

Note that (23) is a boundary value problem for a fourth order ODE, and, hence, needs
four boundary conditions. The other two conditions, derived from the heat equation,
are

ux(0,2) = p'(1) and u (1,1) =q'(1).
A full-discretization of (21) can be obtained by using the central differences

w(xj—1,ty) — 2u(xj, ty) +u(xjy1, ty)

2
Mxx(xja ty) = n2 + 0(h), (24)
u(xj2,ty) —4u(xj_1,tq) +6u(x;, tn) — 4u(xji1, tn) +ulxjy2, ta) 2
Mxxxx(xjatn) = B + O(h”).
(25)
Order plot: Heat equation att =1 Efficiency Diagram: Heat equation at t = 1
-5 T T -5 T T
-55F g 55} i
-6 B 6} i
-6.51 1 -6.5 4
7+ 4 7+ 4
5 g
I, —#— Crank-Nicolson i,
L -75 4 % 75t g
= —6— TDRK244sss o
o o
-8 - -8 m
-85 B -8.5r b
9} B 9} i
-9.5F b -9.5F b
-10 -10 . :
-2.5 -2 -1.5 -1 -2 -1.5 -1 -0.5
log, ,(5) log, ,(Work Done)

Fig. 5 Order plot and efficiency diagram for the heat equation at x = 0.5

@ Springer



700 Numer Algor (2014) 65:687-703

Order plot: non—-homogeneous boundary condition, o. = 1.9
—2 T T T T T T T T
- % - Crank-Nicolson "
—©6— TDRK244sss ”
- -/~ - Gauss 2

4t

-5+

-6

Iog1 oI Errorl

-7F

-8}

-9t

1 1 1 1 1
-2 -18 -16 -14 -12 -1 -08 -06 -04 -02
Iog105

-10 ! ! 1

Fig. 6 Order plot for the heat equation at x = 0.5 andr = 1

The first (also the last) internal grid point uses a different scheme which accounts for
the contribution of the boundary:

p(tn) — 2u(xy, ty) + u(x2, ty)
h2
/
Uyrnx (X1, 1) = 2p(ty) + Su(xy, ty) h44”(x2a ty) +u(xsz, ty) + p}f;n) i 0(/’12).
The details of the resulting numerical scheme are described in Appendix B.

The numerical computation is carried out with the homogeneous boundary con-
ditions p(t) = ¢(#) = 0, and initial value s(x) = sin(rx). An analytic solution
u = sin(mwx) exp(—nzt) is available for this problem.

Figure 4 shows a plot of the exact solution against the numerical solutions using
TDRK?244sss and the Crank-Nicolson method, respectively, at x = 0.5 and the errors
for time t+ = 0.1(0.1)1.0. Figure 5 compares the numerical result of TDRK244sss
with that of the classical Crank-Nicolson method, which is based on the implicit
trapezoidal rule and can be written as

+ 0,

Uyx (X1, In) =

1)
Upp1(X) = up(x) + 2((”11 (X)) xx + Upg1(X))xx),

where u, (x) ~ u(x, t,). It is found that the TDRK?244sss is far more efficient than
the popular Crank-Nicolson method. Note that TDRK?244sss holds its fourth order
until the spatial error becomes dominant.

Notice that the implicit method, when it is applied to PDEs with relatively large
temporal stepsize compared to the spatial stepsize, could exhibit order reduction.
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However, order reduction behaviour does not occur for the current problem where
the boundary condition is homogeneous. In [9], the authors show that order reduction
does not occur for the advection equation with homogenous boundary conditions.
We conduct numerical experiments for non-homogeneous boundary condition,
p(t) = t*fora > 1 and f(x) = 0. Figure 6 shows the error behaviour of Crank-
Nicolson, 2-stage Gauss and TDRK?244sss for « = 1.9. The order reduction of the
2-stage Gauss method is clearly seen in this case. It behaves like a second order
method similar to the Crank-Nicolson method. On the other hand, TDRK?244sss
preserves its order-4 behaviour, a demonstration of the benefit of higher stage order.

5 Conclusions

We have developed a novel approach, MMOL, for the treatment of discretization of
PDEs. The approach is motivated by applying TDRK methods to PDEs, where the
second derivative u;; must be discretized by using an appropriate finite difference
scheme. It turns out that the traditional MOL often leads to a rather ‘loose’ scheme.
The MMOL overcomes this problem and allows choices of more compact finite dif-
ference schemes for u;;. The advantage of using the compact scheme for u;; was
clearly observed in the numerical experiment on the Burgers’ equation when applying
the explicit TDRK methods to the equation.

The MMOL will provide a systematic way to apply the numerical ODE method to
PDE:s. It offers a more flexible treatment of the spatial discretization to meet stability
and/or computational requirements. The Lax-Wendroff scheme (9) for the advection
equation discussed in Section 2 is an example to demonstrate such applications. It is
clear that many classical PDE schemes can be interpreted in the same way in terms
of MMOL. Future work along this line, combining with TDRK methods, may lead to
the discovery of more efficient numerical schemes for PDEs. Note that the stability
region of individual numerical schemes obtained by using MMOL is generally dif-
ferent from those of MOL, depending on the specific spatial finite difference scheme
used and shall be analyzed on a case by case basis. We have presented a typical sta-
bility analysis in Section 3 and this type of technique is applicable to other numerical
schemes.

The advantage of TDRK methods is clearly demonstrated in the application of
TDRK?244sss to the heat equation. Firstly, TDRK244sss is a fourth-order, stage-
order-four, semi-implicit method with two stages, which cannot be achieved by a
RK method. The numerical implementation of the TDRK?244sss to the heat equa-
tion has a low computation cost, incurring only twice the cost of the second-order
Crank-Nicolson method.

Moreover, TDRK?244sss, a stage-order-4 method, exhibits an excellent feature to
overcome the phenomenon of order reduction as shown in Fig. 6. We will report
more detailed results on the order reduction analysis of TDRK methods for PDEs in
another paper.
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Appendix: A

In the following, the value of the numerical solution at the node (x;, t,,) is denoted
by U; = Ul.” ~ u(x;, t,). Note that n is omitted as we are only concerned with the
spatial discretization here. The first derivative, u,, is approximated by,
ZUi+2 —Ui—2 Uiy — Ui

, 26
4h ta (26)

aui_,+ U +au/ =
1 ~ 1 - 14
,b= anda= _.
3 9 9
The second derivative, U ]’/ A Uy (X, 1,) is approximated by

where U] ~ uy(x;, t,), & =

Ujr2 —2U;j+Uj Ujt1 =2U; +U;j

~rrl /" ~rrl 7 ~

an—l +Uj +o j+1 =b 4h2 a h2 , (27)

i~ 2~ 3 ~ 12 . /
witha = 1’ b= 1 anda = 1 This is an order-six scheme from Lele [7]. U; and

U/ fori =1,2,..., N are found by solving (26) and (27), respectively, for given
Ul,i=12,...,N.

It shall be pointed out that the second derivative discretization is not derived
from the first derivative using the MOL scheme. The latter generates a less compact
scheme.

Appendix: B

We use the following grid points on the interval [0, 1] for the spatial discretization,
xj=jh, j=0,1,...,NN+1, h=Ax=1/(N+1).

Note that j starts from 0, and the two boundary points are xo and xy1. With the
boundary values given at xo and x|, we seek the numerical solutions for the inter-
nal grid points x; where j = 1,2,..., N. Let U" denote the approximation to
u(x;, t,). Inserting (24) and (25) into (22), we obtain

AU =7, (28)
where
(a1 b © T
b ada b ¢
¢ b a b ¢
Ap = ,
¢ b dab T
T b oab
L ¢ b a

G=6r+2r+1, b=—4rm—r, ¢=r, a =1+2r+5mn,
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1)
2 1ot For the RHS of (28), Z = [z1, 22, ..., zn]T, where

Zj = rzU]r-Lz — (4ry — rl)U}l] 4+ (6ry — 2r1 + I)U;l — (4r, — rl)U}lJr] + rzUjr-lJrz,

$ 2
with r; = ) and rp =

forj =3,..., N —2;for j = 1and 2, we have
21 = (1 =2r1 +5r)U{ + (r1 — 4r)Uy + U3 + (r1 — 2r2) p(ty)

+(r1 + 2r2) ptn41) + ”68 (P (tn) — P (tat1)),
22 = —(4ry —r)UY + (6r2 — 2r1 + DUY — (4ry — r)U3 + Uy
+r2(ptn) — p(ty+1)),
and similar terms for zy_1 and zy
iN—1 = —(4ry —rDUpy + (6r2 = 2r1 + DUN_| — (4ry —r)UN_, + 12Uy _;5
+ra(q(tn) — q(tn41)),
N = (1 =2r1 +5r)Upy + (r1 —4r)Uy_| + 2UN_, + (r1 — 2r2)q(tn)

)
1+ 2r)q (tag) + ’; (G (tn) — q'(tai1)).

This pentadiagonal system can be solved with twice the computation cost of a
tridiagonal system.

References

1. Butcher, J.C.: An algebraic theory of integration methods. Math. Comput. 26, 79-106 (1972)

2. Butcher, J.C.: The Numerical Analysis of Ordinary Differential Equations: Runge—Kutta and General
Linear Methods. Wiley, Chichester (1987)

3. Butcher, J.C.: Numerical Methods for Ordinary Differential Equations, 2nd edn. Wiley, Chichester
(2008)

4. Chan, R.P.K., Tsai, A.Y.J.: On explicit two-derivative Runge—Kutta methods. Numer. Algoritm. 53,
171-194 (2010)

5. Gerisch, A., Lang, J., Podhaisky, H., Weiner, R.: High-order linearly implicit two-step peer - finite
element methods for time-dependent PDEs. Appl. Numer. Math. 59, 624-638 (2009)

6. Hundsdorfer, W.H., Verwer, J.G.: Numerical solution of time-dependent advection-diffusion-reaction
equations. Springer Series in Computational Mathematics, vol. 33. Springer, Berlin (2003)

7. Lele, S.K.: Compact finite difference schemes with spectral-like resolution. J. Comput. Phys. 103(1),
16-42 (1992)

8. Rektorys, K.: The Method of Discretization in Time and Partial Differential Equations. D. Reidel
Publishing Company, Dordrecht (1982)

9. Sanz-Serna, J.M., Verwer, J.G., Hundsdorfer, W.H.: Convergence and order reduction of Runge—Kutta
schemes applied to evolutionary problems in partial differential equations. Numer. Math. 50(4), 405—
418 (1987)

10. Tsai, A.Y.J.: Two-Derivative Runge—Kutta Methods for Differential Equations. PhD thesis, University
of Auckland, New Zealand (2011)

@ Springer



	Two-derivative Runge–Kutta methods for PDEs using a novel discretization approach
	Abstract
	Introduction to two-derivative Runge–Kutta methods
	A novel semi-discretization method for PDEs
	TDRK method for advection equations
	A case study for the stability of TDRK methods applied to advection equations
	Numerical experiments on the Burgers' equation

	The TDRK method for the heat equation
	Conclusions
	Acknowledgments
	Appendix: A
	Appendix: B
	References


