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Abstract We develop a simple yet effective and applicable scheme for constructing
derivative free optimal iterative methods, consisting of one parameter, for solving
nonlinear equations. According to the, still unproved, Kung-Traub conjecture an
optimal iterative method based on k+-1 evaluations could achieve a maximum conver-
gence order of 2¥. Through the scheme, we construct derivative free optimal iterative
methods of orders two, four and eight which request evaluations of two, three and
four functions, respectively. The scheme can be further applied to develop iterative
methods of even higher orders. An optimal value of the free-parameter is obtained
through optimization and this optimal value is applied adaptively to enhance the con-
vergence order without increasing the functional evaluations. Computational results
demonstrate that the developed methods are efficient and robust as compared with
many well known methods.
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1 Introduction

Many problems, in science and engineering, result in solving nonlinear equation
f(x) = 0. The Newton method is the best known, and probably the most used
method, for solving nonlinear equation which is given as (NM)

_ S (xn)

f'Gan)’
It is well-known that the Newton method converges quadratically in some neighbor-
hood of the solution. There exists numerous modifications of the Newton method
which improve the rate of convergence (see [4, 10, 17, 20-23, 25, 32] and references
therein). For fourth order methods we refer to [4, 11, 16, 18, 32], for eighth order
convergent methods we refer to [8, 12, 30] and references therein and for sixteenth
order iterative method we refer to the literature [10, 12, 17, 20-24]. We notice that
if the derivative of the function vanishes, that is | f'(x,)| = 0, during the iterative
process then the sequence generated by the Newton iteration (1) or the methods that
require computation of derivatives, e.g., see [8, 16, 18, 24] are not defined. Accord-
ingly we are interested in derivative free methods. One of the purposes of this paper is
to illustrate the asymptotic behavior of different derivative free methods for solving
nonlinear equations.

In most test problems for nonlinear equations computing derivatives are an easy
exercise. However, for many practical problems computing the derivative might be
a cumbersome task and we have to relay on methods free of derivatives or tools
for automatic differentiation [see [14] Chap. 6]. In the derivative free method of
Steffensen [31] the derivative f’(x,) in Newton’s method (1) is replaced by the finite
difference (f (xp + f (X)) — f (xn)) / f () oF (f (X ot f (X)) — f (X)) / (@ f (X))
where {o,} is a bounded sequence. The Steffensen’s method will have local and
quadratic rate of convergence. The parameter «,, can be chosen to improve the rate of
convergence [32] or the stability [3] of the family of methods. However one drawback
of the derivative free methods, based upon the Steffensen scheme, is huge cancela-
tion of significant digits in the expression f(x + af (x)) — f(x). Therefore, to study
the asymptotic behavior one needs to use arithmetic with much higher precision than
it would be necessary for methods that use derivatives instead of finite differences.
For this purpose, we use the ARPREC library which supports arbitrarily high level
of numeric precision [5].

An attractive feature of the Steffensen’s method is that it generalizes to function
f + X — X on a Banach space X [1, 9]. The finite difference operator for Stef-
fensen’s method will now be the bounded linear operator [x, x + f(x); f] where the
finite difference operator [u, v; f] satisfies [u, v; f]l(v —u) = f(v) — f(u) and the
method can be written as

Xnit = Xn — oy Xn +F an f0); F17 0 f(xn), n=0,1,23,.... (2

The central difference operator [x, — o, f(x,), X, + on f(xn); f1 [3] will require
one extra function evaluation for each iteration but will give higher order approx-
imation of f’(x,) than using the the operator [x, x, + anf(x,); f]. A further
generalization of Steffensen’s method can be found by replacing the finite difference

n=0,1,23,..., and [f' G| £0. (1)

Xn+1 = Xn
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[x, x4+ f(x); f]byusing [x, g(x); f] where g is a smooth function [26] or a ’central
difference operator’ [g(x), g2(x); f1[2].

In this work, we contribute a scheme for constructing derivative free optimal iter-
ative methods. According to the Kung-Traub conjecture an iterative method based
upon k + 1 evaluations in each iteration could achieve an optimal convergence order
of 2 [19]. We construct optimal iterative methods of order two, four and eight which
request two, three and four functional evaluations in each iteration, respectively. From
this derivation, the construction of optimal convergence order 2 follows directly.
Kung and Traub [19] derive an optimal method based on inverse interpolation. Opti-
mal methods with convergence order 2 can be based on different interpolations
[12, 34].

The constructed iterative methods have one free parameter. We propose value of
the free parameter and apply it adaptively to achieve higher convergence order with-
out increasing the functional evaluations. The Section 2 presents our construction of
methods up to order eight and formally proves the rate of convergence and gives the
asymptotic error constant. The section is ended with a conjecture on the order and
error constant for iterative methods using k 4+ 1, £ > 1, function evaluations based
on this construction. In Section 3 we make a numerical comparison with other well
known methods using derivatives and in the last part of the testing we make a numer-
ical comparison with derivative free methods. We also indicate the robustness of the
developed methods by showing convergence with different starting points.

2 Scheme for constructing optimal derivative free iterative methods

Our motivation is to develop a scheme for constructing optimal derivative free iter-
ative methods. Let us approximate the derivative in the Newton’s method (1) as
follows

f'Can) 1 f (o) +m2 f (xn + @ f (xn)). 3)

To determine the real constants n; and 7, in the preceding equation, we consider
the equation is valid with equality for the two functions: f(¢#) = 1 and f(¢) = ¢. This
yields the equations

m+m =0, } (4)

N xn+m xp +a f(x,)) =1.

Solving the preceding equations and substituting the constants 11, 12 in the (3), we
obtain

f/(x”) ~ S o f(xn)) — f(xn) ' (5)
o f(xn)
Combining the Newton method (1) and preceding approximation for the derivative,
we propose the method (M-2)

f(xn)z

. 6
[ +a fxn) — fxn) ©

Xp4l =Xp —
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This is the well known Steffensen’s method for « = 1. To construct higher order
method from the Newton’s method (1), we use the following generalization of the
Traub’s theorem (see [32, Theorem 2.4] and [28, Theorem 3.1]).

Theorem 1 Let gi(x), g2(x),...,gs(x) be iterative functions with orders
r1, 712, ..., ts, respectively. Then the composite iterative functions

g(x) = g1(g2(--- (gs(x))---))

define the iterative method of the order ]_[‘;:] r.

From the preceding theorem, combination of the Newton method (1) and the
second order method (6) produces the following fourth order iterative method

_ f(xn)2
Yn = Xn — s
St a fxn) — fxn) N
Xnil = Yn — S Q) '
T P o)

The convergence order of the preceding method is four and it requires four evalua-
tions during each step. Therefore according to the Kung and Traub conjecture, for the
preceding method to be optimal it must require only three function evaluations. To
construct derivative free optimal fourth order method, we approximate the derivative
in the preceding method as follows

f'On) ~ o1 f () + a2 f(xn +a f () + w3 f () ®)

We assume the (8) is valid with equality for the three functions: f(t) =1, f(t) = ¢
and f(¢) = ¢ to determine the real constants w1, @, and 3. This yields the equations

w1+ w2+ w3 =0,
w1 Xp + 0y (xp +a f(xp)+03y, =1, )
w1 X2+ w3 (on + @ f(0)? + w352 =2y,

Solving the preceding equations and substituting the values in the (8), we obtain

Xn — Yn +a f(xn) . (xXn — yn) fCon +a f(xn)
(xp — yn)a Xxp —yn+oa fxn)a f(x)
Qxn =2y +oa f(xn) fyn)

f/(Yn) ~

_ . (10)
(xn = yn) (kn — yn + o f (xn))
By putting the (9) in matrix notation
11 1 w1 0
Xn Xp +a f(xn) Yn w2 | = 1 (11)
Xy (o ) ya | \ @3 2yn

the coefficient matrix will be the Vandermonde matrix. The coefficient matrix is
nonsingular provided the three points x,, x, + «f (x,), and y, are different and if the
method is well defined the Vandermonde matrix will be nonsingular if f(x,) # 0and
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f(xn 4+ af (x)) # 0. Combining the method (7) and the preceding approximation
for the derivative, we propose the method (M-4)

o f(xn)z
f(xn+a f(xn))ff(xn) '
FGm) (12)

B Xn—Ynte f(xn) _ (Xn=yn) f (ente f (x)) _ Qxp=2ynta f (xn) fn)
(Xn—yn)a n=ynto f ) a f(xn)  Xn—yn) Cn—Ynt+a f (xn))

Yn = Xpn—

Xn+1 = Yn

The method (M-4) is totally free of derivatives. It requests only three evaluations and
it will be shown that the method (M-4) is fourth order convergent. It is an optimal
method according to the Kung-Traub conjecture.

From the Theorem 1, combination of the Newton method (1) and the fourth order
method (12) produces the following eighth order iterative method

_ f(xn)z

Yn = Xp—o . . ,
S Gnta f )= f (xn) X

z — _ S n)

" - yn xnfyn‘l‘(x f(xn)_ (xnfyn)f(xn+a f (xn)) _(anfz yn+a f (xn)) f(yn) ’ (13)
f((x” — Yn)e Xn=yn +a f ) f(xn)  Xn—yn) Cn—Ynta f(xn))

Zn

BT T ey

To construct derivative free optimal eighth order method, we approximate the
derivative as follows

f/(zn) Ry f(xn) +v flxn + o f(xn)) +v3 () + va f(zn). (14)

To determine the real constants vy, vy, v3 and v4 in the preceding equation, we
consider the equation is valid with equality for the four functions: f(¢r) = 1, f(t) = ¢,
f(t) =t*and f(r) = 3. Which yields the equations

v+ v+ v3 414 =0,
Vixp +v2 (xp +a f(xn) +v3yn+vazy =1,
V1 X 412 (o + @ f()* 4 03y +vazy =22,
Vi Xy + v (G o f () +v3ys + vz =322

5)

The preceding equations have a unique solution if f(x,) # 0 # f(x, + «f (x,))
and f(y,) # 0, i.e. the method is not terminating with the solution after a finite
number of steps. Substituting the values in the (14), we obtain the approximation for
the derivative at the point z,,

Yn = zn) X + o f(xn) — 2n) Yn = zn)xn — z2n) f (X + ¢ f (%))
(en — zn)at(xXn — Yu) (e + o f(xn) — z0)n + ¢ f(x0) — y)o f(xn)
(en — zn) X + o f(xXn) — 20) f (Yn)
n = z20)n — yn + @ f(xn)) (X0 — Yn)
+ (na—2a zp+a y) f(xn)+xn2+ (=42 + 2 yn) xn+3 an — 2 YnZn
(Yn = zn) X —2zn) (Xn—2znt+a [ (xn))

f,(zn)% -

f@n).  (16)
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Combining the method (13) and the preceding approximation for the derivative, we
propose the method (M-8)

_ I (xn)?
Yn = X~ s
S Gentor f(xn))—f (xn)
z — _ S On)
" = Xp—Yn t+ o f(xn)_ Xp=yn) f (xnto f(x,)) _(2)5)1*2 Ynto f (x)) f(n) 7(17)
(xi}?)’n)a Xn=ynta [ (xn)) o f(xn)  (n—yn) (cn=yn +a f (xn))
JZn
Tl = Z’L7H1+H2+7{3+H4.
Here,

_ On — zn) e + o f(xn) — 2n)

Hy = ;
(xn — zn)a(xn — Yu)
Uy = On = zn) o — z0) [ (e + @ f(xn))
(xn +o f(xn) — z0)xn + o f(xp) — yu)o f(xn) ’
Hy = (tn — z0)en +a f(xn) — 20) [ (Yn)

()’n — 2n) (X — Yo+ o f(xn))(xn - yn) ’
(tn0t =20 Zy+a ) f () +20% 4 (=4 20+2 Yn) Xn+3 20 =2 Yn2n

Ha = n).
* On —z2)xn — 20) (xp — 2n +a f (X)) fen)

The contributed methods (6), (12) and (17) are totally free of derivatives. We prove
the convergence of the iterative methods (6), (12) and (17) through the following
theorem.

Theorem 2 Let y be a simple zero of a sufficiently differentiable function f: D C
R +— R in an open interval D. If xq is sufficiently close to y, the convergence order
of the method (6) is 2 and the error equation for the method is given as

co(l+acy)
=20 240 (). 0%

the convergence order of the method (12) is 4 and the error equation for the method
is given as

c (1 +otcl)2 2 —¢ c3
enil = C3( 2 ) A +o (4), (19)
1

and the convergence order of the method (17) is 8 and the error equation for the
method is given as

2 3 3 2

cs(1+acy)’ (c5 —cre3eq) (¢ —cren

ens1 = 2 (& C7 ) (i )e,§+o(e2). (20)
1

Here, e, = x;, — vy, cny = f(y)/m! withm > 1.

Proof The Taylor’s expansion of f(x) around the solution y is given as

f(xn) =cre, + czei + C3€2 + C4e;1 + O (e;:f) , 21
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similarly the Taylor expansion of f(x, + « f(x,)) around y

o0

fOn+a f)) =) cilon—y+afm),

i=1

substituting from the (21) into the previous equation, we have
fun+afao)=cmr+aqkn+q(1+3qa+a%3)q2+0@f»(n)

Here, we have accounted for f(y) = 0. Substituting (21) and (22) into the first step
of the method (M-4) (12), we obtain

n e2(1 +aci)en?
c1
csci (el +2)(14+acy)+ —a?ci2 =2ac; —2)?) ey’
—i-( (2 ) )n +0(62>.
(23)
In the preceding equation, we notice that the method (M-2) is second order with the
error (18). By the Taylor’s expansion of f(y,) around the solution y

S FGa)\?
_ _ k{_ n
f(yn)—gac(yn V) ( f’(xn)> +...,
substituting from the (23) into the preceding equation yields
FOn) = el +acpe’
+2)(1+ + % (=% =20 —2)) ey’
+(C3C1 (@c1+2) (1 +acy) + ? (—a’c aci—2))en ‘o <e4>

Yn =V

C1

(4] n

(24)

Substituting from (21), (22) and (24) into the second step of the method (M-4) (17),
we get the error equation for the method (M-4)

(1 +aen)? (—e +cies) en
in =Y — 013

1
- [(H—oz cl) ((2 012a2+4 +4ozcl> 024—{— (—4030{2013—100305 c12—8 C]C3> C22
Cl

+ (2 c4cq 24 C]4C4O(2+3 cao c13) ¢ +2 C12C32+C14O{2€32+3 03205 c1 3) ens]

x 0 eg) . (25)

In the preceding equation, we notice that the method (M-4) is fourth order with the
error (19). By the Taylor’s expansion of f(z,) around the solution y

o0

fn) =) aan =,

k=0
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substituting from the (25) into the preceding equation, we get

(I+ac))?(cie3 — %) ey
2

fzn) = —

C1

1
—.a [(2 c12c24 — 4cz203013 + (C32 + C2€4)C14) o?
1

+ ((3 cocs+3 632) 013 —10 622636‘12 + 401024) o+ 4624 — 8616‘2263
FQercs+ 2C32)c12] f(4acne’+0 (eg) . (26)

Finally substituting from the (21), (22), (23), (24), (25) and (26) into the third step
of the method (17), we obtain the error equation for the method

c%(l +ac1)3 (c; — 1 C3C4) (c?l—cl cz) g 0
entl = 7 S+ 0 (en) G
1

Therefore the contributed method (17) is eighth order convergent. This completes our
proof.

In this work, we have contributed the methods (6), (12), (17). For the parameter
a = 1, the method (6) produces the well known second order Steffensen method [4].

To find the optimal value of the free parameter «, in the contributed methods
(6), (12) and (17), we minimize the absolute value of the asymptotic error constant.
For o = —cfl asymptotic error constant vanishes (see the (18), (19) and (20)) and
thereby the convergence order of the methods (6), (12) and (17) increases to three,
five and nine, respectively. Since c; is not known a priori, we define the parameter o
adaptively as follows

e (28)
SGxn) = fxn-1)
For the first iterate, we choose a small «. For evaluating, «;, through the preceding
equation, we are using two previous iterates and it does not increase functional evalu-
ations. However, the methods will now have memory [32]. A similar adaptive choice
of a free parameter in a fourth order derivative free method is proposed by Peng et al
[29]. However, the main reason for their choice is the stability of the method and not
speed. Other adaptive choices are discussed in [13, 32].
In [27] a rich family of fourth order methods is introduced using three function
evaluation. Methods of this family will be optimal in the sense of Kung and Traub
and have an asymptotic error constant on the form

Op+1 =

Ca(@) = (I +af' (yNY, (29)

where W is a nonzero constant. It follows from Theorem 2 that the asymptotic error
constant for method (M-4) is

Ca(@) = (1 +af'(y))* V. (30)
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The constants W and ¥ depend on ¢y, ¢> and ¢3. The different asymptotic error
constants play an important role with an adaptive choice of the parameter @ where
the method (M-4) with the adaptive choices (28) will have a higher rate of conver-
gence than the corresponding Method(Il) in [27]. A family of optimal fourth order
derivative free methods with the same asymptotic error constant as (19) for ¢ = 1 is
presented in [11]. However, these methods are not equivalent to (M-4).

The obtained three-point method (M-8) given by (17) is similar to the already
known derivative free three-point methods proposed in [11, 13, 33, 34], however,
they are not the same methods. Doing the same analysis as for (M-4) and the
methods in the [27] it is interesting to note that the asymptotic rate of conver-
gence for the three point method (M-8) with the adaptive choice (28) will be
slightly lower than the family of three point methods in [13] with the same adaptive
choice.

We conjecture that, for a 2%- order iterative method formed by the scheme
developed at the beginning of the §2, the error constant will behave like

(1 +occ1)k ok

e .
k n
C]2 :

ent1 =C

Here, k = 1, 2,3, ...and C is a constant that depends upon ¢,,, = ™ (y)/m! with
m=1,2,...,k+1. The general construction for higher order method devised in this
paper shows that it is possible to construct derivative free optimal methods for any 2%
order with a constant o and with an adaptive choice the rate can be super 2¥—order.

3 Numerical examples

Let us review some optimal iterative methods for numerical comparison. Peng et al.
[29] introduced an adaptive fourth order derivative free method.

_ f(xn)z
Yn = Xp —0Qp ,
fOn) = fOon —anf(xn))
B f@xn)?
Xn+1 = Xp —

Qn
fOn) = fOon —anf(xn))

fm) £ ) FonY?
1 1
{ T " < e —anf(xn))) (f(x,») }

(3D

where the adaptive parameter is chosen as

—sign(f(x,) — f(xp — an f(xn))) provided |e,| < 1073
Upt1 = 1

otherwise
€n
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f) = [ —anf(xn))

where €, = and the initial &g = 1. The classical Kung-
Qn f(xn) g

Traub optimal eight order method is given as

_ f(xn)2
Yn = Xp —Q s
Swn) — f(xn)
z _ _ S ) f (wp) { 1 _ 1 }
" ) = f) (Wa, X5 f1 [Was Y3 £1

Xpil = Zn — S ) f(wn) f(yn) {( 1 ) ( 1 3 1 )
n+ ‘n f(Zn) - f(xn) f(Zn) — f(w,l) [yn, Zn; f] [wy, Vns f]

1 1 1
B (f(yn) - f(xn)) ([wn, Vo3 1 (W Xn; f])}
(32)

— t
Here, [s,t; f]1 = L) tf( ) for s # t and w, = x, + of (x,). The eighth order
5 —
derivative free method of Thukral [33] is given by
y — X —u f(xn)2
! " fwp) — fxn) ’
Z = yp— (Wi, xn5 f1f(Yn) (33)
[xn, Yns f][wna Yn; f]
Xn4l = Zn — 7/'20 fn)
SR s 2ns 1= Dns Yas £14+ Dns 205 ]

where
-1

=~ f(Zn) )1 < 2f(yn)3 )
Ho=1[1— 1
0 ( £ (wn) T ) (o)

The convergence order & € [1, 0o) of an iterative method is defined as

. |€n+1|
lim
n—oo |e,|é

=C #0,

and furthermore this leads to the following approximation of the computational order
of convergence (COC) (see [15] and the references therein):

{1 — v/ (xn — )

~ ) 34
P In|(xp —y)/(xXn—1 — V)l Gy

Computations are done in the programming language C**. Scientific compu-
tations in many areas of science and engineering, for example climate modeling,
planetary orbit calculations, Colomb n—body atomic systems, scattering amplitudes
of quarks, nonlinear oscillator theory, Ising theory, quantum field theory, demand
very high degree of numerical precision [5, 24]. For applications of high precision
computations in experimental mathematics and physics, we refer to [7, and references
therein]. Many applications of real-number computation require to evaluate elemen-
tary functions such as exp(x), tan~!(x) to high precision (see for example [6]).
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Table 1 Number of functional evaluations, COC for various iterative methods

f(x)  xo Method (31) Method (32) Method (33) NM M-2 M-4 M-8
fikx) 1.2 (6,4.24) (16,8) (16,8) (20,2) (16,2.4) (154.5) (16,8.5)
fH(x) —1.0 (7.4.24) (20,8) (20,8) (22,2) (18,24) (184.4) (16,8.5)
f(x) 1.5 (6,4.24) (16,3) (16,8) (20,2) (16,2.4) (154.5) (16,8.5)
fa(x) 0S5 (5,5.69) (16,11) (16,11) (18,2) (14,3.5) (15,5.7) (16,11.6)
fs(x) 1.3 (6,4.24) (24,3) (16,8) (16,8) (16,4.4) (154.5) (16,8.5)
fe(x) 1.2 (7,4.24) (20,8) (20,8) (26,2) (18,2.4) (184.5) (20,8.5)

For performing high precision computation, we are using the high precision C**
library ARPREC [5]. The ARPREC library supports arbitrarily high level of numeric
precision [5]. In the program, the precision in decimal digits is set with the com-
mand “mp::mp init(2005)”[5]. For convergence it is required: |x,4+] — X,| < € and
| f(xn)] < €. Here, € = 107320, We test the methods for the following functions

fitx) = x3 +4x2 - 10, y ~ 1.365.
fr(x) = x exp <x2) —sin?(x) +3 cos(x) +5,  y A~ —1.207.
f3(x) = sin®(x) —x* + 1, y ~ +1.404.
fa(x) = tan~ ! (x) y =0.
fs(x) = x* + sin (n/xz) _s, y = 2.
fox) = XD y=2.

Computational results are reported in Tables 1, 2, 3, 4, 5 and 6. Table 1 presents
pairs of numbers where the first element is the number of functional evaluations to
reach the desired accuracy and the second element is COC — given in (34) — during
the second last iterative step for various methods. While the Tables 2, 3, 4, 5 and 6
reports |x,+1 — Xp|, respectively, for the method (M-4), the method (M-8), (32), (33)
and (31). In the method (32) and (33), « = 0.01.

Table 2 Generated |x,4+1 — x,| with n > 0 by the method (M-4). For xq see the Table 1

fl (xn) fZ(Xn) f3(xn) f4(xn) fS(xn) fﬁ(xn)

1.6 x 107! 2.0 x 1071 9.5 x 1072 5.0 x 107! 1.1 x 107! 7.3 x 107!
8.3 x 1073 4.4 x 1074 2.7 x 1073 5.6 x 1073 7.1 x 107 6.4 x 1072
3.1x 10720 1.5x 1071 1.2 x 1072 3.4 x 1071 6.8 x 10720 3.5%x 1076

1.3 x 10788 8.9 x 107¢7 45x%x 107 6.5 x 10784 2.0 x 10786 8.5 x 1075
7.1 x 10739 1.2 x 10724 1.6 x 10746 21 x107%0 13x107%2 93 x 107108

sesfspsokololoR Rk 1.7 x 101308 stk sdesfspsokolokRRskok setesttsiololokoksk 7.4 % 107477
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Table 3 Generated |x,4+1 — x| with n > 0 by the method (M-8). For x( see Table 1

fl (xn) f2(xn) f3(xn) f4(xn) f5(xn) fﬁ(xn)

1.6 x 107! 2.0 x 107! 9.5 x 1072 49 x 107! 1.1 x 107! 7.9 x 107!
3.3 x 107 2.5 x 1070 4.0 x 10710 14 x 1075 1.1 x 1078 8.6 x 1074
3.5x 1077 2.0 x 10~ 1.5 x 10781 1.1 x 10790 1.9 x 1079 1.8 x 10726
7.6x 10703 10x1073 3.0x107%  95x 107703 1.6 x 10783 1.5 x 107218
seskeskeoskeoskokokoskokokok skeskeoskeoskoskoskokokokokok skeskeoskeoskoskoskokokokokok seskeskeoskeoskokokokoskok ok seskeskeoskeoskokokoskokoksk 7] X ]0—1846

An optimal iterative method for solving nonlinear equations must require least
number of functional evaluations. In the Table 1, we notice that the developed
methods are performing at least as good as existing optimal methods. Compari-
son among Tables 2, 3, 4, 5 and 6 reveal that the developed method are more
efficient at reducing the error |x,4+1 — x,| (the distance between two iterates — a
measure of the residual). Thus developed methods are not only taking less itera-
tions but they are also producing less residuals compared to the existing optimal
methods.

3.1 Robustness of iterative methods with respect to initialization

It is known that iterative methods are locally convergent [4]. An itera-
tive method may not converge if the initial guess is far from the zero of
the function or if the derivative of the function vanishes during the itera-
tive processes. Therefore we perform numerical tests to examine the robust-
ness of iterative methods for several initialization. We find the zeros of the
function

f(x) = cos? (x) — x/5, (35)

for various initializations. Computational results are reported in the Table 7. In the
proposed methods (6), (12) and (17), for the first iterate « = 1.0 while for the succes-
sive iterates « is computed using the (28). Computational results are reported in the
Table 7. We notice that the developed methods do display a robustness with respect
to initialization.

Table 4 Generated |x,+1 — x,| with n > 0 by the method (32). For xq see the Table |

J1(x) fa(xn) F(x) fa(xp) fs(xn) Sfo(xn)

1.6 x 107! 2.0x 107! 9.5 x 1072 5.0x 107! 1.1 x 107! 7.9 x 107!
8.9 x 1078 1.6 x 1074 45 %107 1.7 x 1073 12x 1078 6.6 x 1073
3.3 x 1078 2.8 x 1072 2.1 x 10797 1.7 x 10~ 3.5 x 107% 45x%x 10717
1.25 x 107461 1.9 x 10727 56x 107 15x1079%  1.8x1079% 22 % 107130
sk gk sk sk sk ok 1.8 x 1071812 ksl kmlskkkckskkx ke 8 4y 101037
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Table 5 Generated |x,4+1 — x,| with n > 0 by the method (33). For x( see the Table 1

fl (xn) f2(xn) f3(xn) f4(xn) fS(xn) f6(xn)
1.6 x 107! 2.0 x 107! 9.5 x 1072 4.9 x 107! 1.1 x 107! 7.9 x 1071
1.5 x 1077 2.8 x 1073 3.5 x 107 43 x 1073 1.5x 1078 2.7 x 1073

3.3 x 1075 8.3 x 10719 2.9 x 10768 4.3 x 10750 6.4 x 10763 5.6 x 10720
1.5x 10745 42 x 10714 6.6 x 1075 45%x 107  62x107%  20x 107193

stk otk ok 1.9 x 10— 1137 stk otk ok stttk ook stttk ook 4.8 x 10~1221

3.2 Numerical results for nonsmooth function

Here, we compare the methods M-2, M-4 and M-8 with the corresponding optimal
second, fourth and eighth order methods proposed in the enriching work [12] by
Cordero et al. for the following nonsmooth function

Fx) =1x*—9].

The above function is of special interest because it has severe stability prob-
lems near the nonsmoothness [12, cf.]. Optimal derivative free methods of order 2"
developed by Cordero et al. [12] are

yO =xk7

y1 = yo+ f(o),

Sj) .
Yjit1 =Yj — a.i] forj=1,2,3,...,n,

Xk+1 = Yn+1»
where
j—1 { j-1
aji=> | ] yk_y’: Lyi. yjs f1.
i=0 \k=0kxzi 2k — i

Table 6 Generated |x,4+1 — x,| with n > 0 by the method (31). For x¢ see the Table 1

S1(xn) f2(xn) f3(en) fa(xn) f5(xn) So(xn)

1.3 x 107! 1.6 x 1077 9.4 x 1072 5.0 x 107! 8.4 x 1072 2.5 x 10°
3.6 x 1072 2.7 x 107! 14 %1073 43 x 107 2.9 x 1072 3.0 x 107!
3.7 x 1077 6.3 x 1072 9.0 x 1013 1.0x 107% 6.8 x 1077 3.9 %1073
5.8 x 1072 23 x107° 4.5 x 10752 4.9¢—145 49 x 10777 2.2 x 10711
23 x 10712 1.4 x 1072 1.4 x 107218 4.4 x 1078 1.9 x 107112 1.5x10~%
98 x 107913 51 x 107101 6.6 x 10792 sk 3.4 x 107474 1.9 x 107190
sesfspsokololoR Rk 4.9 x 1074 seofstssokolokoRRk stk Rk stttk 4.2 x 10804
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Table 7 Performance of methods NM (1), M-2, M-4 and M-8 for initializations for the function (35)

X0 NM M-2 M-4 M-8
—0.1 div (18,2.4) (24, 4.4) (32, 8.4)
0.0 (75, 1) (20,2.4) (21,4.4) (24, 8.4)
~10000 div (24,2.4) (24, 4.4) (24,2.4)
10000 div (24, 4.5) (24, 4.4) (24,2.4)

Here, [y;, yj; f] denotes the divided difference (f(yi) — f(¥;))/(yi — yj). Using
n = 1,2, 3 —in the above algorithm — will produce, respectively, second, fourth and
eighth order methods. Let us represent these methods by C-2, C-4 and C-8. Table 8
reports our numerical work.

In the Table 8, we see that the developed methods are performing at least as well
as the recently developed methods by Cordero et al. [12].

Table 8 Numerical results for nonsmooth function

Initialization Methods | f Gens1)| |Xn+1 — X5 n p y
x0=2 M-2 1.7 x 107878 3.5 x 107364 12 2.4 3.0
M—4 0.0 5.8 x 107874 7 45 3.0
M-8 0.0 5.0 x 107324 5 8.4 3.0
Cc-2 — — > x10* —— —
Cc—4 — — > x10* —— —
Cc-8 0.0 2.4 x 107982 5 8.0 3.0
x0 =28 M-2 9.3 x 10787 4.9 x 10731 9 2.4 3.0
M—4 0.0 2.8 x 1071416 7 4.5 3.0
M-8 0.0 6.7 x 107198 5 8.5 3.0
c-2 7.7 x 107172 1.1 % 10786 31 2.0 3.0
c—4 9.6 x 10732 9.6 x 107322 1567 1.4 3.0
Cc-8 0.0 6.1 x 1071270 5 8.0 3.0
xo=—2.8 M—2 48 x 107173 1.0x 10773 9 2.4 -3.0
M—4 0.0 1.1 x 10797 7 45 -3.0
M-8 0.0 6.7 x 107198 5 8.5 -3.0
Cc-2 — — > x10* —— —
Cc—4 7.5 x 10732 7.5 x 10732 1572 1.4 -3.0
Cc-8 1.3 x 1080 1.3 x 10788 12 3.4 x 10192 30
x0 = —10.0 M-2 9.5 x 107827 9.2 x 107343 10 24 -3.0
M—4 0.0 42 x 10794 7 4.5 -3.0
M-8 0.0 6.5x10"1312 5 8.5 -3.0
c-2 — — > x10f  —— —
Cc—4 — — > x10* —— —
Cc-8 2.0 x 107373 1.9 x 107372 13 14 x 10102 30
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4 Conclusions

In this work, we have developed a scheme to generate families of higher order deriva-
tive free methods. By choosing the parameter adaptively the methods show a higher
rate of convergence than the corresponding method for a fixed value of the parameter.
Computational results demonstrate that family of methods are efficient and exhibit
better performance compared with other well known methods using derivatives and
derivative free methods.
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