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Abstract In this paper, we focus on the semilocal convergence for a family of
improved super-Halley methods for solving non-linear equations in Banach spaces.
Different from the results in Wang et al. (J Optim Theory Appl 153:779–793, 2012),
the condition of Hölder continuity of third-order Fréchet derivative is replaced by its
general continuity condition, and the latter is weaker than former. Moreover, the R-
order of the methods is also improved. By using the recurrence relations, we prove a
convergence theorem to show the existence-uniqueness of the solution. The R-order
of these methods is analyzed with the third-order Fréchet derivative of the operator
satisfies general continuity condition and Hölder continuity condition.
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1 Introduction

Solving the nonlinear equations in Banach spaces is an important problem in
scientific and engineering computing areas, such equation can be given by

F(x) = 0, (1.1)
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where F : � ⊆ X → Y is a nonlinear operator in a non-empty open convex subset
� of a Banach space X with values in a Banach space Y .

The super-Halley method is a well-known third-order method for solving this
equation. In [15], a class of modified super-Halley methods for solving the equation
(1.1) is considered. This class of methods is given by

xn+1 = xn −
[

I + 1

2
KF(xn)+ 1

2
KF(xn)

2 +KF(xn)
θ�(KF(xn))

]
�nF(xn), (1.2)

where θ is a parameter, such that θ � 3, �n = F ′(xn)−1, KF(xn) is the following
operator

KF(xn) = �nF′′
(
xn − 1

3
�nF(xn)

)
�nF (xn). (1.3)

In the methods given by (1.2), � is an operator which satisfies that there exists
a real non-negative and non-decreasing function χ(t), such that ‖�(KF(xn))‖ �
χ(‖KF(xn)‖) and the function χ(t) is bounded for t in a suitable region. Under the
conditions that

(A1) �0 exist and ‖�0‖ � β,
(A2) ‖�0F(x0)‖ � η,
(A3) ‖F ′′(x)‖ � M, x ∈ �,
(A4) ‖F ′′′(x)‖ � N, x ∈ �,
(A5) there exists a positive real number L such that

‖F ′′′(x)− F ′′′(y)‖ � L‖x − y‖q, 0 � q � 1, ∀x, y ∈ �, (1.4)

the R-order of methods given by (1.2) is proved to be 3 + q .
But under the assumptions (A1)–(A5), we can not study the solution of some

equations. Such as the nonlinear integral equation of mixed Hammerstein type [5, 8],
which is given by

x(s)+
m∑
i=1

∫ b

a

Gi(s, t)Hi(x(t))dt = u(s), s ∈ [a, b], (1.5)

where −∞ < a < b < +∞, u,Gi and Hi are known functions (i = 1, 2, . . . , m.),
x is the solution to be found. On the condition that H ′′′

i (x(t)) is (Li, qi)-Hölder con-
tinuous in �, i = 1, 2, . . . , m, then the corresponding operator F : � ⊆ C[0, 1] →
C[0, 1],

[F(x)](s) = x(s)+
m∑
i=1

∫ b

a

Gi(s, t)Hi(x(t))dt − u(s), s ∈ [a, b], (1.6)
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is such that its third Fréchet derivative is neither Lipschitz continuous nor Hölder
continuous in � while, for an example, we consider the max-norm. In this case,

∥∥F ′′′(x)− F ′′′(y)
∥∥ �

m∑
i=1

Li‖x − y‖qi , Li � 0, qi ∈ [0, 1], ∀x, y ∈ �. (1.7)

Obviously, the operator given by (1.7) does not satisfy the assumption (A5), so we
can not study the solution of this equation under the assumptions(A1)–(A5). Since
the importance of nonlinear integral equation of mixed Hammerstein type, it is con-
sidered in many papers, such as [1, 5, 6, 8], where in [5], Ezquerro and Hernández
gave the following method

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

yn=xn −
[
F ′(xn)

]−1
F(xn),

T (xn, yn)=
[
F ′(xn)

]−1
(
F ′

(
xn+ 2−3θ

3
(yn−xn)

)
− F ′(xn+θ(yn−xn))

)
,

θ ∈
[

0,
1

3

)
,

xn+1=yn+
( −3

4(1−3θ)
T (xn, yn)+ 9

8(1−3θ)2
T (xn, yn)

2
)
(yn − xn), n � 0.

(1.8)

They used the following assumption:

(B5) ‖F ′′′(x)−F ′′′(y)‖ � ω(‖x−y‖), ∀x, y ∈ �,whereω(z) is a non-decreasing
continuous real function for z > 0 and ω(0) � 0;

(B6) there exists a positive real function ν ∈ C[0, 1], with ν(t) � 1, such that
ω(tz) � ν(t)ω(z), for t ∈ [0, 1], z ∈ (0,+∞). Based on the assump-
tions (A1)–(A4) and (B5)–(B6), Ezquerro and Hernández [5] studied the
semilocal convergence of the method given by (1.8). Choosing ω(t) =∑m

i=1 Lit
qi , they proved that the R-order of method (1.8) is 3 + q with the

third Fréchet derivative of the operator F satisfies the condition (1.7), where
q = min{q1, q2..., qm}, qi ∈ [0, 1], i = 1, 2...m.

Recently, some sixth-order variants are developed in [10, 11]. These variants focus
on finding a simple root of a non-linear equation f (x) = 0, where f : D ⊂ R →
R for an open interval D is a scalar function. In order to relax the condition (A5)
considered in [15], to improve the R-order of convergence, in this paper, we consider
the semilocal convergence for a family of improved super-Halley methods in Banach
space given by

⎧⎪⎪⎨
⎪⎪⎩
zn = xn −

[
I + 1

2
KF(xn)+ 1

2
KF(xn)

2 +KF(xn)
θ�(KF(xn))

]
�nF(xn),

xn+1 = zn −
[
I − �nF

′′(vn)(zn − xn)+ δ
[
�nF

′′(vn)(zn − xn)
]2

]
�nF (zn),

(1.9)
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where I is the identity operator, θ, δ are two parameters, such that θ � 3 and
δ ∈ [−1, 1], KF(xn) is defined by (1.3), �n = F ′(xn)−1 , vn = xn − 1

3�nF (xn),
� is also an operator which satisfies that there exists a real non-negative and non-
decreasing function χ(t), such that ‖�(KF(xn))‖ � χ(‖KF(xn)‖) and the function
χ(t) is bounded for t ∈ (0, s), where s will be defined in the latter development.
This family of methods given by (1.9) can be derived by adding an evaluation of the
function at another point in the procedure iterated by methods (1.2), but the R-order
of convergence can be improved from 3 + q for methods (1.2) to 5 + q for methods
(1.9) under the above conditions (A1)–(A5).

Here, to solve the problem that the third-order derivative of an operator is neither
Lipschitz nor Hölder continuous, we assume that F ′′′ satisfies the general continuity
condition (B5) employed in [5], instead of the Hölder continuity condition (A5) used
in [15]. By using the recurrence relations, we establish the semilocal convergence of
the methods given by (1.9). This approach has been successfully used in establishing
the convergence of some methods, such as the references [2–5, 7, 9, 12–18]. We prove
a convergence theorem to show the existence-uniqueness of the solution. The R-order
of methods (1.9) is also analyzed with F ′′′ satisfies general continuity condition and
Hölder continuity condition. Finally, we give some numerical results to show our
approach.

2 Some preliminary results

Let X and Y be Banach spaces, the nonlinear operator F : � ⊂ X → Y be three
times Fréchet differentiable in a non-empty open convex subset �. Taking x0 ∈ �

and furthermore, we make the following assumptions:

(C1) There exists �0 = F ′(x0)
−1 and ‖�0‖ � β,

(C2) ‖�0F(x0)‖ � η,
(C3) ‖F ′′(x)‖ � M, x ∈ �,
(C4) ‖F ′′′(x)‖ � N, x ∈ �,
(C5) ‖F ′′′(x) − F ′′′(y)‖ � ω(‖x − y‖), ∀x, y ∈ �, where ω(μ) is a

non-decreasing continuous real function for μ > 0 and satisfy ω(0) � 0,
(C6) there exists a non-negative real function φ ∈ C[0, 1], with φ(t) � 1, such that

ω(tμ) � φ(t)ω(μ), for t ∈ [0, 1], μ ∈ (0,+∞).

Remark The conditions (C5) and (C6), which have been used in [5], are the gene-
ralization for the Hölder continuity of F ′′′ by choosing ω(μ) = Lμq and φ(t) = tq .

We define B(x, r) = {y ∈ X : ‖y−x‖ < r} and B(x, r) = {y ∈ X : ‖y−x‖ � r}
in this paper. The following lemma gives an approximation of the operator F which
will be used in the latter development.
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Lemma 1 Assume that the nonlinear operator F : � ⊂ X → Y is three times
Fréchet differentiable in a non-empty open convex subset �, where X and Y are
Banach spaces. Then we have

F(xn+1) =
∫ 1

0
F ′′′(xn + t (vn − xn))(vn − xn)dt (zn − xn)�nF (zn)

− δF ′′(vn)(zn − xn)�nF
′′(vn)(zn − xn)�nF (zn)

−
∫ 1

0

[
F ′′(xn + t (zn − xn))− F ′′(xn)

]
(zn − xn)dt�nF (zn)

+
∫ 1

0
F ′′(xn + t (zn − xn))(zn − xn)dt�nF

′′(vn)(zn − xn)�nF (zn)

− δ

∫ 1

0
F ′′(xn+t (zn−xn))(zn−xn)dt

[
�nF

′′(vn)(zn−xn)
]2
�nF (zn)

+
∫ 1

0
F ′′(zn + t (xn+1 − zn))(xn+1 − zn)

2(1 − t)dt, (2.1)

where zn, xn are given by (1.9), yn = xn − �nF (xn), the definitions of vn and δ are
as same as the ones in (1.9).

Proof By Taylor expansion, we have

F(xn+1) = F(zn)+ F ′(zn)(xn+1 − zn)

+
∫ 1

0
F ′′(zn + t (xn+1 − zn))(xn+1 − zn)

2(1 − t)dt, (2.2)

F ′(zn) = F ′(xn)+ F ′′(xn)(zn − xn)

+
∫ 1

0

[
F ′′(xn + t (zn − xn))− F ′′(xn)

]
(zn − xn)dt. (2.3)
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Then we obtain

F (zn)+ F ′(zn)(xn+1 − zn)

= F(zn)−F ′(zn)
[
I−�nF

′′(vn)(zn−xn)+δ
[
�nF

′′(vn)(zn−xn)
]2

]
�nF(zn)

= F(zn)−
{
F ′(xn)+ F ′′(xn)(zn − xn)+

∫ 1

0
[F ′′(xn + t (zn − xn))− F ′′(xn)](zn − xn)dt

}

×
[
I − �nF

′′(vn)(zn − xn)+ δ
[
�nF

′′(vn)(zn − xn)
]2

]
�nF(zn)

= F(zn)−F(zn)+F ′′(vn)(zn−xn)�nF(zn)−δF ′′(vn)(zn−xn)�nF
′′(vn)(zn − xn)�nF(zn)

− F ′′(xn)(zn − xn)�nF(zn)+ F ′′(xn)(zn − xn)�nF
′′(vn)(zn − xn)�nF(zn)

− δF ′′(xn)(zn − xn)[�nF
′′(vn)(zn − xn)]2�nF(zn)

−
∫ 1

0

[
F ′′(xn + t (zn − xn))− F ′′(xn)

]
(zn − xn)dt

×
[
I − �nF

′′(vn)(zn − xn)+ δ
[
�nF

′′(vn)(zn − xn)
]2

]
�nF(zn). (2.4)

Since

F ′′(vn) = F ′′(xn)+
∫ 1

0
F ′′′(xn + t (vn − xn))(vn − xn)dt, (2.5)

we have

F (zn)+ F ′(zn)(xn+1 − zn)

=
∫ 1

0
F ′′′(xn + t (vn − xn))(vn − xn)dt (zn − xn)�nF (zn)

−δF ′′(vn)(zn − xn)�nF
′′(vn)(zn − xn)�nF (zn)

−δF ′′(xn)(zn − xn)[�nF
′′(vn)(zn − xn)]2�nF (zn)

−
∫ 1

0
[F ′′(xn + t (zn − xn))− F ′′(xn)](zn − xn)dt�nF (zn)

+
∫ 1

0
F ′′(xn + t (zn − xn))(zn − xn)dt�nF

′′(vn)(zn − xn)�nF (zn)

−δ

∫ 1

0
[F ′′(xn+t (zn−xn))−F ′′(xn)](zn−xn)dt[�nF

′′(vn)(zn−xn)]2�nF (zn).

(2.6)

Substituting (2.6) into (2.2), we can obtain (2.1).
Now we give the definitions of the following functions.

p(t) = g(t) + 1

2
t
[
1 + tg(t) + |δ|(tg(t))2

] [
1 + t + 2tθ−1χ(t) + g(t)2

]
, (2.7)
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h(t) = 1

1 − tp(t)
, (2.8)

ϕ(t, u, v) =
[

1

3
g(t)u + (1 + |δ|)(g(t)t)2 + 1

2
g(t)2u+ |δ|(g(t)t)3

]
ψ(t, u, v)

+1

2
t
[
1 + tg(t) + |δ|(tg(t))2

]2
ψ(t, u, v)2, (2.9)

where

g(t) = 1 + 1

2
t + 1

2
t2 + tθχ(t),

ψ(t, u, v) = tθ χ(t)+ t3
[

1

2
+ tθ−2χ(t)

]
+ 1

2
t (g(t)− 1)2 + 1

6
tu+ 1

2
u(g(t)− 1)+

(
1

6
J1 + 1

2
J2

)
v,

J1 =
∫ 1

0
φ

(
t

3

)
dt, J2 =

∫ 1

0
φ(t)(1 − t)2dt.

The functions defined above will be used frequently in the later developments, so
next we study some of their properties. Let f (t) = p(t)t − 1. Since f (0) = −1 < 0
and f ( 1

2 ) � 3299
8192 > 0, then we can conclude that f (t) = 0 has at least a root in

(0, 1
2 ). Let s be the smallest positive root of the equation p(t)t − 1 = 0, then s < 1

2 .

Lemma 2 Let the functions p, h and ϕ be given in (2.7)–(2.9). Then

(a) p(t) and h(t) are increasing and p(t) > 1, h(t) > 1 for t ∈ (0, s);
(b) For t ∈ (0, s), a fixed u > 0, and a fixed v > 0, ϕ(t, u, v) is increasing as

the function of t; similarly, for u > 0, a fixed t ∈ (0, s) and a fixed v > 0,
ϕ(t, u, v) is increasing as the function of u; for v > 0, a fixed u > 0 and a fixed
t ∈ (0, s), ϕ(t, u, v) is increasing as the function of v.

Define η0 = η, β0 = β, a0 = Mβη, b0 = Nβη2, c0 = βη2ω(η) and d0 =
h(a0)ϕ(a0, b0, c0), and moreover, we define the following sequences as

ηn+1 = dnηn, (2.10)

βn+1 = h(an)βn, (2.11)

an+1 = Mβn+1ηn+1, (2.12)

bn+1 = Nβn+1η
2
n+1, (2.13)

cn+1 = βn+1η
2
n+1w(ηn+1), (2.14)

dn+1 = h(an+1)ϕ(an+1, bn+1, cn+1), (2.15)
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where n � 0. From the definitions of an+1, bn+1, cn+1 and (2.10)–(2.11), we can get

an+1 = h(an)dnan, (2.16)

bn+1 = h(an)d
2
nbn, (2.17)

cn+1 � h(an)d
2
nφ(dn)cn. (2.18)

Now we give the following lemma to show some important properties of the
previous sequences.

Lemma 3 If

a0 < s and h(a0)d0 < 1, (2.19)

then we have

(a) h(an) > 1 and dn < 1 for n � 0,
(b) the sequences {ηn}, {an}, {bn}, {cn} and {dn} are decreasing,
(c) p(an)an < 1 and h(an)dn < 1 for n � 0.

The proof of Lemma 3 can be obtained by induction.

Lemma 4 Let the functions p, h and ϕ be given in (2.7)–(2.9). Let α ∈ (0, 1),
then p(αt) < p(t), h(αt) < h(t), ϕ(αt, α2u, α2v) < α4ϕ(t, u, v) and
ϕ(αt, α2u, α(2+q)v) < α(4+q)ϕ(t, u, v) for t ∈ (0, s), where s is the smallest positive
root of the equation p(t)t − 1 = 0.

3 Recurrence relations for the methods

For n = 0, the existence of �0 implies the existence of v0, y0, and furthermore, we
have

‖y0 − x0‖ = ‖�0F(x0)‖ � η0, (3.1)

‖v0 − x0‖ = ‖ − 1

3
�0F(x0)‖ � 1

3
η0. (3.2)

This implies that y0, v0 ∈ B(x0, Rη), where R = p(a0)
1−d0

.
Moreover, we have

‖KF (x0)‖ � ‖�0‖
∥∥∥∥F ′′

(
x0 + 1

3
(y0 − x0)

)∥∥∥∥ ‖�0F(x0)‖ � Mβ0η0 = a0. (3.3)
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Then we obtain

‖z0 − x0‖ =
∥∥∥∥−

[
I + 1

2
KF (x0)+ 1

2
KF (x0)

2 +KF (x0)
θ�(KF (x0))

]
�0F(x0)

∥∥∥∥
�

[
1 + 1

2
‖KF (x0)‖ + 1

2
‖KF (x0)‖2 + ‖KF (x0)‖θχ(‖KF (x0)‖)

]

×‖�0F(x0)‖ �
[

1 + 1

2
a0 + 1

2
a2

0 + aθ0χ(a0)

]
‖�0F(x0)‖

= g(a0)‖�0F(x0)‖ � g(a0)η0. (3.4)

and

‖z0 − y0‖ =
∥∥∥∥−

[
1

2
KF (x0)+ 1

2
KF (x0)

2 +KF (x0)
θ�(KF (x0))

]
�0F(x0)

∥∥∥∥
�

[
1

2
‖KF (x0)‖ + 1

2
‖KF (x0)‖2+‖KF (x0)‖θχ(‖KF (x0)‖)

]
‖�0F(x0)‖

�
[

1

2
a0 + 1

2
a2

0 + aθ0χ(a0)

]
‖�0F(x0)‖

= [g(a0)− 1]‖�0F(x0)‖ � [g(a0)− 1]η0. (3.5)

Furthermore, we have

‖x1 − z0‖ =
∥∥∥−[I − �0F

′′(v0)(z0 − x0)+ δ[�0F
′′(v0)(z0 − x0)]2]�0F(z0)

∥∥∥
� [1 + a0g(a0)+ |δ|(a0g(a0))

2]β0‖F(z0)‖. (3.6)

By Taylor expansion, we have

F(z0) = F(x0)+ F ′(x0)(z0 − x0)

+
∫ 1

0
F ′′(x0 + t (z0 − x0))(z0 − x0)

2(1 − t)dt

=
[
−1

2
F ′′(v0)�0F(x0)− 1

2
F ′′(v0)�0F(x0)KF (x0)

]
�0F(x0)

−F ′′(v0)�0F(x0)KF (x0)
θ−1�(KF (x0))�0F(x0)

+
∫ 1

0
F ′′(x0 + t (z0 − x0))(z0 − x0)

2(1 − t)dt. (3.7)

Then we can obtain

‖F(z0)‖ � 1

2
Mη2

0

[
1 + a0 + 2aθ−1

0 χ(a0)
]
+ 1

2
M‖z0 − x0‖2. (3.8)

Consequently, we have

‖x1 − x0‖ � ‖x1 − z0‖ + ‖z0 − x0‖ � p(a0)‖�0F(x0)‖ � p(a0)η0, (3.9)

which shows that x1 ∈ B(x0, Rη) because of the assumption d0 < 1/h(a0) < 1.
Since a0 < s and p(a0) < p(s), we obtain

‖I − �0F
′(x1)‖ � ‖�0‖‖F ′(x0)− F ′(x1)‖ � Mβ0‖x1 − x0‖ � a0p(a0) < 1.
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By the Banach lemma, we have that �1 = [F ′(x1)]−1 exists and

‖�1‖ � ‖�0‖
1 − ‖�0‖‖F ′(x0)− F ′(x1)‖

� ‖�0‖
1 − a0p(a0)

‖ = h(a0)‖�0‖ � h(a0)β0 = β1. (3.10)

So y1, v1 are well defined. Using the results in [15]

F(zn) = 1

2
(F ′′(vn)− F ′′(xn))�nF (xn)KF(xn)(yn − xn)

+F ′′(vn)�nF (xn)KF(xn)
θ−1�(KF(xn))(yn − xn)

−F ′′(xn)�nF (xn)

[
1

2
KF(xn)

2 +KF(xn)
θ�(KF(xn))

]
(yn − xn)

−1

6

∫ 1

0

[
F ′′′

(
xn + 1

3
t (yn − xn)

)
− F ′′′(xn)

]
(yn − xn)dt (yn − xn)

2

+ 1

2

∫ 1

0

[
F ′′′(xn + t (yn − xn))− F ′′′(xn)

]
(yn − xn)

3(1 − t)2dt

+
∫ 1

0
F ′′(yn + t (zn − yn))(zn − yn)

2(1 − t)dt

+
∫ 1

0
F ′′′(xn + t (yn − xn))(yn − xn)

2(1 − t)dt (zn − yn), (3.11)

we have

‖F(z0)‖�
[
Maθ−1

0 χ(a0)η0+Ma2
0η0

[
1

2
+aθ−2

0 χ(a0)

]
+M

2
[g(a0)− 1]2η0

]
‖�0F(x0)‖

+
[
N

6
a0η

2
0+

N

2
[g(a0)−1]η2

0+
(

1

6
J1+ 1

2
J2

)
ω(η0)η

2
0

]
‖�0F(x0)‖, (3.12)

where J1 = ∫ 1
0 φ( t3 )dt, J2 = ∫ 1

0 φ(t)(1 − t )2dt. Therefore

‖x1 − z0‖ �
[
1 + a0g(a0)+ |δ|(a0g(a0))

2]β0‖F(z0)‖
�

[
1 + a0g(a0)+ |δ|(a0g(a0))

2]ψ(a0, b0, c0)‖�0F(x0)‖
�

[
1 + a0g(a0)+ |δ|(a0g(a0))

2]ψ(a0, b0, c0)η0. (3.13)

From Lemma 1, we can obtain

‖F(x1)‖ � 1

3
g(a0)Nη2

0β0‖F(z0)‖ + |δ|g(a0)
2a0Mη0β0‖F(z0)‖

+ 1

2
g(a0)

2Nη2
0β0‖F(z0)‖ + g(a0)

2a0Mη0β0‖F(z0)‖

+ |δ|g(a0)
3a2

0Mη0β0‖F(z0)‖ + 1

2
M‖x1 − z0‖2. (3.14)

From (3.10) and (3.14), we have

‖y1 − x1‖ = ‖�1F(x1)‖ � ‖�1‖‖F(x1)‖
� h(a0)ϕ(a0, b0, c0)‖�0F(x0)‖
� h(a0)ϕ(a0, b0, c0)η0 = d0η0 = η1. (3.15)
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Since p(a0) > 1, we obtain

‖y1 − x0‖ � ‖y1 − x1‖ + ‖x1 − x0‖
� (p(a0)+ d0)η0

< p(a0)(1 + d0)η < Rη, (3.16)

‖v1 − x0‖ � ‖x1 − x0‖ + ‖1

3
(y1 − x1)‖

< (p(a0)+ d0)η0 < Rη, (3.17)

which implies y1, v1 ∈ B(x0, Rη).
Besides, we have

M‖�1‖‖�1F(x1)‖ � h(a0)d0a0 = a1, (3.18)

N‖�1‖‖�1F(x1)‖2 � h(a0)d
2
0b0 = b1, (3.19)

‖�1‖‖�1F(x1)‖2w(‖�1F(x1)‖) � β1η
2
1w(η1) = c1. (3.20)

Using the induction, we can obtain the following items:

(I) There exists �n = [F ′(xn)]−1 and ‖�n‖ � h(an−1)‖�n−1‖ � h(an−1)βn−1 = βn,
(II) ‖�nF(xn)‖ � h(an−1)ϕ(an−1, bn−1, cn−1)‖�n−1F(xn−1)‖ � dn−1ηn−1 = ηn,

(III) M‖�n‖‖�nF(xn)‖ � an,
(IV) N‖�n‖‖�nF(xn)‖2 � bn,
(V) ‖�n‖‖�nF(xn)‖2w(‖�nF(xn)‖) � cn,

(VI) ‖zn − xn‖ � g(an)‖�nF(xn)‖ � g(an)ηn,
(VII) ‖xn+1 − xn‖ � p(an)‖�nF(xn)‖ � p(an)ηn.

Lemma 5 Let the assumptions of Lemma 3 and the conditions (C1)–(C6) hold, then ‖vn−x0‖ �
Rη, ‖zn − x0‖ � Rη, ‖xn+1 − x0‖ � Rη, where R = p(a0)

1−d0
.

Proof By (II), (VI) and (VII), we obtain

‖vn − x0‖ � ‖vn − xn‖ + ‖xn − x0‖ �
∥∥∥∥1

3
�nF(xn)

∥∥∥∥ +
n−1∑
i=0

‖xi+1 − xi‖

� ηn +
n−1∑
i=0

p(ai)ηi � p(a0)

n∑
i=0

ηi (3.21)

‖zn − x0‖ � ‖zn − xn‖ + ‖xn − x0‖ � g(an)ηn +
n−1∑
i=0

‖xi+1 − xi‖

� p(an)ηn +
n−1∑
i=0

p(ai)ηi � p(a0)

n∑
i=0

ηi (3.22)
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and

‖xn+1 − x0‖ �
n∑

i=0

‖xi+1 − xi‖

�
n∑

i=0

p(ai)ηi � p(a0)

n∑
i=0

ηi

= p(a0)

n∑
i=0

η

⎛
⎝i−1∏

j=0

dj

⎞
⎠ . (3.23)

Let γ = h(a0)d0 and λ = 1/h(a0); then we have a1 = γ a0, b1 = h(a0)d
2
0b0 < γ 2b0,

c1 � h(a0)d
2
0φ(d0)c0 < γ 2c0, by Lemma 4, we have that

d1 < h(γ a0)ϕ(γ a0, γ
2b0, γ

2c0) < γ 4d0 = γ 51−1d0 = λγ 51
.

Suppose dk � λγ 5k , k � 1. Then by Lemma 3, we have ak+1 < ak and h(ak)dk < 1.
Consequently, we obtain

dk+1 < h(ak)ϕ(h(ak)dkak, h(ak)d
2
k bk, h(ak)d

2
k φ(dk)ck)

< h(ak)ϕ(h(ak)dkak, h(ak)
2d2

k bk, h(ak)
2d2

k ck)

< h(ak)
4d5

k < λγ 5k+1
. (3.24)

This yields that dj � λγ 5j , j � 0. Thus from (3.23) and (3.24), we have

‖xn+1 − x0‖ � p(a0)

n∑
i=0

η

⎛
⎝i−1∏

j=0

λγ 5j

⎞
⎠

= p(a0)η

n∑
i=0

λiγ
5i−1

4

� p(a0)η
1 − λn+1γ

5n+3
4

1 − d0
< Rη. (3.25)

Similarly, ‖vn − x0‖ � Rη and ‖zn − x0‖ � Rη.

Lemma 6 Let R = p(a0)
1−d0

. If a0 < s and h(a0)d0 < 1, then R < 1/a0.

4 Semilocal convergence

4.1 Convergence theorem

Next we prove the following theorem to show the existence and uniqueness of the
solution.

Theorem 1 Let X and Y be two Banach spaces, the nonlinear operator F : � ⊆ X → Y be
three times Fréchet differentiable in a non-empty open convex subset �. Assume that x0 ∈ �
and all conditions (C1)–(C6) hold. Let a0 = Mβη, b0 = Nβη2, c0 = βη2ω(η) and d0 =
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h(a0)ϕ(a0, b0, c0) satisfy a0 < s and h(a0)d0 < 1, where s is the smallest positive root of
the equation p(t)t − 1 = 0 and p, h, ϕ are defined by (2.7)–(2.9). Let B(x0, Rη) ⊆ � where
R = p(a0)

1−d0
, then starting from x0, the sequence {xn} generated by the methods (1.9) converges

to a solution x∗ of F(x) = 0 with xn, x
∗ belong to B(x0, Rη) and x∗ is the unique solution of

F(x) = 0 in B(x0,
2

Mβ
− Rη)

⋂
�.

Furthermore, a priori error estimate is given by

‖xn − x∗‖ � p(a0)ηλ
nγ

5n−1
4

1

1 − λγ 5n
, (4.1)

where γ = h(a0)d0 and λ = 1/h(a0).

Proof Lemma 5 shows that the sequence {xn} is well-defined in B(x0, Rη). Now we prove that
{xn} is a Cauchy sequence. Note that

‖xn+m − xn‖ �
n+m−1∑
i=n

‖xi+1 − xi‖

� p(a0)

n+m−1∑
i=n

ηi

� p(a0)ηλ
nγ

5n−1
4

1 − λmγ
5n(5m−1+3)

4

1 − λγ 5n
. (4.2)

This shows that there exists a x∗ such that limn→∞ xn = x∗.

Letting n = 0,m → ∞ in (4.2), we have

‖ x∗ − x0 ‖� Rη, (4.3)

which shows that x∗ ∈ B(x0, Rη).
From Lemma 1, we can obtain

‖F(xn+1)‖ �
[

1

3
g(a0)Nη2

n + |δ|g(a0)
2a0Mηn + 1

2
g(a0)

2Nη2
n

]
ψ(a0, b0, c0)ηn

+[g(a0)
2a0Mηn + |δ|g(a0)

3a2
0Mηn]ψ(a0, b0, c0)ηn

+1

2
M[1 + a0g(a0)+ |δ|(a0g(a0))

2]2ψ(a0, b0, c0)
2η2

n. (4.4)

Let n → ∞ in (4.4), then we obtain ‖F(xn)‖ → 0 since ηn → 0. Notice that F(x) is
continuous in �, then we have F(x∗) = 0.

Now we prove the uniqueness of x∗ in B(x0,
2

Mβ
− Rη)

⋂
�. From Lemma 6, we

can obtain

2

Mβ
− Rη =

(
2

a0
− R

)
η >

1

a0
η > Rη,

and then B(x0, Rη) ⊆ B(x0,
2

Mβ
− Rη)

⋂
�, so x∗ ∈ B(x0,

2
Mβ

− Rη)
⋂

�.
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Let x∗∗ be another root of F(x) = 0 in B(x0,
2

Mβ
−Rη)

⋂
�. By Taylor theorem, we

have

0 = F(x∗∗)− F(x∗) =
∫ 1

0
F ′((1 − t )x∗ + tx∗∗)dt (x∗∗ − x∗). (4.5)

Since

‖�0‖
∥∥∥∥∥
∫ 1

0
[F ′((1 − t )x∗ + tx∗∗)− F ′(x0)]dt

∥∥∥∥∥
� Mβ

∫ 1

0
[(1 − t )‖x∗ − x0‖ + t‖x∗∗ − x0‖]dt

<
Mβ

2

[
Rη + 2

Mβ
− Rη

]
= 1. (4.6)

by the Banach lemma, we have that
∫ 1

0 F ′((1 − t )x∗ + tx∗∗)dt is invertible and hence
x∗∗ = x∗.

Finally, letting m → ∞ in (4.2), we can get (4.1).

4.2 R-order of convergence

Now we analyze the R-order of convergence of methods (1.9) under the condition
that F ′′′(x) is Hölder continuous; that is, ω(s) = Lsq and φ(t) = t q , q ∈ [0, 1]. Let
γ = h(a0)d0 and λ = 1/h(a0), then we can get the following lemma.

Lemma 7 Under the assumptions of Lemma 3, let γ = h(a0)d0 and λ = 1/h(a0), then we have

dn � λγ (5+q)n , n � 0, (4.7)

n∏
i=0

di � λn+1γ
(5+q)n+1−1

4+q , (4.8)

ηn � ηλnγ
(5+q)n−1

4+q , n � 0, (4.9)

n+m∑
i=n

ηi � ηλnγ
(5+q)n−1
(4+q)

1 − λm+1γ
(5+q)n((5+q)m+4)

4+q

1 − λγ (5+q)n
, n � 0, m � 1. (4.10)

Furthermore, we can derive a priori error estimate

‖xn − x∗‖ � p(a0)η

γ 1/(4+q)(1 − d0)
(γ 1/(4+q))(5+q)n . (4.11)

This shows that for the case of Hölder continuity of F ′′′, the R-order of convergence
of methods (1.9) is at least 5 + q, and especially when F ′′′ is Lipschitz continuous,
the R-order of convergence becomes six.

Remark For the mixed condition (1.7)

‖F ′′′(x)− F ′′′(y)‖ �
m∑
i=1

Li‖x − y‖qi , Li � 0, qi ∈ [0, 1], ∀x, y ∈ �,
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taking ω(s) = ∑m
i=1(Lis

qi ), then that ω(ts) = ∑m
i=1(Li t

qi sqi ). Since t ∈ [0, 1], qi ∈ [0, 1],
we have that φ(t) = t q , where q = min{q1, q2, . . . , qm}.

5 Numerical results

Now we consider a non-linear integral equation of mixed Hammerstein type, which
has been used in reference [5]. This equation is given by

x(s) = 1 + 1

3

∫ 1

0
G(s, t)

(
x(t)10/3 + x(t)4

)
dt, s ∈ [0, 1], (5.1)

where x ∈ C[0, 1], t ∈ [0, 1] and G is the Green function

G(s, t) =
{
(1 − s)t, t � s,

s(1 − t ), s � t .

In order to find the solution of (5.1), we need to solve the equation F(x) = 0, where
F : � ⊆ C[0, 1] → C[0, 1],

[F(x)](s) = x(s)− 1 − 1

3

∫ 1

0
G(s, t)

(
x(t)10/3 + x(t)4

)
dt, s ∈ [0, 1]. (5.2)

Here, we take � = B(0, 3/2). The Fréchet derivatives of F are given by

F ′(x)y(s) = y(s)− 1

3

∫ 1

0
G(s, t)

(
10

3
x(t)7/3 + 4x(t)3

)
y(t)dt, y ∈ �,

F ′′(x)yz(s) = −1

3

∫ 1

0
G(s, t)

(
70

9
x(t)4/3 + 12x(t)2

)
y(t)z(t)dt, y, z ∈ �,

F ′′′(x)yzu(s) = −1

3

∫ 1

0
G(s, t)

(
280

27
x(t)1/3 + 24x(t)

)
y(t)z(t)u(t)dt, y, z, u ∈ �.

Notice that F ′′′ is neither Lipschitz continuous nor Hölder continuous, but the
operator F can satisfy the conditions of Theorem 1. Actually, we can define

ω(μ) = 35

81
μ

1
3 + μ,

and
φ(t) = t

1
3 .

Apparently, the functions ω(μ) and φ(t) given above satisfy the assumptions (C5) and
(C6). Taking the constant function x0(t) = 1 as the initial approximate solution, and
furthermore, we choose �(KF(xn)) = 0, δ = 1, then we have that

‖F(x0)‖ = 1

12
,

‖�0‖ � 1.44 ≡ β,

‖�0F(x0)‖ � 0.12 ≡ η,

‖F ′′(x)‖ � 1.68145831 · · · ≡ M,

‖F ′′′(x)‖ � 1.99462961 · · · ≡ N.
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Here, we use the max norm. Moreover, we compute

a0 � 0.2906,

Since p(a0)a0 � 0.5121 < 1, we have that a0 < s, where s is the smallest positive root
of the equation p(t)t − 1 = 0. Furthermore, we compute

h(a0)d0 � 0.0342 < 1.

So the conditions of Theorem 1 are satisfied. Moreover, we obtain that the solution
x∗ belongs to B(x0, Rη) = B(1, 0.215 · · · ) ⊂ � and it is unique in B(1, 0.611 · · · )⋂�.
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