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Abstract In this paper, we propose an interesting method for approximating
the solution of a two dimensional second kind equation with a smooth kernel
using a bivariate quadratic spline quasi-interpolant (abbr. QI) defined on
a uniform criss-cross triangulation of a bounded rectangle. We study the
approximation errors of this method together with its Sloan’s iterated version
and we illustrate the theoretical results by some numerical examples.
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1 Introdution

Let us consider the linear equation
u—Ku=Z-Ku=f, (1)

where K is a compact linear operator on the Banach space A and f e X
The operator (Z — K) is assumed to be invertible, so that the equation has a
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unique solution u € X for any given f € X. Let K be the integral compact
linear operator defined by

Ku(s) := / k(s, Hu(dt, se Q=1[0,1]x [0, 1],
Q

where, in this case, X := C(R2) and the kernel k € C(Q?). A standard technique
to solve (1) approximately is to replace K by a finite rank operator. The ap-
proximate solution of (1) is then obtained by solving a system of equations. The
Galerkin, Nystrom and degenerate kernel methods are the commonly used
methods for this purpose. They have been extensively studied in the literature
(see [3, 4]). Recently, Kulkarni introduced in [7] an efficient method for the
approximate solution of integral equations defined on polygonal regions, that
consists in approximating K by the finite rank operator

P+ KPy — PuKP,

where P, is a sequence of projectors converging to the identity operator

pointwise. Let Q, be the bivariate quadratic spline QI introduced in [§]

and defined on the uniform criss-cross triangulation of the domain Q with
1

meshlength 4 = 7. In this paper, we propose to approximate K by one of the

two following finite rank operators
Kni=QuK+Kpi— Qupni, i=12, (2)

where C,, | is the degenerate kernel operator obtained by approximating the
kernel k(s, t) by Q, with respect to the variable ¢, and K, » is the Nystrom
operator based on Q,,. It was established that if the kernel is suitably smooth,
then the order of convergence of the method is O(h’) and that of its iterated
version is O(h®). The methods proposed here are similar to the Kulkarni’s
methods, but they are easier to implement and faster. They have been already
introduced in [1] and [2] for eigenvalue problems and one dimensional integral
equations respectively and they can be also extended to integral equations
defined on a polygonal region in R? using a piecewise polynomial interpolation
as in [7]. This issue will be studied in a subsequent paper.

The paper has been arranged in the following way. In Section 2, we give the
definition and the main properties of the spline QI Q,,. In Section 3, we define
collocation methods based on Q,, and we discuss the system of linear equations
which needs to be solved to obtain the approximate solution. In Section 4
we analyze the convergence of these methods and their iterated versions.
A discrete version of the proposed method is also defined. A numerical
validation is given in Section 6.
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2 Bivariate quadratic spline quasi-interpolant on a bounded domain

We recall the following notations from [8]. Let 7,,, be a criss-cross triangula-
tion of Q2 based on the two partitions

Xy = {x;, 0<i<m} and ), :={y;, 0<j<n}

respectively of the segment I = [0, 1] = [xg, x,u] = [Vo, yn], (see Fig. 1).
For 1<i<m and 1< jfl’l we set h;=x; — x;i_1, k]'=yj—yj_1, I; =
[xio1, xil, J;=1[yj-1, y;], si = 3(xi1 +x;) and ;= 1(y;-1 + yj). Moreover,
S0 = X0, Sm+1 = Xm, L0 = Y0, Int1 = Yn-
We use the following notations
h; , hi_y

oj=——, 0/ =——=1-0,
T hi + hy hi_1 + h; l

oK ki
/ kj_1+kj’ ] kj_1+kj P

for 1 <i <mand 1 < j < n with the convention hy = h;,11 = ko = k41 =0,

P U~ N2
9701 hi—1 / _ailoy)
aj=———"—"—, bi=1+40i0;,, ci=——""—,

0,~+ai+1 Ui+0,-+1
2.1 (! 2
_ TiTim1 - ;- Ti(Tjp)
aj=——"—— bij=l+r11,,, ¢j=———"7—,
T+ 1) * T+ 7]
/ J+1 J j+1

for (i, j) € A, where A, ={(, ) :0<i<m+1, 0 < j<n+ 1}. The data
sites are the mn intersection points of diagonals in the subrectangles Q;; = I; x
J, the 2(m + n) midpoints of the subintervals on the four edges, and the four
vertices of €2, i.e. the (m + 2)(n + 2) points of the following set

Dy = {Mij = (si, tj)v (@ j) € Amn}-

Fig. 1 Triangulation 7, of A
Q=10,1]x [0, 1] y Q
Y =T
yn—1
y1
Yo >
Xo =0 X1 Xn—1 x =1 X
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The simplest QI is the bivariate Schoenberg—Marsden operator given by
Sf:= Z J(M;)) B 3)
(iﬂj)eAH‘Wl
where
an = {Bijv (lv ]) € -Amn}

is the collection of (m + 2)(n + 2) B-splines with multiple knots (or generalized
box-splines) generating the space S»(7,,,) of all C! piecewise quadratic func-
tions on the criss-cross triangulation 7, associated with the partition &;,, x ),
of the domain Q (see Fig. 2). The BB-coefficients of these B-splines can be
found in the technical reports [9] and [10].

It is well known that S is exact on bilinear polynomials, i.e.

Ses =e5 for 0<r,s<1, where ex(x,y) =x"y.

The QI used here is the following spline operator exact on the space I1, of
polynomials of total degree 2 and defined in [8] by

Qf = Z wii( ) Bijs
(@, )€ Amn
where the coefficient functionals j;;( f) are given by
wig(f) = (bi+ b= 1) f(My) +ai f(Mic1 ) + ¢ f (Min,)
+ajf(M; i) +c;f(M;jt1).

.
=
SO

S
50

2SN S 77 N
LN ZRN 00N
PN SEOONN 0
R - D450

BN

Fig. 2 Some box-splines with multiple knots on the uniform triangulation
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In terms of the quasi-Lagrange functions defined by
Li=(bi+b;—D)Byj+aiBijyj+ci1Biyj+ajBijy +¢1Bijoi,
Q can be written in the form

Qf = Z f(M;)) Li; (4)

(@, )€Amn

which is more convenient. For the norms of the derivatives, we set

ID* fllo = max{| D* fl s lel =k}, k=1,
where
[D® flyo.q = max{| DY f(M)| ., ; M € 2}
and
glel
D =D = _—— with |a|=0a; +a.
0% x9%2y

Note that throughout this paper C;, C;, C3 and C; denote generic positive
constants, which may take different values at their different occurrences, but
will be independent on 7.

Theorem 1 For f € C(2), we have the following error estimate

If—=Qflla < Cio(f, A), ®)
and for f € C}(Q), we have

1= Qflle = gD il (6)

where A =max{h;, kj; 1 <i<m, 1< j<n}and o(f, A) is the modulus of
continuity of f.

Proof See [11]. ]

For a uniform partition of Q (n = m, h; = k; = h), we obtain
(l():é():C():E():O, bo:l;():l
Apil = py1 = Cpgp1 =Cpp1 =0, bypy = b_n+l =1

(l]:é]:Cn:En:——

_ _ 3
bi=bi=by=by=7
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andfor2 <i<n-—1

_ _ 1 — 5
4G =0a;=¢=0C=—gq bi:biZZ.

In this case, A,,, and Q will be denoted by A, and O, respectively. Let M, ;
and C;; be respectively the center and the midpoint of the horizontal edge
A;_y jA;;andlet D; ; be the midpoint of the vertical edge A; ;_; A; j, see Fig. 3.
Using Taylor expansions of f at the points

{Mjj, 4<i<n—-1,4<j<n—-1}, {Aj 2<i<n—-2,2<j<n-2}
and
{Cj,2<i<n-2,4<j<n-1}, [Dj4<i<n-1 2=<j<n-12}

we obtain the superconvergence results

h4
(f = Qu H (M) = 6—4(D4°f +2D% + D™ f)(My) + O(h),

4
(f = Qu(Ay) = T (D f +2D2 4 3D% (Ag) + OG),

4
(f — QuN(Cyj) = %SQDO“f +2D* +3D" f)(Cyj) + O(h),

h4
(f = Quf)(Dip) = ﬁoDO“f +2D% 42D f)y(Dip) + OK). (7

Theorem 2 Let g be a dif ferentiable function with bounded derivatives and f €
C*(Q), then we have

E(fg) = /Q(f — Q. < Gk (ID* flla + 1D* Flia) . ()

where C, is a positive constant independent on n.

Fig. 3 A square of the
uniform criss-cross
triangulation

A1 Cijo1 Ajjg
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Proof Let L f be the local Lagrange interpolant of f and denote by {P,, 1 <
r < 8} the eight interpolation points defining L f, say the vertices and the
midpoints of the edges of the subsquare Q;; = I; x I}, see Fig. 4. L f can be
written as

8
Lf=) [P,

r=1

where the basis functions ¢; satisfy ¢;(P;) = §;;. We write

f_anzf_£f+£f_Qnﬁ

then
S(ﬁg)=/Q(f—£f)g+/g(£f—an)g- 9)
We have
n+l n+1
[er-ane=3 [ «r-a.ns=3Y 1 (10)
Q i, j=0 Y i i, j=0

According to [5] and using the results of superconvergence given by (7), we
obtainfor2 <i<mn—1land2<j<n-1

3hn*
I£f = Quflle, <3 max [(f = QuNH(P)l = T=IID* flla + O),

and therefore

3h°
iy = lgla [ 1£f - Quf1 = G ID* gl (1)
o
Fig. 4 Lagrange interpolation P Js) P
points 1 2 3
‘p4| |P5
E b, E,
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Fori=0,1,n,n+1and0 < j<n+ 1, we have

3n°
I = ||g||sz/ ILf—Qnfl =< ?||D3f||9||g||9 (12)
and similarly

3h°
I; < ?uDanQngng. (13)

Now by combining (11)—(13) with (10), we obtain

3
fgw ~QuNg<ht (3 1D°fla+ 5 | D“fHQ> lgle- (14)

Put A, = fQ £, It is easy to show that Ay = A3 =As =Ag=—l and A, = Ay =
As = A7 = 4, then using the symmetries of the interpolation points {P,, 1 <r <
8} in the square Q and the symmetries of the quadrature weights A,, we can
show that

/Q (f— L g =Ch | D], (15)

Then (8) follows by combining (14) and (15). ]

3 Collocation methods

Let us define the following degenerate kernel

Quk(s,.) =kn(s,0) = Y k(s, My)Lo(), with o= (i, j).
acA,

Then, the associated degenerate kernel operator is given by
K1) (s) := f ku(s, Du(t)dt. (16)
Q

On the other hand, the Nystrom operator based on Q,, is defined by

Kna(@)(s) := Y wak(s, My)u(M,), (17)
aeA,
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where the quadrature weights w, := fQ Ly, o € A,, are given in the following
table [6]

j/i \ 0 1 2 3 n—-2 n—1 n n+l
0 1 7 1 1 1 1 7 1
12 36 9 9 9 9 36 12
) 7 2 8 7 7 8 2 7
36 3 9 8 8 9 3 36
5 1 8 37 73 73 37 8 1
9 9 36 72 72 36 9 9
1
S R A E B A A
9 8 72 72 8 9
1 7 73 73 7 1
n—2 — — — 1 o 1 — — —
9 8 712 72 8 9
ne1 1 8 37 73 73 37 8 1
9 9 36 72 72 36 9 9
7 2 8 7 7 8 2 7
" 3% 3 9 8 8 9 3 36
1 7 1 1 1 1 7 1
n+l | —— — - = — - = =
12 36 9 9 9 9 36 12
We approximate
ZT-Ku=f
by
Upi — (QnK: + Kn,i - Qn’cn,i)un,i = f’ i= 1, 2, (18)
that is,
(I - Icn)un,i = ﬁ
and the iterated solution is defined by
ﬂn,i = K”n,i + f (19)

In the next subsection, we consider the reduction of (18) to a system of linear
equations and we give some details on the numerical implementation and the
computational cost of the proposed method. Let first consider the following
notations:

let a, b and b be the vectors with components

ag :=Kf(Mg), bg:=(f Lg), and bg:= f(Mp),
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and A, B, B, C, C, D, D, E the matrices with respective entries
Aa,ﬁ = Zﬂ(Ma), Ba,ﬂ = Eﬂ(Ma), Ea,ﬂ = wﬁ%ﬁ(Ma), Ca,ﬂ = <La, Lﬂ),

Coz,ﬁ = L/S(Mot)a Da,ﬁ = kZ(M(X)’ Ea,ﬁ = wﬁk;;(Ma) Eot.ﬂ = (Eﬁy L)
where kg = k(., Mp), kg = Kkg and Zﬁ = KLg.
3.1 Approximate solution for the operator C, |

Theorem 3 The approximate solution of (1) is given by

uny=f+ Y XaLo+ Y Yk (20)
acA, BeA,

where Z = [X Y17 is the solution of the following linear system of size N =
2(n+2)?

(I-FZ=c (21)

F:=|:‘2,D;7B:| and c¢:= [Z]

with

Proof Let

W, =/k(Ma,t)u(t)dt and Yy =/ Lg(Hu(t)dt.
Q Q
We obtain successively

QKu= "y W,L,. (22)
aeA,

Kniuw= Y Ygk(., Mp).
BeA,

Then

Qulniu= Y | > Ypk(M,, Mﬂ)) Le.

acA, \BeA,

By introducing the previous formulas in (18) with i = 1, the approximate
solution can be written as

uny = f+ Y XaLa+ Y Ypkg (23)
acA, ﬁEAn

with X = Wy — > 44, Ysk(Mo, Mg) and the iterated solution is given by

Ui =f+Kf+ Y XeLo+ Y Yk
acA, BeA,
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The coefficients X,, and Yz are obtained by substituting u,, ; from (23) in (18).
Then, we have successively

Qn’cun,l = Z Icun,l(Ma)La
acA,

=> (/Cf(Ma)+ Y X Lu(My)+ Y Yki(M,) | L.

acA, HEA, veA,
Knittn = Z %ﬁ/ Lg(Ou, (Hdt = Z kp(tn, Lp)

peA, U8 BeA,

=D (AL + Y XulLus L) + Y Yulks, Lg) | kg,
BeA, neA, veA,

QnICn,lun,l = Z ’Cn.lun,l(Moz)La

aeA,

= Z Z (fa Lﬁ> + Z XM<LM’ Lﬁ)
(J(E.A" ﬁE.An MEAH

+ Y Yk, Lﬁ)) @(M@) L.

veA,
By identifying the coefficients of L, and kg respectively in (18), we get

Xo=Kf(Ma)+ Y XuLu(Mo)+ > Yyl (My)
neA, veA,

— Y AL+ D0 XulLy, Lg) + Y Yitky, L) | kp(My),

BeA, neA, veA,

Yg=(fLg)+ Y Xu(Lyu Lg)+ Y Yi(ky. Lp).
neA, veA,

Then, we have
X=a+AX+ DY —-Bb+CX+ EY),
Y=b+CX+EY. (24)
Replacing Y by its value in (24), we get
X=a+AX+ (D - B)Y,
Y=b+CX+ LY,

which completes the proof. O
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Remark 1 In practice, the following integrals need to be evaluated numerically
ag =K f(Mp) = /Qk(Mﬁ, s) f(s)ds,
byi= U La) = | Lo(o) )
Aup = Tyt = KLy(M,) = /Q K(M,., 5) Ly(s)ds,
Dy p = kjy(My) = Kkg(My) = /Q k(My, $)k(s, Mg)ds,

Eop = (kg, Ly) = f k(s, Mg) Ly (s)dt.
Q

For this purpose, we define in Section 5 a discrete version of the proposed
method. Since L, and Lg for «, 8 € A,, are functions having small supports
on Q and are piecewise polynomials, the integrals

f L,(t)LgHdt, «a,B €A,
Q

appearing in the matrix C can be evaluated exactly.

3.2 Approximate solution for the operator I, »

Theorem 4 The approximate solution of (1) is given by

Uy = f+ Z XaLa + Z w‘gY‘gEﬁ, (25)
acA, peA,

where Z = [X Y17 is the solution of the following linear system of size N =
2(n +2)?

(I-FZ=¢ (26)

with

Proof From (22) and (17), we get

Quku =" WalL,

acA,

and

’quzu = Z wﬂk(., M,g)u(Mﬁ) = Z wﬁYﬁk(., M/g)
BeA, BeA,
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Then

Qulnau= Y| > wpYpk(My, Mp) | L.
acA, \BeA,

By introducing the previous formulas in (18) with i =2, the approximate
solution can be written as

Upo = f+ Z XoLy + Z wﬁYﬁEﬂa (27)
a€eA, BeA,

with X, =W, — ZﬂEAn wgYpk(My, Mg). Then, the iterated solution is
given by

Upo=f+Kf+ Y XoLa+ Y wpYpk.
acA, BeA,

The coefficients X,, and Yz are obtained by substituting u,, , from (27) in (18).
Then, we have successively

Qn’cun,Z = Z ’Cun,Z(M(x)L(x
acA,

DoKFM) + D] X LM + Y w Yok (M) | La,

acA, neA, veA,
Koty = Z wgkg, o (Mg)
BeA,

= > wp | FMp)+ Y XuLu(Mp)+ > w, Y,k (Mp) | k.

BeA, neA, veA,
Qn’cn,zunl = Z ICn,Zun,Z(Ma)La
acA,
= Z Z wg | f(Mp) + Z XuLyu(Mp)
acA, \BeA, HeA,

+ Z vava(Mﬁ) Eﬂ(Ma) L.
veA,
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By identifying the coefficients of L, and kg respectively in (18), we obtain

Xy =KfMa) + Y XuLy(Mo) + Y w, Yoki(My)
neA, veA,

BeA, neA, veA,

- Z wg (f(Mﬂ) + Z XML[L(Mﬂ) + Z quv%v(Mﬂ)) Eﬂ(Ma)a

Yp=f(Mp)+ Y XuLu(Mp)+ Y w,Yyky(Mp).
neA, veA,

Then, we have
X=a+AX+ DY —-C(b + BX +CY), (28)
Y =b+BX+CY.
Replacing Y by its value in (28), we get
X=a+AX+ (D -0,
Y=b+BX +CY,

which completes the proof. O
3.3 Comparison with Kulkarni’s method

In the Kulkarni’s method, the operator K is replaced by the finite rank
operator

inc + ’CQn - QnICQm

Then, by proceeding as before, we can show that the matrix of the linear system
that will be solved to obtain the approximate solution is given by

et 29)

where S is the matrix with entries

&ﬁ:K%ﬂM@:KIMMng/%maﬁm@nqmmm
QJQ

A comparison of (29) with (21) and (26) shows that the matrices in the
present methods are simpler since there are only double integrals to evaluate.
The approximate solution corresponding to the Kulkarni’s method have the
following expression

un=f+ Y XaLo+ Y YyLg. (30)
acA, peA,

It can be seen that the solutions given by (20) and (25) are simpler to obtain
since one has just to evaluate the functions kg instead of the double integrals
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Z,g = K Lg. For completeness, we give in Section 5 the computational costs of
the the discrete versions of Kulkarni’s and the proposed methods. In the next
section, we precise the convergence orders of our method for both operators
IC,M and K:nqz.

4 Orders of convergence

In this section, we prove that, under certain conditions, i, ; converges to u
faster than u, ;. The error estimates for u, ; and i, ;, i = 1, 2 can be summarized
as follows.

Theorem 5 For all integer n large enough and i = 1, 2,
lu —upille < CilI(Z — Qu)(K = Ky ulle (31)

and

lu = nille < 1T =K~ ||9<||’C(Z — Q) (K = Kpulle

+IKZ — QK = Kydllallu — un,i”Q) (32)
where C| is a constant independent on n.

Proof Since
I = Kulle=1Z - QK - K,)llg — 0, when n— oco.

for all n large, (Z — K,) is invertible and [|[(Z — K,) '[lc < C;, with C; a
constant independent on 7.
Fori = 1,2, we have

U=ty =T -K)"' =T -K)"If
=T —-Kn ' (K- Kpu.
Thus
lu—tnile < 1T = Kn) (@ — Qu)(K — Kpdullg
< GIZ = QK = Ky ullga,
which completes the proof of (31). On the other hand we have
u— ;= K(u—up,)
=KUI-K)"K-K)T-K)' f
=T~ K)"'KET — QK — K W + up; — w),

and the estimate (32) follows. a
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Proposition 1 Assume that u is dif ferentiable with bounded derivatives. For
k(.,.) € C3(Q?), we have

IZ — Qu)(K — Kunullg < Csh’ (33)
and for k(.,.) € C*(Q?), we have
IK(Z = Q)(K — Ky Dullg < Csh®. (34)

Proof For a fixed « = («1, @p) such that 0 < |«| = o) + «, < 4, we denote

3 k(x, y,s,1)

dxagyn (x, y,8,0) € Q.

£(x,y,s,1) =

Let (x,y) € Q, we denote £ (s,1) = £(x, y,s,1), (5,1) € Q. Then, for each
(x, y) € Q we have

DUIK = Koy ul(r, ) = / (s, (T — Qu)linp (s, Ddsdt
Q

| DUL(C = K ul|, = (max, 1€ W x,y), )]

< Gh* (| Dkl + | D*kllg) ,
where

o 4
Dok = peemesg = 0K Y,
31 X9 ydussdut’ — "

Hence taking supremum, we obtain
I DK = Ko Dulle < Coh* (1D kllg + 1 D*kllg) - (35)
By the estimate (6) we get
IZ = Q)(K = Kunulle < Ci* I DK — Kl
< CiGH (ID*klle + |1 D*kll2)

which completes the proof of (33) with C3 = C,Cy(|| D*k||q + || D*k| o).
On the other hand we have

KT - Qnu(x,y) = / k(x,v,s, )T — Qnu(s, t)dsdt.
Q

Then, by (8) we get
1T — Quulllg = max_[E(u, k(x, y, ., .)]
(x,y)eR

< Gh* (IDullq + 1 Dullq) . (36)
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Now, using (35) and (36) we obtain

IK@Z — QK — Kunulle < CRY(ID*[(K = Ky )ullle + DK — Ky )ullle)
<2(C)’h* (I D’kllq + || D*kll o)

which completes the proof of (34) with C; = 2(C,)?(| D3k|lq + || D*k|lq). O

Proposition 2 Foru € C*(Q) and k(.,.) € C*(Q?*) we have

I(Z — Q) (K — Kup)ullg < C3h. (37)
Foru € CH(Q) and k(.,.) € C*(2?) we have
IK(Z — QK = Knp)ulla < Cih®. (38)

Proof For a fixed @ = (a1, ap) such that 0 < |¢| = «; + @ < 4, and for a fixed
(x, y) € Q we have

D[(K = Kpp)ul(x, y) = f (Z — Q) U, pu)(s, Hdsdt.
Q

Then,
[ DUI(K = Ky2)ullle = max [E(Lq,yu, 1)]
(x,y)e2

< G (I DL pullle + | D€y ullle)
< Ch* (I D*ullal| D’klle + | D*ullel D*kls)
and consequently
IDIK — Knp)ulle < GR*(| D’ullel D kllq + | Dullell D*kle).  (39)
By the estimate (6) we get
IZ — QK — Knpulle < Cth* | DK — Kp2)ulllg
< CGH (| DPulle)| Dkliq + | D*ullell D*klq)

which completes the proof of (37) with C; = C,Cy(|| Dulq||D3k|lq +
| D*ullql| D*k|l2).
Now, using (34) and (37) we obtain

IK(Z — Q) (K — Kp2ullg < Ch* (| DK — Kup)ulle + DK — Kn2)ullle)
<2(C)*h® (I D’ullol| D*kllg + I D*ullel D*k|l0)

which completes the proof of (38) with C; = 2(Cy)(|| Dullql|D3k|lo+
| D*ullq || D*k|l2). O

Theorem 6 Let u,; and U, i=1,2, be the approximate solutions of (1)
defined by (18) and (19), respectively. In the case of the degenerate kernel
operator we assume that k(.,.) € C*(Q?*) and u is differentiable with bounded
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derivatives, while in the case of the Nystrom operator we assume that k(.,.) €
C*(22) and u € C*(Q). Then we have

lu—tp il = O(h") (40)

and

lt — Ty ille = Oh®). (41)
Proof In the case of the degenerate kernel operator, (40) follows from the
estimate (31) of Theorem 1 and the estimate (33) of Proposition 2. In the case

of the Nystrom operator, we use the estimates (31) and (39) to deduce (40).
Since from (6) we have

ILZ — Q) Kulllq < Ci||D*(Ku) || oh’
< G| D*kllgllulloh’

it follows that

IZ — QoK lle < CilI Dklioh’. (42)

On the other hand, we can easily show that
IZ = QuKnille < Cill D’kllgh?, i=1,2. (43)
We now deduce (41) from (32), (34), (38), (42), (40) and (43). o

Theorem 7 Let u,; and U,;,i=1,2, be the approximate solutions of (1)
defined by (18) and (19), respectively and obtained by using the Schoenberg
operator S, given by (3). In the case of the degenerate kernel operator we assume
that k(., .) € C*(Q?) and u € C(S2), while in the case of the Nystrém operator we
assume that k(., ) € C*(Q?) and u € C*(2). Then we have

It — wyillo = Oh*) (44)
and
lu — T ille = O™). (45)

Proof Since S, is exact on bilinear polynomials we have f— S, f = O(h?)
for f e C*(Q2) which implies that [,(f — S, f)g = O(h?*) with g € C(Q). By
proceeding exactly as for Q,,, in the above theorem, to obtain (44) and (45). O

5 Discrete methods

In the discretized version of the proposed method, the operator K, defined by
(2) is replaced by

’CnD = Qn’cm,Z + (I — Qn)’cn,is l = 1, 2
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where K, ; is the Nystrom operator based on Q,, given by (17)

Km2W)(s) = Z wek(s, My)u(M,), forsome m > n. (40)
acAy,
Let
T - KDuy; = f (47)
and
;= K othy; + f. (48)

Let u,, be the solution of the Nystrom equation (Z — KC;, 2)u,, = f. It is easy to
show that

- |
|t — o = OhY), withh = —.
m

On the other hand, the estimates (36), (37) and (40) are valid when K is
replaced by C,, ». Hence,

lttm — uilo = OH)
and

1
lum = i lle = OG), with h = -~

Theorem 8 Let uP. and uP, i =1,2, be the approximate solutions of (1)

defined by (47) and (48), respectively. Assume that the conditions of Theorem
6 hold, then we have
lu = wlle = Omax{h*, h"})
and
lu — P e = O(max{h*, h}).
Thus, if m > [n7] + 1 (respectively m > n?), then the order of convergence

in (40) (respectively in (41)) is retained. Similarly, for the Schoenberg operator
S, the associated Nystrom operator is given by

Kna)(s) = Y Exk(s, Mo)u(M,), (49)

acA,
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where the quadrature weights &, := [, Ba, « € A, are given in the following
table

jp/lifo 1 2 m—1 m m+1
0 1 1 1 1 1 1
12 4 3 3 4 12
| 1 5 2 2 5 1
4 12 3 3 12 4
1 2 2 1
2 | - 2o =
3 3 3 3
1 2 2 1
m—1| - = 1 =z
3 3 3 3
1 5 2 2 5 1
m — — — — — —
4 12 3 3 12 4
1 1 1 1 1 1
mal| — - - -
12 4 3 3 4 12

In this case, the operator I, is replaced by

KP = SKma+ (T —S)Kps, i=1,2.

Theorem 9 Let ul; and P, i =1,2, be the approximate solutions of (1)
defined by (47) and (48), respectively and obtained by using the Schoenberg
operator S, given by (3). Assume that the conditions of Theorem 7 hold, then
we have

lu — uP, o = O(max{h?, h*})
and

lu — &llo = Omax{h®, h*}).

Thus, in order to retain the orders of convergence of u, ; and i, ;, we need
to choose m > n?.

Now, we look at the number of arithmetic operations used in computing the
approximate solutions u,’fl-, i=1,2, u,? obtained respectively by discretized
collocation and kulkarni’s methods on a point ¢ € . Let n = (n + 2)? and

m = (m+2)%.

e The calculation of each one of the vectors a and b requires approximately
3nm flops.

e The calculation of each one of the matrices A, D, E requires approxi-
mately 3n’m flops, while the calculation of the matrices B, D, S requires
respectively n?, 4n’m, 5n’m? flops.
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e The evaluation of each one of the matrices F, F, H in the linear systems
(21), (26) and (29) with their LU-factorization requires approximately n> +
Zn3 flops
5 .

e The computation of the solution of each one of the linear systems (21),
(26) and (29) requires approximately 2(2n)* flops.

e The final step is the evaluation of u?, (1), u?,(t) and u? (r) which requires
respectively 2n, 3n, n(m + 1) flops.

Thus the total cost in operations in the three methods are given in the
following table

Collocation 1 3m(3n’ +2n) + Z'n’ + 0’ + 2n
Collocation 2 m(7n’ + 3n) + L'n® + 2n% + 3n
Kulkarni’s method|5m?n®> + m(3n® + 5n) + %n3 +n’+2n

where fori = 1,2, Collocation i is our method based on the operator K, ;.

Remark 2 For m >> n, the collocation methods 1 and 2 have respectively
costs of approximately 3m(3n®> + 2n) and m(7n® + 3n) arithmetic operations,
while the Kulkarni’s method has a cost of approximately Sm?n? + m(3n” 4 5n)
which is more expensive.

6 Numerical results
In this section we give the results obtained by the above collocation methods
and their iterated versions using the QlIs Q, and S, in the case of the Nys-

trom operator K, ,. We first consider the following integral equation quoted
from [3]

NZIONGS
u(x,y) — / / cos(xt) cos(ys)u(t, s)dtds = f(x,y), 0<x,y< T
0 0

For illustrative purpose we choose as exact solution u(x, y) = 1 and we define
f accordingly. Numerical results are given in Tables 1, 2, 3 and the computed

Table 1 Collocation and iterated collocation methods using S,

n m N lu—up, o lu—iD, o

4 16 7 1.07(—02) _ 7.87(—03) _

8 64 200 7.97(—04) 3.75 4.55(—04) 411
16 256 648 5.31(—05) 3.91 2.65(—05) 410
32 1024 2312 3.52(—06) 3.91 1.74(—06) 3.92
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Table 2 Collocation method
using 9,

Table 3 Iterated collocation
method using 9,

Fig. 5 Schoenberg
operator S,

Fig. 6 Quadratic
quasi-interpolant Q,

Table 4 Collocation and
iterated collocation methods
using S,

@ Springer

n m N lu—ul) g

4 12 72 4.75(—05) -

8 39 200 3.43(—07) 7.11
16 129 648 2.59(—09) 7.05
32 431 2312 1.93(—11) 7.03
n m N lu—aP,lle

4 16 72 2.87(—05) -

8 64 200 1.18(—07) 7.92
16 256 648 4.81(—10) 7.94
32 1024 2312 1.92(~12) 7.97

N W A~ O

nNO

N /
I “ ”'I:"o

""/m

‘:’:"N/«

'l'h >
“"f/;///\\\\

n m N lu—ub,llq lu -2, e

4 16 72 521(=01) - 8.15(-02) -

8 64 200 3.94(—02) 372 502(-03)  4.02
16 256 648  2.78(—03) 3.82  2.98(—04) 4.07
32 1024 2312 1.83(—04) 393  1.94(-05)  3.94
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Ta.ble 5 Collocation method " m N I —u rlz)Z o

using Q, :
4 12 72 9.70(—05) -
8 39 200 9.03(—07) 6.75
16 129 648 7.88(—09) 6.84
32 431 2312 6.30(—11) 6.97

convergence orders (last column) agree with the theoretical results. The
numerical algorithm was run on a PC with Intel Pentium 2, 26 x 2 GHz CPU,
4GB RAM, and the programs were compiled by using MATLAB.

Figures 5 and 6 show the graphs of the errors obtained by the collocation
methods, based respectively on S, and Q,, and using the Nystrom operator
with n = 4.

As a second example, we consider the following integral equation quoted
from [12]

1 pl
ux, y) — / f k(x,y,s, Hu(t,s)dtds = f(x,y), —1<x,y<1,
—1J-1

where
1 A4+x)0+s) A+y)A+0
k(x,y,s,t) = —exp| — -
4 2 2 2 2
and
e 2V (—1 4 e ) (=1 4 €'Y)
gx,y)=1-

d+x)(14+y)

The true solution of this equation is u(x, y) = 1. The numerical results are
given in Tables 4, 5 and 6 and agree with the theoretical results.

Remark 3 In Tables 1-6, m is the integer that defines the Nystrom operators
given by (46) and (49). In Tables 1, 3, 4 and 6 we have chosen m = n?, while in
Tables 2 and 5 we have taken m = [n%] + 1. On the other hand, N = 2(n + 2)?
is the size of the linear system associated with the collocation method. This
also illustrates a difficulty with problems in more than one variable: the size of
the linear system increases quite rapidly, and for N very large the system must
be solved iteratively (see [3, Chapter 6]).

Table 6 Iterated collocation D

method using O, z mn N lu— 5l
4 16 72 6.18(—05) -
8 64 200 2.74(—07) 7.82
16 256 648 1.11(-09) 7.95
32 1024 2312 4.32(-12) 8.01
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