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Abstract In the framework of multistart and local search algorithms that find
the global minimum of a real function f(x), x € S§ € R", Gaviano et alias
proposed a rule for deciding, as soon as a local minimum has been found,
whether to perform or not a new local minimization. That rule was designed
to minimize the average local computational cost eval;(-) required to move
from the current local minimum to a new one. In this paper the expression of
the cost eval,(-) of the entire process of getting a global minimum is found
and investigated; it is shown that eval,(-) has among its components eval; (-)
and can be only monotonically increasing or decreasing; that is, it exhibits the
same property of eval;(-). Moreover, a counterexample is given that shows
that the optimal values given by eval, (- ) and eval, (- ) might not agree. Further,
computational experiments of a parallel algorithm that uses the above rule are
carried out in a MatLab environment.

Keywords Random search - Global optimization - Parallel computing

1 Introduction
Global optimization problems of the following type

Problem 1.1
find x* € S, suchthat f(x*) < f(x), Vx € S,

M. Gaviano - D. Lera (<)

Dipartimento di Matematica e Informatica,
University of Cagliari, Cagliari, Italy
e-mail: lera@unica.it

@ Springer



614 Numer Algor (2012) 60:613-629

where f: S — Ris a function defined on a set § C R", are often encountered
in the mathematical representation of real-world problems. While there do
exist very efficient algorithms to find a local minimum of the object function
in Problem 1.1, the search of a global minimum can be a very hard problem.
Indeed, Nemirovsky and Yudin [14], and Vavasis [19] have proved, under
suitable assumptions, that the computational complexity of the global opti-
mization problem is exponential.

Numerical techniques for finding solutions to such problems by using paral-
lel schemes have been discussed in the literature (see, e.g., [4, 9, 17, 18, 20].
Many procedures introduced in the literature to solve Problem 1.1 employ
local minimum algorithms; these mostly construct, by starting from a point
Xo, a sequence {x;}, with f(x;) > f(xj+1), that converges to a local minimum
x*. The starting point x, is chosen uniformly at random in S or according to a
probability distribution based on the algorithm running time history. Clearly,
if we start from different points in S, we can expect to find all the local minima
of f(-) and then its global minimum. Researchers have proposed different
strategies for selecting the starting points of the local searches; see the papers
by Boender and Rinnooy Kan [1], Cetin et al. [2], Desai and Patil [3], Hedar
and Fukushima [10] Levy and Montalvo [12], Lucidi and Piccioni [13], Oblow
[15].

The main point to tackle whenever local search strategies are used to find
a global minimum, is to avoid finding the same local minima. One can choose
the starting point x, of a new local search such that the function value f(xo)
is less than the value of the last local minimum found. In such a way the local
searches guarantee that a new local minimum point with function value less
than the previous ones can be found. On the other hand, by proceeding in this
way, we reduce the size of the region that could take us to the global minimum.
That is depicted in Fig. 1.

Fig. 1 Graph of a two local 1.4
minima /; and /; function
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It is clear that the size of the region of points that can take us to [, is far
smaller once we have found /;. If we assume the condition of choosing as a
starting point of a local search a point with function value less than f(/;), it
gets more difficult for the local search to lead to a global minimum.

In [8] an algorithm Glob was proposed that chooses uniformly at random in
S a point xy and then, starting from it, according to an optimal rule a new local
search is or is not carried out. This rule assumes that both the probabilities of
getting any local minimum starting from an arbitrary xo € S and the required
computational costs are known; further, it was derived so that the average
computational cost is minimal. Since usually probabilities and cost are not
known, in the implementation those parameters were approximated along
the minimization process taking into account of the previous computational
history.

In the present paper the properties of the optimal rule proposed in [8]
are investigated. That rule was found by minimizing the computational cost
eval; (-) required to move from the current local minimum to a new one. Here
we consider the computational cost eval, (- ) of the entire process of finding the
global minimum,; it is found that eval, (- ) exhibits the same general features as
eval;(-) and has among its components eval; (- ). Moreover, a counterexample
is given that shows that the optimal values given by eval; (- ) and eval, (- ) cannot
agree.

Further, numerical experiments are realized with the code written in the
Matlab programming language and using the Matlab parallel toolboxes. The
codes are executed on two computers equipped with four and six processors,
respectively; fourteen configurations of the computing resources have been
investigated. To evaluate the algorithm performances the speedup and the
efficiency are reported for each configuration.

2 Preliminaries

In this section we state assumptions and definitions that will be used through-
out the paper; further, we report the results established in [8] to which the new
findings are related. For Problem 1.1 we consider the following assumption.

Assumption 2.1

(i) f() has a finte number m of local minimum points l;, i = 1, ..., m and

fiy > fliv);
(i) meas(S) = 1,

with meas(S) denoting the measure of S.
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Consider the following algorithm scheme.

Algorithm 2.1 (Algorithm Glob)
Choose x( uniformly on S;

i< 1; j<1;

(x1, fx1) < local_search(xy);

li=xy; fli= fxi;
repeat
Jj<Jj+ 1

choose x( uniformly on S;
if f(xg) < fl;or (f(xo) > fl; and rand(1) < d;)
(x1, fx1) < local_search(xy);
if fx, < fI;
i< i+1;
li <= x1; fl; < fxi;
end if
end if
until a stop rule is met;
end

The parameters d; are probability values, that is d; € [0, 1]. The function
rand(1) denotes a generator of random numbers in the interval [0, 1]. Further,
we denote by local_search(x,) any procedure that starting from a point x
returns a local minimum /; of Problem 1.1 and its function value.

In algorithm Glob a sequence of local searches is carried out. Once a local
search has been completed and a new local minimum /; is found, a point
Xo at random uniformly on S is chosen. Whenever f(xy) is less than f(/;) a
new search is performed from x,; otherwise a local search is performed with
probability d;. We assume that Problem 1.1 satisfies all the conditions required
to make the procedure /ocal_search(xy) convergent. We have the following
proposition.

Proposition 2.1 Let Assumption 2.1 hold and consider a run of algorithm Glob.
Then the probability that I; is a global minimum of Problem 1.1 tends to one as
j— oo.

First, we settle the following notation.

Definition 2.1

Ay j = {x € § | starting from x, local_search(-) returns local minimum / };
Ajj={x eS| f(x) < fl); starting from x, local_search(-) returns local
minimum /};

po,j = meas(Ag,j);

Di.j = meas(A; ).
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We have

ZPO,:’ = meas(S) = 1.

i=1
We consider the following definitions and assumptions for algorithm Glob.

Definition 2.2

e 1, = the probability that having found the local minimum /;, in a subsequent
iteration no new local minimum is detected;

e tr(iy,....ip) = the set (trajectory) of p local minimum points /;, ..., /;
found in a run of algorithm Glob;

e Prob; j(d;) = the probability that algorithm Glob having found the local
minimum /; can find the local minimum /; in a subsequent iteration;

e Prob; (Oo) (d;) = the probability that algorithm Glob having found the local
m1n1mum l; can find [; assuming that an infinity number of iterations is
carried out;

. Prob,(f) (di,, ..., d;, ,) = the probability that algorithm Glob constructs the
trajectory tr = (11, ..., Ip) in n iterations.

)4

Assumption 2.2

e algorithm Glob runs an infinite number of iterations;
e the number of function evaluations required by local_search is k = constant.

In [8], the following theorem was proved.

Theorem 2.1 The average number of function evaluations so that algorithm
Glob, having found a local minimum l;, finds any new one is given by

1
evals(d;) = ﬁP ob, i=1,..m-—1, (2.1)

with

m m m
Prob;, = Z pij+d; Z Do,j — Z pij|-

j=it1 J=it+1 j=it1

ﬁZkZpi,j+kdi 1_Zpi,j + (1 —dp) 1_Zpi,j

j=it1 J=it+1 J=it+1
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Further, in [8], the following problem was stated and investigated

Problem 2.1 Let us consider Problem 1.1 and let the values k, po ; and p;; be
given. Find a value d; such that

evals) (df) = n}lin evals, (d;).

It turns out that the sign of the derivative of evals;(d;) is constant in [0, 1]
and is greater than or equal to zero if

(ZT:H—I Po,/) (1 = 2t Pu)
(Z’;l:iﬂ Pi,j) (1 - Z';l:iJrl P0,1'>
The latter links the probability p; ; with the number k of function evaluations
performed at each local search in order to choose the most convenient value

of d;: if the condition is met, d; = 0 is suitable to be chosen otherwise d; = 1.
That is,

2.2)

_JOifk> (p2- (1 = p3))/(p3- (1 — p2)),
di = { 1 otherwise, (23)

with

m m
P2 = Z Po,j, P3 = Z Pij-

J=i+1 j=i+1

In real problems usually the values py; and p;; are not known; hence the
choice of probabilities d|, d,, ..., d,,—; in the optimization of the function in
Problem 1.1 cannot be calculated exactly.

Algorithm 2.1 has been completed with d; given by (2.3) and p,, p; and k
aproximated as follows

p>  1/(number of searches carried out ),
p3 = 1/(number of iterations already carried out), (2.4)

k = mean number of function evaluations carried out in each local search.

3 New results

In this section we assume that algorithm Gl/ob can run an infinite number of
iterations. We calculate the average number of function evaluation such that
the global minimum point is found. Further, it is assumed that we know the
values pg jand p;j, i=1,...,m—1and j=1,..,m, and that the number of
function evaluations required by local_search is k = constant.

@ Springer



Numer Algor (2012) 60:613-629 619

We first prove two lemmas.

Lemma 3.1

i m m
=Y poj+| Y. poj— Y pij| (1 —d,
j=1

j=it1 j=it1
Prob; j(d;) = p;j+d; (po,/ - pi,j) ;
Prob\’(,, ..., dp-1) = poi, - (Pivi + (Po.iy — Pivi)di) - ... -
(Pi,ri, + (Poi, — Pi,i)di, ) -

n-p

ik Jp-1
> Y AR

e Jp1=0
jitetipa<n—p

withn > p and tr = (iy, ..., Ip), i, = m.

Proof We get the first statement by noting that whenever x is chosen in Ay ;
as j=1, ..., i, then no new local minimum can be found; while whenever x; is
chosenin Ay ; — A;j, j=i+1,...,m, then the probability of not moving from
l,' is (1 — dl)

The second follows from this remark: we get a new local minimum both
whenever the starting point x, is chosen in A;; and, with probability, d;,
whenever is chosen in A ; — A; ;. We prove the third statement by noting that
in order to get the trajectory t = (i1, ..., i), we must first get the minimum in
l;,; this takes place with probability pg;; next we must move from the local
minimum /;, to the local minimum in /;, and so on until we get /;,. Further, we
don’t move j; times from /;;, j, times from /;,,.. , and j, times from /;,. Since

ji + 2+ ...+ j, = n— p, the lemma follows. o
Lemma 3.2
j + di(poj = pi))
Prob®(dy) = — L TGP0 T P 3.1
R Y1 (pig +di(pos — pin) -1)
Prob? | \(dy....dp-1), = pos, - Prob%) - ..Prob{™ . . (32)

With i, = iy,.
Proof The first statement follows from the remark that running the algorithm
for n iterations, the probability of getting /; is given by

n—1

(pi.j+di(po,j — pij) - Z t; (3.3)

=0
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hence, as n — oo, we get

pi.j+di(po.j — pij)
1—¢

, (3.4)

that is (3.1).

As to (3.2), note first that any trajectory with i,, # i,, has probability zero of
being constructed. In the case i, = i,,, the probability Prob " of the trajectory
t by carrying out only n iterations is given in Lemma 3.1. Assuming by
simplicity that n — p is a multiple of p, we have

(n—p)/p (n=p)/p n—p (n—p) (n—p)

i Ip—1 Ji /p 1 Ji Ip—1
Yodes Yodis X ez D L
j1=0 Jp-1=0 Jrseess Jpo1=0 Jp-1=0

Nt tjp1<n—p
(3.5

As n — oo we get

[e.¢]

h Jp—1 __

Y= Z Bl= (3.6)

=0 Jp-1=0 i
that leads us to (3.2). o

Finally we have the following theorem

Theorem 3.1 The average number of function evaluations so that algorithm
Glob finds the global minimum point is given by

"Prob; ;. " Prob;

1
evals,(dy, ...,d,,_1) = Z Pmb;roo)(.) <k+f, ot fip_ >
tr(-)eT i1,i ip—1,0p
(3.7)

where
fi=k > pu+kd (1 -> pu> +(1—dy (1 -> pl-,l> . (38)
I=i+1 I=i+1 I=i+1

and T denotes the set of all feasible trajectories tr(iy, ...,i,) whose last local
minimum point is a global one.

Proof We can write

evalsy(dy, ..., dm1) = Y Probi” O(fo+ fiio o+ fiy 1) (3.9)

treT

where f; and f;; denote the number of function evaluations needed to get
the first local minimum and the average number of function evaluations to
move from /; to [;, respectively. Further, Prob(°°) denotes the probability of
trajectory tr to take place.
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The number of function evaluations needed to get the first local
minimum is
fo=k. (3.10)

The average number of function evaluations f; ; to move from /; to /; is

2 i=1,..m—1, j=i+1,...m. 3.11
fij= meb” m j=i+ m (3.11)

where f; denotes the average number of function evaluations needed for not
moving from /; in a single choice of x, (that is for any iteration of Glob) and is
given by

fi=k Y pu+kd (1 -y Pi,l) + 1 —dj) <1 -y pi,l) - (3.12)

I=i+1 I=i+1 I=i+1

Clearly (3.10), (3.11), and (3.12) prove the theorem.
Now consider the following problem

Problem 3.1 Let us consider Problem 1.1 and let the values k, po ; and p; ; be
given. Find values d;, i =1, ...,m — 1, such that

evals, (di, ..., d},_,) = . mldn evals, (dy, ..., dp_1) . (3.13)

0 Ym—1
Lyeees m—1

withdie I={xeR"|0<x;<1,j=1.,n}i=1..,m—-1
We can prove
Lemma 3.3 evals,(dy, ..., d,_1) attains its minimum at a vertex of the simplex 1.

Proof We just need to show that the derivative sign of evals;(d, ..., d;,—1) with
respect to d;, i = 1,...,m — 1 is constant in the interval [0, 1]. We write (3.7)
by pointing out the variable d;, that is

evalsy(d, ..., dy_1) = kz Prob ™

treT

(00) f
+ Z Prob,; <—P b + hy (- )>

treTiiv

(00) fl
+ Z Prob; < Probr,, + hy (- ))

treTim

+ Y &) (3.14)

treT—-T;
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where h;(-) denotes the sum of terms in (k + film, ...) of (3.7) that
does not depend on d; and g,(-) any term of the sum in (3.7). Further, T3,
i=1,...,m—1 is the set of the all trajectories that pass through the local
minimum /; and 7T;;, j=i+1,...,m, denotes the set of all trajectories that
move from /; to /;.

By the definition of Prob”, Prob, jand f;in (3.1) and (3.8), we can write
forj=i+1,---,m

(00) ﬁ
Z Prob,, <P obr; + Ay (- ))

treT;

k—1 " i 1+d; ; k 1
:( )Zl=”zl+1p,l+ + ( Zl z+1Pl ( ) Zktr()
i Pir+di Yo (pos — pid)

treT;

Pl]+d(P0; pz])
Zl i1 Pit +di 3 (pog — pid) t,EXTEj ‘ ‘

where k,,(-) denotes the product of those terms in Prob ™ that do not depend
on d;. Combining (3.14) and (3.15), since ) . Prob™ =1, we get

evals,(d, ..., dp—1)
(k=D Y put+1+di(1= 30 pir) (k= 1) S ko)

Z;ilur] Dil + di Zl=i+1(p0,l — Di l) weT, "

Z}}":Hl (pi,threTiv].ktr(‘ )htr(' )) +di2’;'1=i+1((p0.j_pi,j)Z;rETi.jktr(‘ )hlr(' ))

+ m m
D oimi1 Pid +di Y iy (Pos — pia)

+ ) &) (3.16)

treT—T;

=k+

The latter may can be written in a compact way

o+ Bd;

evalsy(dy, ...,dp—1) =0 + y + 8d;

(3.17)

where «, 8, y, § and 0 are values that do not depend on d;. The derivative of
evals,(dy, ..., d,,—1) with respect to d; is

By +aé
(y +8d)*

The lemma is clearly proven. O

evalsy(dy, ..., dm-1)a, = (3.18)

We note that evals|(d;) as given in (2.1) is part of the expression of
evals,(dy, ..., dy—1) in (3.16). We now report a counterexample that shows that
an optimal value d; for Problem 2.1 is not necessarily an optimal value for
Problem 3.1.

@ Springer



Numer Algor (2012) 60:613-629 623

Table 1 Probabilities values Po1 =0.5 Pos =04 Pos = 0.1

P12 =0.05 p13=0.04 p2,3 =0.01

Counterexample 3.1 Consider the case m = 3. In this case we can have four
trajectories and the set 7 is given by

T'={(3).(1,2,3),(1,3),(2,3)}. (3.19)
From equation (3.16) we find

evals,(d;, d») =
(k—=1D(pr2+p13)+1+ditk—1)(1—pi2—p13)
pi2+ p13+di(po2— pi2+ po3 — Pi3)
o P12+ di(po2 — pi2)
" P2+ pis+di(po2— pir2+ pos— P13)
(k=Dpa3+1+dok = DU = p23)
P23 +d2(pos — p23)

+k+ poi

+p

(k—1Dprs+1+datk— (1 — Pz.s))
+ : : . 3.20
po2 ( P23+ da(pos — p23) (3:20)
By (2.1) we get
k—1 14+di(k—1(1—- —

cvals,_dy(dy) = ( Y(p12+pi13)+1+di( YA —=pi2 P1,3), (321)

P2+ pi3+di(por— pio+ po3 — P13)

—1 1 —1)(1 —

cvals,_dy(dy) = (k—Dprs+14+dyk—1)( P2,3). (322)

P23+ da(pos — p23)

By choosing values p; ; as given in Table 1, and evaluating evals,(d,, d,) at
the vertices of the simplex I we get Table 2. Further by evaluating evals;_d, (d;)
and evals;_d,(d,) at the endpoints of [0.1] we get Table 3.

From Tables 2 and 3 we can see that for k = 16 and k = 4, evals,(d,, d>) ,
evals,_d,(dy) and evals,_d,(d,) attain the minimum at the same values of d,
and d,. That does not hold for k = 8.

Table 2 Evaluations of evals,(-) at the vertices

k evals, (0, 0) evalsy (0, 1) evals, (1, 0) evalsy (1, 1)
16 120.06 150.56 140.00 176.00
8 98.63 80.33 109.60 88.00
4 87.92 45.22 87.92 44.00
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Table 3 Evaluations of evals|_d; (-) and evals_d,(-) at 0 and 1

k evalsy_d;(0) evalsy_d; (1) evals|_d,(0) evals|_d,(1)
16 26.11 32.00 115.00 160.00
8 18.11 16.00 107.00 80.00
4 14.11 8.00 103.00 40.00

4 Numerical results

In this section a parallel version of Algorithm 2.1, was presented. The algo-
rithm follows the multiple instructions, multiple data (MIMD) model; in an
environment of N processors there is one server and N-1 clients. The server
accomplishes the following

reads all the initial data and sends them to each client;
receives the intermediate data from a sender client;
combines them with all the data already received,;
sends back the updated data to the client sender;
gathers the final data from each client.

while each client executes the following

receives initial data from server;

runs algorithm Glob;

sends intermediate data to server;

receives updated values from server;

stops running Glob whenever its stop rule is met in any client execution;
sends final data to server.

The communication that takes place between the server and each client
concerns mainly the parameters in (2.4), that is, p,, p; and k. Each client, as
soon as it either finds a new local minimizer or a fixed number of iterations
have been executed, sends a message to the server containing the data gathered
after the last sent message; that is

last minimum found;

the number of function evaluations since last message sending;

the number of iterations since last message sending;

the number of local searches carried out since last message sending;
status variable of value 0 or 1 denoting that the stop rule has been met.

The server combines each set of intermediate data received with the ones
stored in its memory and sends to the client the new data. If the server
receives as status variable 1 in the subsequent messages sent to clients the
status variable will keep the same value, meaning that the client has to stop
running Glob and has to send the final data to the server.

The parallel version of Algorithm 2.1 has been tested in a parallel MatLab
environment under the Linux operating system.
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The following test problems have been considered.

Problem 4.1

n—1
minf(x) = % 10sin’(my;) + Z [(vi — D* (1 + 10sin*(yis)) | + (vn — 1)2}

i=1

withn =100, y; =1+ (x;— 1), S={xe R"| —10<x; <10, i=1,...n}

Problem 4.2

minf(x) = (o — D2+ Y i (20F — xiy)’

i=2

withn=25 S={xeR'"| —10<x; <10, i=1,...,n};

Problem 4.3

minf(x) = 10n + 2”: (x? — 10cos (271x/~)) :

i=1

withn =8, S={xe R"| —2.56 < x; <2.56, i=1,..,n)

Problem 4.4

(2 (x — my, x; — my)
pF  llx —myll

2
— = —mill* +4 - fz))
Pi
x|l — miP+

minf(x)= ( _iw+%(||x,—mil|z+4—ﬁ))

pi llx—myl
x|l x—ml|*+ fi. x € B;, Vi
llx — x> + 4, x ¢ B, Vi,

withn=20, Bi={xeR" | |x—m|| < pi}, fori=1,...,9, S={xe R"|—
l<x;<1, j=1,....n},m, (I =1,..9), and x, denoting ten points uniformly
chosen in S such that the B; balls do not overlap each other, f; real values to be
taken as the values of f(-) at m,.

Problems 4.1, 4.2, and 4.3 appeared in [5, 12] and [16] respectively. Problem
4.4 belongs to a family of problems introduced in [7] and implemented in the
software GKLS (cfr. [6]).

The local minimization has been carried out by a code, called cgtrust, written
by C.T. Kelley [11]. This code implements a trust region type algorithm that
uses a polynomial procedure to compute the step size along a search direction.
The cgtrust code was written by Kelley according to the MatLab programming
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language. In order to speed up execution, this has been converted in the C
language and by using the mex MatLab utility, compiled so that it could be
run as a built-in function. Two computers have been used; the first equipped
with an Intel Quad CPU Q9400 based on four processors, the second with a
AMD PHENOM II X6 1090T based on six processors. Experiments have been
carried out both on each single computer and on the two connected to a local
network. In Table 4 we report the fourteen configurations of the computing
resources used in each of our experiments. We shall use the MatLab notation
that denotes a processor as a worker available in the configuration.

The code used when using just one worker does not make any reference to
Matlab parallel tools; as a consequence, the code is much simpler than the one
implemented for more than one worker. Since our algorithm makes use of ran-
dom procedures, to get significant results in solving the test problems, 100 runs
of the algorithm have been done on each problem. The data reported in the
tables are all mean values. The parameter k that evaluates the computational
cost of local searches has been computed as the sum of function and gradient
evaluations of the current objective function. The algorithm stops whenever
the global minimum has been found within a fixed accuracy. That is the stop
rule is

1= fl<alfl+e =107 =107
with f*and f function values at the global minimum point and at the last local
minimum found.

To evaluate the performance of our algorithm we consider two indices, the
speedup and the efficiency; the first estimates the decrease of the time of a
parallel execution with respect to a sequential run. The second index estimates
how much the parallel execution exploit the computer resources. In Tables 5,
6, 7, and 8 we report the results gathered for each configuration given in

Table 4 The configurations of the computing resources

Config. no. Computer 1 Computer 2 Workers in 1 Workers in 2
1 Intel Quad 1

2 Intel Quad 2

3 Intel Quad 3

4 Intel Quad 4

5 Amd phenom 6 1

6 Amd phenom 6 2

7 Amd phenom 6 4

8 Amd phenom 6 6

9 Intel Quad Amd phenom 6 2 2
10 Intel Quad Amd phenom 6 4 4
11 Intel Quad Amd phenom 6 4 6
12 Amd phenom 6 Intel Quad 2 2
13 Amd phenom 6 Intel Quad 4 4
14 Amd phenom 6 Intel Quad 6 4
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Table 5 Results working with Amd Phenom 6

procs  fun) funs funs funy

secs speed eff secs  speed eff secs  speed eff secs  speed eff
1 0.06 47222 478.1 84.50
2 008 070 035 6186 076 038 6855 070 035 90.80 093 047
4 003 228 057 1967 240 0.60 2255 212 053 3478 243  0.61
6 0.02 259 043 1229 384 0.64 1467 326 054 1987 425 071

Table 6 Results working with Intel Quad

procs  fun; funy funj funa

secs speed eff secs  speed eff secs  speed eff secs speed eff
1 0.15 803.6 820.9 143.0
2 012 128 0.64 9969 0.81 040 8555 096 048 1548 092 046
3 0.03 557 186 5205 154 051 4822 170 057 8420 1.70 057
4 003 574 144 280.6 286 0.72 338.0 243 061 59.76 239  0.60

Table 7 Results working with Intel Quad and Amd Phenom 6

procs  fun; funy funs fung
secs speed eff  secs speed eff  secs speed eff  secs speed eff
1 0.10 637.9 649.5 113.8

242 003 395 099 3072 208 052 2756 236 059 5468 208 052
444 0.03 385 048 1319 484 060 1346 483 060 2423 470 0.9
446 003 411 041 8356 7.63 0.76 9612 6.76 0.68 1892 6.01  0.60

Table 8 Results working with Amd Phenom 6 and Intel Quad

procs  fun funy funs funy
secs  speed eff secs speed eff secs speed eff secs speed eff
1 0.10 637.9 649.5 113.8

242 003 392 098 2559 249 0.62 2877 226 056 481 237 059
444 003 395 049 1337 477 060 1166 557 070 1918 593 0.74
6+4v 0026 406 041 9050 7.05 070 109.6 593 059 13.69 831 0.83
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Table 4; in each table for each function we report the computational expired
time, the speedup and the efficiency. Note that the rows in Tables 7 and 8
referring to one worker have been calculated as the means of the values in the
corresponding rows in Tables 5 and 6.

From the data in the tables we can make the following remarks.

e In almost all the experiments the parallel algorithm improves largely the
speedup of the computation. The efficiency in many experiments is above
0.70 although the task of a worker is to start the process and to collect and
to distribute the intermediate and final data.

e The speedup becomes less than one only when two workers are employed.
Clearly this has to be related to the fact that the complexity of the parallel
code is not balanced by the use of just one additional worker.
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