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Abstract In this paper we design a class of general split-step balanced methods
for solving Ito stochastic differential systems with m-dimensional multiplica-
tive noise, in which the drift or deterministic increment function can be taken
from any chosen one-step ODE solver. We then give an analysis of their order
of strong convergence in a general setting, but for the mean-square stability
analysis, we confine our investigation to a special case in which the drift
increment function of the methods is replaced by the one from the well known
Rosenbrock method. The resulting class of stochastic differential equation
(SDE) solvers will have more appropriate and useful mean-square stability
properties for SDEs with stiffness in their drift and diffusion parts, compared
to some other already reported split-step balanced methods. Finally, numerical
results show the effectiveness of these methods.

Keywords Stochastic differential equations - split-step balanced methods -
Mean-square stability - Stiff equations

1 Introduction

As we know, many models in physics, economics yield stochastic differential

equations with multiplicative noise. Numerical methods are important tools
for calculating approximation solutions of stochastic differential equations.
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In the recent years many numerical methods for SD Es have been designed,
for example see [10, 14, 16]. One of the important subjects that should be
investigated for numerical methods, consists of inspecting their ability to
preserve qualitative behavior of the solution of the original system that is going
to be approximated. Like the drift coefficient, the diffusion coefficient also
contributes to stiffness of SD Es. We can find several examples of this kind of
equations in physics, for example, hydrology models, the Langevin equations
of chemical physics and the models for laser emission [2, 12, 14]. It is often
necessary to use some implicit methods to overcome this difficulty in the simu-
lation of solution of stochastic stiff differential equations see [14, 17, 18, 20].
But as we know a straightforward formulation of a fully implicit method
faces the problem of being stochastically unstable and divergent [14]. Some
methods were constructed for solving this kind of equations, for example, Tian
and Burrage [20] construct some implicit Taylor methods and Platen [7, 14]
introduced some kind of predictor-corrector methods for solving SD Es in the
weak sense.

In this paper we consider numerical methods for strong solution of Ito
stochastic differential equation

dX, = f(t. Xpdt + ) git. X)dW/, X, =x0. telt. Tl (1.1)
=1

where f:[ty, T] x R? = R? is drift and g: [to, T] x R — R with g =
g1, --., gml is the diffusion and W = {W, : ¢t > 0} is an m-dimensional Wiener
process.

Assume that for some r € N all of the initial moments E(]X,|*) < oc.
We also assume that SDE (1.1) satisfies the required conditions of the exis-
tence and uniqueness theorem [14]. For simplicity in this paper we consider
equation (1.1) in autonomous case and numerical methods on the given time
interval [0, T'] will be employed with equidistant time discretization points
ty =ty+nh,n=0,1,..., Nwithstep-size h = %, N =1,2,.... Here we shall
use the notation y, to denote the value of the approximation of the exact
solution X at time ¢,,.

Definition 1.1 ([14]) We say a discrete approximation Yy, yi, ..., y, (based on
step-size /1) converges strongly with order y > 0 to the solution X = X, ash —
0 at time ¢, if there exist constants § > 0 and K > 0 (independent of /), such
that for each 4 € (0, §y) we have a mean global error,

E(1 X, — ya) = Kh". (1.2)

In this paper we design and analyze the strong convergence of a class
of general split-step balanced methods for solving Ito stochastic differential
systems with m-dimensional multiplicative noise, in which the drift increment
function can be taken from any classic ODE solver of order of at least one. In
Section 2, first we give an overview on numerical methods for solving ordinary
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differential systems with initial conditions, then a brief review of some previous
split-step balanced methods and some assumptions that must be considered,
will be brought and based on these information we propose this class of split-
step balanced methods. In Section 3 we analyze convergence properties of this
class of methods under Lipschitz conditions and after that in the Section 4 the
mean-square stability properties of them will be investigated along with some
useful illustrations. Finally, in Section 5 numerical experiments are given to
complete our numerical investigation of the proposed methods.

2 A class of general split-step balanced methods
2.1 One-step methods for solving ordinary differential equations

Consider ODE system X, = f(t, X,) with initial condition X, = X,. The
general form of a one-step method for solving this system with step-size 4 is
as follows:

Ypoi = Yo+ hd(ta, h,Y,), n=0,1,...,N—1, (2.1)

with initial value given by Yy = X;. The function & is called the increment
function of the approximation method (2.1). This method has order p > 0 if
for sufficiently smooth function f € F,(xg, +00)

Xty +h) = X, +h®,, h, X)) + OhPH, (22)

where X () represents the exact solution of given ODE [19].

2.2 Balanced implicit methods

As mentioned before, it is often necessary to use some implicit methods in the
simulation of solution of stochastic stiff differential equations. But as we know
a straightforward formulation of a fully implicit method faces the drawback
of being stochastically unstable and divergent [14]. Some research have been
done in this direction, for example, some high-order explicit methods consid-
ered and tried to introduce implicitness there that contains deterministic terms
[17]. Here, we review the significant developments in some implicit methods
for numerically integrating S D Es that have stiffness in both drift and diffusion
parts:

1. Platen et al. in [17] proposed a balanced implicit method on a uniform
mesh over the simulation interval [f, T] by adding the term C,(y, —
Yn+1) to the simple Euler method, where C,, = ¢y (¢, y,)h + Z;":I Cj(tn, yn)l
AW |, AW = w,
valued functions.

In this method the functions ¢y and cj, j=1,...,m are called control
functions.

_ W;nﬁ, coandcj, j=1,...,mrepresentd x d matrix
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The control functions must satisfy some conditions that we express them
here as Assumption 1.

Assumption 1 For any sequence of real numbers «;, i = 1, ..., m with ¢ €
[0,&], a1 >0,..., a0, > 0and @ > A for all time

m
M(t,x) =T + apco(t, ) + Y _ ajc;(t, x),
=1
where 7 is the d x d identity matrix, has an inverse and satisfies the
condition | M(t, x)7!|| < K < oc;

Alcock and Burrage in [1] have analyzed asymptotic and mean-square
stability for several implementations of the balanced method and have
given a generalized result for the mean-square stability region of any
balanced method that we can also see some similar results here in our
investigation, as will be mentioned whenever needed;

Kahl and Schurz in [11] represent a class of linear-implicit methods with
some qualitative improvement on the balanced implicit methods of [6];
More recently the modified split-step backward balanced Milstien methods
have been described in [21] for a single noise system under the assumptions
in [17], in which the control function is defined as

Cn = CO(tnv yn)h + CZ(Ina _Vrt) [(AWn)2 - h] (23)

with ¢, > 0and ¢y — ¢cr > 0.

2.3 Formulation of the new split-step balanced methods

In the following we will suppose that & is the increment function of a one-step
numerical ODE solver of order at least one and the control function

C, = co(ty, yn)h + ch(ln, V) [(AWr{)z _ h] . (2.4)
=1

Now based on the two previous subsections and the selected increment func-
tion, we introduce a class of general split-step balanced numerical methods for
solving the SDE (1.1) as below:

|
Yy = yu ot h®(h, yo, )= 5h Y LIgi(Yy),
j=1

“ 1 12
Y =Yu+ Y gi(Y)l + 5 Y Lgi(Yo[aw)]]
j=1 =1

—|— Z Z Lj]gjz(Yn)I(]]’]z) + Cn (Yn - }’n+1) 9 (25)

=l p=l
R#h
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with the differential operators
G
Li= Zgljw (2.6)
k=1
for j =1, ..., m and the stochastic It6 Integrals

In j J In S ] )2
Iy = [ AWl = AW, L = [ [, AW d Wi

In the subsequent section we will analyze and investigate the convergence
properties of this kind of methods and show the superiority in accuracy and
stability in other sections.

Remark 2.1 It is obvious that if we consider ® = f(t, x), the simple Euler
method, this method for the case m = 1, reduces to the special split-step
backward balanced Milstien introduced in [21].

3 Convergence properties

In this section the strong convergence order of (2.5) is analyzed. Following
two lemmas and a theorem we show that if @ is the increment function of a
selected one-step ODE solver of order at least one, then the associated split-
step balanced method defined as (2.5) has order one in strong sense.

Motivated by previous work in this area, we also make the following
assumption on SDE (1.1) see [17, 21].

Assumption 2 The functions f, gjand L/1g;, for j, ji, jp =1,..,min (1.1) and
(2.5), for all xo, yo € R, and all ¢ € [t,, T] satisfy the Lipschitz condition for
constant K > 0 and linear growth bound, as follows:

| £t x0) — F(t, yo)| + 1g;(t, x0) — gj(t, yo)| + | L7 g}, (¢, x0) — L7 g, (¢, yo)|
< Kl|xo — yol,
Lf(t, xo)* + |8t x0)|* + | L7 g, (£, x0)|* < K*(1 + |x0]%).

To prove Theorem 3.4 in this section, we recall the following theorem concern-
ing the order of convergence (see [15]).

Theorem 3.1 Assume for a one-step discrete time approximation y, the local
mean and mean-square errors forall N = 1,2, ...,andn =0, 1, ..., N — 1 satisfy
the inequalities

E[ (et = vty = vt || < KA+ 13uD? <k ()

(E[0ner =y lyn = y@])" < KO+ 1Pt xhm (32)
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with p; > %and p1>p2+ % Then,

(B[ = y@0)’[yo = y0)])" = KA+ 3ot x A28 (33)

holds for each k =0, 1,2, ..., N. Here K is independent of h, but it is dependent
on the length of the time interval T — t.

In the following, with the help of Theorem 3.1 and Assumptions 1 and 2, we
prove two useful lemmas.

Lemma 3.2 Let y,‘? be the numerical approximation to y(ty) at the time T after
k steps with step-size h = T/N for N = 1,2, ..., that is generated by

| A
Y= yut hf () = 5h Y Lg; (Y1)
=1

m 1 m ' '
v = Y+ Y g (YD + 5 Y L (Vi) [aw)]
=1 =1

m m

+ Z Z Lilgfz (Yr?) L joys (3.4)
"

then forallk =0, 1, ..., N we have

(E[(Y? - Y(tk))2|}’o = y(to)])% — O(h).

Proof We try to estimate mean and mean-square errors (3.1) and (3.2), respec-
tively for approximation y;!. Suppose y, = y(t,) (local analysis assumption)
and consider y%l, local Milstein approximation of y(#,1;), that is defined as
below

m m m
y%q =yn+ hf(yn) + Zgj(yn)l(]) + Z Z L]Igfz(yn)l(fquz)’
J=1 Ji=1 p=1

then we can write
| [y = vt lvn = v = | B[y = v yw = @]
+ E[yL, = vty = v

< K(1+yaP)? 72,
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because it is obviously seen that

‘E [Y%l - y;?+1 IYn = y(tn)]!

m

= |E| > [1Y:h = givm] Lz

j=1
m m . .

+Y ) [L0gp(Yih = Lig,(v)] Ly || = 0.
=1 p=1

Hence the first conclusion of Theorem 3.1 holds for p; = 2. On the other hand,
because of the Assumptions 1 and 2 we can write

Iyt = vl < K1Y, = yal me - ZZ 1.y

j] 1]‘7 1

Because of Y;' —y, =hf(y,) —3h YL, Ligi(Y;}), we have |V} —y,|* =
O(h?*). Now because of the inequality

(@ + .. +a)? <t(af + ... + o) (3.5)
for any o; > 0, fori = 1, ..., ¢, for any integer t > 0 we can write

2
m m m
i =yl =2 2 YA =P il |+ | D ool
=1

Ji=1 p=1

< K'Y} =y, ZIWZZ% K (3.6)

h=lp=1

for a constant K’. In the other hand, from Lemma 5.7.2 in [14] we have
E(I3)|yn = y(ty)) < O(h) and E(I{; ; 1yn = y(t,)) < O(h?), therefore from
(3.6) we have

=

:(9(;,%)’

and based on the second conclusion of Theorem 3.1 the proof is established.

(<ot o= )

O
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Lemma 3.3 Let y,f be the numerical approximation of y(tx) at time T after k
steps with step-size h = T/N for N = 1,2, ..., that is generated by dif ference
equation

Y —yn+hq>(h Yn, f)__hZL]g] YB)

j=1

m 1 m A 4
YR =Y+ g (YD) + 3 > Ligi (Y7 [aw]]’
=1 =1

+ Z Z L7gj, (Yi7) Loy (3.7)

Ji=1 p=1
R#h

where ® is the increment function of the selected one-step ODE solver as
mentioned before. Then for allk =0, 1, ..., N we have

(E[(yf — y(t0)’|yo = Y(fo)])% = O(h).

Proof Similar to Lemma 3.2, we try to estimate mean and mean-square €rrors
for approximation of y,f. With assumption y, = y(t,) and the definition of y
we can write

yrﬁrl - yrl?Jrl = (yn + hq)(h, Yn, f) — Yn — hf(yn)>
+ ) g (Y7) =& (V)L
j=1

3

+ Z Z Ll]g/z Yf legfz (Yt?)]l(.fl,fz)'
h=1p=1

Now because y,, + h®(h, y,, f) and y, + hf(y,) are two numerical methods of
order one for ODE system x(¢)’ = f(x(¢)) with initial condition x(,) = y,, so

|yn + @Ry ) = yu = hf(yn)|l < O,
see (2.2), then from Lemma 3.2 we have
E[ye = 21y = y@)|| < [E[yen) = vty = v
+‘E[Yr?+1 - Yf+1|)’n = Y(fn)]‘

< K+ lya»)h2.
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On the other hand, because of the above results and Assumptions 1 and 2 we
have

2 =yl <o) + K|YE - Y2 Z 1]+ ZZ TG )] |

p=1ji=1

therefore because |Y2 — Y| < O(h) and 1nequa11ty (3.5), then we have
2
|E[Ivtr = il [yn = v ]| < 0w,

that implies |E[[y(ths1) — y2 12 1yn = y@)1I'* < O(h¥/?), so the proof is
finished. O

Theorem 3.4 Let y,g be the numerical approximation of y(ty) at time T after k
steps with step-size h = T/N for N = 1,2, ..., that is generated by differential
equation

Ve =Y7! +Zg/ I(D +5 ZL]g, YB) [AW]]
j=1 Jj=1

+ Z Z L]lg/7 I(]l ot Ca ( yn+1)

h=l p=1
R#

where Y B is defined by (3.7) and C,, in (2.4), then for all k = 0, 1, ..., N we have
(E[0f = y@)’[yo = ya)])” = 0.
Proof Based on definition of y2, | in (3.7) we can write

m

1 4
Vo = Yy = (1 - - Cn)_]) Zgi(YnB) Iy + 3 Z Ligi(Y.7) [AWr]l]z

J=1 J=1

m m
+ Z Z L7g, (Y)0) L.y
=

—(U-cy'c, Zg, 1o+ 5 ZL’g] (5 [aw]]

+ Z Z thlz I(]l J2)

=1 p=1
h#h
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Now with the help of the symmetry property of the AW} in the above expres-
sion we obtain

’E<yrlj+1 - yrfﬂb’n = y@n))’

=E[I+Cn~'C, ZL]g] YB AW +ZZL g/2 I(]l || yn=y )
1jp=1
"= ]]2275]1

1 m
K +1vER) " E(5 Y |cu[awi]||+E ZZ\C Lol [ | 0w,

j=1 h=l p=1
J#

which K is a constant. The final inequality is established because of the
E(CJ[AWPllyn = y(t) < OK?) and E(Cyli jyllyn = y(ta)) < OK?) for
all j, j1, j, = 1, ..., m that comes from definition of C, in (2.4).

On the other hand, for a constant K we have

172
Yier = Vet | < K(1+ 1Y)

m

X Z|CnAW;£|+ AW] ""ZZ |C I(]l ]2)|
j=1 j=1 h= 1]2#1
R#FN

therefore, based on Assumptions 1 and 2 and inequality (3.5) and the above
relation for a constant K’ we have

2
J’ri-l - YS-H‘ <K (1 + |Yf|2)

Z|C AW +

L [AW]] ‘ +Z Z Caljo |

]—1 =1 p=1

#
So, because of the definition of C, in (2.4) and inequality (3.5) we have
E(lyB., = y5, Plyn = y(tn)) < O(h®) that completes the proof. ]

4 Stability properties

In this section we want to analyze stability properties of the split-step balanced
methods introduced in (2.5). But for the sake of simplicity, we confine our
investigation to a particular case in which the drift increment function is taken
from the Rosenbrock method (6.1) as in the Appendix. In the following, we
consider S D E with a steady state solution X; = O such that f(z,0) = g(¢,0) =0
holds, which is called an equilibrium position.
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Definition 4.1 ([14, 16]) The zero solution of (1.1) is said to be

1. Mean-square stable, if for each ¢ > 0 and ty > O there exists § = §(fp, €) > 0
such that

E(X (G Xto)D) <&, t>1

whenever E(| X (t)|%) < §;
2. Asymptotic mean-square stable, if 1. is satisfied and if there exists §y =
8o(tp) such that for all E(|.X (ty)]?) < 8

E(IX(t; X(t)|*) — 0. for t — oo,

In this paper, we will focus on asymptotic mean-square for linear test
equation with multiplicative noise

dX[ == )\.Xtd[ + /,LX[th, )\., l,L € C, (4.1)

with nonrandom initial condition X;, = xo € R\{0}. The exact solution of (4.1)
is given by X; = xoexp{(h — 1) (t — 10) + (W, — W;)} which is asymptoti-
cally mean-square stable if

lim E(X]*) =0 200 + |u)? <0, (4.2)
for &, n € C, see [9, 14].

Definition 4.2 We say the method is numerically asymptotically mean-
square stable if the numerical solution y,, generated by method satisfies
lim,,_, o0 E(|yn|2) =0.

We should now find out what conditions must be imposed in order that the
split-step balanced method applied to SD E (4.1), produces numerically stable
solutions. After applying a one-step stochastic numerical method to linear
scalar test equation (4.1), we then obtain with the parametrization x = Ak and
y = u~v/h, [9] a one-step difference equation of the form

n
Yar1 = Ry(x, )Y, = [ Ritx. )Y, (4.3)
i=0
which frequently R, (x, y) is called stability function of the numerical method.
After calculating E(|y,|?), it is clear that the domain of MS-stability of a
method is subset of C2 such as Rys = {(x,y) € C2: R,(x, y) < 1}, where
IAQ,,(x, y) = E(|R,(x, y)|*). Since it is not easy to visualize the domains of
stability for A, u € C, we restrict our attention to A, u € R for presenting the
figures of stability in the x — y plane.

As was mentioned before, we analyze the mean-square stability of the
proposed methods with the increment function from the Rosenbrock classic
ODE solver, see Appendix. We denote the resulting new split-step balanced
methods (2.5) by “RSB”. It is clearly seen from [4] that with this selection of
drift increment function with just two stages, s = 2, in the sense of (2.2), the
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corresponding Rosenbrock O D E solver will have order two which is more
than needed for split-step balanced methods (2.5). Now, if we apply the RSB
methods to the linear test equation (4.1) with A and u # 0 that satisfy (4.2)
then setting K;(x) = (1 —yx)~'x and Ky(x) = K;(0)[1 + (a21 + 120 K1 ()],
the stage values ki, k, and the Ync in the method will be given as:

ki = Ki(X)yn,
ko = Ky (X) yy,
1
C
Y€ = T%yz[l + b1 Ki(x) + b2Ka ()] yn

Now if we set Y(x,y) = 17 2[ + b1 K (x) + b2K>(x)], we can obtain the
2
following difference equation for this class of methods

1
Vor1 = (1 +C)7! [1 + nAW, + EMZAW,f + Cni| Y (X, Y)yn- (44)

Set R(x,y, AW,) = (1+ C)7 [l + pAW, + 1u?AW?2 + C,]Y (x, y) then we
have

1
R =(1+ c,,)*z[l AW, + Lt AW+ G 2uA W, 4 iAW, +2C,
FUAAWS + 2uAW,C, + C,,HZAW,E]YZ(x, ),

and after taking the expectation and according to the properties of standard
normal distribution we have

1
E[R?] = E[(l + Cn)_z[l + AW + ZM“AW,;‘
+ Ch+ WP AW, + Cu> AW, + 2anY2<x, ),
Then in the terms of x and y this becomes

!
E[R*] = Y2(x, y) + E[(l + c,,)—2[(2 + O+ Zy4zfl]]Y2(x, v, (4.5)

A

where z,, = % is random variable with standard normal distribution. So the

mean square stability region of the method is

1
Rus={(x, y)€C*:Y*(x, y)+E[(1 +C) [ +CY y‘*z:t]] Y2(x, y) <1},
(4.6)
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Now, because of the complexity of structural of the E(R?) in the general
case, motivated by [21], in the following we try to investigate the mean-square
stability of RSB methods presented in (2.5) for two special cases.

Remark 4.3 For simplicity in the following two Cases 1 and 2, we choose
by=b,=05andy =1-— % We leave a thorough discussion and numerical

testing of any other choices to our subsequent work.

Case 1 Suppose ¢y = —A and ¢; = 0, in this case C, = —x and (4.5) reduces to

4
, Q- Xy + 3
(1—x)?

Now in order to have a better visualization of Ry in this case, Fig. 1 gives
the mean-square stability region of RSB method in a special case of (6.2).
The light gray area shows the mean-square stability region of RSB method
and the dark gray area shows the mean-square stability region of the test
equation (4.1). In Fig. 1, it is clear that the mean-square stability region of
RS B method includes the mean-square stability region of the test (4.1).

fi=Yy)’+Yxy) (4.7)

Remark 4.4 One can see from Fig. 1 that as the step-size & decreases the
mean-square stability region of RSB method appears to have a tendency to
display a similar characteristic as reported in [1], according which the stability
region of our method tends towards the mean-square stability region of the
test equation (4.1).

Fig.1 Mean-square stability 4
regions for the test
equation (4.1) (dark gray
area) and RSB method (light
grey area) in the Case 1
3
~ 2
1
0
-3.0 -2.5 -2.0 -15 -1.0 -0.5 0.0
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Case 2 Suppose ¢y = —A and ¢; = u? in this case C, = —x + y*(z2 — 1) and
the (4.5) reduces to
5 5 1 +00
= Y(x, + Y(x, —/
L=Yxy) (x, y) Ned
yzzﬁ # + y2Z2 e—zf,/Zdz (4 8)
20,2 2 n :
I=x+y3z =D (1-x+y2z2-1)

It seems it is not so simple to find the closed form of f;. Thus we use the Maple
software to compute the integral in (4.8). The integral interval (—oo, 4+00) is
approximated by [—10, 10] because of the magnitude of the integrand in (4.8)
becomes sufficiently small when |x| > 10.

Now for the Case 2 we also illustrate the mean-square stability regions of
RSB method and the test equation (4.1). From Fig. 2 it is clearly seen that,
also in this case, the mean-square stability region of RSB method (light gray
area) includes the mean-square stability region of the test equation (4.1) (dark
gray area).

Remark 4.5 In the next section, we also compare the mean-square stability
of the RSB method with a split-step backward balanced Milstein DSSBBM
that was introduced in [21], see Appendix on systems of SD Es. We consider
DSSBBM in [21], because of its relatively good stability properties that has
been reported.

Fig. 2 Mean-square stability 3
regions for the test

equation (4.1) (dark gray
area) and RSB method (light
grey area) in the Case 2
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Table 1 Means of absolute h RSB MSSBM DSSBBM

errors, Merr, for problem P1

with & =2, 1 = 0.5, ¢ = 0, 1072 4.6 x 1072 1.9 x 10° 2.9 x 10°

1 =0,X, =1 1073 4.7 x 1073 1.8 x 107! 4.9 x 107!
1074 49 x 10~ 1.9 x 1072 1.1 x 107!
1073 5.0x 1073 1.9 x 1073 3.8 x 1072

5 Numerical results

In this section numerical results are reported to illustrate the efficiency and su-
periority of RSB methods which were discussed in previous sections. Denoting
yg,) and X (ty) as the numerical solutions and the exact solution at step point
ty in ith simulation, respectively. We use means of absolute errors denoted by

“Merr” defined by

5000

1 . .
Merr := —— " | XD (ty) — yy
err = 5500 2 | X(EN) = Yl

to measure accuracy of the RSB method.

Remark 5.1 One of the benefit of RSB methods is that, we have free parame-
ters that can be chosen for getting better results in accuracy and stability. In
these simulations we considered b, =0.7andy =1 — \/Li for RSB method.

In the tables of numerical results, to highlight some worst performance of
the compared methods, the errors greater than one will be shown in bold type.

Problem 1 The first problem is a scalar test equation (4.1) that is considered on
I = [0, 2] with initial condition X;, = 1. This equation is stiff in deterministic
term, if A is large and it is stiff in stochastic term, if w is large. Tables 1, 2, 3,
4 and 5 show the means of absolute errors, Merr, of the RSB and some split-
step balanced methods introduced in [21], see Appendix. In Tables 1 and 2
we compare the means of absolute errors, Merr, of the RSB with some split-
step balanced methods with ¢y = ¢; = 0 for fixed parameter A = 2 and u = 0.5
and more larger 1 = 1.4 to show the performance of the method in the case of
more stiffness both in the deterministic and stochastic components.

Table 2 Means of absolute I RSB MSSBM DSSBBM

errors, Merr, for problem P1

with A =2, ju = 1.4, ¢o = 0, 102 8.1x 107! 2.9 x 10" 1.01 x 10!

¢ =0,X, =1 1073 8.3 x 1072 1.5 x 107! 4.5 x 10°
1074 1.1 x 1072 1.4 x 1072 9.1 x 107!
1073 8.5x 1074 1.1 x1073 2.8 x 107!
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Table 3 Means of absolute errors, Merr, for problem P1 with A =2, 4 =0.01, ¢o =5, ¢; =4,
X, =1

h RSB MSSBM MSSBBM  MSSBDBM  DSSBBM  DSSBDBM
107! 83x107!  327x10' 33 x10! 4.39 x 10! 321 x 100 4.51 x 10!
1072 7.6x1072  25x10° 2.5 x 10" 1.36 x 10! 2.5 x 10° 1.36 x 10!
1073 97x1073 21x107! 22x107! 1.8 x 10° 2.3 x 107! 1.63 x 10°
107 98x107* 1.6x102 1.7x1072 1.7 x 107! 21x1072  21x107!
1075 65x107°  32x107% 3.6x1073 2.3 x 1072 24%x1073  22x1073

Table 4 Means of absolute errors, Merr, for problem P1 with A =3, u =0.01, ¢ =5, ¢; =4,

X, =1
h RSB MSSBM MSSBBM  MSSBDBM  DSSBBM  DSSBDBM
102 56x1071  385x10" 3.85x10"  1.36 x 10> 385 x 10" 3.87 x 10!
1073 7.1x102  3.61x10° 3.62x10" 173 x 10! 3.6 x 10° 3.6 x 10"
107%  72x1073  36x107!  32x107! 1.8 x 10° 35x1070 3.6x 107!
1075 65x107%  32x1072 46x1072  2.1x107! 34x1072  35x1072

Table 5 Means of absolute errors, Merr, for problem P1 with A = 1.5, 0 =1.5,¢co =1, ¢c; =0.1,

XtO = 1
h RSB MSSBM MSSBBM  MSSBDBM  DSSBBM  DSSBDBM
1072 7.1x107! 75x1070 1.5x10° 1.4 x 10° 4.5 x 10° 4.0 x 10"
103 82x102 82x1072 18x 107! 1.9 x 107! 2.1 x 10° 2.2 x 10"
107%  86x1073  56x1073 1.6x1072 1.3 x 1072 37x107" 3.8x 107!
107 99x107° 48x10* 1.1x1073 1.2 x 1073 1.1 x 107! 14 x 1073
Table 6 Means Of absolute h RSB MSSBM DSSBBM
errors, Merr, for problem P2 — — = )
witha =1, 8 =001, T =2, 21 8.4 x 107 5.7 x 10 5.9 x 10
co=0,c =0 272 49 x 1074 2.7 x 1072 2.9 x 1072
273 1.6 x 1074 1.2 x 1072 1.4 x 1072
24 4.4 %107 4.1x1073 6.9 x 1073
2-5 1.2 x 1073 23 %1073 29 %1073

Table 7 Means of absolute errors, Merr, for problem P2 withae = 1, 8 =0.01,7 =2,¢c0 =5,¢1 =

4,X, =05
h RSB MSSBM MSSBBM  MSSBDBM  DSSBBM  DSSBDBM
271 14x103 57x102 56x1072 1.5x10° 52x1072 1.9 x 10"
272 83x107%  27x1072  25x1072 7.9 x 107! 29x1072 7.7 x 107!
273 28x10%  12x102  1.1x1072 2.8 x 107! 1.3 x 1072 2.6 x 107!
274 94x107*  41x103  3.7x1073 2.5%x 107! 55x1073 23 x 107!
275 65x107%  23x1077  1.6x 1073 1.5 x 107! 24 %1073 1.2 x 107!
276 41x107*  21x103  21x1073 6.1 x 1072 2.1 x 1073 6.9 x 1072
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Table 8 Means of absolute

h RSB MSSBM DSSBBM

errors, Merr, for problem P2 3 5
witha =1,8=01,T =1 2~ 34 x 107 57 %1072 5.9 x 10”

Co=0.c,=0.X =05 272 4.0 x 107 37 x 1072 3.9x 1072

’ 273 2.6 x 1074 3.6 x 1072 3.6 x 1072

24 1.2x107* 3.8 x 1072 3.8 x 1072

279 5.2 x 107 4.1 %1072 49 % 1072

In the Tables 3 and 4 we compare the Merr of the split-step balanced
methods with ¢y = 5 and ¢; = 4 for different values of 4, for fixed u© = 0.01 and
values of A = 2 and A = 3 to show the comparison with more related schemes.

Finally we consider the parameters A = u = 1.5 that again make the prob-
lem 1 stiff both in the deterministic component and stochastic component and
demonstrate the results of our method and some more related schemes in
Table 5.

The numerical comparisons reported in the Tables 1-5 are in favor of the
new RSB method, which has a much better results in the sense of accuracy
and advantage of using larger stepsize.

Problem 2 The second equation is a nonlinear SD E in It6 sense as below
dy(t) = —(a + B*y)(1 = Y)dt + B(1 — y)dW (1) I = [0, T, y(0) = 0.5.
The exact solution of this equation is given by [14]

(I + yolexp(—2at +28W(1)) + yo — 1
(I + yo)exp(—2at +2BW(t)) — yo + 1

y(®

This problem, with parameters « = 1 and 8 = 1, has been considered in [3]
as a stiff test problem for testing some stiff methods.

Tables 6,7, 8 and 9 give the Means of absolute errors, Merr, of the RSB and
some split-step balanced methods introduced in [21], see Appendix. Tables 6
and 7 show the numerical comparison of the methods for fixed parameters
a = 1 and B = 0.01, but with two sets of control parameters ¢y = 0, ¢; = 0 and
co =5, c; =4, respectively. Tables 8 and 9 compare the methods for fixed
parameter o = 1 and two values g = 0.1 and 8 = 1, respectively, to show the
effect of an increase in the stiffness of the stochastic parameter.

Table9 Means of absolute errors, Merr, for problem P2 witha = 1,8 =1,T = 1,¢9 = 1,¢; = 0.5,
X, =05

h RSB MSSBM MSSBBM  MSSBDBM  DSSBBM  DSSBDBM
271 24x 107! 427x10>  2.1x 107! 5.9 x 107! 5.6 x 1071 7.9 x 107!
272 30x107!  27x10! 1.5x 107! 52 x 107! 5.1 x 1071 6.7 x 107!
273 97x1072  82x1072 1.x107! 5.1 x 107! 5.3 x 107! 6.4 x 107!
274 54x%x102  21x102  57x1072 5.6 x 107! 5.5 x 1071 6.1 x 107!
275 30x102  13x102 3.6x1072 5.5x 107! 6.4 x 107! 6.2 x 107!
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As we can see in Tables 6-8, and particularly noticing the errors in bold type
in Table 9, it is clear that the new RS B method has a much better results in the
sense of accuracy and advantage of using larger stepsize.

Problem 3 Next, we consider a d = 4 dimensional non-linear SD E with non-
commutative noise of m = 2 dimensional driving Wiener process.

r 243 27 23 65 .
_ _ _Xl __XZ _X3__X4
X 15470 7770 15470 1547
27 243 65 23
pe Txr Sy P xs 2 xa
- T
N e 5
X/ 61 5 ., 36 162
R s LY
L 154 154 77 77 _
— 1 —
13
1
1 2 | 12
+§\/ XD+ X+ 52| T dw,
13
1
L 15
— 1 —
14
1
1 1 E
s e | 18| awe, ()
16
1
L 13
with initial value Xo = [3. 3. 1,317 on [0, T], see [5]. The moments of the

solution can be calculated as E(XiT) = %exp(ZT) for i = 1,2. We calculated
E(X'T) = é%exp(ZT) which is approximated at time 7 =1 with step-sizes
21, ...,27° and 10° simulated trajectories.

Remark 5.2 The random variables /; ; for 1 <i, j < m withi # j, are approx-
imated by a series expansion of the so-called Lévy stochastic series, see [13]
and also the Appendix.

As we know, the split-step balanced methods introduced in [21] can only
be applied to systems of SD Es with just one Wiener process. But here we
have shown the application of RSB to systems with a more general setting.
See Table 9 for numerical results in which we have given the absolute errors,
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Table 10 Errors for

: , h RSB Milstein
approximation of E(X 'lr) for = - —
problem P3 with 7' =1, 272 7.6 x 1072 47 x 1071
co=100T,¢c; =5T,c; =5 2 1.6 x 10 3.1x 10

273 4.1 %1073 1.8 x 107!
24 8.5x 1074 1.1 x 107!
273 1.6 x 1075 5.7 x 1072

| w006 % x ,(1T) — gexp(2T)|, of the RSB and Milstein methods. It is obviously
seen that the new RSB method has a much better results in the sense of
accuracy (Table 10).

Problem 4 Here we consider a system of SD Es with noise intensity parameter
8 and apply the RSB method and also the DSSBBM method, as a sample of
split-step backward balanced Milstein methods, to compare them in the sense
of mean-square stability. Consider the mean-square stable SD E system

dX“)Z[Bl—?5]X“”“*Fﬁnogirymdwa)

X@:[”. (5.2)

see [7]. We simulated the mean-square of the first component, E(X,(l))2 ~
ﬁ Z}g?O(Xi(_}))Z, of the exact solution of (5.1) with § = 0.9, 1, for step-sizes
h > 0.7 , respectively, by RSB and DSSBBM methods (with ¢y = 0.4Z and
¢ = 0.017). In this experiment, we have seen the stability of RSB method and

instability of DSSB B M method.

6 Conclusions

In this paper we introduce a class of general split-step balanced methods for
solving Ito stochastic differential systems with m-dimensional multiplicative
noise. The methods of this class are obtained by changing the drift increment
function ® which can be taken from any one-step ODE solver of order at
least one. We analyze the strong convergence of the methods in this class
for general drift increment functions. For mean-square stability, to be able
to get more insight into the properties of the resulting split-step methods, we
confine ourselves to the case in which we use the increment function of the well
known one-step method of Rosenbrock. It is shown that this new split-step
balanced method denoted by “RSB” has a large region of stability. Hence as
the numerical results also confirm, this method could be appropriate for many
drift and diffusion stiff SDE systems with m-dimensional multiplicative noise.
We will consider constructing methods with higher strong global convergence
orders and better stability properties in future work.
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Appendix
Rosenbrock methods

As we know the general s stage Rosenb rock methods for solving O D E systems
is as follows:

s
Ynt1 = Yn + ijkj,
=1

i—1 i
k,=hf yn—i—Zot,-jkj +h.]2)/ijkj,i= 1,..,s, (61)
j=1 =1

where wjj, y;j, b j are the determining coefficients and J = f"(y,) [8]. Of special
interest are the methods for which y; = y for i =1, .., s so that we need only
one L-U-decomposition per step. The coefficients must be chosen so that the
method becomes convergent of a desired order, for example, for two stage
Rosenbrock method of second order of convergence we can choose

by =1-b,, V21=b12,0621=2},—2 (6.2)

with y and b, # O still free. Furthermore, the method is A-stable if y > }1, and
is L-stable if y = 1 £ %, see [4].

Some split-step backward balanced Milstein methods for stiff stochastic
systems

1. Modified split-step backward Milstein (M SSBM) method
1
Yo=yn+hfh, Yy - Ehg(Yn)g/(Yn),

Ynt1 = Yn + AW,g(Yy) + %AWZg(Yn)g/(Yn); (6.3)
2. Drifting split-step backward balanced Milstein (DSSBBM) method
Yo =yn+hfh, Yy,
Y1 = Yo+ AW, 8(Y,) + %(AWﬁ —mg(Yg Yn) + Ca(Yu = yns1).

(6.4)
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3. Modified split-step backward balanced Milstein (M SSBBM) method

1
Yn =Yn+ hf(h» Yn) - Ehg(Yn)g,(Yn)v

1 /
Va1 = Yo+ AW,g(Y,) + 5AW$g<Yn>g (Yn) + Cu(Yy, = yus). (6.5)

4. Drifting split-step backward double balanced Milstein (DSSBDBM)
method

Yn =Yn+ hf(/’l, Yn) + Cn()’n - Yn)v
1
Yn+1 = Yn + AVVng(Yn) + E(AW,% - h)g(Yn)g/(Yn) + Cn(Yn - yn+1)'

(6.6)

5. Modified split-step backward double balanced Milstein (MSSBD BM)
method

1
Yn =DYn + hf(h, Yn) - Ehg(yn)g/(yn) + Cn(Yn - Yn)’

1 ,
Vup1 = Yy + AW, g(Y,) + QAW,%g(Yn)g (V) + Co(Yn — Yur1), (6.7)

with control function C, as defined in (2.3), see [21].
Approximation of the /(; ; by Lévy stochastic series

The authors in [13] have proposed the following simultaneous representation
of the random variables I j: first I; ~ N(0, h), which can be rescaled to

VhEq, where £; ~ N(0, 1) then

1 h
lij = 5(1@10) —hdj) + Aijh) = 5(5@5@ —8) + A j(h),

h 1
Ay = 5= 30 D taain+ V28 = i+ V260 |-

Here x;x and ¢ are N (0, 1)-distributed independent random variables for
allr=1,...,mand k = 1,2, ..., and §;; is the Kronecker delta. For a practical
implementation the infinite sum representing A; ;(h) has to be truncated after,
say, p terms and denoted the resulting finite sum by A? j(h), see [13].
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