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Abstract In this paper, we propose a new class of multistep collocation
methods for solving nonlinear Volterra Integral Equations, based on Hermite
interpolation. These methods furnish an approximation of the solution in each
subinterval by using approximated values of the solution, as well as its first
derivative, in the r previous steps and m collocation points. Convergence order
of the new methods is determined and their linear stability is analyzed. Some
numerical examples show efficiency of the methods.
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1 Introduction
Consider a nonlinear Volterra Integral Equation (VIE) of the form

t
YO = g(0) + / K(t.7, y(t)dr, tel:=[0,Tl, (1)
0

where g : I — R is a sufficiently smooth function and K : D x R — R, with
D :={(t,t): 0 <t <t < T},iscontinuous and satisfies in Lipschits condition
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with respect to y. Under these assumptions (1) has a unique continuous
solution [5].

One of the most practical methods for solving VIEs of the second kind is
approximating the exact solution by piecewise collocation polynomial. In the
literature many authors have analyzed one-step collocation methods for VIEs
(see [3, 5] and references of them). As it is well known, the collocation methods
are based on approximating the solution of VIE by piecewise polynomial
which interpolates the exact solution of the equation in certain points which are
called collocation points. Approximate solutions by collocation methods are
usually discontinuous on mesh points. Note that for m > 2 the choice of ¢; =0
and c,, = 1 yields continuous approximations where m denotes the number
of collocation parameters and ¢;, j=1,2, -, m are collocation parameters.
Some smooth piecewise collocation approximations lead to divergent colloca-
tion polynomials for VIEs of the second kind [4]. Collocation methods have
uniform convergence order m for any choice of collocation parameters and
local super convergence order 2m — 2 in the mesh points (Gauss and Lobatto
points) or 2m — 1 (Radau II points) [5].

Recently Conte et al. proposed two-step collocation methods for VIEs
which are obtained by using collocation technique and relaxing some collo-
cation conditions in order to obtain good stability properties. These methods
introduce continuous approximations for solution [7].

Also in [8, 9] multistep collocation methods were proposed. In these meth-
ods, the solution at each mesh point depends on the numerical solution at a
fixed number of previous time steps and m collocation points in the previous
subinterval. The approximate solution by multistep collocation method is con-
tinuous on the mesh points. The r step m points multistep collocation methods
have uniform convergence order m 4+ r and local superconvergence order
2m +r — 1 at the mesh points, for special choice of collocation parameters.
These methods have extensive stability region, whiles there is not any A-stable
method in this class.

Differentiating (1) yields the integro-differential equation

t
YO =g 0+ /0 Kt 7, y(x)de + K(t, 1, y(@), tel, )

with K,(¢, T, y(7)) = M In the case that the kernel does not depend on
t, (2) is an ordinary differential equation with initial condition y(0) = g(0) and
it may be integrated by any ordinary differential equation solver. In this paper,
we use both of (1) and (2), so that the approximate solution in each subinterval
depends on the values of approximated solution and its first derivative in the
fixed number r of previous time steps, and also the values of approximate so-
lution and its first derivative in the m collocation points. We want to find more
smooth piecewise approximations such that the approximate solution is con-
tinuously differentiable on the mesh points and some methods are A-stable.
Also by this technique we can find higher order methods with extensive sta-
bility region. We show that the new methods, which we call multistep Hermite
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collocation methods (MHCMs) will have the uniform convergence order 2m +
2r for r steps and m collocation points.

This paper is organized as follows: in Section 2, we describe construction
of the new methods. In Section 3, convergence order of the new method is
determined. In Section 4, we analyze stability properties of the methods and in
Section 5, we show performance of the methods by some examples.

2 Construction the method

Let us discretize the interval / by introducing a uniform mesh with stepsize
h:=t,, —t,as

I, ={t,=nh,n=0,1,---,N, Nh:=T}.
Corresponding to this mesh, (1) can be rewritten as

Y(O) = Fut) + @u(0), 1 € [t tysi], 3)

where

In
Fut) = g(0) + f K(t, 7. y(o))dr,
0

t
D, (1) =f K(t, 7, y())dz, (4)

are called lag-term and increment function, respectively. Similarly, for (2),
we have

Y () = Hy(t) + W, (1) + K(t, 1, y(1)), (5)

where

In
Ho0) = g1(0) + f Ki(t, 7, y(o))dx,
0

t
W (0) 2/ Ki(t, 7, y())dr. (6)
tn

Let0<c) <cp <+ <cp <1 be m fixed collocation parameters and ¢, ; :=
t, + cjh be collocation points. For approximating the solution of (1) restricted
to the interval [t,, f,11], approximated values of the solution and its first
derivative in the r previous steps and m collocation points, ¢, ;, are used. Thus
to construct the method, we seek a collocation polynomial of the form

r—1 m r—1 m
n(tn +5h) =Y () Yn—k + Y_Vi®OUnj+h Y xal)y, o +h Y pi)U, .
k=0 j=1 k=0 j=1

)
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forse[0,1],n=r,r+1,---, N —1in such a way that the conditions
Un,j = U (tn,j)y
U;l,,' = u;,(tn,j) (8)

are satisfied.
Then the approximation for y'(¢), in the interval [¢,, f,+], is obtained from

r—1 m r—1

it (ta+5h) = i) yn-i+ Y W OUnj+h Y xu®)yy o +h Y pi®U;, .

k=0 =1 k=0 =1
)

The polynomials @i (s), ¥;(s), xx(s) and p;(s) for k=0,1,--- ,r—1and j=
1,2,---,m are of degree 2(m +r) — 1 and their coefficients are determined
by equating both sides of (7) and (9) at the points f,_; and satisfying in the
conditions (8) which lead to the following interpolation conditions:

ok(=0) = dik, 93 (=) =0, @r(c) =0 ¢ (cy) =0,
V(=) =0, ¥i(=D=0, ¥jc) =238y ¥ic)=0,

Xe(=i) = 0. (i) = 8 14(c) = 0. x](c) =0, {10
pi(=0) =0, pi=0)=0, pjc)=0, pjlc)=3éj.
So by using Hermite interpolation formula (see [15]), we have
@i ($) = Lio(s) — Lio(—=k) Lii (s),
xk(8) = Ly (s), k=0,1,---,r—1, (11)
with
r—1 . m
Lio(s) = l_[ <_Sk++li>2 H <_sk__cij>2
i=0 =1
Lii(s) = (s + k) Lio(s),
and
Yi(s) = Ljo(s) — Lip(c) Lji(s),
pis) =Lj(s), j=1,2,---,m, (12)
with

r—1 N2 m 2
S+1 S —C;
L) = —
P ll;[)<01+i) E(C/—Ci)
i#]

Lji(s)=(s—cjLj(s).

The exact MHCM is then obtained by imposing the collocation conditions
for both (3) and (5), i.e. the collocation polynomials (7) and (9) exactly satisfy
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(3) and (5) at the collocation points #, ;, which leads to the coupled system of
2m equations in the unknowns U,,; and U ,’” in the form

Un,i = Fn,i + Dy,
{ U,i=Hui+ Wi+ Kt tni, Unp, (13)
where
1
Fui=gla)+h) / Kt ty + sh, u, (1, + sh))ds,
—Jo
q)n,i = h/ [ K([n,i’ I, + Sh» un(tn + Sh))ds’
0
1
Hn,i = g’(l‘n,i) +h Z/ Kt(tnj, t, + S]’l, I/lv([v =+ Sh))ds,
—Jo
Wy, = h/ 1 K (t,;, t, + sh, u,(t, + sh))ds,
0
then y,1 = u,(t,41) and hy, | = hu,,_ (t,11) are computed by
r—1
Yne1= Y @)y k+2 ViU j+h Zxka)yn k+th,<l>U,, -
k 0 ]_l k () ]_ (14)
Ry —Zfﬂk(l)yn k+2w (HU,, ,+hZXk(1)y,, k+th1(1)U/
k=0 =1 j=1

Also the discretized MHCM is obtained by using suitable quadrature for-
mulas for approximating F,;, ®,;, H,; and ¥, ;. The discretized multistep
Hermite collocation polynomials for approximating y(#, + sh) and y'(t, + sh)
take the forms

r—1

Py(ty +sh) =Y @i(s)yn- k+2w,<s)Yn,+thk(s>yn k+th,(s)

k=0 j=1 =1
(15)
and
r—1
hB,(tn+5h) =) ¢4 () yn- k+2w (s)Yn,+thk<s>yn k+h2p]<s>Y’
k=0 j=1 k=0 j=1
(16)

where the unknowns Y, ;:= P, () and Y} ;:= P, (i, ;) are determined by
solving the coupled nonlinear system
{ Yn,i = }_in,i + cizn,is (17)
Y;,’,' - n,i + \Iln,i + K(tn,ia tn,iv Yn,i)-

@ Springer



32 Numer Algor (2012) 60:27-50

The approximations of F, ;, ®,;, H,; and ¥, ; are of the form

n—1
Foi=gUn) +h YD biK(tni ty + Eh, Py(t, + &h)),
v=0 [=1
_ o
<I)n,i =h Z wilK(tn,ia t, + dilh’ Pn(tn + dilh))»
=1
_ n—1
Hyi=g i) +hYy > biKiltni ty + &h, Py(t, + &h)),
v=0 [=1
_ Mo
v, = h Z with(tn,i» ty + dyh, P,(t, + dilh))s
I=1

where (b, gl);;‘ , and (wy, dﬂ)fz"l denote quadrature weights and nodes for the
intervals [0, 1] and [0, ¢;], respectively and uo and w, are positive integers.

Remark 1 The discretized MHCM (15)-(17) provides a continuously
differentiable approximation P(¢) for the solution y(¢) of (1) in [0, T], which
is given by

P(t)|[[nv[n+l] = Pﬂ(t)'

We note that usually the piecewise polynomials constructed by collocation
methods for VIEs do not use the numerical solution in the previous steps and
give a discontinuous approximation of the solution, i.e. u(t) € Sf;_l)l (Iy) where

SOy = {ve ClU) vl €My 0<n<N-1}.

Here, IT,, denotes the space of polynomials of degree not exceeding .

The given approximated solution by the multistep collocation method uses
r previous steps and does not use the derivative of the approximate solution,
so0 it is a non smooth continuous approximation, i.e. u(t) € ng:_,_l (I). In this
new extension the Hermite collocation polynomial is an smooth continuous

approximation to the solution of (1), i.e. u(t) € S5, (I).

The idea of introduced methods which use the derivatives of approximate
solution in some points has been widely developed in the context of ordinary
differential equations (ODEs). In particular [6, 10, 11] deal with linear mul-
tistep methods and second derivative multistep methods. The reason of the
interest in constructing new methods lies in the fact that they are high order
methods with extensive stability region, as we will show in the next sections.
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3 Convergence order

In this section we will analyze convergence order of the MHCMs and dis-
cretized MHCMs.

Lemma 1 Consider the linear VIE
t
y(t) = g —i—/ K, t)y(t)dr, tel:=10,T], (18)
0
with y e R, K € CP(D), g€ CP(I) and p =2m + 2r. Then for any choice of

distinct collocation parameters 0 < ¢y < cy < -+ < ¢ < 1, the exact solution
(1) of (18) satisfies

r—1 m r—1
Ytn+5h) =Y () y(tni) + Y Vi)Y )) + 1Y Xk ()Y (tas)
k=0 j=1 k=0
+hY )Y () + P Ry n(s), s € [0, 11, (19)

=1

where the polynomials ¢i, Vi, xx and p;j are given in (11) and (12), and

1
Riprn(s) = / Koy (s, 1) yP (v)dv,
—r+1

r—1
—1 -1
Km,r(s» V) = (p— 1! {(S - v)i - kZz(:)wk(s)(_k - V)i
m r—1
=Y Y= —h(p =1 ) (—k — )
j=1 k=0

—h(p—1Y_ pi(s)(c;— )i

J=1

Proof By the Peano theorem for interpolation [3, 12], it follows that the thesis
is true fors € [—r + 1, 1]. O

Theorem 1 Let e(t) = y(t) — u(t) and &'(t) = y'(t) — u/(t) be the error of exact
MHCM and p = 2m + 2r. Suppose that

(i) the given functions in VIE (1) satisfy K € CP(D x R) and g € CP(1),
(ii) the starting errors are ||€||soj0.,) = O(h?) and €' || soj0.,) = O(hP™Y),
(i) pH) < 1, where p denotes the spectral radius and

AA
Hz[AA} (20)
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with

_ 0r71,1 Irfl 1 orfl,l 1,71
A= [%1(1) @r—(l), - - ,900(1)] A= [Xrl(l) Xr—2(1), - - ,XO(I)]’

|: 0,1, I, j|
X (D[ x (D), -, xo(D) |
(21)

A 0,1, I, } <
A= 7 - 7 7 vA
[(0,_1(1) @,_5(1), -+, gp(1)

Then
lell = OhP).

Proof We will carry out the proof in the case of linear VIE (18). The proof can
be straightforwardly extended to the case of the VIE (1) by the mean value
theorem.

By Lemma 1, we have

r—1 m r—1
Y(tn+5h) =Y @) y(ta—i) + Y Vi)Yt ) + 1D X6y (tas)

k=0 =1 k=0

+ 1Y i)Y () +h? Ry rn(s), s €10, 1]. (22)
j=1

By subtracting (7) from (22), the error of exact MHCM, ¢(¢), takes the local
representation

m

r—1 r—1
ety +sh) =) ou@en i+ Y _ Vi)enj+h Y xuls)e,
k=0 k=0

Jj=1
+h Z ,Oj(S)SLLj + hP Ry rn(s), (23)
j=1

with n>r, e, =e(tni), enj=¢tn)), &, ; =€ (t—r) and 8;1’]» = &'(tn,}).
Differentiating (23) leads to

r—1 m r—1
he'(ty + sh) =Y i (enic+ Y Vi©enj+h Y xi()e, 4

k=0 =1 k=0

m
+h Z P(8)e, j+hP R, . (5). (24)
j=1
Replacing 7 by / — 1 in (23) and (24), and s = 1, lead to
81(1) = Agl(i)l + SSI(E)I + hAg/l(i)l + hggll(i)l + 1P P i (25)
and

he'\V = Ae +8e? + hAe' " + hSe' P + hPp,, 1), (26)
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where A, A, A and A are given in (21) and
0r 1,m 0r—l m ~ 0r—l 1
S = S = ’ s Py i = ’ s
(v/r<1>T> (p<1>T> P (Rm,r,,a))
Q _ 0rfl,m Q _ 0rfl,m - _ 0, 11
= (W’(DT)’S_ (p/(l)’[‘>’pm,r,]_ ( mr](l) )
) = [e1rpt, el eR e =[er1, - em)” € R,
/(l) =gl 782] eR’ e /(2) =[eg, - ’8l/,m]T € R”,
YD) = [Yi(1), -, P (DI,
¥ () =), D]

Combining (25) and (26) gives the following matrix equation
EV =HED, + GEP + Qi h”,

where H is given by (20) and
S 1S .
G=|, - s mr,j — _mnd ,
(S hS) Q. </0m,r,j>
(1 2
e (& ) g _ (& ).
-1 hgll(l) -1 8/1(2)

The solution of difference equation (27) is

-1
j=r—1

(see [13]). On the other hand, by evaluating (18) for ¢ = ¢, ;, we obtain

1
V) = 8000+ h Y [ Kltpioti syt + shyds
. 0

+h / Kt tn -+ sh) y(ty + shds.
0

The first equation in (13), for the linear case, is equivalent to
1
Un (i) = gUtni) +h Y / K(tni. t; + shyu(t; + sh)ds
—Jo

+h f Kt tn + sh)ttn by + sh)ds.
0

27)

(28)

(29)

(30)

@ Springer



36 Numer Algor (2012) 60:27-50

By subtracting (30) from (29), we get
n—1 1 Ci

eni=h Zf Kt 1 +sh)s(t,+sh)ds+h/ K(t,, ty +sh)e(t, +sh)ds. (31)
1=0 0 0

By the hypothesis on the starting errors, it follows that
e(ty +sh) = hPqi(s), [=0,1,---,r—1 (32)
and
he'(ty + sh) = hPq)(s), 1=0,1,---,r—1, (33)
with ¢/l < Ci and ||qllc < C, independent of 4. By substituting (32), (33)

and (23) in (31), we obtain
n n—1 n
A—hCP)e? — REPe)Y =P Y RO +hY " CPef” +h) " BPe"
1=0 I=r I=r
n—1 n

1Y EPe? +n Y DY, (34)

I=r I=r

where RV e R™, C, ED e R™™ and B, D e R™*" are defined as
1
| K+ swaeas.  1=01 -1,
0
) I
(RY), = / K(twi )+ sh) Ry (9)ds, [ =7, .n—1,
0

1
/ Kty t, +Sh)Rm,r,n(s)ds» [ =n,
0

1
/ Kltnss 11+ shyoe(s)ds, =1, n—1,
=1 Y0

(BY) ik
K(tyi, ty + sh)pr(s)ds | = n,
0
1
/ K(tn,iy I +Sh)1ﬁj(s)ds, l=r---,n—1,
(). = { Jo,
n ij i
K(tn,i, t, + Sh)l/f]-(s)ds, [ = n,
0
1
/ Kty i +sh)xe(s)ds, I=r,--- ,n—1,
(D’("l))ik = OCi
K(tyi, ty + sh)x(s)ds, | =n,
0
1
/ K(tn,ia n+ Sh),Oj(S)dS, l=vr- -, n—1,
(Ei('ll))ij = Oc

K(ty i, tn +sh)pj(s)ds, | = n.
0
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37
Similarly we have
S/n,i =h Z/ Kl(tn,i» 1+ Sh)é‘(l] + Sh)ds + K([ﬂ,i1 tn,i)gn,i
0
+ h/ ‘ K (tyi, t, + sh)e(t, + sh)ds (35)
0

for the approximation error of y'(f). By substituting (32), (33) and (23) in (35),
we have

(I — hZE’(ln)) 5,5,2> - (K(tn,iv tn,i) + hé;(fzn)) Sr(tZ)

n—1 n—1
_ hp+1 Z R(l) + hZC(l) (2) + hz B(l) (1) —I—h2 Z ES’S’,Q)
=0 l=r l=r I=r
n ~
+ 2y DY (36)

I=r
with

1
/Kz(tni,tz—i-sh)CIl(S)dS [=01,---,r—1,
(RY); = /Kx(tnz,tz—i-sh)Rmrz(S)dS I=r- n—1,

/ Ki(tni, ty + 5h) Ry rn(8)ds, | = n,

1
/ Kt 11+ shygr(s)ds, 1=r, - ,n—1,
0

(Bg))ik = i
K (ty, ty + sh)pr(s)ds | =n,
0
1
~ / Kt(tn,i, tl—l—sh)l/fj(s)d‘y) l=r7"' , N — 17
(C(”)“ =1 Jg,
n ij i
Ki(tni, ta + sh)yrj(s)ds, | =n,
0
1
) / Kitpsoti +sh)gps)ds, 1=r..n—1,
(Dl(f))'k = e
K (i, tn + sh) xx(s)ds, | =n,
0
1
/ Ki(twis t1 +sh)pj(s)ds, I=r -, n—1,
(Ei,l)) = 0

’ Kl 1 + shypj(s)ds, I =n.
0
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Combination of (34) and (36) leads to the following matrix equation

n n—1 n
W’<1n>g}52> —h Z Wf,l)gl(]) + hz Wr(pgl(z) + pp! Z I?ﬁf), (37)
l=r I=r 1=0
where
won  [1=RCSRED e [BY DY
" —K(tni, tai) + hCV 1= h*EWM |’ n BY DO |

R cO BED . RO
(O n n 0 _ n
w=la ) # -k
Substituting (28) in (37) yields

n n—1 n
WREP =hY WHTHEY +hY " N WHGEY
I=r j=r 1=t

n n—1
+hY WOHTGE? +h)y Whe?

I=r I=r

n—1 n n
4 gt Z Z WOHI'Q,,,.; + kP! Z RV n>r. (38)
j=r—1li=j+1 =0

Now a bound for £ can be found by the same way as described in [9]
(Theorem 4.2) that leads to the estimate

IEP] < Mah?,
then from (28) a bound for ||V || obtained in the form
IES T < Myik?.

Note that the coefficients M; and M, depend on the bounds of the matrices
in (38). Using the local error representation (23) and two above inequalities
together to the expression (32) for the starting errors, complete the proof. O

Now we state similar discussion for discretized MHCMs by the following
theorem.

Theorem 2 Let e(t) = y(t) — P(t) be the error of discretized MHCM and p =
2m + 2r. Suppose that

(i) KeCP(D xR)andg e CP(I),
(ii) The quadrature formulas for approximating F,;, ®,;, H,; and ¥, ; are
of orders p 41, p, p+ 1 and p, respectively,
(iil) The starting errors are ||| 10.,) = O(hP) and ||€' | so.0.,] = OhP~Y),
(iv) p(H) < 1, where H is given by (20).
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Then
lellw = O (K*™F2).
Proof The result is obtained from Theorem 1, the inequality
lelloo = llelloc + lt — Plloo

and order of quadrature formulas. O

4 Linear stability

In this section, we analyze the stability properties of exact and discretized
MHCMs. The stability behavior of a numerical method for (1) is usually
analyzed by applying the method with a fixed positive stepsize 4 to the basic
test equation (see [1, 2])

yo =1+ X/ y(t)dz, te[0,T], Re()) <DO. (39)
0

This test equation is equivalent to the ODE test equation y’ = Ay.

Definition 1 Absolute stability region of the method is the set of all z := Ak €
C, such that the numerical solution y, of test equation (39) with a constant
stepsize h, tends to zero as n — oo. The method is said to be A-stable if its
absolute stability region includes the negative complex half plane C™.

To state the main results of stability properties of the new method, let us
define

Qik=/ @r(s)ds, FijZ/ Vj(s)ds,

0 0

A= / xis)ds, Mg = / p(5)ds,
0 0
1 1

o =/ @i (s)ds, ,3j=/ Y i(s)ds,
0 0

1 1
J/k=/ Xk (s)ds, n;=/ pj(s)ds,
0 0
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and introduce the vectors and matrices
U,=[Up1, - Upml”, u=[1,---, 11" e R",
O = ey Y = Y]
o) =Ipo(1), -+ @t (DI", (D) =[Y1(1), -, Ym(D],
X =[x, 1", p() =T[pi(D), -, pu(D],
o) =[gp). gl ] W) =[wi. v,

X' =[x, x]" P =[p), -, ph(M]

E = [—(10(1)T+Z,0(1)T)]’E2 _ [—(W'(l)T-FZP’(l)T)] F= [ﬂu 0 }

0r,l 0r,l Ir Or,l
_[ 1 —em’ _[ 0 —xm"
GZ’I N [Or,l I, j|’ G2,2 B |:0r,1 Or,r ’
[0 - [ =xmr
G3,1 - [Or,l 0r,r j|’ GS’Z - |:0r.1 Ir ’

Theorem 3 The exact MHCM, applied to the test equation (39) leads to the
following recurrence relation

(r) y(r) 1
hy;ﬁ)l =R@) | hy, |, (40)
1 (r 1(r
hy', hy' ",
Un Unfl

where R(z) is the stability matrix and it is given by

R(z) = [0(2)] ' M(2),

with
0m,l ‘_ZQ ‘ om,l ‘_ZA ‘Im —z('+ zA)
0(z) = G | Gy | E, ;
G, | Gsp | E,
O |zwa” — @) |01 |zwy” — A)| M,
M(Z) = F 0r+1,r+1 0r+l,m 5
0r+1,r+1 F 0r+1,m
and

My =1, +zu(B" +zn") — z2(T + zA).
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Proof Second equation in (13), applied to test equation (39), yields
Ui = Un,i. (41)
Now from (41) and applying (14) to the test equation (39), we obtain
et =0Ty + xRy + @D +20()HU, (42)
and
hy, =o' O + X' O hy )+ @O +20/ (DU, (43)

which can be written in the following matrices forms

. hy’ n
R I
and
n hy, hy,

Now, with the purpose of finding a recurrence relation, we compute U, —
U,_, to get

Un - Un—l = Fn - Fn—l + (I)n - q’n—l
with

I_rn - anl

1
= Ahf Uy (ty—1 + sh)ds
0

r—1 m r—1 m
=z Zakyank + Z BiUn-1,j+h Z VkYn-1-k + 2 Z NjUn-1,j
k=0 j=1 k=0 j=1

= zu (‘)lTy’(lr)1 +h}l y/(r) + (ﬂT + ZﬂT)Un—l) ) (46)

On the other hand, we have from (4)

D, = Du(ty) = Ah/ Iu,,(t,, + sh)ds
0

r—1 r—1
=z | > Q- k+z TijUnj+h Y Ay, k+zZA,,Un,
k=0 j=1 k=0 j=1

Therefore

®, = zy" + hzAy'" + z2(T + zA)U,
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and
,— 0, =29 (v -y, ) +2A (hy =y )+ 20 +28) (U, = Uy ),
(47)

Now computation of difference U, — U,_;, by substituting (46) and (47),
leads to

Iy — 2(T + zA)U, — 2y — zAhy'))
= (L + zuB” + ") — 2T + ZA)U,_; + z(ue” — @)y,
+zuy” — Mhy) . (48)
Finally from (44), (45) and (48), we obtain

Yn+1 Yn
Y, yg&
Q@) | hypyy | =M@) | hy,
hy') hy/fzrll
Un Un—l
which is equivalent to (52). o

Remark 2 1In the case ¢,, = 1, from the interpolation conditions (10), we have
or(D) = Y1) = x,(1) =0,
P =0, j=1,2,--- ., m—1, p,(1)=1

So from (14), we have y, .| = U, ,, = AU, m = Ay,nq1. Thus the relation (42) is
equivalent to

Yor1 = (@) +z2x(T) ¥y + (¥ (D +zp()") U, (49)
and can be written in the matrix form
G[“‘;ﬁj’)l}—i—ElUn:F[ (y,’;l], (50)

where G = Gy + z2Gy,. Also (48) can be written in the form
@y — 2(T + zA))U,, — 2(2 + zA)y?
=@y + zWBT + zup”) — 2(T + zA))U,_; + (z(ua” + zuy’)
— 2R+ zA)yY . (51)

Therefore the exact MHCM applied to the test equation (39) leads to the
following recurrence relation

Yn+1 Yn
YW |=R@ | y", |. (52)
Un Un—l
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where R(z) is the stability matrix and it is given by

R(z) = [0(2)] ' M(z),

with
0,11—z2(4+zA)|L, — z(T + zA
Q(z)z[ . é ) izl )],
0ml Ml M2
M(z) = : ,
(Z) [ F 0r+1,m:|
where

M, =zu(a” +zp") — 2(R + zA),
My =1L, +zu(B” +zn") — 2(T + zA).

Thus in the case of methods having ¢,, = 1, the stability matrix R(z) has the
smaller dimension m + r + 1 instead of m + 2r + 2.

Let us define

Mo Ho
Qi = Z wiek(dip), Tij = Z wiy j(dip),
=1

=1

o Ho

A=Y waxx(du), hij=Y_ wap;(di),
=1 =1
) M1

a =) bige&), Bi=)_ by,
=1

=1
M1 M1
o=y b, dij=y bipj&)
=1 I=1
and introduce the vectors and matrices
Y:[anl’o-- ,Yn,m]T’
&:[&07"' ’&r—l]Tv B:[Bls me]Ta
}‘;:[‘}70’... 7)7r71]T7 ﬁ:[ﬁh 1ﬁm]T1
Q=(Qu) eR™, T=(@)eR™", A=Ay eR™’, A=(A;)ecR™",

Then:
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Theorem 4 The discretized MHCM, applied to test equation (39), leads to the
following recurrence relation

Yn+1 %’n
glr) - ynrll
hy;(+)1 =R@ | hy, |, (53)
(r (r
hy’, hy',
Yn Ynfl

where the stability matrix is given by

ko =[00)] M.

with
] 01| =28 | 0,1 —2A Ly — 2(T + zA)
0(z) = G Gy, E, ,
Gs, G;, E,
T G ~T % Y
) O |z’ — )| 0,1 |zwp” — A)| M,
M(Z) = F 0r+1,r+1 0r+l.m )
0r+1,r+1 F 0r+1,m
and
~ ~T - ~ ~
M1:1m+zu(,8 +znT>—z(F+zA).
Proof The proof is analogous to that of Theorem 3. O

The stability function of the methods with respect to (39) is defined as

p(w, z) = det(wly 2742 — R(2)). (54)

To investigate the stability properties of the exact MHCM, it is more con-
venient to work with the polynomial obtained by multiplying the stability
function (54) by its denominator. The resulting polynomial which will be
denoted by the same symbol p(w, z), takes the following form

m+2r+2 )
pw.2)= > piw, (55)
i=0
where p;(z), i=0,1,---,m+ 2r+ 2, are polynomials of degree less than or
equal to 2m. Denoting by w;, wa, - - - , Wyi2r1+2, the roots of the polynomial

p(w, z), the region of absolute stability of the methods is defined by
S={zeC:|lw)| <1, i=1,2,--- ,m+2r+2}.
To obtain this region we use the boundary locus method [14]. Inserting w = e,

the roots of (55) describe the stability region.
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4.1 Examples of MHCMs with 2 steps and 1 stage

Consider the MHCM s with 2 steps and 1 collocation parameter c;. The stability
polynomial of this family of methods assumes the form

p(w, 2) = w(ps(Dw’ + ps@w* + - + po(2)),

where p;(z),i=0,1,---,5 are polynomials of degree less than or equal to 2.
Performing a computer search based on the boundary locus method, shows
that this family of methods are A-stable of order 6 for c¢; € [0.22,0.39] U
[0.67,0.72].

4.2 Examples of MHCMs with 2 steps and 2 stages

Consider MHCMs with 3 steps and 2 collocation parameters c¢; and c,. The
stability polynomial for this family of methods is of the form

p(w, 2) = w(pe(Dw’ + ps(Dw’ + - - + po(2)),

where p;(z), i=0,1,---,6 are polynomials of degree less than or equal to
4. Performing an extensive computer search based on the boundary locus
method, we obtain A-stable methods of order 8 when both collocation para-
meters are within the region reported in Fig. 1.

4.3 Examples of MHCMs with 3 steps and 1 stage

Consider the MHCM s with 3 steps and 1 collocation parameter c;. The stability
polynomial of this family of methods assumes the form

p(w, 2) = w(pr(D)w’ + pe(Dw’ + -+ - + po(2)).

Fig.1 Acceptable (cy, c2) 1
pairs for A-stability of
MHCMs withr =2, m =2

~

%)
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Fig. 2 Acceptable (cy, ¢2) 1
pairs for A-stability of
MHCMs withr =3, m=2

]
0
0 c 1
where p;(z),i=0,1,---,7 are polynomials of degree less than or equal to 2.

Performing a computer search based on the boundary locus method, shows
that this family of methods are A-stable of order 8 for ¢; € [0.27, 0.32].

4.4 Examples of MHCMs with 3 steps and 2 stages

Consider MHCM s with 3 steps and 2 collocation parameters c¢; and c,. The
stability polynomial for this family of methods is of the form

pw, 2) = w(ps(Dw® + pr(Dw’ + - + po(2)),

where p;(z),i=0,1,---, 8 are polynomials of degree less than or equal to 4.
Performing an extensive computer search based on the boundary locus method,

Fig. 3 Stability region for 4
MHCM withr =3, m =1,
cp=1 3l

-2}

,3,

35 -3 25 2 15 -1 -0.5 0
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Fig. 4 Stability region for 100
MHCM withr =3, m =2,
c1=07,c0=1 80

60 -

40+

20

—-60

-80+

~100 I I I I I I I I
-180 -160 -140 -120 -100 -80 -60 -40 -20 0

we obtain A-stable methods of order 10 when both collocation parameters are
within the region reported in Fig. 2.

Remark 3 Figure 3 shows the stability region for MHCM with r =3, m =1
and Fig. 4 shows the stability region for MHCM withr =3, m =2and ¢, = 17—0,
¢, = 1 as collocation parameters.

Remark 4 In the discretized MHCMs, the order of applied quadrature rules
is at least the same proved order for MHCMs in Section 3. These rules are
exact for @i(s), xx(s), k=0,1,---,r=1, ¥j(s), pj(s) and j=1,2,---,m,
since these polynomials are of degree 2m + 2r — 1. Thus we have

R(z) = R(2)

and so the stability regions plotted in Figs. 1 and 2 do not change for the
discretized cases.

5 Numerical experiments

In this section illustrative examples are given to show efficiency of proposed
methods. We solve the given problems by MHCMs and compare the results
with multistep collocation method [9]. Here the starting values yy,---, y,_
and y),---, y,_, are obtained by a one step MHCM of the same order of the
present method, i.e. the number of collocation abscissas must be m +r — 1. It
must be mentioned that in [9] the starting values yy, - - - , y,_; have been taken
from the known exact solutions.

In practice, we need quadrature rules to obtain numerical solutions. For this
purpose, we have to apply the rules that preserve order of the main method. A
suitable choice is Gauss quadrature formulas with m + r — 1 points.
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In what follows, we describe details of the implemented methods:

— Method 1: MHCM of convergence order 10 with r =3, m =2, and
collocation parameters ¢; = 0.8, ¢; = 1.

— Method 2: MHCM of convergence order 8 with r = 2, m = 2, and colloca-
tion parameters ¢; = 0.7, ¢; = 1, which is an A-stable method.

— Method 3: MHCM of convergence order 8 with r = 2, m = 2, and colloca-
tion parameters ¢; = 0.55, ¢, = 1, which has bounded stability region.

— Method 4: Multistep collocation method of local superconvergence order 8

[9] with r = 3, m = 3, and collocation parameters ¢; = % — fossss =

103, V89355
194 1358 *

C3=1.

Computational experiments are doing by applying the methods 1-4 on the
following problems:

I The linear VIE
y(@t) =e€ + f0t2cos(t —)y(r)dr, te]0,10],

with exact solution y(f) = ‘(1 + 1)2.
II' The nonlinear VIE

y(t) =2 —cos(t) — /01 sin(ty(r) — r)dr, te€][0,5],
with exact solution y(f) = 1.
III The nonlinear VIE

y(6) =1+ /Ote_[yz(t)dr, t€10,5],

with the exact solution y () = ¢'.
IV The linear stiff VIE [16]

y(t) = sint + A(l —cost) — A foty(r)dr, t € [0, 20],
with the exact solution y(f) = sint.

In the Tables 1, 2 and 3, maximal end point errors are 107, where cd

denotes the number of correct digits. Convergence order of the method is

defined by p(h) = Logz(“e(f,f’))), where e(h) is the maximal absolute end point
error. In Table 4, we show the effect of linear stability of the methods 2 and 3 in
solving the stiff problem IV. The absolute stability region for the method 3, is
bounded. For z = Ah out of this region, increasing of absolute error is evidently
seen while this does not happen for the method 2, which is an A-stable method

and the obtained results are acceptable.
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Table 1 The results of N 8 16 32 64 128 256
problem I
Method 1  cd 5.04 7.87 10.77 1374 16.72 19.72
p(h) 940 9.67 9.83 9.91 9.95
Method 2 cd 389 624 861 11.01 1340 15.80
p(h) 782 789 794 796 798
Table 2 The results of N S 16 0 64 128 256
problem IT
Method 1 cd 14.63 17.56 20.53 23.51 26.52 29.52
p(h) 974 984 992 996 998
Method 2 cd 1122 1354 1590 1828 20.68 23.09
p(h) 771 784 792 796  7.98
Table 3 The results of N 8 16 32 64 128 256
problem 111
Method 1 c¢d 9.78 12.86 1591 1893 21.92 24.96
p(h) 10.23  10.10 10.05 9.96 10.06
Method 2 cd 8.30 10.71 13.12 15.52 17.93 20.34
p(h) 8.01 8.00 800 800 8.00
Table 4 Comparison Method 2 Method 3
absolute errors of the
methods 2 and 3 for problem d N =128 N =256 N =128 N =256
IV with A = 400 2.5 9.440E—14 3.270E—-16 1.481E—12 4.052E—16
5 1.263E—14 5.372E-16 7.485E—11 4.994E—16
10 4.669E—14 8.603E—16 1.888E—07 1.334E—16
15 9.981E—14 3.553E-16 4.766E—04 4.237E—-16
20 1.033E—13 4797E—16 1.203E+4-00 3.738E—16
Fig. 5 The number of kernel 20
evaluations for problem I —O— Method 2
=——4— Method 4
18
16
L 14f
5
o
- 12+
10
8 L
6 . . . .
2 4 6 8 10 12 14 16
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We compare the performance of MHCMs with respect to the multistep col-
location methods in terms of computational cost. Figure 5 shows the number of
kernel evaluations, ke, including kernel derivatives, with respect to the correct
digits of methods 2 and 4 for solving the problem I.

6 Conclusion

In the introduced methods which are a new class of multistep collocation
methods, the first derivative of approximate solution in r previous mesh points
and m collocation points, as well as the values of approximate solution in
these points, are used. The applied technique not only gets methods of higher
orders, but also causes to A-stable methods in some cases and the approximate
solution is more smooth than the approximate solution in multistep collocation
methods and collocation methods.
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