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Abstract Presented herein is to establish the asymptotic analytical solutions
for the fifth-order Duffing type temporal problem having strongly inertial and
static nonlinearities. Such a problem corresponds to the strongly nonlinear
vibrations of an elastically restrained beam with a lumped mass. Taking into
consideration of the inextensibility condition and using an assumed single
mode Lagrangian method, the single-degree-of-freedom ordinary differential
equation can be derived from the governing equations of the beam model.
Various parameters of the nonlinear unimodal temporal equation stand for
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different vibration modes of inextensible cantilever beam. By imposing the
homotopy analysis method (HAM), we establish the asymptotic analytical ap-
proximations for solving the fifth-order nonlinear unimodal temporal problem.
Within this research framework, both the frequencies and periodic solutions
of the nonlinear unimodal temporal equation can be explicitly and analytically
formulated. For verification, numerical comparisons are conducted between
the results obtained by the homotopy analysis and numerical integration
methods. Illustrative examples are selected to demonstrate the accuracy and
correctness of this approach. Besides, the optimal HAM approach is intro-
duced to accelerate the convergence of solutions.

Keywords Strongly nonlinear vibration · Homotopy analysis method ·
Restrained cantilever beam · Lumped mass · Fifth-order temporal equation

Mathematics Subject Classifications (2010) 34A34 · 34C25 · 70K05

1 Introduction

Nonlinear dynamical problems pervade in numerous disciplines of science
and engineering, such as in mechanical, physical and structural applications,
and even in aeronautical technology. Theoretically, most of the nonlinear
dynamical models are governed by a set of differential equations and auxiliary
conditions that arise from modeling processes [22]. By investigating the steady-
state and transient responses of nonlinear differential equations, the quest
of accurate analytical or semi-analytical techniques is highly indispensible.
In contrast with the numerical analysis, the scientific merit of the analytical
solutions provides a superior understanding and insight of the interrelationship
between the governing parameters and resulting solutions, such that the
availability of the design practices in science and engineering can be advanced
and benefited.

Over the past few decades, many ingenious analytical methods have been
developed for solving different kinds of strongly nonlinear equations, such
as the modified perturbation methods [2, 5, 25, 27] and improved harmonic
balance methods [11, 26, 28, 32]. Meanwhile, the homotopy analysis method
(HAM) [15–17] was emerged as one of the robust and efficient analytical
techniques in solving nonlinear problems. The rationale behind the HAM
stems from the homotopy [9] that is a significant concept in topology [23]. It
has been generalized to tackle various nonlinear problems in solid and fluid
mechanics [1, 4, 12, 31, 33, 34]. Moreover, it goes beyond the conventional
perturbation methods, which are only restricted to address the problems with
weak nonlinearities [17]. Thus, this paper attempts to use the HAM for dealing
with the fifth-order Duffing type temporal problem containing strongly inertial
and static nonlinearities [8].
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The underlying implication of this fifth-order nonlinear problem corre-
sponds to the nonlinear vibration of a restrained cantilever beam with an
intermediate lumped mass [8]. The investigation of cantilever beam models
is mainly due to its significance and relevance in contemporary engineering
structures, such as a cantilever bridge. Formerly, there have been extensive
research subjects in regard to the dynamic behaviour of assorted cantilever
beam problems. For instance, Hamdan and Dado [7] investigated the flexural
large amplitude vibration of a cantilever beam attaching a lumped mass
with a rotary inertia, Zhang et al. [35] analyzed the global bifurcation and
chaotic dynamics for the nonlinear nonplanar oscillation of a cantilever beam
stimulated by harmonic axial and transverse excitations at the free end, Hu
et al. [10] studied the principal resonance of an Euler–Bernoulli cantilever with
a contact end, and recently Ke et al. [13] revealed the vibration and buckling
behaviour of a functionally graded cantilever beam with open edge cracks.

In considering the inextensibility condition of the elastically restrained can-
tilever beam, Hamdan and Shabahen [8] not only formulated the fifth-order
nonlinear problem by means of the Euler–Lagrange equation, but also em-
ployed the time transformation approach to obtain the approximate solutions
for the period of oscillation. Without taking into account the inextensibility
condition, the inertial nonlinear terms do not exist in the fifth-order Duffing
type temporal problem. This nonlinear equation can be simply designated
as the cubic–quintic Duffing oscillator, which has been treated by the time
transformation approach [8], Newton harmonic balance method [14, 20], and
homotopy padé technique [24].

The fifth-order Duffing type problem governed by the inertial and static
nonlinear terms is much more complicated in general. Recently, a number of
scholars have attempted to solve this nonlinear problem. For instance, Chen
and Chen [3] applied the differential transformation method to cope with
this fifth-order nonlinear problem. Subsequently, Mehdipour et al. [21] and
Ganji et al. [6], respectively, adopted the energy balance method, amplitude–
frequency formulation and homotopy perturbation method to yield the lower-
order approximate solutions for this strongly nonlinear problem. However, the
lower-order approximate solutions may not always achieve the desired accu-
racy for large amplitudes of oscillation as well as large governing parameters.

The prime objective of this paper is to explore the utility of the HAM for the
fifth-order strongly nonlinear problem. The paper is organized as follows. The
derivation of the strongly nonlinear equation from the governing equations
of the beam model is described in Section 2 in brief. In Section 3, the HAM
is utilized to establish the asymptotic analytical solutions via the construction
of the higher-order analytical approximations. In addition, the optimal HAM
approach used to accelerate the convergence of solutions is also provided and
discussed. The numerical results of the HAM are presented and compared with
respect to the numerical integration solutions in Section 4. Finally, a conclusion
summarizes the research findings in Section 5.
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2 Mathematical formulation

In favour of integrity and completeness throughout the context, the mathe-
matical formulation of the fifth-order Duffing type temporal problem having
strongly inertial and static nonlinearities [8] is briefly mentioned herein as a
reference. Consider an isotropic slender beam with uniform length l and mass
m per unit length as shown in Fig. 1 [8]. It is supposed that the beam thickness
is very small as compared to the beam length, thus the effects of rotary inertia
and shear deformation can be neglected. The dimensionless beam tip displace-
ment is a = b/l and the angle of inclination is θ . For the boundary constraints,
one of the supporting ends is hinged at the base to a rotational spring with
stiffness K, and the other end is free. Besides, the intermediate lumped mass
M is also attached at s = d along the beam span.

The kinetic energy (T) and strain energy (V) of the flexural vibration of the
beam in Fig. 1 are expressed as [8, 30]

T = ml
2

∫ 1

0
[1 + μδ (ξ − η)]

(
ẋ2 + ẏ2) dξ (1)

and

V = EIl
2

∫ 1

0
R2 (ξ, t) dξ (2)

where μ = M /(ml) is the dimensionless mass ratio parameter, δ(ξ -η) is Dirac’s
function with ξ = s/l and η = d/l being the dimensionless arc length and the
dimensionless relative position of the lumped mass M respectively, EI is the
modulus of flexural rigidity, and R = λ3

(
x′y′′ − x′′y′) [30] is the curvature

of the central line of the beam with λ = 1/l. A dot denotes the derivative

Fig. 1 Geometry and coordinate system for a beam with a lumped mass
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with respect to time t, and a prime denotes the derivative with respect to the
dimensionless arc length ξ .

In Eq. 2, the curvature R = λ3
(
x′y′′ − x′′y′) can be further written in terms

of y′ and y′′ only by using the subsidiary condition, which is x′2 + y′2 = l2 [30]
to eliminate x′ and x′′ as [7]

V = EIλ3

2

∫ 1

0

(
1

1 − λ2 y′2

) [(
1 − λ2 y′2) y′′ + λ2 y′2 y′′]2

dξ (3)

Assuming
(
λy′)2

<< 1, the term 1/
(
1 − λ2 y′2) in Eq. 3 can be expanded into a

power series up to fifth order [8]

V = EIλ3

2

∫ 1

0

(
y′′2 + λ2 y′2 y′′2 + λ4 y′4 y′′2) dξ (4)

In accordance with the inextensibility condition of the beam, it means that
the length of the neutral axis keeps constant and the following relation is
constrained [7, 8]

(
1 + λx′)2 + (

λy′)2 = 1 or 1 + λx′ =
√

1 − (λy′)2 (5)

Supposing again
(
λy′)2

<< 1 and expanding
√

1 − (λy′)2 into a power series up
to fifth order, we can integrate x′ to have [8]

x = −1
2

∫ ξ

0

(
λy′2 + 1

4
λ3 y′4

)
dx (6)

In Eq. 1, the term ẋ can be computed by differentiating Eq. 6 with respect to
time t.

The Lagrangian of the beam (i.e. L = T − V) can be formulated by sub-
stituting the approximate unimodal solution for y (ξ, t) = φ (ξ) u (t), in which
φ(ξ) is the normalized eigenfunction of the associated linear problem and u(t)
is the time function to be sought. Having conducted some manipulations, one
obtains [8]

L = ml
2

[
α1u̇2 + α3λ

2u2u̇2 + α4λ
2u2u̇2 + α5λ

4u4u̇2 + α6λ
4u4u̇2

− EIλ4

m

(
α2u2 + α7λ

2u4 + α8λ
4u6)] (7)

in which λ is assumed to be unity.
Based on the Euler–Lagrange differential equation, the fifth-order Duffing

type temporal problem having strongly inertial and static nonlinearities can be
derived from Eq. 7 as follows [8]

¨̄x + x̄ + ε1 x̄2 ¨̄x + ε1 x̄ ˙̄x2 + ε2 x̄4 ¨̄x + 2ε2 x̄3 ˙̄x2 + ε3 x̄3 + ε4 x̄5 = 0 (8)

where x̄ is the dimensionless deflection at the beam tip, and ε1, ε2, ε3 and ε4
are functions of αi (i = 1–8) in Eq. 7.
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Whereas the parameters αi (i = 1–8) are functions of the mode shape
functions φ, thus, special values of ε1, ε2, ε3 and ε4 stand for different vibration
modes. The detailed explanation of αi (i = 1–8) and φ was discussed in Ref. [8].
Undergoing the inextensibility condition, the first four strongly nonlinear
terms of inertia type (i.e. ε1 x̄2 ¨̄x, ε1 x̄ ˙̄x2, ε2 x̄4 ¨̄x and 2ε2 x̄3 ˙̄x2) are presented in
Eq. 8. These terms are also due to the kinetic energy of axial motion. While the
last two nonlinear terms ε3 x̄3 and ε4 x̄5 are strongly static nonlinearities caused
by the potential energy stored in bending. In Eq. 8, the initial conditions are
assumed to be subjected as follows [6]

x̄ (0) = A, ˙̄x (0) = 0 (9)

It is noted that a dot in Eqs. 8 and 9 denotes the derivative with respect to the
dimensionless time t̄. For simplicity and convenience, the overhead bars of x̄
and t̄ are ignored and written as x and t in the subsequent solution methodology
and results.

3 Solution methodology

In what follows, the HAM [15–17] is applied to solve Eq. 8 analytically. By
introducing a new variable τ = ωt and substituting it into Eq. 9, one obtains

ω2x′′ + x + ε1ω
2x2x′′ + ε1ω

2xx′2 + ε2ω
2x4x′′ + 2ε2ω

2x3x′2 + ε3x3 + ε4x5 = 0
(10)

x (0) = A, x′ (0) = 0 (11)

where a prime denotes the derivative with respect to τ , and ω is the nonlinear
frequency.

It is known that the oscillation of a conservative system without damping
effect is a periodic motion of τ of period 2π . The harmonic function is the
simplest type for this periodic motion. Hence, the displacement solution in
Eq. 10 can be expressed by the following base functions

{cos (2m − 1) τ |m = 1, 2, 3, · · ·} (12)

In order to satisfy the initial conditions in Eq. 11, the initial guess of x(τ ) for
the zeroth-order deformation equation is chosen as follows

x0 (τ ) = A cos τ (13)

To construct the homotopy function, the auxiliary linear operator of a
conservative system is selected as

L
[
x (τ ; q)

] = ω2
0

(
∂2x (τ ; q)

∂τ 2 + x (τ ; q)

)
(14)

The auxiliary linear operator L is chosen in such a way that all solutions
of the corresponding high-order formation equations are existed and can be
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expressed by the general form of the base function. In Eq. 10, the nonlinear
operator is written as

N
[
x(τ ; q), ω(q)

]= ω2 ∂2x(τ ; q)

∂τ 2 + x(τ ; q)+ε1ω
2 [

x(τ ; q)
]2 ∂2x(τ ; q)

∂τ 2

+ ε1ω
2x(τ ; q)

[
∂ x(τ ; q)

∂τ

]2

+ ε2ω
2 [

x(τ ; q)
]4 ∂2x(τ ; q)

∂τ 2

+ 2ε2ω
2[x(τ ; q)

]3
[
∂ x(τ ; q)

∂τ

]2

+ ε3
[
x(τ ; q)

]3+ ε4
[
x(τ ; q)

]5

(15)

In accordance with the HAM, the zeroth-order deformation equation is con-
structed into the following form,

(1 − q) L
[
x (τ ; q) − x0 (τ )

] = q�N
[
x (τ ; q)

]
(16)

where q ∈ [0,1] and � are, respectively, embedding and convergence-control
parameters.

As q changes from 0 to 1, x(τ ; q) varies from the initial guess x0(τ ) to the
unknown solution x(τ ). Similarly, ω(q) varies from the initial guess frequency
ω0 to the physical frequency ω.

Using the Taylor series expansion yields

x (τ ; q) = x0 (τ ) +
+∞∑
m=1

xm (τ ) qm (17)

ω (q) = ω0 +
+∞∑
m=1

ωmqm (18)

in which

xm (τ ) = 1
m!

∂mx (τ ; q)

∂qm

∣∣∣∣
q=0

(19)

ωm = 1
m!

∂mω (q)

∂qm

∣∣∣∣
q=0

(20)

Suppose that � is properly chosen, the power series solutions in Eqs. 17 and 18
can be converged at q = 1, Eqs. 17 and 18 then become

x (τ ) = x0 (τ ) +
+∞∑
m=1

xm (τ ) (21)

ω = ω0 +
+∞∑
m=1

ωm (22)
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For the sake of simplicity, we define the following vectors

un = {x1 (τ ) , x2 (τ ) , · · · , xn (τ )} , ωn = {ω0, ω1, · · · , ωn} (23)

By differentiating the zeroth-order deformation Eq. 16 m times with respect
to q, then the resulting equation is divided m! and setting q = 0, we attain the
mth-order deformation equation

L
[
xm (τ ) − χmxm−1 (τ )

] = �Rm (um−1, ωm−1) (24)

with the initial conditions

xm (0) = 0, x′
m (0) = 0 (m ≥ 1) (25)

in which

χm =
{

0, m ≤ 1
1, m > 1 (26)

Rm (um−1, ωm−1) = 1
(m − 1) !

∂m−1 N
[
x (τ ; q)

]
∂qm−1

∣∣∣∣∣
q=0

(27)

It is found that Rm can also be written as

Rm (um−1, ωm−1) =
ϕ(m)∑
k=1

dk (ωm−1) cos (2k − 1) τ (28)

where ϕ(m) is an integer that depends on m.
In view of the rule of solution expression and the linear operator L, the

right hand side of Eq. 24 must not contain the terms of cosτ , otherwise the so-
called secular terms such as τcosτ are available in the solutions. To avoid the
presence of such terms, their coefficients are set to zero as follows

1
π

∫ 2π

0

[
�Rm (um−1, ωm−1)

]
cos τ dτ = 0 (29)

The solutions of ωm−1 (m = 1, 2, · · ·) in Eqs. 24 and 29 can be obtained
successively. For the given values of ε1, ε2, ε3, ε4 and A, the periodic solutions
can be determined by the abovementioned analytical approach. We have

xm (τ ) = χmxm−1 (τ ) + �

ω2
0

ϕ(m)∑
k=2

dk (ωm−1) cos (2k − 1) τ(
1 − (2k − 1)

2
) + C1 cos τ + C0 (30)

in which C0 and C1 can be determined by using the initial condition given in
Eq. 25.
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Table 1 Comparison of the exact and approximate frequencies corresponding to various parame-
ters in Eq. 8 for � = −1

Mode A ε1 ε2 ε3 ε4 ωHPM = ωAFF ωHAM ωex

1 1.0 0.326845 0.129579 0.232598 0.087584 1.00705 1.01232 1.01015
2 0.5 1.642033 0.913055 0.313561 0.204297 0.93255 0.938636 0.93639
3 0.2 4.051486 1.665232 0.281418 0.149677 0.96546 0.966516 0.96664
4 0.3 8.205578 3.145368 0.272313 0.133708 0.85970 0.871382 0.86426

Hence, the mth-order approximations are

x (τ ) =
m∑

i=0

xi (τ ), ω =
m∑

i=0

ωi (31)

For m = 1, Eq. 29 becomes the following algebraic equations

A
8

[
8 − 8ω2

0 + A2 (
6ε3 − 4ε1ω

2
0

) + A4 (
5ε4 − 3ε2ω

2
0

)] = 0 (32)

Solving Eq. 32 gives rise to

ω0 =
√

6ε3 A2 + 5ε4 A4 + 8
8 + 4ε1 A2 + 3ε2 A4 (33)

Making use of Eqs. 28 and 30 leads to

x1 (τ ) =
(

b 1,3�

8ω2
0

+ b 1,5�

24ω2
0

)
cos τ − b 1,3�

8ω2
0

cos 3τ − b 1,5�

24ω2
0

cos 5τ (34)

where

b 1,3 = A3(16ε3−15A4ε2ε3+4A2(5ε4−7ε2)−10A6ε2ε4−2ε1
(
8ε3 A2+5ε4 A4+16

))
8

(
8 + 4ε1 A2 + 3ε2 A4

)
(35)

b 1,5 = A5
((

4 + 2A2ε1
)
ε4 − 3ε2

(
3ε3 A2 + 2ε4 A4 + 4

))
8

(
8 + 4ε1 A2 + 3ε2 A4

) (36)

Table 2 Comparison of the accuracy of approximate frequencies with exact solutions for � = −1

Mode A ε1 ε2 ε3 ε4
|ωHPM − ωex|

ωex

|ωHAM − ωex|
ωex

1 1.0 0.326845 0.129579 0.232598 0.087584 0.30664 0.21482
2 0.5 1.642033 0.913055 0.313561 0.204297 0.40947 0.23986
3 0.2 4.051486 1.665232 0.281418 0.149677 0.12144 0.01283
4 0.3 8.205578 3.145368 0.272313 0.133708 0.52752 0.82406
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For m = 2, we substitute the solutions of x0(τ ), x1(τ ) and ω0 into Eq. 29
to yield

ω1 = �

10616832A
(
8 + 4A2ε1 + 3A4ε2

)
ω9

0

× (− (
10287b 5

1,3 + 7965b 4
1,3b 1,5 + 10962b 3

1,3b 2
1,5 + 5286b 2

1,3b 3
1,5

+ 1661b 1,3b 4
1,5 + 207b 5

1,5

)
�

4ε2 + 32A�
2 (− (

567b 4
1,3 + 729b 3

1,3b 1,5

+ 738b 2
1,3b 2

1,5 + 303b 1,3b 3
1,5 + 52b 4

1,5

)
� ε2 + 30A

(
3b 1,3 + b 1,5

)
× (

18b 2
1,3 + 12b 1,3b 1,5 + 5 b 2

1,5

)
ε4

)
ω2

0

+ 576 � (−8
(
72b 3

1,3 + 42b 2
1,3b 1,5 + 44b 1,3b 2

1,5 + 9b 3
1,5

)
�ε1

+ A2 (
162b 3

1,3 + 18b 2
1,3b 1,5 + 9 b 1,3 b 2

1,5 − b 3
1,5

)
�ε2 + 16A3

× (
27b 2

1,3 + 24b 1,3b 1,5+7b 2
1,5

)
ε4

)
ω4

0 + 9216
(
9Ab 2

1,3�
(
4ε1+31A2ε2

)
+ 12b 1,3

(
48 − 2A b 1,5� ε1 + 14A3b 1,5�ε2 + 72A2ε3 + 45A4ε4

)
+ b 1,5

(
192 − 4Ab 1,5�ε1 + 75A3b 1,5� ε2 + 432A2ε3 + 324A4ε4

))
ω6

0

+ 110592
(−8

(
6b 1,3 + 2b 1,5 + A2 (−6b 1,3 + b 1,5

)
ε1

)
+ 9A4 (

7b 1,3 + b 1,5
)

ε2
)

ω8
0

)
(37)

From Eqs. 28 and 30, the first five terms result of R2 (u1, ω1) are derived in the
following

R2 (u1, ω1) = b 2,3 cos 3τ + b 2,5 cos 5τ + b 2,7 cos 7τ + b 2,9 cos 9τ + b 2,11 cos 11τ

(38)

where all coefficients b 2,i (i = 3, 5, 7, 9, 11) are presented in Appendix. In
addition, the solution of x2 (τ ) is

x2 (τ ) = x1 (τ ) + �

ω2
0

5∑
k=1

b 2,2k+1 cos (2k + 1) τ(
1 − (2k + 1)

2
) + C1 cos τ + C0 (39)

in which C0 and C1 can be determined by the initial conditions in Eq. 25.
The higher-order approximations for ω and x(τ ) (ωn and xn(τ ), n ≥ 2) can

be derived in a similar manner.

Table 3 Comparison of the approximate frequencies using the optimal convergence-control
parameter � with exact solutions

Mode A ε1 ε2 ε3 ε4 h ωHAM ωex

1 1.0 0.326845 0.129579 0.232598 0.087584 −0.2820 1.01015 1.01015
2 0.5 1.642033 0.913055 0.313561 0.204297 −0.3084 0.93639 0.93639
3 0.2 4.051486 1.665232 0.281418 0.149677 −0.928 0.96652 0.96664
4 0.3 8.205578 3.145368 0.272313 0.133708 −0.1476 0.86426 0.86426
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(a) (b)
HAM approximate solution Numerical integration solution

Fig. 2 Comparison of the approximate and numerical integration solutions of Mode 1 for � = −1
and A = 1.5. a Phase portrait diagram; b Time history response

Hitherto, there are a number of optimal HAM approaches, which can be
able to achieve faster convergent homotopy-series solutions [19, 29]. For the
periodic solutions of the nonlinear dynamical system in Eq. 8, the frequency ω

and the amplitude of vibration are the most important parameters to be con-
cerned. In theory, the exact residual error of the mth-order of approximation
can be defined as

�m =
∣∣∣∣∣

m∑
i=0

ωi − ωex

∣∣∣∣∣ (40)

(a) (b)
HAM approximate solution Numerical integration solution

Fig. 3 Comparison of the approximate and numerical integration solutions of Mode 2 for � = −1
and A = 0.7. a Phase portrait diagram; b Time history response
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(a) (b)
HAM approximate solution Numerical integration solution

Fig. 4 Comparison of the approximate and numerical integration solutions of Mode 3 for � = −1
and A = 0.5. a Phase portrait diagram; b Time history response

where ωex is the exact nonlinear frequency of Eq. 8 derived using the numerical
integration technique.

Because �m embraces the unknown convergence-control parameter �, �m

decreases more rapidly to zero. Thus, the speed of the convergence for the cor-
responding homotopy-series solution is faster [19]. The corresponding value of
the convergence-control parameter � at the given order of approximation m
can be optimized and selected by minimizing the residual error �m.

(a) (b) 

HAM approximate solution Numerical integration solution

Fig. 5 Comparison of the approximate and numerical integration solutions of Mode 4 for � = −1
and A = 0.3. a Phase portrait diagram; b Time history response
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4 Results and discussion

In this section, we compare the asymptotic analytical solutions obtained by the
HAM vis-à-vis the numerical integration and published analytical solutions.
The results of amplitude–frequency formulation ωAF F [6], homotopy pertur-
bation method ωH PM [6], present approach ωH AM and exact solution ωex [6]
are tabulated in Table 1 for various parameters εi (i = 1–4) and amplitudes of
vibration A. The values of dimensionless parameters εi (i = 1–4) in Table 1
correspond to the first four vibration modes (Modes 1–4) of the restrained
cantilever beam. More set of data for εi (i = 1–4) resulting from different
dimensionless stiffness parameter S = Kl/(EI) [8], mass ratio μ and relative
position η of the intermediate mass M can be found in Table 2 of Ref. [8]. To
verify the accuracy and correctness of the HAM in this paper, we confine the
focus on the cases as stated in Table 1.

In comparing with the exact solutions ωex, Table 1 shows that the second or-
der HAM solutions ωH AM for � = −1 are better than the first-order solutions
of ωAF F and ωH PM in the first three cases. The relative errors of ωH AM and
ωH PM with respect to ωex are demonstrated in Table 2. Nonetheless, the lower-
order solutions of ωAF F and ωH PM are slightly better than ωH AM in the fourth
case. The reason is mainly due to the fact that the second-order solution ωH AM

cannot converge very well for � = −1 in this case. By making use of Eq. 40 to
optimize the convergence-control parameter � to −0.1476, we observe that the

Mode 1 Mode 2 

Mode 3 Mode 4 

Fig. 6 The selection of optimal convergence-control parameters � in Table 3 for Modes 1–4



306 Numer Algor (2011) 58:293–314

solution of ωH AM is exactly the same as ωex shown in Table 3. The results of
ωH AM for the first three cases are also refined in using the optimal parameters
�. In principle, the basic philosophy of the homotopy perturbation method
(HPM) is exactly the same as the homotopy analysis method for � = −1.
Thus, the HPM is regarded as a special kind of the HAM [18]. It is believed
that the construction of higher-order HPM solutions [6] can improve the
accuracy in solving Eq. 8 as well, yet these solutions cannot readily converge to
desired accuracy for large amplitudes of motion. For the HAM, the auxiliary
parameter � can be adjusted and controlled to speed up the convergence of
solutions. The value of � is one of the dominant factors in the HAM to extend
its validity and flexibility. This also explains why the rigorous investigation of
the fifth-order nonlinear equation shall be revisited in this paper using the
HAM. Although not presented here, it has been checked that a coupling of
the second-order HAM solutions with the Padé approximant [17, 24] is rather

(a) (c) 

(b) (d) 

HAM approximate solution Numerical integration solution

Fig. 7 Comparison of time history responses of the approximate and numerical integration
solutions of Mode 1 for A = 1. a and b � = −1; c and d � = −0.2820
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difficult to accelerate the convergence of the solutions for the cases given in
Table 1, for instance using the [2, 2] homotopy Padé approximant.

In Figs. 2, 3, 4 and 5, the phase portrait diagrams and time history responses
for a number of cases governed by different amplitudes of vibration and
� = −1 are depicted. We can clearly observe that the second-order HAM
solutions are in good agreement with the numerical integration solutions. It
is emphasized that the variables t and x in all figures of this paper are, respec-
tively, the dimensionless time t̄ and dimensionless deflection at the beam tip x̄
as stated in Eqs. 8 and 9. To further manifest the vital role of the convergence-
control parameter � in the HAM, several examples selected from Table 3 are
presented for illustration in Figs. 6, 7, 8, 9 and 10. Figure 6 displays the selection
of optimal value of � for the examples given in Table 3. In Figs. 7, 8, 9 and 10,
we demonstrate the accuracy of periodic solutions of the HAM using � = −1
and the optimal parameter �. For the initial time domain, both the solutions
for � = −1 and its optimal value agree well with the numerical integration
solutions. However, the deviations between the solutions of the HAM for

(a) (c) 

(b) (d) 

HAM approximate solution Numerical integration solution 

Fig. 8 Comparison of time history responses of the approximate and numerical integration
solutions of Mode 2 for A = 0.5. a and b � = −1; c and d � = −0.3084
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� = −1 and numerical integration technique obviously increase when time
progresses to large domain t ∈ [90, 100] in Figs. 7b, 8b and 10b. Because the
parameter � = −1 is almost equal to the optimal value � = −0.928, thus the
periodic solution for � = −1 in Fig. 9b is very accurate during large time
domain. In Figs. 7d, 8d, 9d and 10d, the solutions of optimal parameter � still
have good performance with respect to the numerical ones even in large time
domain.

The higher-order HAM solutions are required and constructed when sub-
jecting to large amplitudes of motion, such that the accuracy of the approxima-
tions can be maintained. In Figs. 11 and 12, the third-order HAM solutions of
Mode 1 (i.e. ε1 = 0.326845, ε2 = 0.129579, ε3 = 0.232598, ε4 = 0.087584) are
presented for A = 3 and 5. Despite the optimization of the parameter � is
capable of using Eq. 40, this parameter can also be determined by plotting
the ω–h curve. In Fig. 11a, the valid region is � ∈ [−0.7, 0.5] for A = 3, thus
� = −0.075 is selected for computation in this case. It is evident that the

(a) (c) 

(b) (d) 

HAM approximate solution Numerical integration solution

Fig. 9 Comparison of time history responses of the approximate and numerical integration
solutions of Mode 3 for A = 0.2. a and b � = −1; c and d � = −0.928
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(a) (c) 

(b) (d) 

 HAM approximate solution  Numerical integration solution

Fig. 10 Comparison of time history responses of the approximate and numerical integration
solutions of Mode 4 for A = 0.3. a and b � = −1; c and d � = −0.1476

(a) (b) 

HAM approximate solution  Numerical integration solution

Fig. 11 a The third-order HAM approximation of ω–� curve for A = 3; b comparison of time
history responses of Mode 1 for A = 3 and � = −0.075
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(a) (b) 

           HAM approximate solution           Numerical integration solution 

Fig. 12 a The third-order HAM approximation of ω–� curve for A = 5; b Comparison of time
history responses of Mode 1 for A = 5 and � = −0.015

third-order approximate result is in good agreement as compared to the
numerical integration solution in Fig. 11b. Similar observation can be viewed
in Fig. 12 for A = 5 and � = −0.015.

5 Conclusions

The fifth-order Duffing type temporal problem containing strongly inertial and
static nonlinearities has been intensively studied by the HAM. The nonlinear
frequencies and periodic motions of various vibration modes for elastically
restrained beams carrying the lumped mass are presented. The HAM is
dissimilar to the classical perturbation approaches, its range of validity is
capable of handling problems with strong nonlinearities. The purposes of this
paper not only formulate the asymptotic approximate solutions for the strongly
nonlinear system, but also furnish a guidance to establish the higher-order
asymptotic analytical approximations if necessary. Moreover, it is found that
the accuracy of the HAM is greatly affected by the selection of appropriate
convergence-control parameter �. To further improve the accuracy of solu-
tions, the parameter � can be optimized and determined by the minimization
of the residual error �m for any given order approximation m. Ultimately,
illustrative examples are used as crucial evidence to support that the HAM
is effective for the quantitative analysis of strongly nonlinear problems.
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Appendix

The coefficients b 2,i (i = 3, 5, 7, 9, 11) in Eq. 38 are presented as follows:
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