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1 Introduction

Let Rn be an n-dimensional Euclidean space and f : Rn → R1 be a continu-
ously differentiable function, where n is a positive integer. Line search method
for the unconstrained minimization problem

min f (x), x ∈ Rn, (1)

is defined by the equation

xk+1 = xk + αkdk, k = 0, 1, 2, ..., (2)

where x0 ∈ Rn is an initial point, dk a descent direction of f (x) at xk, and αk a
step-size. Throughout this paper, x∗ refers to the minimizer or stationary point
of (1). We denote f (xk) by fk, f (x∗) by f ∗, and ∇ f (xk) by gk, respectively.

Choosing a search direction dk and determining a step-size αk along the
direction at each iteration are the main task in line search methods [19, 22].
The search direction dk is generally required to satisfy

gT
k dk < 0, (3)

which guarantees that dk is a descent direction of f (x) at xk [19, 35]. In order to
guarantee the global convergence, we sometimes require that dk satisfies the
sufficient descent condition

gT
k dk ≤ −c‖gk‖2, (4)

where c > 0 is a constant. Moreover, we often choose dk to satisfy the angle
property

cos < −gk, dk >= − gT
k dk

‖gk‖ · ‖dk‖ ≥ τ0, (5)

where τ0 : 1 ≥ τ0 > 0 is a constant.
Once a search direction is determined at each step, traditional line search

requires the function value to decrease monotonically, namely

f (xk+1) < f (xk), k = 0, 1, 2, ..., (6)

whenever xk 	= x∗. Many line searches can guarantee the descent property
(6). For example, exact line search ([31, 34–37], Armijo line search (see [1]),
Wolfe line search [38, 39]) and Goldstein line search [14], etc. Here are the
commonly-used line searches.

(a) Minimization. At each iteration, αk is selected so that

f
(
xk + αkdk

) = min
α>0

f
(
xk + αdk

)
. (7)
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(b) Approximate minimization. At each iteration, αk is selected so that

αk = min
{
α|g(

xk + αdk
)T

dk = 0, α > 0
}

. (8)

(c) Armijo [30]. Set scalars sk, β, L > 0, and σ with sk = − gT
k dk

L‖dk‖2 , ρ ∈ (0, 1),

and σ ∈ (
0, 1

2

)
. Let αk be the largest one in

{
sk, skρ, skρ

2, ...
}

for which

fk − f
(
xk + αdk

) ≥ −σαgT
k dk, (9)

(d) Limited minimization. Set sk = − gT
k dk

L‖dk‖2 , αk is defined by

f
(
xk + αkdk

) = min
α∈[0,sk]

f
(
xk + αdk

)
, (10)

where L > 0 is a constant.
(e) Goldstein. A fixed scalar σ ∈ (

0, 1
2

)
is selected and αk is chosen to satisfy

σ ≤ f
(
xk + αkdk

) − fk

αkgT
k dk

≤ 1 − σ. (11)

It is possible to show that, if f is bounded from below, then there exists
an interval of step-sizes αk for which the relation above is satisfied, and
there are fairly simple algorithms for finding such a step-size through a
finite number of arithmetic operations.

(f) Strong Wolfe. αk is chosen to satisfy simultaneously

fk − f
(
xk + αkdk

) ≥ −σαkgT
k dk (12)

and
∣
∣∣g

(
xk + αkdk

)T
dk

∣
∣∣ ≤ −βgT

k dk, (13)

where σ and β are some scalars with σ ∈ (
0, 1

2

)
and β ∈ (σ, 1).

(g) Wolfe. αk is chosen to satisfy (12) and

g
(
xk + αkdk

)T
dk ≥ βgT

k dk. (14)

Some important global convergence results for various methods using the
above mentioned specific line search procedures have been given [3, 7, 20, 21,
31, 38, 39]. In fact, the above-mentioned line searches can make the related
methods be monotone descent methods for unconstrained optimization prob-
lems [34–37].



4 Numer Algor (2011) 57:1–25

Nonmonotone line search methods have also been investigated by many
authors [5, 11, 27]. In fact, Barzilai-Borwein method [2, 4, 25, 26] is a non-
monotone descent method. The nonmonotone line search does not need to
satisfy the condition (6) in many situations; as a result, it is helpful to overcome
the case where the sequence of iterates run into the bottom of a curved narrow
valley, a common occurrence in practical nonlinear problems.

Grippo et al. [11–13] proposed a new line search technique, nonmonotone
line search, for Newton-type method and truncated Newton method. Liu
et al. [6] used nonmonotone line search to the BFGS quasi-Newton method.
Deng [6], Toint [32, 33], and many other researchers [15–17, 40, 41] studied
nonmonotone trust region methods. Moreover, general nonmonotone line
search technique has been investigated by many authors [5, 23, 27, 28]. In
particular, Sun et al. [27] studied general nonmonotone line search methods
by using inverse continuous modulus, which may be described as follows.

(A) Nonmonotone Armijo line search. Let s > 0, σ ∈ (0, 1), ρ ∈ (0, 1) and
let M be a nonnegative integer. For each k, let m(k) satisfy

m(0) = 0, 0 ≤ m(k) ≤ min[m(k − 1), M], ∀k ≥ 1. (15)

Let αk be the largest one in
{
s, sρ, sρ2, ...

}
such that

f
(
xk + αdk

) ≤ max
0≤ j≤m(k)

[ f (xk− j)] + σαgT
k dk. (16)

(B) Nonmonotone Goldstein line search. Let σ ∈ (
0, 1

2

)
, αk is selected to

satisfy

f
(
xk + αkdk

) ≤ max
0≤ j≤m(k)

[ fk− j] + σαkgT
k dk, (17)

and

f
(
xk + αkdk

) ≥ max
0≤ j≤m(k)

[ fk− j] + (1 − σ)αkgT
k dk. (18)

(C) Nonmonotone Wolfe line search. Let σ ∈ (
0, 1

2

)
, and β ∈ (σ, 1), αk is

selected to satisfy

f
(
xk + αkdk

) ≤ max
0≤ j≤m(k)

[ fk− j] + σαkgT
k dk, (19)

and

g
(
xk + αkdk

)T
dk ≥ βgT

k dk. (20)

Sun et al. [27] established general convergent algorithms with the above
three nonmonotone line searches. Armijo-type line search is easier to imple-
ment on computer than other line searches do. However, when we use Armijo-
type line search to find an acceptable step size at each iteration, two questions
need to be answered. How to determine an adequate initial step size s is the
first question. If s is too large, then the number of backtracking will be large.
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If s is too small, then the resulting method will converge slowly. Shi et al.
developed a more general nonmonotone line search method [28] and gave a
suitable estimation of s. The second question is how to determine the back-
tracking ratio ρ ∈ (0, 1). If ρ is too close to 1, then the number of backtracking
will be increased greatly, the computational cost will be increased substantially.
If ρ is too close to 0, then the smaller step size will be appeared at iteration and
possibly decrease the convergence rate.

In this paper we develop a new modification of matrix-free nonmonotone
Armijo line search and analyze the global convergence of resulting line search
methods. This development enables us to choose a larger step-size at each
iteration and maintain the global convergence. We also address several ways
to estimate the Lipschitz constant of the gradient of objective functions that is
used to estimate the initial step size at each iteration. Numerical results show
that the new modification of nonmonotone Armijo line search is efficient for
solving large scale unconstrained optimization problems and corresponding
algorithms is superior to some existing similar line search methods.

The rest of this paper is organized as follows. In Section 2 we describe
the new modicifcation of nonmonotone Armijo line search. In Section 3 we
analyze the global convergence of the resulting method. Section 4 is devoted
to the analysis of convergence rate. In Section 5, we propose some ways to
estimate the parameters used in the new version of Armijo line search and
report some numerical results.

2 Nonmonotone Armijo line search

Throughout this paper we assume

(H1) The objective function f (x) has a lower bound on Rn.
(H2) The gradient g(x) = ∇ f (x) of f (x) is uniform continuous in an open

convex set B that contains the level set L(x0) = {x ∈ Rn| f (x) ≤ f (x0)}
with x0 given.

(H2)′ The gradient g(x) = ∇ f (x) of f (x) is Lipschitz continuous in an open
convex set B that contains the level set L(x0), i.e., there exists L > 0
such that

‖g(x) − g(y)‖ ≤ L‖x − y‖, ∀x, y ∈ B.

Obviously, if (H2)′ holds, then (H2) holds, i.e., (H2) is weaker than (H2)′.
We describe line search method as follows.

Algorithm (A) Given some parameters and the initial point x0, k := 0.

Step 1. If ‖gk‖ = 0, then stop; else go to Step 2;
Step 2. xk+1 = xk + αkdk where dk is a descent direction of f (x) at xk, αk is

selected by some line search.
Step 3. k := k + 1, go to Step 1.
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In this paper, we would like to investigate how to choose the step-size αk

instead of the choices of dk. We develop a new modification of nonmonotone
Armijo line search approach and find that the step-size defined in the modified
nonmonotone line search is larger than that defined in the original non-
monotone line searches.

(D) Modified nonmonotone Armijo line search. Set scalars sk, ρ, μ, Lk > 0,

and σ with sk = − gT
k dk

Lk‖dk‖2 , σ ∈ (
0, 1

2

)
, ρ ∈ (0, 1) and μ ∈ [0, 2). M is a

nonnegative integer and m(k) satisfies (15). Let αk be the largest one
in

{
sk, skρ, skρ

2, ...
}

such that

f
(
xk + αdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ σα

[
gT

k dk + 1

2
αμLk‖dk‖2

]
. (21)

Remark 1 Suppose that αk is defined by line search (A) and α′
k is defined by

line search (D), then α′
k ≥ αk. In fact, if Lk ≡ L and there exists αk satisfying

(16), then αk is certainly to satisfy (21). Avoiding the memory and computation
of a matrix is the advantage of this modified nonmonotone line search.

Unlike the nonmonotone line search in [28], it is a matrix-free line search
and can be used to solve large scale optimization problems. If M ≡ 0, then the
modified nonmonotone line search will reduce to the monotone line search
in [29].

Moreover, if μ = 0, then the line search (D) will reduce to the nonmonotone
Armijo line search (A).

In Algorithm (A), the corresponding algorithm with line search (D) is
denoted by Algorithm (D). In what follows, we will analyze the global con-
vergence of Algorithm (D).

3 Global convergence

In order to analyze the global convergence, we first describe the general
theorem.

Theorem 3.1 Assume that (H1) and (H2) hold, the search direction dk satisf ies
(3) and αk is determined by the modif ied nonmonotone Armijo line search (D),
Algorithm (D) generates an inf inite sequence {xk} and {Lk} satisf ies

u0 ≤ Lk ≤ U0, (22)

with 0 < u0 ≤ U0. Then, we have

lim inf

(

−gT
k dk

‖dk‖

)

= 0. (23)
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In order to prove (23), we assume that the contrary proposition holds, i.e.,
there exists a positive number ε > 0 such that

−gT
k dk

‖dk‖ ≥ ε, ∀k. (24)

Therefore, it follows from (21), (22), and (24), that

f
(
xk + αdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ σα

[
gT

k dk + 1

2
αμLk‖dk‖2

]

≤ σα

[
gT

k dk + 1

2
skμLk‖dk‖2

]

= σ
(
1 − 1

2μ
)

Lk
αkgT

k dk

≤ −σ
(
1 − 1

2μ
)

U0
αk‖dk‖ · −gT

k dk

‖dk‖

≤ −σ
(
1 − 1

2μ
)
ε

U0
αk‖dk‖,

which results in

f
(
xk + αdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ −σ
(
1 − 1

2μ
)
ε

U0
αk‖dk‖, ∀k. (25)

Lemma 3.1 Assume that the conditions in Theorem 3.1 hold and (25) holds. Let

η0 = σ
(
1 − 1

2μ
)
ε

U0
.

Then,

max
1≤ j≤M

[
f (xMl+ j)

] ≤ max
1≤i≤M

[
f (xM(l−1)+i)

] − η0 min
0≤ j≤M−1

(
αMl+ j−1‖dMl+ j−1‖

)
,

(26)

and thus
∞∑

l=1

min
0≤ j≤M−1

(
αMl+ j‖dMl+ j‖

)
< +∞. (27)

Proof By (H1) and (25), it suffices to show that the following inequality holds
for j = 1, 2, ..., M,

f
(
xMl+ j

) ≤ max
1≤i≤M

[
f (xM(l−1)+i)

] − η0 min
0≤ j≤M−1

(
αMl+ j−1‖dMl+ j−1‖

)
. (28)
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Since the new modified nonmonotone Armijo line search and (25) imply

f
(
xMl+1

) ≤ max
0≤i≤m(Ml)

f
(
xMl−i

) − η0
(
αMl‖dMl‖

)
, (29)

it follows from this and

m(Ml ) ≤ M

that (28) holds for j = 1. Suppose that (28) holds for any 1 ≤ j ≤ M − 1. With
the descent property of dk, we obtain

max
1≤i≤ j

[
f (xMl+i)

] ≤ max
1≤i≤M

[
f (xM(l−1)+i)

]
. (30)

By the new modified Armijo line search, the induction hypothesis,

m
(
Ml + j

) ≤ M,

(25), and (30), we obtain

f
(
xMl+ j+1

) ≤ max
0≤i≤m(Ml+ j)

[
f (xMl+ j−i)

] − η0
(
αMl+ j‖dMl+ j‖

)

≤ max

{
max

1≤i≤M

[
f (xM(l−1)+i)

]
, max

1≤i≤ j

[
f (xMl+i)

]
}

− η0
(
αMl+ j‖dMl+ j‖

)

≤ max
1≤i≤M

[
f (xM(l−1)+i)

] − η0
(
αMl+ j‖dMl+ j‖

)
.

Thus, (28) is also true for j + 1. By induction, (28) holds for 1 ≤ j ≤ M. This
shows that (26) holds.

Since f (x) is bounded below by (H1), it follows that

max
1≤i≤M

[
f (xMj+i)

]
> −∞.

By summing (28) over l, we can get

∞∑

l=1

min
0≤ j≤M−1

(
αMl+ j‖dMl+ j‖

)
< +∞.

Therefore, (27) holds. The proof is completed. ��
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Proof of Theorem 3.1 From Lemma 3.1, there exists an infinite subset K of
{0, 1, 2, ..., } such that

lim
k∈K,k→∞

(
αk‖dk‖

) = 0. (31)

If there is an infinite subset K1 = {
k ∈ K|αk = sk

}
, then we have

0 = lim
k∈K1,k→∞

(
αk‖dk‖

)

= lim
k∈K1,k→∞

(
sk‖dk‖

)

= lim
k∈K1,k→∞

(

− gT
k dk

Lk‖dk‖2
· ‖dk‖

)

≥ 1

U0

(

−gT
k dk

‖dk‖

)

,

which contradicts (24).
If there is an infinite subset K2 = {

k ∈ K|αk < sk
}
, then we have αkρ

−1 ≤ sk.
By the modified nonmonotone Armijo line search (D), we have

f
(
xk + αkρ

−1dk
) − max

0≤ j≤m(k)
[ fk− j] > σαkρ

−1

[
gT

k dk + 1

2
αkρ

−1μLk‖dk‖2

]
.

Therefore,

f
(
xk + αkρ

−1dk
) − fk > σαkρ

−1gT
k dk.

Using the mean value theorem on the left-hand side of the above inequality,
we can find θk ∈ [0, 1] such that

αkρ
−1g

(
xk + θkαkρ

−1dk
)T

dk > σαkρ
−1gT

k dk.

Therefore,

g
(
xk + θkαkρ

−1dk
)T

dk > σgT
k dk. (32)

By (H2), the Cauchy-Schwartz inequality, (32) and (31), we obtain

0 = lim
k∈K2,k→∞

∥
∥g

(
xk + θkαkρ

−1dk
) − gk

∥
∥

≥ lim
k∈K2,k→∞

[
g

(
xk + θkαkρ

−1dk
) − gk

]T
dk

‖dk‖

> −(1 − σ) lim
k∈K2,k→∞

gT
k dk

‖dk‖ ,

which also contradicts (24). The contradictions shows that (23) holds. The
proof of Theorem 3.1 is completed. ��
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Lemma 3.2 Assume that (H1) and (H2)′ hold, the search direction dk satisf ies
(3) and αk is determined by the modif ied nonmonotone Armijo line search,
Algorithm (D) generates an inf inite sequence {xk}, and Lk satisf ies

uL < Lk ≤ U L, (33)

where u∈(0, 1), U ∈[1, +∞). Then, there exists η′
0 >0 such that for any k≥ M,

f
(
xk + αkdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ −η′
0

(
gT

k dk

‖dk‖

)2

. (34)

Proof Let

K1 = {
k| αk = sk

}
, K2 = {

k| αk < sk
}
.

If k ∈ K1, then

f
(
xk + αkdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ σαk

[
gT

k dk + 1

2
αkμLk‖dk‖2

]

= −σ · gT
k dk

Lk‖dk‖2

[
gT

k dk − 1

2
μgT

k dk

]

= −σ
(
1 − 1

2μ
)

Lk
·
(
gT

k dk
)2

‖dk‖2
.

Thus,

f
(
xk + αkdk

) − max
0≤ j≤m(k)

[ fk− j] ≤ −σ
(
1 − 1

2μ
)

Lk
·
(
gT

k dk
)2

‖dk‖2
, k ∈ K1. (35)

Letting

η′
k = −σ

(
1 − 1

2μ
)

Lk
, k ∈ K1,

by (33), we have

η′
k = −σ

(
1 − 1

2μ
)

Lk

≤ −σ
(
1 − 1

2μ
)

U L
< 0.

Letting

η′ = σ
(
1 − 1

2μ
)

U L
,
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by (35), we obtain η′
k ≤ −η′ and

fk+1 − max
0≤ j≤m(k)

[ fk− j] ≤ −η′ ·
(

gT
k dk

‖dk‖

)2

, k ∈ K1. (36)

If k ∈ K2, then αk < sk. Thus, αkρ
−1 ≤ sk. By the modified nonmonotone

Armijo line search (D), we have

f
(
xk + αkρ

−1dk
) − max

0≤ j≤m(k)
[ fk− j] > σαkρ

−1

[
gT

k dk + 1

2
αkρ

−1μLk‖dk‖2

]
.

Therefore,

f
(
xk + αkρ

−1dk
) − fk > σαkρ

−1gT
k dk.

Using the mean value theorem on the left-hand side of the above inequality,
we can find θk ∈ [0, 1] such that

αkρ
−1g

(
xk + θkαkρ

−1dk
)T

dk > σαkρ
−1gT

k dk.

Therefore,

g
(
xk + θkαkρ

−1dk
)T

dk > σgT
k dk. (37)

By (H2)′, the Cauchy-Schwartz inequality, and (37), we obtain

αkρ
−1L‖dk‖2 ≥ ∥∥g

(
xk + θkαkρ

−1dk
) − gk‖ · ‖dk

∥∥

≥ [
g
(
xk + θkαkρ

−1dk
) − gk

]T
dk

≥ −(1 − σ)gT
k dk.

Therefore,

αk > −ρ(1 − σ)

L
· gT

k dk

‖dk‖2
, k ∈ K2. (38)

By letting

s′
k = −ρ(1 − σ)

L
· gT

k dk

‖dk‖2
, k ∈ K2,

we have

sk > αk > s′
k, k ∈ K2. (39)
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By (21) and (39), we have

fk+1 − max
0≤ j≤m(k)

[ fk− j] ≤ σαk

[
gT

k dk + 1

2
αkμLk‖dk‖2

]

≤ σαk

[
gT

k dk + 1

2
skμLk‖dk‖2

]
}

≤ σ s′
k

[
gT

k dk − 1

2
μgT

k dk

]

= −σρ(1 − σ)(2 − μ)

2Lk
·
(

gT
k dk

‖dk‖

)2

.

Letting

η′′
k = −σρ(1 − σ)(2 − μ)

2Lk
, (40)

we have

fk+1 − max
0≤ j≤m(k)

[ fk− j] ≤ η′′
k ·

(
gT

k dk
)2

‖dk‖2
, k ∈ K2. (41)

Let

η′′ = σρ(1 − σ)(2 − μ)

2U L
.

It follows from (33) that η′′
k ≤ −η′′ and

fk+1 − max
0≤ j≤m(k)

[ fk− j] ≤ −η′′ ·
(

gT
k dk

‖dk‖

)2

, k ∈ K2. (42)

Letting η′
0 = min(η′, η′′), by (36) and (42), we have

fk+1 − max
0≤ j≤m(k)

[ fk− j] ≤ −η′
0 ·

(
gT

k dk

‖dk‖

)2

, ∀k ≥ M. (43)

The proof is completed. ��

Remark 3.1 This lemma shows that the sequence { fk} is not a decreasing
sequence but a decreasing sequence within every m(k) steps.
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Lemma 3.3 Assume that (H1) and (H2)′ hold, the search direction dk satisf ies
(3) and αk is determined by the modif ied nonmonotone Armijo line search
(D), Algorithm (D) generates an inf inite sequence {xk}, and (33) holds at each
iteration. Then,

max
1≤ j≤M

[
f (xMl+ j)

] ≤ max
1≤i≤M

[
f (xM(l−1)+i)

] − η′
0 min

0≤ j≤M−1

(
gT

Ml+ j−1dMl+ j−1

‖dMl+ j−1‖

)2

,

(44)

and thus
∞∑

l=1

min
0≤ j≤M−1

(
gT

Ml+ jdMl+ j

‖dMl+ j‖

)2

< +∞. (45)

The proof is similar to that of Lemma 3.1.

Corollary 3.1 Assume that (H1) and (H2) hold, and that the conditions in
Theorem 3.1 hold. Then

lim
k→∞

fk ≤ lim
k→∞

f (xl(k)), (46)

where l(k) satisf ies

f (xl(k)) = max
0≤ j≤m(k)

[ fk− j].

Proof Since m(k + 1) ≤ m(k) + 1, we have

f (xl(k+1)) = max
0≤ j≤m(k+1)

[
f (xk+1− j)

]

≤ max
0≤ j≤m(k)+1

[
f (xk+1− j)

]

= max
{

f (xl(k)), f (xk+1)
}

= f (xl(k)).

Thus { f (xl(k))} is a monotone non-increasing sequence. (H1) implies that
{ f (xl(k))} has a bound from below and thus it has a limit. By (26), we obtain
that (46) holds. ��

Corollary 3.2 Assume that (H1) and (H2) hold, the search direction dk satisf ies
(5) and αk is determined by the modif ied nonmonotone Armijo line search
(D), Algorithm (D) generates an inf inite sequence {xk}, and (22) holds at each
iteration. Then,

lim inf
k→+∞

‖gk‖ = 0.

Proof It is easy to prove by (5) and (46). The proof is completed. ��
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Theorem 3.2 Suppose that (H1) and (H2)′ hold, dk satisf ies (4) and

‖dk‖2 ≤ c1 + c2k, ∀k, (47)

where c1 and c2 are positive constants. The step-size αk is determined by the
modif ied nonmonotone Armijo line search (D) and (22) holds. Algorithm (D)

generates an inf inite sequence {xk}. Then,

lim inf
k→∞

‖gk‖ = 0. (48)

Proof We proceed by contradiction. Assume that the relation (48) does not
hold. Then, there exists some τ such that

‖gk‖ ≥ τ, ∀k ≥ 1. (49)

This and (4) imply
∣∣gT

k dk
∣∣ ≥ cτ 2, ∀k ≥ 1. (50)

Then, it follows from (47) and (50) that

∞∑

l=1

min
0≤i≤M−1

(
gT

Ml+idMl+i

‖dMl+i‖

)2

≥
∞∑

l=1

c2τ 4

‖dMl+i0‖2

≥
∞∑

l=1

c2τ 4

c1 + c2(Ml + i0)

= +∞,

where i0 satisfies

(
gT

Ml+i0
dMl+i0

‖dMl+i0‖

)2

= min
0≤i≤M−1

(
gT

Ml+idMl+i

‖dMl+i‖

)2

.

The above relation contradicts (45). The contradiction shows the truth of (48).
��

Remark 3.2 Theorem 3.2 shows that {‖gk‖} is global convergence even if
‖dk‖ → ∞ as k → +∞.

Theorem 3.3 Suppose that (H1) and (H2)′ hold, dk satisf ies (5). The step-size
αk is determined by the modif ied nonmonotone Armijo line search (D) and (33)
holds. Algorithm (D) generates an inf inite sequence {xk}. Then,

lim
k→∞

‖gk‖ = 0. (51)
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Proof By (45), we have

lim
l→+∞

min
0≤ j≤M−1

(
gT

Ml+ jdMl+ j

‖dMl+ j‖

)2

= 0.

By (5), we have

lim
l→+∞

min
0≤ j≤M−1

‖gMl+ j‖ = 0.

Letting

‖gMl+φ(l)‖ = min
0≤ j≤M−1

‖gMl+ j‖,

we obtain

lim
l→∞

‖gMl+φ(l)‖ = 0. (52)

It follows from (H2)′ and (33) that

‖gk+1‖ = ‖gk+1 − gk + gk‖
≤ ‖gk+1 − gk‖ + ‖gk‖
≤ Lαk‖dk‖ + ‖gk‖
≤ Lsk‖dk‖ + ‖gk‖

= L‖gk‖
(

− gT
k dk

Lk‖gk‖ · ‖dk‖

)

+ ‖gk‖

≤
(

L
Lk

)
‖gk‖ + ‖gk‖

≤
(

1 + L
u

)
‖gk‖.

By letting c3 = (
1 + L

u

)
, we have

‖gk+1‖ ≤ c3‖gk‖. (53)

Therefore, for 1 ≤ i ≤ M,

‖gM(l+1)+i‖ ≤ c3‖gM(l+1)+i−1‖
≤ ....

≤ c2M
3 ‖gMl+φ(l)‖.

By (52), we obtain that (51) holds and the proof is finished. ��
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4 Convergence rate

In order to analyze the convergence rate, we restrict our discussion to the case
of uniformly convex objective functions. We assume that

(H3) f is twice continuously differentiable and uniformly convex on Rn.

Lemma 4.1 Assume that (H3) holds, then (H1) and (H2)′ hold, f (x) has a
unique minimizer x∗, and there exists 0 < m′ ≤ L such that

m′‖y‖2 ≤ yT∇2 f (x)y ≤ M′‖y‖2, ∀x, y ∈ Rn; (54)

1

2
m′‖x − x∗‖2 ≤ f (x) − f (x∗) ≤ 1

2
M′‖x − x∗‖2, ∀x ∈ Rn; (55)

M′‖x − y‖2 ≥ (g(x) − g(y))T(x − y) ≥ m′‖x − y‖2, ∀x, y ∈ Rn; (56)

and thus

M′‖x − x∗‖2 ≥ g(x)T(x − x∗) ≥ m′‖x − x∗‖2, ∀x ∈ Rn. (57)

By (57) and (56) we can also obtain from the Cauchy-Schwartz inequality,
that

M′‖x − x∗‖ ≥ ‖g(x)‖ ≥ m′‖x − x∗‖, ∀x ∈ Rn, (58)

and

‖g(x) − g(y)‖ ≤ M′‖x − y‖, ∀x, y ∈ Rn. (59)

By (55) and (58) we can also obtain the following relation

m′

2M′2 ‖g(x)‖2 ≤ f (x) − f (x∗) ≤ M′

2m′2 ‖g(x)‖2. (60)

Its proof can be seen from [3, 31].

Theorem 4.1 Assume that (H3) holds, the search direction dk satisf ies the angle
property (5), the step-size αk is determined by the modif ied nonmonotone
Armijo line search (D) and (33) holds. Algorithm (D) generates an inf inite
sequence {xk}. Then, {xk} → x∗ at least R-linearly, i.e., there exists 0 < ω < 1
such that

R1{xk} = lim
k→+∞

‖xk − x∗‖ 1
k = ω. (61)
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Proof Since (H3) implies (H1) and (H2)′, the conditions of Theorem 3.3 hold
in this case. Thus (51) holds. By (58) it follows that

lim
k→∞

xk = x∗. (62)

At first, we obtain from (60) and (53), that

f (xk+1) − f (x∗) ≤ b
[

f (xk) − f (x∗)
]
, ∀k ≥ 1, (63)

where

b = c2
3 M′3

m′3 > 1.

For any l ≥ 0, let ψ(l) be any index in [Ml + 1, M(l + 1)] for which

f (xψ(l)) = max
1≤i≤M

[
f (xMl+i)

]
. (64)

By the definition of ψ(l), (5), and (44), we can get

f (xψ(l)) ≤ f (xψ(l−1)) − c6 min
0≤ j≤M−1

‖gMl+ j‖2, (65)

where
c6 = τ 2

0 η′
0

is a positive constant.
Similarly as in the proof of Theorem 3.1 in [5], we can prove that there exist

constants c4 and c5 ∈ (0, 1) such that

f (xk) − f (x∗) ≤ c4ck
5

[
f (x1) − f (x∗)

]
. (66)

By (55) and (66) we have

1

2
m′‖xk − x∗‖2 ≤ f (xk) − f (x∗) ≤ c4ck

5

[
f (x1) − f (x∗)

]
,

and thus

‖xk − x∗‖ ≤
√

2c4
[

f (x1) − f (x∗)
]

m′ · (√
c5

)k
. (67)

Letting

ω = √
c5,

we have

R1{xk} = lim
k→+∞

‖xk − x∗‖ 1
k

= lim
k→+∞

(√
2c4[ f (x1) − f (x∗)]

m′

) 1
k

ω

= ω < 1

which shows that {xk} converges to x∗ at least R-linearly. ��
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5 Numerical results

In this section we will discuss the implementation of the new algorithm.
The technique of choosing parameters is reasonable and effective for solving
practical problems both in theoretical and numerical aspect.

5.1 Parametric estimation

In the modified Armijo line search, the parameter Lk needs to be estimated.
As we know, Lk should approximate Lipschitz constant M′ of the gradient g of
objective function f . If M′ is given, we should certainly take Lk = M′. How-
ever, M′ is not known a prior in many situations.

First of all, we let δk = xk+1 − xk, yk = gk+1 − gk, and estimate

Lk = ‖yk−1‖
‖δk−1‖ , (68)

or

Lk = max

{‖yk−i‖
‖δk−i‖ | i = 1, 2, ..., M

}
(69)

whenever k ≥ M + 1, and M is a positive integer.
Next, BB method [2, 4, 25, 26] also motivates us to find a way of estimating

M′. Solving the minimization

min
L∈R1

‖Lδk−1 − yk−1‖ ,

we can obtain

Lk =
∣
∣δT

k−1 yk−1

∣
∣

‖δk−1‖2
. (70)

Obviously, if K ≥ M + 1, we can also take

Lk = max

{ |δT
k−i yk−i|
‖δk−i‖2

| i = 1, 2, ..., M

}

. (71)

On the other hand, we can take

Lk = ‖yk−1‖2
∣∣δT

k−1 yk−1

∣∣ , (72)

or

Lk = max

{
‖yk−i‖2

∣
∣δT

k−i yk−i
∣
∣ | i = 1, 2, ..., M

}

, (73)

whenever k ≥ M + 1.
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There are many other techniques of estimating the Lischitz constant M′ [35].
We will use (68)–(73) to estimate the M′ and the corresponding algorithms are
denoted by Algorithms (68)–(73) respectively.

5.2 Numerical results

In what follows, we will discuss the numerical performance of the new line
search method. The test problems are chosen from [18] and the implementable
algorithm is stated as follows.

Algorithm (A)

Step 0. Given some parameters σ ∈ (
0, 1

2

)
, ρ ∈ (0, 1), μ ∈ [0, 2), and L0 = 1;

let x1 ∈ Rn and set k := 0;
Step 1. If ‖gk‖ = 0 then stop, else go to step 3;
Step 3. Choose dk satisfies angle property (5), for example, taking dk = −gk;
Step 4. xk+1 = xk + αkdk, where αk is defined by the modified nonmonotone

Armijo line search;
Step 5. δk = xk+1 − xk, yk = gk+1 − gk, and Lk+1 is determined by one of

(68)–(73);
Step 6. k := k + 1, go to step 1.

In the above algorithm, we set σ = 10−4, ρ = 0.87, μ = 1, M = 2 and
compare with original Armijo line search method with the same parameters.
We will find that the step-size in the new line search method is easier to find
than in the original one. In other words, the new line search method needs less
evaluations of gradient and objective function at each iteration. We tested the
new line search methods and original Armijo line search method with double
precision in a portable computer. The codes were written in the visual C++
language. Our test problems and the initial points used are drawn from [18].
For each problem, the limiting number of function evaluations is set to 1,000,
and the stopping condition is

‖gk‖ ≤ 10−6. (74)

We report our numerical results in Table 1, where ‘Armijo’, ‘N-Armijo’,
‘New(68)’, ‘New(70)’, and ‘New(72)’ stand for the Armijo line search method,
nonmonotone Armijo line search method, new line search methods with Lk

taken by (68), (70), and (72), respectively. The symbols n, IN, N f mean
the dimension of the problem, the number of iterations, and the number of
function evaluations.

The unconstrained optimization problems are numbered in the same way as
[18]. For example, P5 means Problem 5 in [18]. We will set dk = −gk at each
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Table 1 IN and NF for reaching the same precision, M = 2

Problem n Armijo N-Armijo New(68) New(70) New(72)

P5 2 8/12 8/9 6/9 7/11 7/8
P11 3 22/32 19/22 16/19 14/17 17/23
P14 4 36/50 33/45 28/34 26/33 30/42
P16 4 14/72 12/56 16/63 12/58 11/56
P20 9 12/17 13/13 12/13 12/13 11/11
P21 16 18/21 19/19 16/23 12/14 11/15
P21 100 21/30 18/27 17/22 16/25 15/20
P23 8 30/42 30/38 28/34 26/36 26/38
P23 100 36/58 32/49 30/34 28/32 30/52
P23 200 55/87 59/61 43/67 48/72 42/61
P24 20 52/67 49/64 45/59 38/38 47/52
P25 50 11/121 14/34 11/32 16/78 9/83
P26 50 14/30 14/17 14/19 12/16 15/18
P35 20 17/28 15/24 14/21 16/19 12/18

CPU – 23s 19s 17s 14s 16s

iteration. In this case, if αk = sk at each iteration, then ‘New(70)’ and ‘New(72)’
will reduce to BB methods [2, 4, 25, 26] because of

αk = sk = − gT
k dk

Lk‖dk‖2

= 1

Lk
= ‖δk−1‖2

∣∣δT
k−1 yk−1

∣∣

corresponding to (70), or

αk =
∣∣δT

k−1 yk−1

∣∣

‖yk−1‖2

corresponding to (72).
As we know, BB method is an efficient method without line search [24].

In fact, a powerful inexact line search should reduce the function evaluation
number at each iteration. The new line search method proposed in the paper
needs less evaluation number of function value than other line search methods.
For example, Armijo line search method, nonmonotone Armijo line search
method, etc. Moreover, how to estimate the parameter Lk is still a valuable
problem. We should seek other ways to estimate Lk so as to cut down the
number of function evaluations at each iteration. We use “CPU” to denote
the average computational time [8] for solving each corresponding problems.

From Table 1, we can see that, for some problems, the three new algorithms
need less number of function evaluations than original Armijo line search
methods. However, for some problems, Armijo line search method performs
as well as the new line search methods. Therefore, our numerical results show
that the new line search methods are superior to original Armijo line search
methods in many situations. In particular, the new method needs less function



Numer Algor (2011) 57:1–25 21

evaluations than original Armijo line search methods, i.e, in many cases, αk

always takes sk in the new line search. Moreover, the estimation of Lk (and
essentially sk) is very important in the new algorithm. In numerical experiment,
we take dk = −gk, which is a special case of descent directions. We may take
other descent directions as dk at each step.

If we take μ = 1, ρ = 0.001 and U = 1000 then the convergence condition
(33) reduces to

L
1000

< Lk ≤ 1000L. (75)

Thus the algorithm will converge for rough estimation of Lk. All the above
mentioned problems are very small scale problems. The advantage of the
new modification of nonmonotone Armijo line search seems not obvious. We
should implement it for large scale problems.

For large scale problems [8–10], we implement the modified nonmonone
Armijo line search in the same software environment. In Table 2, ‘– –’ denotes
the number of iteration IN ≥ 10,000. The numerical results are listed in
Table 2.

From Table 2, we can see that, the previous Armjio-type line searches, such
as ‘Armijo’ and ‘N-Armijo’, need more iterations and more functional evalua-
tions than the new modifications New(68), New(70) and New(72) when reach-
ing the same precision. We found that the previous Armijo-type line search
can result in zigzag phenomena in solving some large scale problems. The
corresponding method cannot stop in the local area of the minimizer because
of the constant choice of initial possible acceptable step size at each iteration.
The shows that the new modification of nonmonotone Armijo line search
can avoid zigzag phenomena due to the good estimation of initial possible
acceptable step size sk.

Table 2 IN and N f for reaching the same precision, M = 2

Problem n Armijo N-Armijo New(68) New(70) New(72)

TORSION1 15,625 335/8,334 249/8,132 146/6,739 145/6,921 148/7,120
CLPLATEA 4,970 265/5,289 213/2,322 132/1,891 141/1,756 145/1,542
JNLBRNGA 15,625 382/7,291 338/6,245 321/2,360 287/3,533 315/2,163
SVANBERG 5,041 512/8,127 389/4,287 367/3,986 326/3,812 382/3,480
BRATU2D 5,184 142/4,517 156/1,563 134/1,473 152/1,453 123/1,311
BRATU3D 4,913 148/2,331 149/1,329 134/2,543 122/1,984 131/1,345
TRIGGER 5,002 231/3,340 128/2,347 137/3,422 134/2,345 134/2,230
BDVALUE 5,002 310/4,222 323/3,438 228/3,234 226/3,236 276/1,768
VAREIGVL 5,000 –/– 324/1,249 310/1,214 218/1,232 183/1,352
MSQRTA 10,000 –/– –/– 413/4,523 438/6,772 242/4,551
NLMSURF 15,625 –/– –/– 965/8,867 956/9,823 847/8,252
OBSTCLBU 15,625 –/– 814/7,534 711/7,323 618/6,871 459/3,487
PRODPL1 500 32/381 28/127 26/106 26/106 25/98
ODNAMUR 11,276 –/– 515/7,832 314/3,721 216/2,917 167/1,927

CPU – – – 196s 143s 158s
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Table 3 IN and NF for reaching the same precision, M = 15

Problem n Armijo N-Armijo New(69) New(71) New(73)

P5 2 8/12 9/13 10/14 9/18 12/15
P11 3 22/32 13/20 17/17 14/16 15/21
P14 4 36/50 32/41 26/35 26/32 31/43
P16 4 14/72 14/17 16/24 12/34 11/43
P20 9 12/17 14/15 16/17 12/15 12/18
P21 16 18/21 19/19 16/23 12/14 11/15
P21 100 21/30 23/23 17/17 18/22 15/28
P23 8 30/42 34/34 31/39 28/32 25/28
P23 100 36/58 32/32 28/32 28/32 30/32
P23 200 55/87 52/52 43/43 45/52 42/54
P24 20 52/67 53/65 48/65 42/37 48/55
P25 50 11/121 14/14 12/12 16/18 9/23
P26 50 14/30 15/15 14/17 12/14 15/15
P35 20 17/28 15/15 14/16 14/17 16/16

CPU – 23s 19s 21s 18s 18s

As to the nonmonotone strategy, taking M = 2 seems to be too small. We
should do more numerical experiments to test the performance of the new
nonmonotone line search when M takes big numbers. We use (69), (71) and
(73) to replace (68), (70) and (72) in the algorithm when k ≥ M + 1.

From Table 3, we found that we should take small M for small scale
problems. When M = 15 and n ≤ 20, the performance of the nonmonotone
line search seems to be bad while the performance seems to be better when n
is large. We are not sure how to take M can make the nonmonotone line search
have a good performance in practical computation. We try to find some rela-
tionship between M and n but not yet right now. It may depend on the specific
objective function. We used M = 5 and M = 10 to test the nonmontone

Table 4 IN and N f for reaching the same precision, M = 15

Problem n Armijo N-Armijo New(69) New(71) New(73)

TORSION1 15,625 335/8,334 236/2,632 132/4,265 134/5,128 128/5,641
CLPLATEA 4,970 265/5,289 187/2,014 125/1,569 136/1,527 118/1,241
JNLBRNGA 15,625 382/7,291 321/5,297 321/2,187 279/2,563 283/1,982
SVANBERG 5,041 512/8,127 342/3,257 325/3,216 309/3,173 325/3,241
BRATU2D 5,184 142/4,517 132/1,269 133/1,424 128/1,243 121/1,289
BRATU3D 4,913 148/2,331 138/1,247 128/2,172 119/1,573 116/1,426
TRIGGER 5,002 231/3,340 136/2,529 132/3,326 136/2,523 129/2,374
BDVALUE 5,002 310/4,222 283/3,542 216/2,860 208/3,029 226/1,528
VAREIGVL 5,000 –/– 317/1,183 284/1,073 238/1,541 188/1,456
MSQRTA 10,000 –/– 424/5,253 411/4,217 405/6,263 352/4,825
NLMSURF 15,625 –/– 934/8,925 923/8,377 921/9,345 825/8,153
OBSTCLBU 15,625 –/– 834/7,734 731/7,453 623/6,452 426/3,723
PRODPL1 500 32/381 26/147 28/121 26/98 22/95
ODNAMUR 11,276 –/– 525/7,421 306/3,021 208/2,254 125/1,906

CPU – – 183s 172s 147s 153s
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line search and found that the situation of M = 5 is very similar to that of
M = 2, while the situation of M = 10 is very similar to that of M = 15. See
Table 4 to find the performance of the nonmonotone line search when M = 15.

In Tables 1, 2, 3 and 4, Algorithm New(70) and New(71) seem to be the
best in all mentioned algorithms based on the average computational time.
Actually, we want to find the smallest Lipschitz constant of the gradient of
objective function. In fact,

|yT
k−1δk−1|
‖δk−1‖2

≤ ‖yk−1‖
‖δk−1‖ ≤ ‖yk−1‖2

|yT
k−1δk−1| .

Therefore, (70) and (71) are the best choices of Lipschitz constant estimation
and thus result in the best estimations of step sizes at the k-th iteration.

6 Conclusion

A new modification of matrix-free nonmonotone Armijo line search was
developed and the related descent method was investigated. It was proved that
the new modification of nonmonotone Armijo line search method has global
convergence and linear convergence rate under some mild conditions. We can
choose a larger step-size in each line search procedure and sometimes avoid the
iterates running into the narrow curved valley of objective functions. The new
modification of nonmontone Armijo line search can avoid zigzag phenomena
in some cases. The new line search approach can make us design new line
search methods in some wider sense. Especially, the new modified line search
method can reduce to BB method [2, 4, 25, 26] in some special cases. As we
can see, Lipschitz constant M′ of gradient g(x) of the objective function f (x)

needs to be estimated at each step. we have discussed some techniques for
choosing Lk. In numerical experiment, we take dk = −gk at each step. Indeed,
we can take other descent directions as dk, such as conjugate gradient direction,
limited quasi-Newton directions, etc.

For the future research, we can establish global convergence of other line
search methods with the modified nonmonotone Goldstein or the modified
nonmonotone Wolfe line searches. Of course, we expect to decrease the
number of gradients and functional evaluations for some line searches. Since
the new line search needs to estimate Lk, we can find other ways to estimate Lk

and choose diverse parameters such as σ, μ, and ρ, so as to find available para-
meters in solving special unconstrained optimization problems. Moreover, we
can investigate the L-BFGS and CG method with the modified nonmonotone
Armijo line search.
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