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Abstract The a posteriori estimate of the errors in the numerical solution of
ill-conditioned linear systems with contaminated data is a complicated prob-
lem. Several estimates of the norm of the error have been recently introduced
and analyzed, under the assumption that the matrix is square and nonsingular.
In this paper we study the same problem in the case of a rectangular and, in
general, rank-deficient matrix. As a result, a class of error estimates previously
introduced by the authors (Brezinski et al., Numer Algorithms, in press,
2008) are extended to the least squares solution of consistent and inconsistent
linear systems. Their application to various direct and iterative regularization
methods are also discussed, and the numerical effectiveness of these error
estimates is pointed out by the results of an extensive experimentation.
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1 Introduction

In this paper, we study the effectiveness of estimates of the norm of the error
for the approximate solution of the least squares problem

min
x∈Rn

‖Ax − b‖, (1.1)

where A ∈ R
m×n is ill-conditioned and b ∈ R

m is a data vector which we
consider to be contaminated by random noise with zero mean, so that the
use of a regularization method is indispensable to obtain feasible results. We
impose no restrictions on m and n, thus allowing either m ≥ n or m < n. In
(1.1), as in the sequel, the symbol ‖ · ‖ denotes both the Euclidean vector norm
and the corresponding induced matrix norm.

Let x be an approximate solution of (1.1) and r = b − Ax the associate
residual vector. Denoting by x† the minimal-norm least squares (or normal)
solution of (1.1), we will introduce an estimate for the norm of the error vector
e = x† − x.

An estimate of this kind for ‖e‖ was introduced by Auchmuty in [1] and
further analyzed and extended in [6] and [3]. In [4], these error estimates were
generalized and some of their properties were studied. In particular, it was
shown that the following estimates are valid for any real number ν:

e2
ν = cν−1

0

(
c2

1

)3−ν
cν−4

2 � ‖e‖2, (1.2)

ẽ 2
ν = cν−1

0

(
c2

1

)3−ν
c̃ ν−4

2 � ‖e‖2, (1.3)

ê 2
ν = cν+1

0

(
c2

1

)2−ν
cν−3

2 � eT Ae, (1.4)

with

c0 = ‖r‖2, c1 = rT Ar,

c2 = ‖Ar‖2, c̃2 = ‖ATr‖2. (1.5)

In the same paper, these error estimates were applied to the choice of the
regularization parameter in Tikhonov regularization, under the assumption of
a square nonsingular linear system, and to the determination of a stopping
criterion for the conjugate gradient method when the matrix A is symmetric
positive definite.

The extension of the error estimates introduced in [4] to least squares
problems will be discussed in Section 2. We will show how they can be
constructed and illustrate some of their properties. In Section 3, we will discuss
their application to various regularization methods like truncated SVD or
GSVD, Tikhonov regularization and some iterative methods. The results of
our numerical experiments will be reported in Section 4.
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2 Error estimates for least squares problems

Let us consider the least squares problem (1.1), with A ∈ R
m×n and rank(A) =

r ≤ min(m, n). As it is well known, the normal solution of (1.1) is the unique
vector x† that solves the minimization problem

min
x∈S

‖x‖, S = {
x ∈ R

n | AT Ax = ATb
}
.

Such a solution can be written in the form

x† = A†b = (
AT A

)†
ATb,

where A† indicates the pseudoinverse (Moore–Penrose inverse) of A [2].
For the sake of clarity, we resume some basic results. Let A = U�VT be

the singular value decomposition (SVD) [8] of A, with

U = [u1, . . . um], ui ∈ R
m, U TU = Im,

V = [v1, . . . vn], vi ∈ R
n, VT V = In,

� =
[
�r 0
0 0

]
∈ R

m×n, �r = diag(σ1, . . . , σr),

and σ1 ≥ · · · ≥ σr > 0.
Let y be an arbitrary vector. Then

Ay =
r∑

i=1

σi
(
vT

i y
)
ui,

ATy =
r∑

i=1

σi
(
uT

i y
)
vi. (2.1)

Denoting by x any approximate solution of (1.1), we consider the error
vector e = x† − x, the corresponding residual r = b − Ax and the normal
residual ρ = ATr, that is the residual of the normal equations

AT Ax = ATb. (2.2)

These vectors are connected by the relation

e = (
AT A

)†
ρ = (

AT A
)†

ATr. (2.3)

Letting αi = uT
i r, the relations (2.1) yield

‖e‖2 =
r∑

i=1

α2
i

σ 2
i

. (2.4)
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In a similar way, we have

d0 = ‖r‖2 = ‖U Tr‖2 =
m∑

i=1

α2
i ,

d1 = ‖ρ‖2 = ‖ATr‖2 =
r∑

i=1

σ 2
i α2

i ,

d2 = ‖Aρ‖2 = ‖AATr‖2 =
r∑

i=1

σ 4
i α2

i . (2.5)

As described in [4] in the case of a square nonsingular system, we approximate
the sums in (2.4) and (2.5) by keeping only one term, that is

‖e‖2 � σ−2α2, d0 = α2, d1 = σ 2α2, d2 = σ 4α2.

The system of 3 equations in 2 unknowns (α and σ ) expressing d0, d1 and d2

has infinitely many solutions, which depend upon a real parameter. Solving it,
we obtain the following estimate for the norm of the error

‖e‖2 � η2
ν = dν−1

0 d5−2ν
1 dν−3

2 , ν ∈ R. (2.6)

Notice that, for ν = 3, Auchmuty’s estimate [1] is recovered

η3 = ẽ3 = ‖r‖2

‖ATr‖ .

Another interesting estimate, which appears to be effective in our experi-
ments, is

η2 = ‖r‖ · ‖ATr‖
‖AATr‖ .

Setting ρ = d0d2/d2
1, (2.6) becomes

η2
ν = ρνη2

0.

Since ρ ≥ 1 by Schwartz inequality, we can conclude that η2
ν is a non decreasing

function of ν and that there exists a value νe such that η2
νe

= ‖e‖2. This value is
given by the formula (obviously useless in practice)

νe = 2 ln(‖e‖/η0)/ ln ρ.

Moreover, generalizing an inequality obtained by Auchmuty, we have

η2
ν ≤ ‖e‖2, for ν ≤ 3.

The representation (2.3) of the error allows us to apply the estimate ẽ 2
ν given

by (1.3) directly to the normal equations (2.2), even when A is rank-deficient.
In this way, we obtain

‖e‖2 � ξ 2
ν = dν−1

1 d6−2ν
2 dν−4

3 ,
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where d1 and d2 are defined as in (2.5), and

d3 = ‖AT Aρ‖2 =
r∑

i=1

σ 6
i α2

i . (2.7)

3 Application to regularization methods

Since the matrix A in (1.1) is assumed to be severely ill-conditioned, the error
estimate (2.6) has to be computed very accurately to obtain satisfactory results.
In fact, our numerical experiments showed that it is possible to greatly improve
its performance, as a regularization parameter selection method, by suitably
adapting its expression to the chosen regularization technique. For this reason,
we will now develop particular representations of (2.6), specially suited to
some classical regularization methods.

3.1 TSVD and TGSVD

Let r = rank(A). The truncated SVD (TSVD) solution xk of (1.1) is

xk =
k∑

i=1

uT
i b
σi

vi, k = 1, . . . , r.

The integer k acts as a regularization parameter which filters the components
of the solution corresponding to the smallest singular values, while xr equals
the normal solution x†.

Using the associated residual rk = b − Axk, we can express (1.5) and (2.5)
in the following form

d0 = c0 =‖rk‖2 =
r∑

i=k+1

(
uT

i b
)2 + γ 2, (3.1)

d1 = c̃2 =‖ATrk‖2 =
r∑

i=k+1

σ 2
i

(
uT

i b
)2

, (3.2)

d2 = ‖AATrk‖2 =
r∑

i=k+1

σ 4
i

(
uT

i b
)2

. (3.3)

Letting U = [U1, U2], with U1 = [u1, . . . ur], we have

γ 2 = ‖U T
2 b‖2 = bT(

I − U1U T
1

)
b,

with γ = 0 whenever r = m.
We note that formula (2.7) becomes

d3 = ‖AT Aρ‖2 =
r∑

i=k+1

σ 6
i

(
uT

i b
)2

,
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while, if r = m = n,

c1 = rT
k Ark =

r∑

i, j=k+1

σ j
(
uT

i v j
)(

uT
i b

)(
uT

j b
)
.

Let us now introduce a regularization matrix H ∈ R
p×n. We call minimal

H-norm solution of (1.1) the unique vector x†
H which solves the problem

min
x∈S

‖Hx‖, S = {
x ∈ R

n | AT Ax = ATb
}
. (3.4)

We require that

N (A) ∩ N (H) = {0} (3.5)

(N (A) is the null space of A), which corresponds to assuming that the
augmented matrix CT = [

AT HT
]

has full rank.
Following [17], with the only assumption that rank(C) = n, we define the

generalized singular value decomposition (GSVD) of the matrix pair (A, H) as
the factorization

A = U�A Z −1

H = V�H Z −1, (3.6)

where U and V are orthogonal matrices of order m and p, respectively, and
Z = [z1, . . . , zn] is nonsingular of order n. The matrices �A, m × n, and �H ,
p × n, have the form

�A =
⎡

⎣
OA

C
IA

⎤

⎦ , �H =
⎡

⎣
IH

S
OH,

⎤

⎦

where

C = diag(c1, . . . , cq), 0 < c1 ≤ c2 ≤ · · · ≤ cq < 1,

S = diag(s1, . . . , sq), 1 > s1 ≥ s2 ≥ · · · ≥ sq > 0,

with c2
i + s2

i = 1, for i = 1, . . . , q. As usual, the ordering is chosen such that the
generalized singular values σi = ci/si are non decreasing in i = 1, . . . , q.

Moreover, IA and IH are identities of order r − q and n − r, respectively,
where r = rank(A), and OA and OH are zero matrices of order (m − r)×
(n − r) and (p − n + r − q) × (r − q), with possibly no rows and/or no columns.
We note that q = rank(A) + rank(H) − n.

Using the GSVD (3.6), we can express the minimal H-norm solution as

x†
H =

q∑

i=1

uT
m̃+ib
ci

zñ+i +
r∑

i=q+1

(
uT

m̃+ib
)
z ñ+i,
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where m̃ is m − r when m > r and 0 otherwise, and ñ is defined similarly. Then,
the truncated GSVD (TGSVD) solution xk of (3.4) is

xk =
q∑

i=q−k+1

uT
m̃+ib
ci

zñ+i +
r∑

i=q+1

(
uT

m̃+ib
)
z ñ+i,

where k = 0, 1, . . . , q is the regularization parameter.
Letting βk = (

uT
m−r+1b, . . . , uT

m−r+q−kb, 0, . . . , 0
)T ∈ R

q, for k = 0, 1, . . . , q,
we have

d0 = c0 = ‖α‖2 + ‖βk‖2, (3.7)

d1 = c̃2 = ‖M2Cβk‖2, (3.8)

d2 = ‖CMT
2 M2Cβk‖2 + ‖MT

3 M2Cβk‖2, (3.9)

c1 = [
αT βT

k

]
U T

1 M2Cβk, (if m = n), (3.10)

where (using the Matlab subindexing notation)

α = (
uT

1 b, . . . , uT
m−rb

)
,

U1 = U(1 : m, 1 : m − r + q),

MT
2 = Z −1(n − r + 1 : n − r + q, 1 : n),

MT
3 = Z −1(n − r + q + 1 : n, 1 : n).

To choose a value for the regularization parameter in the truncated SVD
or GSVD, we used formulae (3.1–3.3) and (3.7–3.9) to evaluate (2.6) for k =
0, 1, . . . , q, assuming as optimal the value of k that minimizes ην(k).

3.2 Tikhonov regularization

In Tikhonov regularization, (1.1) is replaced by the following penalized least
squares problem

min
x∈Rn

{‖Ax − b‖2 + λ2‖Hx‖2
}
, (3.11)

where λ is the regularization parameter and H ∈ R
p×n a regularization matrix.

In [4], assuming A square nonsingular and p ≤ n, we proposed the following
family of estimates for the Euclidean norm of the error

ẽν = λ−2 · ‖rλ‖ν−1 · (
rT
λ Exλ

)3−ν · ‖Exλ‖ν−4, (3.12)

where, for a fixed λ, xλ is the minimizer of (3.11), rλ = b − Axλ, E = HT H
and ν ∈ R. These estimates were obtained by replacing ATrλ by λ2 Exλ in (1.3)
and (1.5). In the same paper, the estimates (3.12) were used to determine a
suitable value for λ, and an extensive numerical experimentation highlighted
the effectiveness of this method.

Here, we use the same approach as adopted in [4] to derive an error
estimate in the general case of A ∈ R

m×n, without any restrictions on m, n
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and p. Assuming that condition (3.5) holds, the solution of (3.11) is uniquely
determined by the consistent linear system

(
AT A + λ2 HT H

)
xλ = ATb, (3.13)

which implies the relation

ATrλ = λ2 Exλ.

Hence, substituting ATrλ by λ2 Exλ in (2.5), (2.6) becomes

ην(λ) = λ4−2ν · ‖rλ‖ν−1 · ‖Exλ‖5−2ν · ‖AExλ‖ν−3, ν ∈ R. (3.14)

As already observed in [4] for the case of regular linear systems treated by
Tikhonov’s regularization method, this representation of the error estimate ην

is numerically much more effective than (2.6).
To select a suitable value of λ, we start with a grid of values μi, i = 1, . . . , 5,

equally spaced on a chosen interval [log(λmin), log(λmax)]. Then, for λi = 10μi ,
we compute the regularized solution xλi and evaluate the norm of the error
by formula (3.14). After selecting the parameter λ which minimizes ην(λ), we
iteratively add points to the grid around the minimum, by bisection, until the
smallest grid step exceeds a prescribed accuracy τ .

For each value of λ, when the dimension of the linear system is small
enough, the regularized solution xλ can be effectively computed either by the
GSVD of (A, H) or, when H = I, by the SVD of A; see [11]. For large scale
problems, the conjugate gradient method applied to the system (3.13) is the
most natural choice.

3.3 Iterative regularization

It is well known that some iterative methods have a regularizing effect. This
means that, when applied to an ill-conditioned linear system with a noisy
right hand side, the error at the k-th iteration (with respect to the solution
corresponding to exact data) first decreases and then diverges. So the index k
plays the role of a regularization parameter and it must be carefully tuned.

A typical iterative approach for computing the normal solution of (1.1) is to
apply the conjugate gradient method to the normal equations (2.2). The CGLS
method [14] represents a clever implementation of this idea, and it is easy to
organize this algorithm in order to obtain d0, d1 and d2 in (2.6) inexpensively,
so that the computation of ην(k), that is the value of ην for a given value of
the iteration index k, does not increase the computational complexity of the
method.

An alternative approach, although theoretically equivalent, is the LSQR
method [18], on which we focus. The central part of this method consists of
computing iteratively the factorization

AVk = Uk+1 Bk,

where Uk+1 and Vk are matrices of dimension m × (k + 1) and n × k, respec-
tively, with orthonormal columns, and Bk is a lower bidiagonal matrix of
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dimension (k + 1) × k. This factorization allows us to express the norm of the
k-th residual in the form

‖rk‖ := ‖b − Axk‖ = ‖β1e1 − Bkyk‖, (3.15)

where β1 = ‖b‖ and yk ∈ R
k. The minimization of (3.15) is performed by

suitably updating the QR factorization of Bk at each iteration.
The LSQR method can be adapted, inexpensively, in order to obtain the

error estimate ην(k). In fact, using the notation introduced in [18],

d0 = φk+1,

d1 = φk+1αk+1|ck|,
d2 = φk+1αk+1|ck|

(
α2

k+1 + β2
k+2

)
, (3.16)

where the constants φk+1 are generated by the recursion

φk+1 = skφk, with φ1 = β1,

αk and βk are the entries on the main and the lower diagonal of Bk, re-
spectively, and (ck, sk) are the parameters which define the plane rotation
constructed at each iteration of the method. We note that the first two formulae
in (3.16), coupled to an estimate of the Frobenius norm of A, were used in [18]
as a stopping criterion for the method.

To obtain a regularized solution, we let the LSQR method perform a
fixed number � of iterations and then select the solution xk corresponding to
the minimum of ην(k), k = 0, . . . , �. It is worthwhile to notice that, even if
the LSQR method often gives good results without reorthogonalization, our
numerical experiments show that a reliable evaluation of ην(k) by formulae
(3.16) requires the reorthogonalization of the columns of Vk and Uk+1 at
each step.

4 Numerical simulation

In this section, we will show that the error estimates introduced above can
be used to estimate the parameters typical of some regularization techniques.
We first describe how we planned the numerical tests, in order to compare
our parameter selection schemes with two of the most widely used methods,
namely the L-curve [11, 13] and the generalized cross validation (GCV) [5, 7].

All the computations were performed with Matlab 7.5 [15] on an AMD64
computer running Debian Linux. We developed a small Matlab toolbox, called
ErresTools, whose functions are listed in Table 1, and which is available upon
request. The Regularization Tools ver. 4.0 [10], by P.C. Hansen, was used
for computations involving standard regularization methods and parameter
estimation techniques.

We selected ten test matrices, either mildly or severely ill-conditioned,
among those available in the Matlab gallery function and in the Regulariza-
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Table 1 Functions in the
toolbox

enu Compute estimates (1.2) and (1.3)
ehatnu Compute estimate (1.4)
enutik Compute estimate (3.12)
etanu Compute estimate (2.6)
etanutik Compute estimate (3.14)
errestsv Estimate the optimal parameter for

TSVD/TGSVD
errestik Estimate the optimal parameter for

Tikhonov regularization

tion Tools. These matrices are listed in Table 2, together with their condition
numbers for dimension 20.

For each matrix, we computed a right hand side ‖b‖ corresponding to each
of the seven model solutions listed in Table 3, adding a vector of Gaussian
random errors with zero mean and scaled to have norm ε‖b‖. Each test was
repeated for ε = 10−6, 10−4, 10−2, 10−1 and for five realizations of the noise.
Moreover three regularization matrices were used: the identity matrix and
the discretization matrices corresponding to the discretization of the first and
second derivatives. This leads to a total of 4,200 different test linear systems.

We used various techniques to choose the regularization parameter and
compared the corresponding solutions with the optimal solution, i.e., the one
which leads to the smallest error. For the methods which depend upon a
discrete regularization parameter, the optimal solution is simply the one which
minimizes the 2-norm error with respect to all the admissible parameters. For
Tikhonov regularization, denoting by x the exact solution, we consider optimal
the minimizer of

ψ(ρ) = ‖x − xλ‖, with λ = 10ρ,

obtained by the fminsearch function of Matlab, using as a starting point
the logarithm of the parameter which produces the lowest error, among the
methods to be compared.

If xest represents the solution corresponding to an estimated regularization
parameter and xopt the optimal one, we adopted the ratio

Q(xest) = ‖x − xest‖
‖x − xopt‖ (4.1)

as a quality index. It is always greater than or equal to 1, and it equals 1 only if
the estimated parameter leads to the optimal error.

Table 2 Test matrices and
condition numbers for n = 20

Baart 1.9 · 1017 Pascal 1.3 · 1020

Hilbert 1.2 · 1018 Phillips 4.0 · 1003

Ilaplace(3) 2.7 · 1030 Prolate 5.6 · 1013

Lotkin 9.0 · 1018 Shaw 1.1 · 1016

Moler 1.7 · 1013 Wing 3.2 · 1018
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Table 3 Solution vectors
x = (x1, . . . , xn)T given Default solution for problems from

[10], shaw solution for the others

ones xi = 1

linear xi = i
n

parabola xi = ((
i − � n

2 	) /
 n
2 �)2

sin2pi xi = sin 2π(i−1)
n

linear+sin2pi/4 xi = i
n + 1

4 sin 2π(i−1)
n

step xi = 0, i ≤ � n
2 	

xi = 1, i > � n
2 	

The two methods compared to our estimates are the L-curve [11, 13] and
the generalized cross validation (GCV) [5, 7]. Like our estimates, they do
not require any information on the noise. To apply both methods, we used
the implementations contained in the Regularization Tools [10], forcing the
l_curve routine to always use the corner algorithm [12] for discrete L-curves,
which proved to be more robust. Regarding the GCV, we will also investigate,
in the sequel, the performance of another algorithm for its computation [9],
particularly suited to large scale problems.

Table 4 shows the results obtained by selecting the truncation parameter k
in TSVD/TGSVD using the error estimate η2, the L-curve and the GCV, for
8,400 test linear systems obtained by generating our standard problem set for
the dimensions 40 × 20 and 100 × 50. In the table, we report the number of
failures and severe failures, that is the number of ratios (4.1) larger than 10 and
100, respectively.

Table 4 Results for
TSVD/TGSVD

η2 L-curve GCV
> 10 > 100 > 10 > 100 > 10 > 100

Matrix
Baart 122 16 280 232 300 210
Hilbert 27 0 219 204 86 42
Ilaplace(3) 8 0 149 133 155 104
Lotkin 13 0 277 266 80 28
Moler 19 0 251 144 66 15
Pascal 469 212 331 178 67 41
Phillips 32 0 210 83 54 5
Prolate 23 4 167 48 209 128
Shaw 47 0 206 147 215 146
Wing 8 0 442 419 260 142

Total 768 232 2,532 1,854 1,492 861
(8,400) 9% 3% 30% 22% 18% 10%

H
I 136 0 396 173 374 243
D1 241 96 793 613 458 268
D2 391 136 1,343 1,068 660 350

Total 768 232 2,532 1,854 1,492 861
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1   10  >100

GCV

1   10  >100
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Hilbert 
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η 
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1   10  >100
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    Wing 

    Shaw 

 Prolate 
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  Lotkin 

Ilaplace 

 Hilbert 

   Baart 

η
2

1   10  >100

L-curve

Fig. 1 Results for TSVD/TGSVD, ε = 10−2, H = I(left), D2(right)

The data contained in Table 4 are not sufficient to assert the accuracy
of the solution vectors computed, as the severity of a failure depends on
the value of the optimal error. Anyway, the superiority of η2 over the other
methods considered, on this set of examples, is evident. The lower table, which
represents the data with respect to the three regularization matrices, shows
that this is true especially when H is not the identity matrix, that is when the
TGSVD is applied.

To better represent this behavior, we display, in Fig. 1, the values of the
ratio Q for each test matrix and for one realization of the noise. The values
of Q larger than 100 are levelled to this value. The tests are performed for
linear systems of dimension 100 × 50 with the given solution (Table 3) and
ε = 10−2. The results produced by our error estimates are more or less equiv-
alent to those determined by the GCV. For H = I, the error estimate η2 and
the L-curve give comparable results, while, when H is the discretization of the
second derivative, the results produced by η2 are more reliable.

The 8,400 test linear systems used for Table 4 are all consistent. The same
set of test problems was constructed by generating inconsistent linear systems
with a residual τ = ‖b − Ax‖. In Table 5, the number of failures in the three
cases τ = 0, 1, 10 is displayed. Even if the results worsen as the residual grows,
the performance of our error estimate is comparable to that of GCV and far
better than those furnished by the L-curve.

Table 5 TSVD/TGSVD for
inconsistent linear systems

η2 L-curve GCV
> 10 > 100 > 10 > 100 > 10 > 100

τ = 0 768 232 2,532 1,854 1,492 861
9% 3% 30% 22% 18% 10%

τ = 1 2,332 744 4,195 3,021 1,911 594
28% 9% 50% 36% 23% 7%

τ = 10 2,501 911 4,804 3,631 2,267 805
30% 11% 57% 43% 27% 10%
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Fig. 2 Results for the Baart (left) and Shaw (right) test problems

An extensive experimentation of the effectiveness of formulae (1.2–1.4) for
the selection of the parameter in Tikhonov regularization has already been
executed in [4]. The performance of the estimates (2.6) is similar, so, in this
paper, we prefer to analyze some particular examples.

The parameter ν in (2.6) can take every real value, but we found out
that, for solving discrete ill-posed problems by TSVD/TGSVD or Tikhonov
regularization, it is better to choose ν ≥ 2. This is probably due to the need of
giving a sufficient weight to the residual ‖r‖ in the expression of ην . In Fig. 2,
we plot the graphs of ην , ν = 2, 3, 4, and of the error for the Baart and the Shaw
test problems of dimension 40 × 20, with ε = 10−4. The solution is computed
by using the SVD of the matrix A in Tikhonov regularization, with H = I.

In Fig. 3 (left), we compare η2 with the GCV algorithm described in [9],
the only one, as far as we know, suited to large scale problems. We would
like to acknowledge the support of Gene Golub, during earlier stages of this
work, in sending us the software developed for the paper [9]. We solve the
Phillips test problem of dimension 200 × 100, with ε = 10−2 and H = D1. The
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Fig. 3 Error and solution for the Phillips test problem
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Fig. 4 Error and solution for the Prolate test problem

small triangle on the error curve marks the error produced by the minimizer
of η2, while the square is the error resulting from the gcv_lanczos routine
from [9]. The circle markers on the η2 curve represent the values effectively
computed by the algorithm described in Section 3.2. In the right graph of Fig. 3,
we plot the true solution (thick line) and those determined by η2 (thin line) and
gcv_lanczos (dashed line).

In Fig. 4, we repeat the experiment for the Prolate test problem [19] of
dimension 2, 000 × 1, 000, with ε = 10−2 and H = I. For the sake of clarity,
in the right graph, only the true solution and the one which minimizes η2 are
plotted. In the two preceding Figures, the solution was computed by solving
the Tikhonov normal equations by the conjugate gradient method.

We also applied our estimate to stop the iteration of the LSQR method, as
explained in Section 3.3. It turns out that it is often successful when a small
number of iteration is required to get a good approximation of the solution. In
Fig. 5 (left), we report the error and the estimates η1 and η2 with respect to the
iteration index k for the Baart problem of dimension 200 × 100, ε = 10−4. The

2 4 6 8 10 12 14
10-5

100

105

1010

1015
 

error
1

2

0 20 40 60 80 100
0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

η
η

Fig. 5 Error and solution for the Baart test problem
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Fig. 6 Results for the Gaussian matrix and the Baart test problem

right graph shows the true solution (thick line), the optimal one (thin line) and
the one corresponding to the minimizer of η1 (dashed line).

On the contrary, Fig. 6 exhibits some potential problems in applying our
estimates to iterative methods. The left graph shows the error and its esti-
mates for a linear system involving the Gaussian matrix [16] with parameter
0.01, dimension 4, 000 × 2, 000, solution x = (1, . . . , 1)T and ε = 10−4. When
the convergence is slow, as in this case, our error estimates often oscillate
irregularly, occasionally making it difficult to locate the minimum.

Another important issue is reorthogonalization: when it is not implemented
in the LSQR method, formulae (3.16) are totally inaccurate, making our
estimates useless. This is evident in Fig. 6 (right), where we plot the error
and its estimates obtained by solving the same problem as in Fig. 5 by LSQR
without reorthogonalization.
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