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Abstract Several exponential fitting Runge-Kutta methods of collocation type
are derived as a generalization of the Gauss, Radau and Lobatto traditional
methods of two steps. The new methods are capable of the exact integration
(with only round-off errors) of differential equations whose solutions are lin-
ear combinations of an exponential and ordinary polynomials. Theorems of the
truncation error reveal the good behavior of the new methods for stiff prob-
lems. Plots of their absolute stability regions that include the whole of the
negative real axis are provided. A different procedure to find the parameter
of the method is proposed. The variable step Radau method of two stages is
derived. Finally, numerical examples underscore the efficiency of the proposed
codes, especially when they are integrating stiff problems.
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1 Introduction

The numerical integration of ordinary differential equations (ODEs) has been
one of the principal concerns of numerical analysis. In the early 1950s, after the
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pioneering work of Curtiss and Hirschfelder [1], it was realized that there was
an important class of ODEs which presented a severe challenge to numerical
methods available at that time. These problems have become known as stiff
systems. Stiff problems (and highly oscillatory problems) are very common
problems in many fields of applied sciences (see [2], for example): atmosphere
(atmospheric phenomena involving transport with chemical reactions), biol-
ogy, the combustion theory, control theory, dynamics of missile guidance,
dispersed phases, electronic circuit theory, fluids, heat transfer, chemical kinet-
ics, lasers, mechanics, molecular dynamics, nuclear, process industries, process
vessels, reactor kinetics...

Although there has been much controversy about the mathematical defi-
nition (see [3]), and in fact, there is no good mathematical definition of the
concept of stiffness, we can say that a problem

y′(x) = f (x, y(x)), y(x0) = y0 , (1)

(where y = [y1, . . . , ym], and f = [ f 1, . . . , f m], y0 = [
y1

0, . . . , ym
0

]
, x ∈ R) is

stiff if its Jacobian (in a neighborhood of the solution) has eigenvalues λi

that verify max|Reλi|
min|Reλi| � 1 (usually, it is considered that max Re λi < 0). Stiff

systems are considered difficult because explicit numerical methods designed
for non-stiff problems are forced to use very small step sizes increasing in this
way the computational work. Looking for better methods for solving these
systems, Curtiss and Hirschfelder [1] discovered the Backward Differentiation
Formulae (BDF). Since then, a great effort has been made in order to obtain
new numerical integration methods with strong stability properties desirable
for solving stiff systems. For a survey on stiffness of ODE’s see [4, 5] or [6].

A great number of schemes based on modifications of the classical BDF
formulae have appeared. Among them, we may mention DIFSUB [7] or
LSODE [8], VODE [9], which uses the so-called Fixed Leading Coefficient
BDF methods, DASSL [10], which is also indicated for solving differential
algebraic equations, MEBDF (see [11]), which considers two predicted values
to compute a new corrected approximation to the solution using a modified
multistep formula, A-BDF [12], which is a one-parameter family that is a gen-
eralization of the classical BDF codes, and exponential fitting BDF schemes
(EF-BDF) as in [13–15] or [16].

Implicit Runge-Kutta methods are another kind of formulae very common
with stiff problems. Radau [4], STRIDE [17] or [18], DIRK [17], SDIRK,
Gauss, Lobatto, Rosenbrock, modified schemes [19–22], ..., have frequently
been used with those kind of numerical problems.

Another kind of schemes has appeared with good results. Such methods
are called exponential fitting and some examples could be [23] (in that paper
exponential fitting methods are applied for the first time to stiff problems)
or [24, 25].

In this paper, we are going to derive exponential fitting Runge-Kutta
methods of collocation type through the Gauss, Radau and Lobatto tradi-
tional integrators. This is, we will impose both kind of conditions: the exact
integration of differential equations whose solutions are linear combinations
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of an exponential with parameter λ and ordinary polynomials and the order
conditions imposed to the traditional Runge-Kutta methods.

The paper is organized as follows. In Section 2, we construct several
exponential fitted versions of the well-known classical collocation methods.
In Section 3, an analysis of the convergence of these new methods is made. In
Section 4, we derived the variable step Radau method of two stages. Finally,
in Section 5 we show, with different test numerical examples, the efficiency of
the proposed codes, especially when they are integrating stiff problems.

2 Derivation of the methods

Let us consider, first, the scalar (IVP) initial-value problem of the form

y′(x) = f (x, y(x)), x ∈ [x0, x f ], y(x0) = y0 (2)

and assume that the function f : [x0, x f ] × R → R satisfies all the necessary
requirements for the existence of a unique solution.

For the description of EFRK methods we use the classical Butcher
notation [6]

yn+1 = yn + h
s∑

i=1

bi f (xn + cih, ui),

ui = yn + h
s∑

j=1

aij f (xn + c jh, u j), (3)

with i = 1, . . . , s and the coefficients are displayed as a Butcher array:

c1 a11 . . . a1s

c2 a21 . . . a2s

...
...

. . .
...

cs as1 . . . ass

b1 . . . bs

Then, we will fix ci the values of the classical Runge-Kutta methods, but, now,
the new coefficients aij, bi are those such that

y(xn + cih) = y(xn) + h
s∑

j=1

aij f (xn + cjh, y(xn + cjh)), (4)

y(xn + h) = y(xn) + h
s∑

i=1

bi f (xn + cih, y(xn + cih) (5)

when y(x) belongs to the space < 1, x, . . . , xs−1, eλx >.
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Case A Derivation of the new exponential fitting Gauss method of 2-stages.
The weights ci of the new Gauss method are the same as in the traditional

method: c1 = 1
2 −

√
3

6 and c2 = 1
2 +

√
3

6 . But, aij, bi are those such that (4) and
(5) are satisfied when y(x) = 1, y(x) = x, y(x) = eλx.

In this way the new exponential fitting method can be written as

1
2 −

√
3

6 − 6−6e(−3+√
3)̂λ/6+(−3+√

3)̂λe
√

3̂λ/3

6̂λ
(
−1+e

√
3̂λ/3

) c1 − a11

1
2 +

√
3

6

e(−3+√
3)̂λ/6

(
6+e(3+√

3)̂λ/6
(−6+(3+√

3)̂λ )
)

6̂λ
(
−1+e

√
3̂λ/3

) c2 − a21

e(−3+√
3)̂λ/6

(
1−eλ̂+e(3+√

3)̂λ/6
λ̂

)

λ̂
(
−1+e

√
3̂λ/3

) 1 − b1

λ̂ being the parameter λh in the method.

Case B Derivation of the new exponential fitting RadauIIA method of
2-stages.

The weights ci of the new RadauIIA method are, then, the same as in the
traditional method: c1 = 1

3 and c2 = 1. The ai, j are those such that (4) hold
when y(x) = 1, y(x) = x, y(x) = eλx. And, in this case, b1 = a21, b2 = a22

So, in this way the new exponential fitting method can be written as

1
3

3−3e−̂λ/3−λ̂e2̂λ/3

3̂λ−3̂λe2̂λ/3
1
3 − a11

1
e−̂λ/3

(
1+eλ̂(−1+λ̂ )

)

λ̂(−1+e2̂λ/3)
1 − a21

a21 a22

Case C Derivation of the new exponential fitting LobattoIIIA method of
2-stages.

The weights ci of the new LobattoIIIA method are c1 = 0 and c2 = 1. The
ai, j are those such that (4) hold when y(x) = 1, y(x) = x, y(x) = eλx. And, as
with RadauIIA, b1 = a21, b2 = a22.

So, in this way the new exponential fitting method can be written as

0 0 0

1
1+eλ̂(−1+λ̂)
λ̂(−1+eλ̂)

1 − a21

a21 a22

Note: we have two options when we formulate the methods for vectorial
examples.

a) We can formulate the methods using matrices instead scalars in the
coefficients. We only have to change λ by a matrix A, 1 by the identity
matrix and we need to consider B

C = BC−1. In that case, (4) and (5) are

satisfied when y(x) = (c1, . . . , cm)T , y(x) = x
(
c′

1, . . . , c′
m

)T , y(x) = eAx ·
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(
c′′

1, . . . , c′′
m

)T , where ci, c′
i, c′′

i ∈ R. Additionally, the eigenvalues of the
matrices should have a negative real part.

b) One can avoid the calculus of the exponential of the matrix taking one
value λ at each step that contains the principal information of the problem.
We have chosen this strategy in this paper.

3 Convergence of the exponential fitting Runge-Kutta methods

In this section we will study the consistency and stability properties of the new
methods. Since they can be written as Runge-Kutta algorithms they are zero-
stable and we only need to study consistency and absolute stability of these
formulas.

3.1 Consistency of the exponential fitting BDF-Runge-Kutta methods

If we want to know the local truncation error of the methods in a classical way,
we need to consider the Runge-Kutta algorithms and study the order condi-
tions following the theory of elementary differentials (the Fréchet derivatives)
and rooted trees (see [6] chapter five, for example).

The local truncation error of a Runge-Kutta method with constant coeffi-
cients is given by (formula (5.47) in [6])

LT E = hp+1

(p + 1)!
∑

r(t)=p+1

α(t)[1 − γ (t)ψ(t)]F(t) + O
(
hp+2

)
(6)

α(t) being the number of essentially different ways of labelling the nodes of the
tree t with the integers 1, 2, . . . , r(t). An easy way of computing α(t) is

α(t) = r(t)!
σ(t)γ (t)

,

where the order r(t), symmetry σ(t) and density γ (t) of a tree t are defined as
in [6], p. 164.

The function F is defined on the set T of all trees as in (5.39) in [6] (see
Table 5.2 and the definition of the Mth. Fréchet derivative, p. 158, too) and
the relations between y(q) and all elementary differentials of order q is the
following theorem (see Butcher [26]):

Theorem 1 Let y′ = f (y), f: Rm → Rm. Then

y(q) =
∑

r(t)=q

α(t)F(t).
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Finally ψ(t) depends on the elements of the Butcher array as in [6], p. 167: for
i = 1, 2, . . . , s, s + 1 define on the set T of all trees the functions ψi by

ψi(τ ) =
s∑

j=1

aij

ψi([t1t2 . . . tM]) =
s∑

j=1

aijψ j(t1)ψ j(t2) . . . ψ j(tM),

then, ψ(t) := ψs+1(t).
Now, we can study the local truncation error of the exponential fitting Runge-

Kutta methods in a similar way to [27].

Theorem 2 The leading term of the local truncation error of the new exponential
fitting Gauss-2s is

h5(CH24 + CH5)

4320
,

where

CH24 = −λ3 y′′ + 5λ2 f 2
y y′ + 10λ

(
fyy f fy − f 3

y

)
y′,

CH5 =
(

fyyyy f 3 + 2 fyyy fy f 2 − 6 f 2
yy f 2 + 4 fyy f 2

y f + 6 f 4
y

)
y′.

Proof 2

i) The only condition of a Runge-Kutta method to be consistent (at least) is∑s
i=1 bi = 1 + O(̂λ) (again λ̂ is the parameter λh in the method). In this

case
∑s

i=1 bi = 1.

ii) One method with order higher than one has to verify 2
∑s

i=1 bici = 1, in
this case

2
2∑

i=1

bici

=−2
√

3e(−3+√
3)̂λ/6−2

√
3e(3+√

3)̂λ/6+(
3+√

3
)
λ̂+(−3+√

3
)
e
√

3̂λ/3

3̂λ
(−1 + e

√
3̂λ/3

) ,

whose Taylor series are 1 + λ̂3

2160 + O(h5). Then, one part of the local

truncation error is h2

2 y(2)(xn)(− λ̂3

2160 + O(h5)).

iii) The two conditions of a third-order method are

3
s∑

i=1

bic2
i = 1 + O(h)



Numer Algor (2008) 48:327–346 333

and

6
s∑

i=1, j=1

biaijcj = 1 + O(h).

In this case

3
s∑

i=1

bic2
i = 1 + λ̂3

1440
+ O

(
h5

)

and

6
s∑

i=1, j=1

biaijcj = 1 − λ̂2

144
+ λ̂3

720
+ O

(
h4

)
.

Then,

h3

3!
∑

r(t)=3

α(t)[1 − γ (t)ψ(t)]F(t) = h3

3!
λ̂2

144
f 2

y f + O
(
h6

)
,

we are considering the scalar problem and the notation as in [6].
iv) We study the four conditions to be a fourth-order method and we got that

h4

4!
∑

r(t)=4

α(t)[1 − γ (t)ψ(t)]F(t) = h4

4!
(

3
λ̂

54
fyy f fy f − λ̂

18
f 3

y f
)

+ O
(
h6

)
.

v) Finally, when we studied the conditions to be a fifth-order method, we got
that they are not satisfied

h5

5!
∑

r(t)=5

α(t)[1 − γ (t)ψ(t)]F(t) = h5

5! C5 + O
(
h6

)

where

C5 = 1

36

(
fyyyy f 4 + 6 fyyy fy f 3

) − 1

24

(
4 f 2

yy f 3 + 4 fyy f 2
y f 2

)
−

−1

9

(
fyyy fy f 3 + 3 fyy f 2

y f 2
)

+ 1

6

(
fyy f 2

y f 2 + f 4
y f

)
.

If we add the leading terms of local truncation error that we got in i) to v)
and simplify we get the total expression of the local truncation error. ��

Theorem 3 The leading term of the local truncation error of the new exponential
fitting Radau-2s is

h4
(
λ2 y′′ +

(
−4λ f 2

y − fyyy f 2 + fyy f fy + 3
(

fy fyy f + f 3
y

))
y′

)

216
.
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�Fig. 1 Absolute stability regions (in grey) of the exponential fitting Gauss-2s and Radau-2s
methods. The parameters in the method are real. Horizontal and vertical axes represent Re(μh)

and Im(μh)

Proof 3

i) The condition to be a consistent method is satisfied since
∑s

i=1 bi = 1.

ii) The method has at least first-order because 2
∑s

i=1 bici = 1 − λ̂2

108 + O(h3).

Then, one part of the local truncation error is h2

2 y(2)(xn)
(

λ̂2

108 + O(h3)
)

.

iii) The method has order higher than two because

h3

3!
∑

r(t)=3

α(t)[1 − γ (t)ψ(t)]F(t) = h3

3!
−̂λ

9
f 2

y f + O
(
h5

)
.

iv) We studied the four conditions to be a forth-order method but they are
not satisfied

h4

4!
∑

r(t)=4

α(t)[1 − γ (t)ψ(t)]F(t)

= h4

4!
(−1

9

(
fyyy f 3 + fyy f fy f

) + 1

3

(
fy fyy f 2 + f 3

y f
))

+ O
(
h5

)
.

��

Theorem 4 The leading term of the local truncation error of the new exponential
fitting Lobatto-2s is

h3(λy′′ − y′′′)
12

.

Proof 4

i) The condition to be a consistent method is satisfied since
∑s

i=1 bi = 1.
ii) While in the condition of a first-order method, we got 2

∑s
i=1 bici = 1−

λ̂
6 + O(h3). Then, one part of the local truncation error is h2

2 y(2)(xn)
(

λ̂
6 +

O(h3)
)

.

iii) And we get that the method has order two because

h3

3!
∑

r(t)=3

α(t)[1 − γ (t)ψ(t)]F(t) = h3

3!
−1

2

(
fyy f 2 + f 2

y f
)

+ O
(
h5

)
.

��
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�Fig. 2 Absolute stability regions (in grey) of the exponential fitting Radau-2s and Lobatto-2s
methods. The parameters in the method are complex. Horizontal and vertical axes represent
Re(μh) and Im(μh)

3.2 Absolute stability of the exponential fitting Runge-Kutta methods

The classical definitions of absolute stability regions and A-stability were
stated for linear multistep methods with constant coefficients. The stability
properties of the proposed methods are analyzed to demonstrate their rele-
vance especially in the integration of stiff oscillatory problems. In this section
the definitions are extended to exponential fitting methods. The way is very
similar to that used in [28] to extend those definitions.

In [28] Coleman and Ixaru studied the stability properties of existing
exponential fitting methods that integrate exactly the problem

y′′(x) = g(x, y(x)), (7)

when y(x) = exp(±ikx), but when they want to study their stability properties,
they apply the method to the test equation

y′′(x) = −w2 y(x), (8)

and then, they plot their regions of stability on the μ − θ plane (being μ = wh
and θ = kh).

In our case, we shall consider, first, the test problem

y′(x) = Ay(x), (9)

while we introduce in the method the estimated parameter A∗, so the weights
are bi(A∗h) and aij(A∗h).

We are going to use this analysis considering that there exist a nonsingular
matrix Q such that

Q−1 AQ = 	 = diag[λ1, ..., λm],
and

Q−1 A∗Q = 	∗ = diag[λ∗
1, ..., λ

∗
m].

If Q−1 A∗hQ = 	∗h, 	∗ = diag[λ∗
1, ..., λ

∗
m], as bi(A∗h) and aij(A∗h) de-

pend only on eA∗h, Id and A∗h, then we have Q−1bi(A∗h)Q = bi(	
∗h) and

Q−1aij(A∗h)Q = aij(	
∗h) and the system can be coupled.

So we can consider as a test problem the very famous Dahlquist’s equation

y′(x) = μy(x), y0 = 1, z = hμ, (10)

where Re(μ) < 0, with μ = λ + ν. That is, we have introduced the value λ in
the method while the true solution depends on the exponential of μ. And we
are going to calculate the set

S = {z ∈ C; | R(z) |≤ 1} ,
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called the stability domain of the method, where R(z), the stability function of
the method, is that proposed by Hairer and Wanner in [4]:

R(z) = 1 + zb t(Id − zA)−11,

being b t = (b1, . . . , bs), A = (aij)
s
i, j=1 and 1 = (1, . . . , 1)t, or (see [4, 29] or [30]),

they are both the same (see [4], Proposition 3.2, p. 41)

R(z) = det
(
Id − zA + z1b t

)

det(Id − zA)
.

Again, as we mentioned in [16, 31, 32] or [33], it is impossible to plot regions
of absolutely stability. However we can fix u = hλ with different real and
complex values and plot in the complex plane the values of νh that makes
the method absolute stable.

We can begin by showing some regions of absolute stability of the Gauss-
2s and Radau-2s method when λh ∈ R−. Since the methods approach to
the classical methods when λh → 0, then both methods are A-stable in this
case and when λh → −∞, the regions of absolute instability are smaller and
smaller, this means that the error (when we calculate the parameter on the
method) can be bigger and the method continues being stable for the problem.
We have shown some of these regions in Fig. 1.

The behavior of the regions of these methods when λh ∈ C− is very similar
as we can see in Fig. 2, where we have shown some stability regions of the
Radau-2s and Lobatto methods. Again, when ah → −∞ (a being the real part
of λ), the regions of absolute instability are smaller and smaller. We can check
in this figure that if we choose λ1h = a + ib ∈ C

− a, b ∈ R and λ2h = a − ib ,
then the regions of absolute stability were symmetric.

4 Derivation of the variable step Radau-2s method

We have used here an embedded pair of methods which is easy to pro-
gram. We have derived the variable step Radau-2s method, but in a similar
way we can derived other variable step methods of higher order or other kind
of exponential fitting Runge-Kutta methods.

Since the EF-Radau-2s method is of optimal order, it is impossible to embed
it efficiently into one of still higher order. Therefore we search for a lower
order method of the form

ˆyn+1 = yn + h
(

b̂0 f (xn, yn) + ∑2
i=1 b̂i f (xn + cih, ui)

)
, (11)

where u1, u2 are the values obtained from the EF-Radau-2s method and b̂0 �=
0. For the numerical examples we chose b̂0 = 1/2, b̂1 = 0, b̂2 = 1/2, so the new
method has order two.

If we consider

err = yn+1 − ˆyn+1 = O
(
h2

)
,
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we can use it for error estimation, then the standard step size prediction
leads to

hn+1 = f ac hn ‖err‖−1/2,

where

‖err‖ =
√∑n

i=1 err2
i

n Tol2
,

and fac = 0.9 or 0.95 (for the numerical tests, we chose the more conservative
factor of fac = 0.9).

5 Numerical examples

In other papers (see [34–38] or [33], for example), the chosen parameter has
been a matrix, so two big open questions appeared in this field: which is the
best way to calculate the exponential matrix and which is the best procedure
to choose the parameter for the methods.

In this case, we have used scalar parameters λh ∈ R− in the method.
We are going to suppose that the IVP is

y′(x) = g(x, y(x)), y(x0) = y0, (12)

(where y = [y1, . . . , ym], and g = [g1, . . . , gm], y0 = [
y1

0, . . . , ym
0

]
, x ∈ R). The

steps to calculate the parameter λh ∈ R− are the following:

1) In the first three steps we take the coefficients of the classical methods.
2) We are going to suppose, now, that we want to calculate yn+1 and we have

calculated yn, yn−1, yn−2 and yn−3.
Since

α1 yi
xn

+ α2 yi
xn−1

+ α3 yi
xn−2

+ α4 yi
xn−3

h3
n−1

≈ (
yi

xn

)′′′
,

where α1 = 6
(1+β)(1+β+γ )

, α2 = −6
β(β+γ )

, α3 = 6
(β+β2)γ

, α4 = −6
(β+β2+γ+γ 2+2βγ )γ

,

β = hn−2

hn−1
, γ = hn−3

hn−1
, hn−1 = xn − xn−1, hn−2 = xn−1 − xn−2 and hn−3 =

xn−2 − xn−3, in a similar way

α′
1 yi

xn
+ α′

2 yi
xn−1

+ α′
3 yi

xn−2
+ α′

4 yi
xn−3

h2
n−1

≈ (
yi

xn

)′′
,

where α′
1 = 2(3+2β+γ )

(1+β)(1+β+γ )
, α′

2 = −2(2+2β+γ )

β(β+γ )
, α′

3 = 2(2+β+γ )

(β+β2)γ
, α′

4 =
−2(2+β)

(β+β2+γ+γ 2+2βγ )γ
, then

λi = α1 yi
xn

+ α2 yi
xn−1

+ α3 yi
xn−2

+ α4 yi
xn−3

hn−1
(
α′

1 yi
xn

+ α′
2 yi

xn−1
+ α′

3 yi
xn−2

+ α′
4 yi

xn−3

) ≈
(
yi

xn

)′′′
(
yi

xn

)′′ ,
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and when β = 1, γ = 1, λi = yi
n−3yi

n−1+3yi
n−2−yi

n−3

2yi
n−5yi

n−1+4yi
n−2−yi

n−3
≈ (yi

n)′′′
(yi

n)′′ . Then, we choose

λhn = max λihn.

This way to choose λhn allows to cancel the leading truncation error of the
EF-Lobatto-2s algorithm and partially the truncation errors of EF-Gauss-
2s and EF-Radau-2s (the three of them are constructed to hold (4) when
y(x) = 1, y(x) = x, y(x) = eλx).

3) Since positive parameters or very negative values could give inaccuracies,
if λhn ≥ 0, then we have taken the weights aij, bi and ci of the classical
methods. Finally, if λ ≤ −100, then we have taken λ = −100.
The methods were developed in Mathematica and we used an Intel
Pentium 4 with 1.40 GHz.

Problem 1 the first stiff problem is known as Robertson equation (see, for
example, [4]),

y′
1(x) = −0.04y1(x) + 104 y2(x)y3(x),

y′
2(x) = 0.04y1(x) − 104 y2(x)y3(x) − 3 107 y2

2(x),

y′
3(x) = 3 107 y2

2(x),

y1(0) = 1, y2(0) = 0, y3(0) = 0, 0 ≤ x ≤ x f . (13)

We show the evolution of the values of λ in Fig. 3, when we used constant
h = 0.1 and the EF-Radau-2s method.

We have compared the numerical results at x f = 40 of the traditional
Radau-2s (of two steps) with constant step length and the EF-Radau-2s in
Fig. 4.

In Fig. 5, we show the numerical errors at x f = 4000 when we compared the
variable step length methods Radau-2s and EF-Radau-2s.

We can observe that the error is smaller with the new algorithm, but the
CPU Time (in seconds) is smaller, too. The reason is that the new scheme
needed less iterations of the Newton’s method to solve the nonlinear equation.

Fig. 3 Evolution of λ with
constant h = 0.1 and the
EF-Radau-2s method in
numerical integration of
Problem 1

100 200 300 400N.iteration
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-0.5
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lambda



Numer Algor (2008) 48:327–346 341

Fig. 4 Error in the numerical
integration of Problem 1 at
x f = 40, using constant step
length methods

Problem 2 the second stiff problem is known as Oregonator (see, for example,
[4]). It is a famous model with a periodic solution describing the Belusov-
Zhabotinskii reaction. The corresponding equations are:

y′
1(x) = 77.27(y1(x)(1 − 8.375 × 10−6 y1(x) − y2(x)) + y2(x)),

y′
2(x) = 1

77.27
(−(1 + y1(x))y2(x) + y3(x)) ,

y′
3(x) = 0.161(y1(x) − y3(x)),

y1(0) = 1, y2(0) = 2, y3(0) = 3, 0 ≤ x ≤ 30. (14)

In this case, we would like to show the evolution of the values of λ, when we
used EF-Radau-2s with variable step length. In Fig. 6, we show these values
when Tolerance is 10−3.

Fig. 5 Error in the numerical
integration of Problem 1 at
x f = 4000. We used variable
step Radau-2s and
EF-Radau-2s methods
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Fig. 6 Evolution of λ

with variable h and the
EF-Radau-2s method in the
numerical integration of
Problem 2

5 10 15 20 25 30
x

-2

-1.5

-1

-0.5

lambda

We have compared the numerical results of the traditional Radau-2s length
and the EF-Radau-2s methods with constant step in Fig. 7 at the end point
x = 30, and using variable step in Fig. 8 at the same point.

Problem 3 we integrate the nonlinear IVP proposed by Frank and van der
Houwen (from CWI) [39] or Kaps [40]

⎧
⎪⎪⎨

⎪⎪⎩

y′
1(x) = −1002y1(x) + 1000y2

2(x),

y′
2(x) = y1(x) − y2(x)(1 + y2(x)),

y1(0) = 1, y2(0) = 1,

(15)

with solution

y1(x) = e−2x, y2(x) = e−x,

the Jacobian of the right-hand side of this problem at the initial point has
the eigenvalues λ1 = −1004, λ2 = −1.00199, then we can consider that this
problem is stiff.

Fig. 7 Error in the numerical
integration of Problem 2. In
this case, we have used the
constant step length Radau-2s
and EF-Radau-2s methods
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Fig. 8 Error in numerical
integration of Problem 2. In
this case, we have used the
variable step length Radau-2s
and EF-Radau-2s methods
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In this case, we have used EF-Lobatto-2s with constant step length. In Fig. 9,
we show the evolution of the values λ, when we used constant step length
h = 0.1.

In Table 1 we have compared the results obtained at point x = 5 with
Lobatto-2s and EF-Lobatto-2s, using different step lengths.

In that table, we can observe that the error is smaller with the new algorithm,
but the CPU Time (in seconds) is smaller, too. The reason is that the new
scheme needed less iterations of the Newton’s method to solve the nonlinear
equation.

Problem 4 this is a diffusion equation, from [41]. The problem is

ut = uxx, x ∈ [0, 1],

with initial values u(0, x) = a sin(
√

2x) − sin(x) and boundary values u(t, 0) =
0, u(t, 1) = ae−2t sin(

√
2) − e−t sin(1), where a = cos(

√
2)/(

√
2 cos(2−1/2)).

Fig. 9 Evolution of λ

with constant h = 0.1 and
the EF-Lobatto-2s method
in the numerical integration
of Problem 3
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Table 1 Error in the
numerical integration
of Problem 3

Step length Method Error CPU Time (s)

h = 0.1 Lobatto-2s 2.8094 × 10−5 0.53
EF-Lobatto-2s 4.18206 × 10−7 0.54

h = 0.02 Lobatto-2s 1.1244 × 10−6 1.181
EF-Lobatto-2s 1.99152 × 10−8 1.872

Consider the variables yi(t) = u(t, i/(N + 1)), i = 1, . . . , N. Then we have
the spatially discrete problem

y′(t) = (N + 1)2

⎛

⎜⎜
⎜
⎜⎜
⎜
⎜
⎝

−2 1 0 0 . . . 0 0
1 −2 1 0 . . . 0 0
0 1 −2 1 . . . 0 0
...

...
...

...
...

...

0 0 0 0 . . . −2 1
0 0 0 0 . . . 1 −2

⎞

⎟⎟
⎟
⎟⎟
⎟
⎟
⎠

y(t) + (N + 1)2

⎛

⎜⎜
⎜
⎜⎜
⎜
⎜
⎝

0
0
0
...

0
φ(t)

⎞

⎟⎟
⎟
⎟⎟
⎟
⎟
⎠

(16)

with φ(t) = ae−νt sin(
√

2) − e−μt sin(1) and

μ = 2(N + 1)2

(
1 − cos

(
1

N + 1

))
, ν = 2(N + 1)2

(

1 − cos

( √
2

N + 1

))

.

The exact solution of the discretised problem is

yi(t) = ae−νt sin

( √
2i

N + 1

)

− e−μt sin

(
i

N + 1

)
, (17)

and we have the property that μ → 1 and ν → 2 as N → ∞.
If we consider N = 100 in this problem (for which μ and ν are approximately

μ = 0.9999918308928846 and ν = −1.9999673236788025), we get the results at
t = 1 showed in Fig. 10.

Fig. 10 Errors in the
numerical integration of
Problem 4 N = 100. In this
case, we have used the
constant step length Gauss-2s
and EF-Gauss-2s methods
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