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Abstract There are many applications of fitting circular arcs to data. We have
for example, system control, using a computer controlled cutting machine,
approximating hulls of boats, drawing and image techniques. Out of these
applications comes the least squares norm to be the most commonly used
criterion. This paper examines how the l1 norm is used which seems to be
more appropriate than the use of least squares in the context of wild points in
the data. An algorithm and different methods to determine the starting points
are developed. However, numerical examples are given to help illustrate these
methods.
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1 Introduction

Curve fitting is an important technique in the analysis of discrete data. Fitting
circular arcs and straight line segments to measured data using least squares
are considered in Cheng et al. [7], Horng [11], Horng and Johnny [12], Huyuh
[13], Joseph [15], Pei and Horng [20], Piegl [21], and Piegl [22]. Moreover, an
algorithm, which is based on an explicit solution, is considered in Karimäki [16]
to fit the circle curvature, direction and position parameters.

Circular arcs can be used to produce a better representation for a
smooth curve [11]. These circular arcs, moreover, has many applications; for
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example, quality inspection in manufacturing curing, processing of technical
drawings [17], imaging techniques [16], cutting machine, approximating hulls
of boats [6], and identification of particle in tracking chambers of high energy
physics [17].

The least square norm is used when the error in the data are thought of to be
normally distributed [28–32]. In Huyuh [13], the optimization method, pattern
search of Hooke and Jeeves, is used to provide solution for the problem. In
addition, the orthogonal distance regression has been used for fitting circular
arcs to data in Atieg [5] and Atieg and Watson [6].

The l1 norm is commonly used for data sets which contain outliers or
wild-points, as the outliers do not have a significant effect upon the best l1

approximation [1–3, 33]. This article is concerned with using this norm for
fitting circular arcs to data. In addition, the work is motivated by the study
of the problem in Atieg [5] and Atieg and Watson [6], where the application of
the Gauss-Newton method to the problem and orthogonal distance regression,
seems to have been first suggested.

In Section 2, the problem is identified. Section 3, deals with the requirements
of derivatives for applying Gauss-Newton type method given in Atieg [5] and
Atieg and Watson [6], and Gauss-Newton step. Further, a heuristic algorithm
is presented in Section 4. Section 5 examines the use of l2 and l1 solutions
to determine the starting points. Finally, numerical examples are presented
for fitting circular arcs to data by the l1 norm using different initial values in
Section 6.

2 The l1 problem

Suppose that the measured points xi = (xi, yi) ∈ R2, i = 1, . . . , m are given
and have been arranged in to I j subsets, where j is the index of the circular
arc C j, j = 1, . . . , q. Moreover, assume that the points x j, j = 1, . . . , q − 1
are smoothly connecting the arcs C j and C j+1, so-called connecting points, and
there is C1 smoothness at the joint. Determining q circular arcs C j, with centres
c j = (a j, b j) and radii r j, j = 1, . . . , q are required to fit circular arcs to the data
xi, i ∈ I j, and to the connecting points x j, j = 1, . . . , q − 1. Different criteria
may be used, depending on the actual application.

Define

wi = r j −
√

(xi − c j)T(xi − c j), i ∈ I j, j = 1, . . . , q.

Then basic fitting problems are to

min ‖w‖p, 1 ≤ p ≤ ∞. (1)

Take the approximating criterion in the problem (1) to be the l1 norm, then the
problem to be solved can be expressed as a constrained optimization problem,

min
m∑

i=1

|wi| (2)
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subject to

(x j − c j)
T(x j − c j) = r2

j (3)

(x j − c j+1)
T(x j − c j+1) = r2

j+1 (4)

(x j − a j)(y j − bj+1) = (y j − bj)(x j − a j+1) (5)

for j = 1, . . . , q − 1. In fact, the problem has a total of 3q unknowns a j, bj, rj,
where j = 1, . . . , q, and 3(q − 1) constraints. The first two equality constraints
are called connectedness conditions between the two circular arcs C j and
C j+1. Whilst the equality constrained (5) is called smoothness condition at the
connecting point (x j, y j) [5, 6].

The connectedness conditions (3) and (4) for the connecting points x j and
x j+1, j = 1, . . . , q − 2 give

(x j+1 − c j+1)
T(x j+1 − c j+1) = (x j − c j+1)

T(x j − c j+1).

Then

bj+1 = α j + βja j+1, j = 1, . . . , q − 2, (6)

where

α j = x2
j+1 − x2

j + y2
j+1 − y2

j

2(y j+1 − y j)
,

and

β j = −(x j+1 − x j)

y j+1 − y j
.

The smoothness condition (5) gives the components bj+1 = g j(a j+1), say,
j = 1, . . . , q − 1,

b j+1 = y j − (y j − b j)(x j − a j+1)

x j − a j
. (7)

The components a j+1 = f j(a j, bj), say, could be found by using (6) and (7)

a j+1 = (x j − a j)(y j − α j) − x j(y j − bj)

β j(x j − a j) − (y j − bj)
, j = 1, . . . , q − 2. (8)

Moreover, if aq then bq = h(aq, aq−1, bq−1), say,

bq = yq−1 − (yq−1 − bq−1)(xq−1 − aq)

xq−1 − aq−1
. (9)

Given v = (a1, b1, aq)
T , then it will be easy to determine the vector u =

(a2, b2, . . . , aq−1, bq−1, bq)
T ∈ R2q−3, which depends on the value of v. For
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suitably, the equations (6), (8), and (9) can be rewritten as z(u, v) ∈ R2q−3, or
explicitly

a2 − f1(a1, b1) = 0

b2 − g1(a2) = 0

. . .

aq−1 − fq−2(aq−2, bq−2) = 0

bq−1 − gq−2(aq−1) = 0

bq − h(aq, aq−1, aq−1, bq−1) = 0.

Consequently, the l1 problem (2)–(5) can be written in other word to minimize

F(v) = ∑
i∈I j, j=1,...,q

|wi(u, v)| subject to

z(u, v) = 0. (10)

where the equations z(u, v) = 0 define u = u(v) as functions of v, and

wi(u, v) =
√

(x j − c j)T(x j − c j) −
√

(xi − c j)T(xi − c j),

i ∈ I j, j = 1, . . . , q − 1 in terms of v. Replacing the connecting point x j by xq in
the above equation, gives wi, i ∈ Iq.

This is a nonlinear problem in v ∈ R3. As is normal with nonlinear problems,
we look to satisfy first order necessary condition for a minimum or equivalently
find a stationary point, such a point may be at best a local minimizer. Standard
analysis, for example [18], gives the following theorem.

Theorem 1 v∗ is a stationary point of (10) if there exist numbers φi such that

∑
i∈I∗

φi∇v∗wi(u(v∗), v∗) +
∑
i/∈I∗

θi∇v∗wi(u(v∗), v∗) = 0, i = 1, . . . , m, (11)

where I∗ = {i : wi(u(v∗), v∗) = 0}, θi = sign(wi(u(v∗), v∗)), i /∈ I∗.

With assumption of non-degeneracy, |I∗| < 3. If the set I∗ and signs θi, i /∈ I∗
can be identified, then (11), together with wi(u(v∗), v∗) = 0, i ∈ I∗ gives a total
of 3 equations (where I∗ contains 3 indices) in the 3 unknowns v∗, φi, i ∈ I∗
[34].

The nonlinear l1 problem (10) can be solved by, a most popular method,
Gauss-Newton type method. It is often used in a form in which the number
of variables in the problem is reduced by forcing to hold at each iteration k.
Moreover, Levenberg-Marquardt method can be applied to allow the user to
control the size of the update step d, see for example, Al-Subaihi and Watson
[1–3] and Watson [29, 33, 34].
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3 The Gauss-Newton method

At the iteration k and for the given v ∈ R3 , a Gauss-Newton step for (10)
required to minimize d ∈ R3

‖w(u(v), v) + ∇vw(u(v), v) d‖1, (12)

where ∇vw(u(v), v) is the Jacobian matrix at the vector v. In other words

‖w(u(v), v) + (∇1w(u(v), v) ∇vu(v) + ∇2w(u(v), v)) d‖1. (13)

The operations ∇1 and (∇2) denote the partial derivatives of a function of two
sets of variables with respect to the first and second set respectively.

The derivatives ∇1w(u(v), v) ∈ Rm×2(q−2)+1 and ∇2w(u(v), v) ∈ Rm×3, at the
iteration k, can be written in the matrix notation

∇1w(u(v), v) =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 . . . . . . . . . . . . 0
∂w2
∂a2

∂w2
∂b 2

. . .
...

0
. . .

. . .
. . .

...
...

. . . ∂w j

∂a j

∂w j

∂b j

. . .
...

...
. . .

. . .
. . .

. . .
...

...
. . . ∂wq−1

∂aq−1

∂wq−1

∂bq−1
0

0 . . . . . . . . . 0 0 ∂wq

∂bq

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

and

∇2w(u(v), v) =
⎡
⎢⎣

∂w1
∂a1

∂w1
∂b 1

0
0 0 0
0 0 ∂wq

∂aq

⎤
⎥⎦ .

Note that

∂w j

∂a j
= xi − a j√

(xi − c j)T(xi − c j)
− x j − a j√

(x j − c j)T(x j − c j)
, (14)

and

∂w j

∂bj
= yi − bj√

(xi − c j)T(xi − c j)
− y j − bj√

(x j − c j)T(x j − c j)
, (15)

where i ∈ I j, j = 1 . . . , q − 1. Replacing the coordinate pairs of the connecting
points x j by xq−1 and i ∈ Iq in equations (14) and (15) will give the column
vector ∂wq

∂aq
and ∂wq

∂bq
for i ∈ Iq.

Differentiating z(u(v), v) = 0 with respect to v gives

∇vz(u(v), v) = ∇1z(u(v), v)∇vu(v) + ∇2z(u(v), v)

= 0.
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Note that the nonsingular matrix ∇1z(u(v), v) ∈ R(2q−3)×(2q−3) is given by

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 . . . . . . . . . 0

−β1 1
. . .

− ∂ f2

∂a2
− ∂ f2

∂b2

. . .
. . .

...

0 0 . . .
. . .

. . .

0 0 −βj 1 0
...

...
. . . − ∂ f

∂a j+1
− ∂ f

∂bj+1
1

. . .

. . . 0 . . .
. . .

. . .
...

... 0 0 −βq−2 1 0
0 . . . . . . . . . . . . 0 − ∂h

∂aq−1
− ∂h

∂bq−1
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

j = 2, . . . , q − 3, and

∇2z(u(v), v) =
⎡
⎢⎣

− ∂ f1

∂a1
− ∂ f1

∂b 1
0

0 0 0
0 0 − ∂h

∂aq

⎤
⎥⎦ ∈ R(2q−3)×3,

where the partial derivatives are defined as

∂ f j

∂a j
= − (y j − bj)(β jx j − (y j − α j))

(β j(x j − a j) − (y j − bj)2
, j = 1, . . . , q − 2,

∂ f j

∂b j
= − (x j − a j)(−β jx j + (y j − α j))

(β j(x j − a j) − (y j − bj)2
, j = 1, . . . , q − 2,

∂h
∂aq−1

= − (xq−1 − aq)(yq−1 − bq−1))

(xq−1 − aq−1)2
,

∂h
∂bq−1

= (xq−1 − aq)

xq−1 − aq−1
,

∂h
∂aq

= (yq−1 − bq−1)

xq−1 − aq−1
.

Then ∇vu(v) can be defined as

∇vu(v) = −(∇1z(u(v), v))−1∇2z(u(v), v).

Assume that v(k) is the vector v at the iteration k, to put it more simply,
in the next discussion of convergence analysis. Similarly for γ (k) and d(k). Let



Numer Algor (2008) 47:1–14 7

0 < ε < 1 be given, and define 	 = {1, ε, ε2, . . . }. Then, it is possible to choose
step length γ (k) as the largest element in 	, satisfying

∥∥w
(
v(k)

)∥∥
1 − ∥∥w

(
v(k) + γ (k)d(k)

)∥∥
1

γ (k)
(∥∥w

(
v(k)

)∥∥
1 − ∥∥w

(
v(k)

) + ∇v(k)w
(
u

(
v(k)

)
, v(k)

)
d(k)

)∥∥
1

) ≥ σ, (16)

where σ is any fixed value satisfying 0 < σ < 1 [34].

Theorem 2 [34] Let the Gauss-Newton method generate a sequence of points{
v(k)

}
, where v(k+1) = v(k) + γ (k)d(k), where γ (k) is the largest element in 	 which

satisfies (16). Let the sequence of step lengths {γ (k)} be bounded away from zero.
Then any limit point of the sequence {v(k)} is a stationary point of (10).

Even though the sequence {γ (k)} can not be bounded away from zero. “This
phenomenon does not inhibit convergence theory in the smooth case, although
in practice, one has to take a finite number of steps and place a lower bound
restriction on the step length” [27]. The sequence of problems (13) to have
solutions is required for fast local convergence. This has been ensured by a
strong uniqueness requirement at a limit point for smooth problem, or by the
assumption that ∇v(k)w

(
u

(
v(k)

)
, v(k)

)
has full rank [27]. If ∇v(k)w

(
u

(
v(k)

)
, v(k)

)
has full rank means that there is always a solution to (13) which is

wi
(
u

(
v(k)

)
,v(k)

)+ eT
i ∇v(k)w

(
u

(
v(k)

)
,v(k)

)
d(k) = 0, i ∈I(k), with

∣∣I(k)
∣∣ = 3, (17)

where ei is the ith coordinate vector, which is non-degeneracy condition. Then
full steps (γ (k) = 1) are associated to fast local convergence. Moreover, the
condition I(k) = I∗, independent of k, requires the number of zero components
of w(u(v∗), v∗) to be 3. If there is no redundancy in the zero components of
w(u(v), v) to be 3, convergence may then be very slow [27, 34].

To sum up, all the required derivatives for applying Gauss-Newton type
method can be computed. In fact, the performance of the Gauss-Newton
methods for (10), depends primarily on the number of zero components of
w, at a limit point. If this number is 3, then a second order rate of convergence
is expected.

4 An algorithm

The algorithm of fitting circular arcs to data using the l1 norm is summarized
as follows

STEP 0. Input: The data points xi, i = 1, . . . , m, the connecting points
x j, j = 1, . . . , q − 1, and a tolerance (Tol).

STEP 1. Set k = 0, and calculate the initial value of v(0) = (
a(0)

1 , b (0)
1 , a(0)

m

)T ,
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STEP 2. Determine:

• The vector u(k) = (
a(k)

2 , b (k)
2 , . . . , a(k)

m−1, b (k)
m−1, b (k)

m

)T .
• The vector w

(
u(k), v(k)

)
.

• The objective function: F(k) = ∥∥w
(
u(k), v(k)

)∥∥
1.

• The Jacobian matrix ∇v(k)w
(
u(k), v(k)

)
.

STEP 3. Solve:
∥∥w

(
u(k), v(k)

) + ∇v(k)w
(
u(k), v(k)

)
d(k)

∥∥
1 for d(k).

• If
∥∥d(k)

∥∥∞ < Tol, Then go to STEP 5.
• Otherwise, calculate a new estimate v(k+1) = v(k) + γ (k)d(k) for

some suitable chosen step length γ (k).

STEP 4. Set k = k + 1, Go to STEP 2.

STEP 5. Fitting circular arcs to data using the l1 norm has been completed.

5 Starting points

It is necessary to provide starting values for any iterative algorithm. Some-
times, a set of m data points and the connecting points are given. However,
determining the centre c1 = (a1, b1) and x-coordinate of the last centre cq =
(aq, bq) is what we aim at. In other word, v(0) =

(
a(0)

1 , b (0)
1 , a(0)

q

)T
needs to be

determined.
One possibility for the initial value of v(0) is to use algebraic fitting of circles

to the subsets data I j = 1, q in least quare sense. An algebraic representation
of the circle in two dimensions could be defined as

P(x, v̂) = âxTx + b̂Tx + ĉ (18)

= 0

where v̂ = (
â, b̂1, b̂2, ĉ

)T , â 	= 0. In fact, the implicit equation (18) is linear in
the coefficients vector v.

Assuming that the error is normally distributed, then least squares solutions
are appropriate. One can be found by solving

min ‖Z v̂‖ subject to ‖v̂‖ = 1, (19)

where

Z = [ ‖x‖2 xi yi 1
]
, i ∈ I1.

This problem is equivalent to finding the right singular vector associated with
the smallest singular value of Z [10, 26]. Because of the closed-form solution,
this method is probably the most commonly used approach to the problem
(19). Moreover, an alternative to (19) is to solve the problem

min ‖Z v̂‖ subject to v̂s = 1, 1 ≤ s ≤ 3 (20)



Numer Algor (2008) 47:1–14 9

which is commonly used [10], because of a simpler normalization. However
these methods can be lead to a highly biased estimate for small circular arcs
with low curvature [9, 35]. A much more accurate methods is the so-called
gradient weighted algebraic fit. To put it clear, the procedure is summarized in
the following form.

The gradient weighted algebraic method is minimizing

G =
∑
i∈I1

[P(x, v̂)]2

‖∇1 P(x, v̂)‖2
, (21)

which can be simplified by Pratt’s approximation [23] or Taubin’s approxi-
mation [25]. The minimum of (21) corresponds to the smallest nonnegative
generalized eigenvalue. This root could be determined by using standard
matrix method, which tend to be computationally extensive. Also it could be
determined by using Newton’s iterations which are guaranteed to converge to
the root. For more details and algorithms see [8, 9]. Although, it should be born
in mind that in the context of data containing outliers, these methods may not
be particulary good approximations.

Second possibility for the initial value of v(0) is to use algebraic fitting of
circles to the subsets data I j = 1, q using l1 norm, which is an appropriate norm
when data has outliers. A natural form which reflects the fact that these wild
points also impact on Z is to solve

min ‖Z v̂‖1 subject to ‖v̂‖∞ = 1. (22)

A normally finite algorithm for this problem is given in [19]. Furthermore, an
alternative to this problem is to solve

min ‖Z v̂‖1 subject to ‖v̂‖2 = 1, (23)

which is treated in [24], and it can also be solved essentially by the method of
[19], see [2] for more details and general algorithms. An alternative to these
methods is to solve

min ‖Z v̂‖1 subject to vs = 1, 1 ≤ s ≤ 3. (24)

The problems (20) and (24) are equivalent to making the assumption that only
the sth column of Z contains errors, and the other column are exact [4, 10, 26].

Expanding (18), rearranging appropriately and completing the squares, we
obtain

(
xi1 + b̂ 1

2â

)2

+
(

xi2 + b̂ 2

2â

)2

=
∥∥∥b̂

∥∥∥
2

4â2
− ĉ

â
, i ∈ I1 (25)

from which the centre c1 =
(

b̂ 1
2â , b̂ 2

2â

)
, and the radius r1 =

√∥∥b̂
∥∥2

4â2 − ĉ
â , provided

that the right hand side of (25) is positive. Then the initial centre of the
first circular arc C1 will be c1 = (

a(0)
1 , b (0)

1

)
. Note that the previous methods

for initial approximation point will not normally connect smoothly with its
neighbor arcs. However, it dose give an approximate a(0)

1 and b (0)
1 .
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The initial value of a(0)
m can be determined by using the same previous

strategies and i ∈ Iq. Also it can be determined by using the definition of z
to give arcs C2, . . . , Cm−1. Now we compute a(0)

m so that Cm joints smoothly
to Cm−1 and interpolates one of the last subset of the data points. This would
involve solving three nonlinear equations in three unknowns [5, 6].

To summarize, it is clear that a number of methods can be used to generate
starting points for the problem (10). In the mean time, a good starting
vector for the Gauss-Newton method may be obtained by solving easy linear
problems, for example (19) and (24), as we will see in the following examples.

6 Numerical examples

This section gives two examples to illustrate the application of the Gauss-
Newton method for fitting circular arcs to data using the l1 norm. Starting
points are determined by using two simple methods (19) and (24). Moreover,
the method (23) can be used to provide the final fitted circles and it converges
to a stationary point in a finite number of steps [2]. So, one step could be
sufficient to determine a starting value. Performance shown in the examples
is typical, with a second order rate of convergence.

The two-dimensional m data points were generated by taking a particular
curve, and introducing random perturbation. Every example has three start-
ing points v(0) = (

a(0)
1 , b (0)

1 , a(0)
q

)
. The initial values of v(0) in the case (a) is

determined by using a least squares sense (19) and SVD. For cases (b) and
(c) the initial approximations to v(0) are determined by (23), (24) and s = 1
respectively. These initial values are apparent in the Tables and k = 0, where
k denotes the iteration number. In addition, γ (k) denotes the Gauss-Newton
step d(k)’s length. The difference in the initial points for case (b) and (c) is very
small, and that is why plotting the initial circular arcs for case (b) has been
shown only.

Example 1 Three different starting points are used to fit the 25 points, which
have an outlier point. Results are shown in the Tables 1, 2, and 3 and in
Fig. 1, where the final v∗ for the three cases are equal, and I∗ = {1 ∈ C1, 10 ∈
C2, 19 ∈ C4}.

Example 2 The three starting points, are shown in Tables 4, 5, and 6, to fit
100 data points, which have five outlier points. Results are shown in the same
Tables and in Fig. 2, where the final v∗ for the three cases are equal, and I∗ =
{6 ∈ C1, 84 ∈ C2, 97 ∈ C5}.
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Table 1 Example 1(a)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 1.9951 1.7453 5.4522 4.478324 4.1777×10−1 1
1 1.5774 2.1329 5.5159 3.213535 1.4317 ×10−2 1
2 1.5649 2.1186 5.5173 3.183211 1.1349 ×10−3 1
3 1.5649 2.1186 5.5162 3.178638 9.4216 ×10−7

Table 2 Example 1(b)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 1.5212 2.1842 5.4173 5.051484 9.8507 ×10−1 1
1 1.5635 2.1194 5.5158 3.182639 1.3274×10−3 1
2 1.5649 2.1186 5.5162 3.178633 3.5847 ×10−7

Table 3 Example 1(c)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 1.4659 2.1750 5.4749 4.072457 1.0507 ×10−1 1
1 1.5710 2.1344 5.5177 3.208047 1.5763×10−2 1
2 1.5649 2.1187 5.5162 3.178655 6.9466 ×10−6

Fig. 1 Fitting circular arcs to
25 data points
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Table 4 Example 2(a)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 −5.0681 4.4078 5.4117 42.184815 7.0452×10−1 1
1 −5.7292 3.7033 4.9182 25.182314 3.9835×10−1 1
2 −5.8445 3.5595 4.5198 20.554742 4.0376 ×10−2 1
3 −5.8849 3.5283 4.5373 15.525043 2.7859×10−2 1
4 −5.8570 3.5477 4.5610 15.486284 2.9566×10−4 1
5 −5.8572 3.5476 4.5607 15.484199 1.4538×10−7

Table 5 Example 2(b)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 −5.3913 3.9548 5.0437 23.066567 3.8596×10−1 1
1 −5.7772 3.6144 4.6646 16.335390 1.0389×10−1 1
2 −5.8618 3.5504 4.5607 15.548162 4.5663 ×10−3 1
3 −5.8572 3.5475 4.5607 15.484453 6.0231×10−4 1
4 −5.8572 3.5476 4.5607 15.484199 1.8128×10−7

Table 6 Example 2(c)

k a(k)
1 b (k)

1 a(k)
4 F(k) ‖d(k)‖∞ γ (k)

0 −5.4507 3.8444 4.9862 19.967243 3.7222×10−1 1
1 −5.5821 3.5496 4.6140 17.392253 2.5875×10−2 1
2 −5.8408 3.5485 4.5592 15.618883 1.6478 ×10−3 1
3 −5.8572 3.5475 4.5606 15.484236 1.2147×10−4 1
4 −5.8572 3.5476 4.5607 15.484199 1.8128×10−9

Fig. 2 Fitting circular arcs to
100 data points
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7 Conclusion

An algorithm of fitting circular arcs to data using the l1 norm is already pre-
sented in this paper. Let’s assume that the number of arcs and the connecting
points were correct, then fitting circular arcs to the data would be sufficient,
and the Gauss-Newton type method or Levenberg-Marquardt method could
be applied for using the l1 norm. Also it is concluded that the main factor in the
local convergence is the number of zero distance. Three zero components at a
solution were required for second order of convergence, which was illustrated
by numerical examples.

Often the use of least squares solutions to determine the initial starting
points could be insufficient, especially when data has wild points, as a result
of the nature of least square. This was the reason for developing methods
that depend on the l1 norm. The number of iteration on the algorithm was
not generally affected by the number of m.

The parametrization in terms of v = (a1, b1, aq)
T will be singular or ill-

conditioned for some arrangements of the connecting points. Consideration
of more robust, globally convergent methods, together with the treatment of
problems with the parametrization in terms of (a1, b1, rq) will be the subject of
future work. The case where the connecting points are free, subject to some
regularization, would seem to be more likely to have practical application, but
probably more difficult to implement.
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