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Abstract The purpose of this paper is to evaluate the limit y (@) of the sequence
G+ L+t —n m)neN,where a € (0, +00).
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1 Introduction

Let (D,)nen be the sequence defined by D, =1 + % + -4 ﬁ — Inn, for each
n € N. It is well-known that the sequence (D,),cn is convergent and its limit,
usually denoted by y, is called Euler’s constant.

For D, — y, n € N, many lower and upper estimates have been obtained in
the literature. We remind some of them:

1 1
—— < D, — — f h N\ {1} ([14]);
2t < P v < gy foreachn e NA{I}([14]);
1 1
m < Dn -y < %, foreachn e N ([10, 20]),
1 1
1 <D,—y < E,foreachneN([U]);
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1 1
—— < D,—y < ——, foreachn € N ([15, 16]);
2n+ 2 Y S g ! ( D
1
——<D,—y < for each ne N ([16, Editorial
an+ 22l = "ot ! (

comment], [1]).

We notice that some approximation formulae, which lead to geometric
convergence to y, were given in [3, 5, 6].

In Section 2 we present a generalization of Euler’s constant as limit of
the sequence (; + gig + - + sy — In =) and we denote this limit by
y (a). In Section 3 we give some sequences that converge quickly to y (a).

The following theorem, which we shall need further on, is a Stolz—Cesaro

theorem proved by 1. Rizzoli in [11].

Theorem 1.1 Let (a,),en and (by)yen be two sequences of real numbers with the
following properties:
(i) lim a, = lim b, =0;
n—00 n—oo
(ii) the sequence (b,)nen is strictly decreasing (or strictly increasing);
(iii) there exists nlingo pip=1le R.

n+

Then there exists the limit of the sequence <Z—") and lim 7% =1L
"/ neN

n—oo n

2 The number y (a)

It is known that the sequence (} + i1 + -+ + ;g — In“%=1) _ wherea €
(0, +00), is convergent (see for example Knopp [7, p. 453] and Nedelcu [9],
where problems in this sense were proposed; [4, 8, 13]).

The results contained in the following theorem were given by A.

Sintamarian (submitted for publication).

Theorem 2.1 Let a € (0, +00). We consider the sequences (x,)nen, (Vn)nen and
(zn)nen defined by

1 1 1 a+n

Xp=—+ + —In ,
a a+1 a+n—1 a
1+ 1 " n 1 1a+n—l

= — ... _n
Y= T a1 a+n—1 a
and
X, + 1 1 1 at+n—1)(a+n
Zn:”—y”:_ 4+t —ln\/( ) ),
2 a a+1 a+n—1 a

foreach n € N.
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Then:

(i) the sequences (xp)nen and (yu)nen are convergent to the same number,
which we denote by y (a), and satisfy the inequalities x,, < X,+1 < y(a) <
Yn+1 < Yn, for eachn € N;

(i) 0<i-m(1+1)< y(a) <5

(i) lim n(y@ = x,) =4, lim n(y, —y(@) =} and lim n’(z, -y @) =4.

Remark 2.1 The sequence (y,)neny from Theorem 2.1, for a = 1, becomes the
sequence (Dy)nen, s0 ¥ (1) = y.
Theorem 2.2 The function y : (0, +00) — (0, +00), defined by

) li 1+ 1 T 1 | a+n—1
= lim —_— . —In ,
4 nsoo\a a-+1 a+n—1 a

for each a € (0, +00), is decreasing.

Proof Letn € N. We consider the function 4 : (0, 4+00) — (0, +00), defined by

1 1 1 at+n—1
h(a) = —+—+ S —In ,
a+1 a+n—1 a

for each a € (0, +00). We have

R - 1 n—1
hm”"_zgm+k—n2+am+n—n

_i: 1 N n—1
—(at+k-Da+k aa+n-1

__i: L vy, n-1
B —\a+k-1 a+k a(a+n—1)

1 1 n—1 1
— — | = — =+ = — <O,
(a a+n> ala+n—1) (a+n—1)a+n)

for each a € (0, +00). It follows that the function 4 is strictly decreasing, so the
function y (-) is decreasing. O

In a similar way as in the proof of Theorem 3.2, which we shall give in
Section 3, the following theorem can be obtained.

Theorem 2.3 Let a € (0, +00). We consider the sequence (u,)nen defined by

Up = Yy — m, for each n € N, where (y,)nen is the sequence from the
3

enunciation of Theorem 2.1. Also, we specify that y (a) is the limit of the sequence

(Yn)nen-
@ Springer
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Then:

(1) up < ups1 < y(a), foreach n € N\ {1}, and

li 3 - = —
lim n (y(a) —uy,) 7

.o 1 1
(ii) ST < Yn—v(@ < ST T foreach n e N\ {1}.

28

Remark 2.2 The lower estimate from part (ii) of Theorem 2.3 holds for
n =1 too.

Remark 2.3 The second limit from part (iii) of Theorem 2.1 follows from part
(ii) of Theorem 2.3 as well.

Let a € (0, +00). In the following theorem we give a representation of
y(a) — x,, for each n € N. One of the reviewers of the paper indicated to the
author that this representation was mentioned by C. Elsner [4, p. 446], using
different notations than ours.

Theorem 2.4 Let a € (0, +00) and b, = —% fOI(O - —=0---(m—1-10d
for each m € N. We specify that y(a) is the limit of the sequence (x,)ncn from
the enunciation of Theorem 2.1.

Then
o0 bk
J/(a)—xn—kZ:]:(a+n)(a+n+1)...(a+n+k—1)’

foreachn € N.

Remark 2.4 Taking a = 1 in Theorem 2.4, we obtain that

by
mn+Dn+2)---(n+k)’

1 1 -
y—<1+—+---+——ln(n+l)> =
2 n
k=1
for each n € N. This is a result proved by J. Ser [12]. See also Yingying [19].

Corollary 2.1 Let by, = —1 [/(0—0)(1 —1)---(m — 1 — 1) dt, for each m € N.

m

We specify that y : (0, +00) — (0, +00) is the function from Theorem 2.2.
Then

y(")_;n(n+1)~--(n+k—1)’

foreachn e N\ {1}.
@ Springer
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Proof From Theorem 2.4 we have that

() = y(1) (1l L )=y i
v =y = +2+m+n—l_nn>_k_]n(n+1)...(n+k—l)’

for eachn € N\ {1}. O

3 Sequences convergent to y (a)

D. W. DeTemple [2] proved that
1 R 1
—_— < -y < —,
2um+E TV T e

for each n € N, where R, =1+ 3 +---+ L —In(n+ 3), for each n € N. This
result was refined by E. A. Karatsuba [6].

Having in view the results presented in DeTemple [2], we give the following
two theorems for the generalization of Euler’s constant y (a). The proof of the
first theorem can be made in a similar way as the proof of the second one.

Theorem 3.1 Let a € (0, +00). We consider the sequences (Ay)nen and () neN
defined by

1 1 1 a+n—1 1
An==+ + ot ———In| — + —
a a+1 a+n—1 a 2a

1
" datn-by

and

Hn = A

for each n € N. Also, we specify that y(a) is the limit of the sequence (Yn)nen
from the enunciation of Theorem 2.1.
Then:

(i) y(a@) < Auy1 < Ay, foreachn € N, and

1
: 2 _ _ .
nlggo n (A, —y(a) = o

(i) pn < nt1 < y(a), foreach n € N, and

7
lim 7' (y (@) = jtn) = —;
L 960

1
————, foreachn € N.
24(a+n7%)2’ f

(lll) m < )\.n — y(ﬂ) <
Remark 3.1 For a = 1, the lower estimate from part (iii) of Theorem 3.1 is
the lower estimate given by D. W. DeTemple [2, Theorem] and the upper
estimate from part (iii) of Theorem 3.1 is finer than that given in DeTemple
[2, Theorem)].
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Remark 3.2 The following limits:

lim n® + ! (a) 31
M _—_—-s8 y = —_—
n—oo " 960 (Ll 4+n— %)4 8064

and

i (@ . 7 31 127
Y — | & — = s
noo " 960(a+n—1)" 8064 (atn—1)° 30720

where (u,)qen 1S the sequence from the enunciation of Theorem 3.1, can be
obtained in a similar way as in the proof of Theorem 3.2, which we shall
give next.

Theorem 3.2 Let a € (0, +00). We consider the sequences (ay)neny and (Bn)nen
defined by

1 1 1 a+n—1 1 1
oy = —+ +o —In =)
a a+1 a+n—1 a 2a 24(a~|—n—%)

7 31 127
+ - + 5
30720 (a +n — 3)

960 (a+n—1)" 8064 (a+n—1)°

and

; 511
= 0, — ,
T erssa(a+n— 1)

for each n € N. Also, we specify that y(a) is the limit of the sequence (¥n)nen
from the enunciation of Theorem 2.1.
Then:

(i) y(@a@) < aps < ay, foreachn € N, and

lim n'%a, — y(a)) = IRLL
nirne !t T V) = g sea
(i) By < Buy1 < v(a), foreachn € N, and
1414477
li 12 _ — :
Jim =y (@ = Ba) = 055280

m <@y —y(a) <

5 511
(i) Fsgaarmm 3™ foreachn e N.

67584 (a+n—3
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Proof (i) We have

1 1 a+n+l L1 a+n—1+1
J— — — In JR— n S — JR—
Gl Gn a+n a 2a a 2a

1 1 7
- 7 T 7+ 4
4(a+n+1) 24(a+n—1) 960(a+n+1)
7 31 31

- 4 g+ 6
960 (a+n—3) 8064 (a+n+3) 8064 (a+n—1)

. 127 ~ 127
30720 (a+n+ 1) 30720 (a+n - 1)

8’

for any n € N.
We consider the function f : [1, +00) — R, defined by

1 a+x 1 a+x—1 1
= —1 — In|l ———+ —
f a+x n( a +2a>+n< a +2a>

1 1 7

h 12+ 12+ 1)\

4(a+x+35) 24(a+x—3)" 960(a+x+3)
7 31 31

o 4 g+ 6
960 (a+x—3) 8064 (a+x+73) 8064 (a+x—3)

. 127 - 127
30720 (a4 x + 1) 30720 (a+ x — 1)

for each x € [1, +00). We have

0 . S R —
Y= (a+x)?* 2@a+x)+1 2@a+x)—1 3R2@+x)+1]?
- 2 B 14 14
32(a+x)— 113 15[2(a+x) + 1] + 15[2(a +x) — 1P
62 62
Re+ro+17  21R@+0 17
254 254

C15[2(a+x) + 1P + 15[2(a +x) — 11°’

for any x € [1, +00).
@ Springer
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Set y :=a+ x. We have

e 2 2, 2 2
Y T T T oy 1 T2y —1 32y 1) 32y 1)

4 4, 6
152y + 15 152y — 15 ' 212y + 1)?

62 254 254
212y —1)7  15Qy+1)° ' 15Qy — 1)°

_22892800y® 4 6767872y° + 518368y* — 368y* + 105
- 10522y — )22y + 1)° '

Taking into account that f'(x) = F(a + x), for each x € [1, +00), it follows
that f’(x) > 0, for any x € [1, 4+00). So, the function f is strictly increasing
on [1,400). Also, we have that lim f(x) = 0. Therefore f(x) <0, for any

X—>0Q
x € [1, 400), which means that «,,+1 — @, < 0, for each n € N, i.e. the sequence
(an)nen 1s strictly decreasing. We have lim «, = y(a). Now we can write that
n—oo

y(a) < apy) < oy, forany n € N.

We have
lim %! —v@ —(n—y@) Ly Y % 511
e _1__ L S S T 675847
(n+l)10 nlo (n+1)10 nlo
taking into account that
fim Dy W ek DI sl
= T gl T RO DT T 675

Now, according to the Stolz—Cesaro theorem (Theorem 1.1), we can write that

— a
lim 7', — y (@) = lim w
n—oo n—o0 W

lig @t = v@ - —y@) Sl
= lim 1 1 = :
n=00 GEDT ~ AU 67584
(ii) We have
511 511
1)10 + 1
67584 (a+n+3) 67584 (a+n—3)

But1 — Bn =y — oy — 10°

for any n € N.
We consider the function g : [1, +00) — R, defined by

511 511

g(x) = f(x) — + ,
67584 (a+x+ 1) 67584 (a+x— 1)"

@ Springer
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for each x € [1, +o0). We have

5110 5110

§O= 1Ot @+ 17 BR@+ -1

for any x € [1, +00).
Set y := a4+ x. We have

5110 5110

GO = FDF Ry DT T By = D

= —(15932668928y'° + 10828992768 y" + 1859890560 °
+72941088y* + 370988y* — 1155)/[1155y*(2y — D' 2y + D'].

Taking into account that g'(x) = G(a + x), for each x € [1, +00), it follows
that g'(x) < 0, for any x € [1, 400). So, the function g is strictly decreasing
on [1,4o00). Also, we have that lim g(x) = 0. Therefore g(x) > 0, for any

X— 00

x € [1, +00), which means that 8, — 8, > 0, for each n € N, i.e. the sequence
(Bn)nen is strictly increasing. We have lim S, = y(a). Now we can write that
n—oo

Bn < Bn+1 < y(a),for anyn € N.

We have
fim Y@ =B =@ =B . —Barr — Ba) 1414477
n—o0 1L T L L7 67092480°
(n+1)12 n'2 (n+1)]2 nl2
taking into account that
. N -gx lim —xB e+ 1P (x) 1414477
D0 i — g _ﬁ + ;_1% x—oo [2[(x 4+ )13 —x13] 67092480

Now, according to the Stolz—Cesaro theorem (Theorem 1.1), we can write that
lim n2(y (@) — ) = lim VD" Fr
n—o0 n—oo —_
nIZ
i Y@ = Bun = (@) — B _ 1414477
n—oo - 67092480

. _ 511
(iii) From part (ii) we have that o, — y(a) < T for anyn € N.
Let (8,)nen be the sequence defined by §, = o), — Wm, for eachn € N.

In a similar way as in the proof of part (i) we obtain that y(a) < §,, for any
n € N. We specify that, in this case, the corresponding function F is the
function H, defined as follows

2555 2555

H(y) = F — .
W= 3370+ )T~ 337021

@ Springer
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It can be written in the form
Hey) = 20 = DPi() + 6925812761794y + 89425
Y= 82720y T (y + D2y — 1°Qy + 1)°

’

where P,s(y) is a polynomial of degree 25 in y, with positive coefficients. O

Remark 3.3 The limit from part (i) of Theorem 3.2 follows from part (iii) of
Theorem 3.2 as well.

Remark 3.4 The general term of the sequence (8,,),cn, from Theorem 3.2, can
be written in the form

1 1 1 a+n-—1 1
Bn=—-+ +.--+——I|——+ —

a a—+1 a+n—1_ a 2a

5 _
(%1 — 1) By

1 22Kk (a +n— %)

2k
where B,y is the Bernoulli number of index 2k.

Corollary 3.1 We consider the sequences (v,)neny and (wy)nen defined by

I 1(+1) 1
v, = — ——Inln - ) -
’ 2 n 2) 2a(n+l)

7 31 127
+ N4 1)\6 + 1\8
960 (n+1)" 8064 (n+1)" 30720 (n+ 1)

and

s
67584 (n + 1)'"’

Wy = Uy

for each n e N. Also, we specify that y is the limit of the sequence
(14 4t = tnm), .
Then:

(i) ¥ < vyt < vy, foreachn €N, and

lim 7%, — ) = ok,
pee!t TV = sy
(i) wy < wysy <y, foreachn € N, and
1414477
li 12 _ — :
A = W) = 5502480
511 511
(111) 57584 (nF 10 <v,—y < W, for eachn € N.
Proof We take a = 1 in Theorem 3.2. O

@ Springer
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