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Abstract The purpose of this paper is to evaluate the limit γ (a) of the sequence(
1
a + 1

a+1 + · · · + 1
a+n−1 − ln a+n−1

a

)
n∈N

, where a ∈ (0, +∞).
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1 Introduction

Let (Dn)n∈N be the sequence defined by Dn = 1 + 1
2 + · · · + 1

n − ln n, for each
n ∈ N. It is well-known that the sequence (Dn)n∈N is convergent and its limit,
usually denoted by γ , is called Euler’s constant.

For Dn − γ , n ∈ N, many lower and upper estimates have been obtained in
the literature. We remind some of them:

1

2(n + 1)
< Dn − γ <

1

2(n − 1)
, for each n ∈ N \ {1} ([14]);

1

2(n + 1)
< Dn − γ <

1

2n
, for each n ∈ N ([10, 20]);

1

2n + 1
< Dn − γ <

1

2n
, for each n ∈ N ([17]);
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1

2n + 2
5

< Dn − γ <
1

2n + 1
3

, for each n ∈ N ([15, 16]);

1

2n + 2γ−1
1−γ

≤ Dn − γ <
1

2n + 1
3

, for each n ∈ N ([16, Editorial

comment], [1]).

We notice that some approximation formulae, which lead to geometric
convergence to γ , were given in [3, 5, 6].

In Section 2 we present a generalization of Euler’s constant as limit of
the sequence

(
1
a + 1

a+1 + · · · + 1
a+n−1 − ln a+n−1

a

)
n∈N

and we denote this limit by
γ (a). In Section 3 we give some sequences that converge quickly to γ (a).

The following theorem, which we shall need further on, is a Stolz–Cesaro
theorem proved by I. Rizzoli in [11].

Theorem 1.1 Let (an)n∈N and (bn)n∈N be two sequences of real numbers with the
following properties:

(i) lim
n→∞ an = lim

n→∞ bn = 0;

(ii) the sequence (bn)n∈N is strictly decreasing (or strictly increasing);
(iii) there exists lim

n→∞
an+1−an
b n+1−b n

= l ∈ R.

Then there exists the limit of the sequence
(

an
b n

)

n∈N

and lim
n→∞

an
bn

= l.

2 The number γ (a)

It is known that the sequence
(

1
a + 1

a+1 + · · · + 1
a+n−1 − ln a+n−1

a

)
n∈N

, where a ∈
(0, +∞), is convergent (see for example Knopp [7, p. 453] and Nedelcu [9],
where problems in this sense were proposed; [4, 8, 13]).

The results contained in the following theorem were given by A.
Sîntămărian (submitted for publication).

Theorem 2.1 Let a ∈ (0, +∞). We consider the sequences (xn)n∈N, (yn)n∈N and
(zn)n∈N defined by

xn = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

a + n
a

,

yn = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

a + n − 1

a

and

zn = xn + yn

2
= 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

√
(a + n − 1)(a + n)

a
,

for each n ∈ N.
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Then:

(i) the sequences (xn)n∈N and (yn)n∈N are convergent to the same number,
which we denote by γ (a), and satisfy the inequalities xn < xn+1 < γ (a) <

yn+1 < yn, for each n ∈ N;
(ii) 0 < 1

a − ln
(
1 + 1

a

)
< γ (a) < 1

a ;
(iii) lim

n→∞ n(γ (a) − xn) = 1
2 , lim

n→∞ n(yn − γ (a)) = 1
2 and lim

n→∞ n2(zn − γ (a))= 1
6 .

Remark 2.1 The sequence (yn)n∈N from Theorem 2.1, for a = 1, becomes the
sequence (Dn)n∈N, so γ (1) = γ .

Theorem 2.2 The function γ : (0, +∞) → (0, +∞), defined by

γ (a) = lim
n→∞

(
1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

a + n − 1

a

)
,

for each a ∈ (0, +∞), is decreasing.

Proof Let n ∈ N. We consider the function h : (0, +∞) → (0, +∞), defined by

h(a) = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

a + n − 1

a
,

for each a ∈ (0, +∞). We have

h′(a) = −
n∑

k=1

1

(a + k − 1)2
+ n − 1

a(a + n − 1)

< −
n∑

k=1

1

(a + k − 1)(a + k)
+ n − 1

a(a + n − 1)

= −
n∑

k=1

(
1

a + k − 1
− 1

a + k

)
+ n − 1

a(a + n − 1)

= −
(

1

a
− 1

a + n

)
+ n − 1

a(a + n − 1)
= − 1

(a + n − 1)(a + n)
< 0,

for each a ∈ (0, +∞). It follows that the function h is strictly decreasing, so the
function γ (·) is decreasing. �	

In a similar way as in the proof of Theorem 3.2, which we shall give in
Section 3, the following theorem can be obtained.

Theorem 2.3 Let a ∈ (0, +∞). We consider the sequence (un)n∈N defined by
un = yn − 1

2(a+n−1)+ 1
3
, for each n ∈ N, where (yn)n∈N is the sequence from the

enunciation of Theorem 2.1. Also, we specify that γ (a) is the limit of the sequence
(yn)n∈N.
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Then:

(i) un < un+1 < γ (a), for each n ∈ N \ {1}, and

lim
n→∞ n3(γ (a) − un) = 1

72
;

(ii) 1
2(a+n−1)+ 11

28
< yn − γ (a) < 1

2(a+n−1)+ 1
3
, for each n ∈ N \ {1}.

Remark 2.2 The lower estimate from part (ii) of Theorem 2.3 holds for
n = 1 too.

Remark 2.3 The second limit from part (iii) of Theorem 2.1 follows from part
(ii) of Theorem 2.3 as well.

Let a ∈ (0, +∞). In the following theorem we give a representation of
γ (a) − xn, for each n ∈ N. One of the reviewers of the paper indicated to the
author that this representation was mentioned by C. Elsner [4, p. 446], using
different notations than ours.

Theorem 2.4 Let a ∈ (0, +∞) and bm = − 1
m

∫ 1
0 (0 − t)(1 − t) · · · (m − 1 − t) dt,

for each m ∈ N. We specify that γ (a) is the limit of the sequence (xn)n∈N from
the enunciation of Theorem 2.1.

Then

γ (a) − xn =
∞∑

k=1

bk

(a + n)(a + n + 1) · · · (a + n + k − 1)
,

for each n ∈ N.

Remark 2.4 Taking a = 1 in Theorem 2.4, we obtain that

γ −
(

1 + 1

2
+ · · · + 1

n
− ln(n + 1)

)
=

∞∑

k=1

bk

(n + 1)(n + 2) · · · (n + k)
,

for each n ∈ N. This is a result proved by J. Ser [12]. See also Yingying [19].

Corollary 2.1 Let bm = − 1
m

∫ 1
0 (0 − t)(1 − t) · · · (m − 1 − t) dt, for each m ∈ N.

We specify that γ : (0, +∞) → (0, +∞) is the function from Theorem 2.2.
Then

γ (n) =
∞∑

k=1

bk

n(n + 1) · · · (n + k − 1)
,

for each n ∈ N \ {1}.



Numer Algor (2007) 46:141–151 145

Proof From Theorem 2.4 we have that

γ (n) = γ (1) −
(

1 + 1

2
+ · · · + 1

n − 1
− ln n

)
=

∞∑

k=1

bk

n(n + 1) · · · (n + k − 1)
,

for each n ∈ N \ {1}. �	

3 Sequences convergent to γ (a)

D. W. DeTemple [2] proved that

1

24(n + 1)2
< Rn − γ <

1

24n2
,

for each n ∈ N, where Rn = 1 + 1
2 + · · · + 1

n − ln
(
n + 1

2

)
, for each n ∈ N. This

result was refined by E. A. Karatsuba [6].
Having in view the results presented in DeTemple [2], we give the following

two theorems for the generalization of Euler’s constant γ (a). The proof of the
first theorem can be made in a similar way as the proof of the second one.

Theorem 3.1 Let a ∈ (0, +∞). We consider the sequences (λn)n∈N and (μn)n∈N

defined by

λn = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

(
a + n − 1

a
+ 1

2a

)

and

μn = λn − 1

24
(
a + n − 1

2

)2 ,

for each n ∈ N. Also, we specify that γ (a) is the limit of the sequence (yn)n∈N

from the enunciation of Theorem 2.1.
Then:

(i) γ (a) < λn+1 < λn, for each n ∈ N, and

lim
n→∞ n2(λn − γ (a)) = 1

24
;

(ii) μn < μn+1 < γ (a), for each n ∈ N, and

lim
n→∞ n4(γ (a) − μn) = 7

960
;

(iii) 1
24(a+n)2 < λn − γ (a) < 1

24(a+n− 1
2 )

2 , for each n ∈ N.

Remark 3.1 For a = 1, the lower estimate from part (iii) of Theorem 3.1 is
the lower estimate given by D. W. DeTemple [2, Theorem] and the upper
estimate from part (iii) of Theorem 3.1 is finer than that given in DeTemple
[2, Theorem].
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Remark 3.2 The following limits:

lim
n→∞ n6

(

μn + 7

960
(
a + n − 1

2

)4 − γ (a)

)

= 31

8064

and

lim
n→∞ n8

(

γ (a) −
(

μn + 7

960
(
a + n − 1

2

)4 − 31

8064
(
a + n − 1

2

)6

))

= 127

30720
,

where (μn)n∈N is the sequence from the enunciation of Theorem 3.1, can be
obtained in a similar way as in the proof of Theorem 3.2, which we shall
give next.

Theorem 3.2 Let a ∈ (0, +∞). We consider the sequences (αn)n∈N and (βn)n∈N

defined by

αn = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

(
a + n − 1

a
+ 1

2a

)
− 1

24
(
a + n − 1

2

)2

+ 7

960
(
a + n − 1

2

)4 − 31

8064
(
a + n − 1

2

)6 + 127

30720
(
a + n − 1

2

)8

and

βn = αn − 511

67584
(
a + n − 1

2

)10 ,

for each n ∈ N. Also, we specify that γ (a) is the limit of the sequence (yn)n∈N

from the enunciation of Theorem 2.1.
Then:

(i) γ (a) < αn+1 < αn, for each n ∈ N, and

lim
n→∞ n10(αn − γ (a)) = 511

67584
;

(ii) βn < βn+1 < γ (a), for each n ∈ N, and

lim
n→∞ n12(γ (a) − βn) = 1414477

67092480
;

(iii) 511
67584(a+n)10 < αn − γ (a) < 511

67584(a+n− 1
2 )

10 , for each n ∈ N.
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Proof (i) We have

αn+1 − αn = 1

a + n
− ln

(
a + n

a
+ 1

2a

)
+ ln

(
a + n − 1

a
+ 1

2a

)

− 1

24
(
a + n + 1

2

)2 + 1

24
(
a + n − 1

2

)2 + 7

960
(
a + n + 1

2

)4

− 7

960
(
a + n − 1

2

)4 − 31

8064
(
a + n + 1

2

)6 + 31

8064
(
a + n − 1

2

)6

+ 127

30720
(
a + n + 1

2

)8 − 127

30720
(
a + n − 1

2

)8 ,

for any n ∈ N.
We consider the function f : [1, +∞) → R, defined by

f (x) = 1

a + x
− ln

(
a + x

a
+ 1

2a

)
+ ln

(
a + x − 1

a
+ 1

2a

)

− 1

24
(
a + x + 1

2

)2 + 1

24
(
a + x − 1

2

)2 + 7

960
(
a + x + 1

2

)4

− 7

960
(
a + x − 1

2

)4 − 31

8064
(
a + x + 1

2

)6 + 31

8064
(
a + x − 1

2

)6

+ 127

30720
(
a + x + 1

2

)8 − 127

30720
(
a + x − 1

2

)8 ,

for each x ∈ [1, +∞). We have

f ′(x) = − 1

(a + x)2
− 2

2(a + x) + 1
+ 2

2(a + x) − 1
+ 2

3[2(a + x) + 1]3

− 2

3[2(a + x) − 1]3
− 14

15[2(a + x) + 1]5
+ 14

15[2(a + x) − 1]5

+ 62

21[2(a + x) + 1]7
− 62

21[2(a + x) − 1]7

− 254

15[2(a + x) + 1]9
+ 254

15[2(a + x) − 1]9
,

for any x ∈ [1, +∞).
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Set y := a + x. We have

F(y) : = − 1

y2
− 2

2y + 1
+ 2

2y − 1
+ 2

3(2y + 1)3
− 2

3(2y − 1)3

− 14

15(2y + 1)5
+ 14

15(2y − 1)5
+ 62

21(2y + 1)7

− 62

21(2y − 1)7
− 254

15(2y + 1)9
+ 254

15(2y − 1)9

= 22892800y8 + 6767872y6 + 518368y4 − 368y2 + 105

105y2(2y − 1)9(2y + 1)9
.

Taking into account that f ′(x) = F(a + x), for each x ∈ [1, +∞), it follows
that f ′(x) > 0, for any x ∈ [1, +∞). So, the function f is strictly increasing
on [1, +∞). Also, we have that lim

x→∞ f (x) = 0. Therefore f (x) < 0, for any

x ∈ [1, +∞), which means that αn+1 − αn < 0, for each n ∈ N, i.e. the sequence
(αn)n∈N is strictly decreasing. We have lim

n→∞ αn = γ (a). Now we can write that

γ (a) < αn+1 < αn, for any n ∈ N.
We have

lim
n→∞

αn+1 − γ (a) − (αn − γ (a))
1

(n+1)10 − 1
n10

= lim
n→∞

αn+1 − αn
1

(n+1)10 − 1
n10

= 511

67584
,

taking into account that

lim
x→∞

f (x)
1

(x+1)10 − 1
x10

= lim
x→∞

f ′(x)

− 10
(x+1)11 + 10

x11

= lim
x→∞

x11(x + 1)11 f ′(x)

10[(x + 1)11 − x11] = 511

67584
.

Now, according to the Stolz–Cesaro theorem (Theorem 1.1), we can write that

lim
n→∞ n10(αn − γ (a)) = lim

n→∞
αn − γ (a)

1
n10

= lim
n→∞

αn+1 − γ (a) − (αn − γ (a))
1

(n+1)10 − 1
n10

= 511

67584
.

(ii) We have

βn+1 − βn = αn+1 − αn − 511

67584
(
a + n + 1

2

)10 + 511

67584
(
a + n − 1

2

)10 ,

for any n ∈ N.
We consider the function g : [1, +∞) → R, defined by

g(x) = f (x) − 511

67584
(
a + x + 1

2

)10 + 511

67584
(
a + x − 1

2

)10 ,
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for each x ∈ [1, +∞). We have

g′(x) = f ′(x) + 5110

33[2(a + x) + 1]11
− 5110

33[2(a + x) − 1]11
,

for any x ∈ [1, +∞).
Set y := a + x. We have

G(y) := F(y) + 5110

33(2y + 1)11
− 5110

33(2y − 1)11

= −(
15932668928y10 + 10828992768y8 + 1859890560y6

+72941088y4 + 370988y2 − 1155
)
/
[
1155y2(2y − 1)11(2y + 1)11

]
.

Taking into account that g′(x) = G(a + x), for each x ∈ [1, +∞), it follows
that g′(x) < 0, for any x ∈ [1, +∞). So, the function g is strictly decreasing
on [1, +∞). Also, we have that lim

x→∞ g(x) = 0. Therefore g(x) > 0, for any

x ∈ [1, +∞), which means that βn+1 − βn > 0, for each n ∈ N, i.e. the sequence
(βn)n∈N is strictly increasing. We have lim

n→∞ βn = γ (a). Now we can write that

βn < βn+1 < γ (a), for any n ∈ N.
We have

lim
n→∞

γ (a) − βn+1 − (γ (a) − βn)
1

(n+1)12 − 1
n12

= lim
n→∞

−(βn+1 − βn)
1

(n+1)12 − 1
n12

= 1414477

67092480
,

taking into account that

lim
x→∞

−g(x)
1

(x+1)12 − 1
x12

= lim
x→∞

−g′(x)

− 12
(x+1)13 + 12

x13

= lim
x→∞

−x13(x + 1)13g′(x)

12[(x + 1)13 − x13] = 1414477

67092480
.

Now, according to the Stolz–Cesaro theorem (Theorem 1.1), we can write that

lim
n→∞ n12(γ (a) − βn) = lim

n→∞
γ (a) − βn

1
n12

= lim
n→∞

γ (a) − βn+1 − (γ (a) − βn)
1

(n+1)12 − 1
n12

= 1414477

67092480
.

(iii) From part (ii) we have that αn − γ (a) < 511

67584(a+n− 1
2 )

10 , for any n ∈ N.

Let (δn)n∈N be the sequence defined by δn = αn − 511
67584(a+n)10 , for each n ∈ N.

In a similar way as in the proof of part (i) we obtain that γ (a) < δn, for any
n ∈ N. We specify that, in this case, the corresponding function F is the
function H, defined as follows

H(y) := F(y) + 2555

33792(y + 1)11
− 2555

33792y11
.
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It can be written in the form

H(y) = y(y − 1)P25(y) + 692581276177794y + 89425

1182720y11(y + 1)11(2y − 1)9(2y + 1)9
,

where P25(y) is a polynomial of degree 25 in y, with positive coefficients. �	

Remark 3.3 The limit from part (i) of Theorem 3.2 follows from part (iii) of
Theorem 3.2 as well.

Remark 3.4 The general term of the sequence (βn)n∈N, from Theorem 3.2, can
be written in the form

βn = 1

a
+ 1

a + 1
+ · · · + 1

a + n − 1
− ln

(
a + n − 1

a
+ 1

2a

)

−
5∑

k=1

(22k−1 − 1)B2k

22kk
(
a + n − 1

2

)2k
,

where B2k is the Bernoulli number of index 2k.

Corollary 3.1 We consider the sequences (vn)n∈N and (wn)n∈N defined by

vn = 1 + 1

2
+ · · · + 1

n
− ln

(
n + 1

2

)
− 1

24
(
n + 1

2

)2

+ 7

960
(
n + 1

2

)4 − 31

8064
(
n + 1

2

)6 + 127

30720
(
n + 1

2

)8

and

wn = vn − 511

67584
(
n + 1

2

)10 ,

for each n ∈ N. Also, we specify that γ is the limit of the sequence(
1 + 1

2 + · · · + 1
n − ln n

)
n∈N

.
Then:

(i) γ < vn+1 < vn, for each n ∈ N, and

lim
n→∞ n10(vn − γ ) = 511

67584
;

(ii) wn < wn+1 < γ , for each n ∈ N, and

lim
n→∞ n12(γ − wn) = 1414477

67092480
;

(iii) 511
67584(n+1)10 < vn − γ < 511

67584(n+ 1
2 )

10 , for each n ∈ N.

Proof We take a = 1 in Theorem 3.2. �	
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