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1. Introduction

We consider a class of iterative method for computing approximate solutions of

the nonlinear equation

f ðxÞ ¼ 0 ð1Þ

where f ðxÞ is real value function.

It is well known that the classical regula falsi method (see [1]) finds a simple root

of the nonlinear equation (1) by repeated linear interpolation between the current

bracketing estimates. There is a distinct shortcoming, however; one endpoint is

retained step after step, whenever a concave or convex region of f ðxÞ has been

reached. Furthermore, the asymptotic convergence rate of the sequence fðxn � x*Þg is

low as well.

Although some modifications aimed at overcoming these difficulties have been

offered (see [4Y6]), most of them do not have superlinearly or quadratically
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asymptotic convergence properties for the diameters fðbn � anÞg1n¼1 (see [2, 3]). In the

new modified method given in this paper, we employ an exponential iterative method

for accelerating the convergence after using the classical regula falsi method, in order

that both the sequence of diameters fðbn � anÞg1n¼1 and the sequence of iterations

fðxn � x*Þg1n¼1 produced by the new method converge quadratically to zero.

2. A class of quadratically convergent exponential iterative formula

The class of iteration formula under consideration has the following form

xnþ1 ¼ xn exp � f 2ðxnÞ
xn f ðxnÞ � f ðxn � f ðxnÞÞð Þ

� �
; n ¼ 0; 1; 2; � � � : ð2Þ

Theorem 1. Assume that f ðx*Þ ¼ 0 and Uðx*Þ to be a sufficiently small neighborhood

of x*, x* 6¼ 0. Let f 00ðxÞ exist in Uðx*Þ and f 0ðxÞ 6¼ 0 in Uðx*Þ. Then the sequence fxng
produced by the iterative formula (2) is at least quadratically convergent.

Proof. First, the iterative function of formula (2) can be expressed in the following

form

’ðxÞ ¼ x exp � f 2ðxÞ
x þ f ðxÞ � f ðx� f ðxÞÞð Þ

� �

¼ x exp � f ðxÞ
x þ f ðx�f ðxÞÞ�f ðxÞ

�f ðxÞ

� �
8<
:

9=
;:

Because

lim
x!x*

f ðxÞ ¼ 0;

lim
x!x*

f ðx� f ðxÞÞ � f ðxÞ
�f ðxÞ ¼ f 0ðx*Þ;

we obtain ’ðx*Þ ¼ x*.

This means that x* is a fixed point of the iterative function ’ðxÞ.
Secondly, using the Taylor series expansion of expðxÞ

expðxÞ ¼ 1þ xþ x2

2
þ oðx2Þ;
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and from (2), we have

xnþ1 ¼ xn exp � f ðxnÞ
xn

f ðxn�f ðxnÞÞ�f ðxnÞ
�f ðxnÞ

� �
8<
:

9=
;

¼ xn �
f ðxnÞ

f ðxn�f ðxnÞÞ�f ðxnÞ
�f ðxnÞ

þ f 2ðxnÞ

2xn
f ðxn�f ðxnÞÞ�f ðxnÞ

�f ðxnÞ

� �2

þ o

 
f 2ðxnÞ

2xn
f ðxn�f ðxnÞÞ�f ðxnÞ

�f ðxnÞ

� �2

!
:

Let en ¼ xn � x*, then we have

f ðxnÞ ¼ f 0ðx*Þen þ
f 00ðx*Þ

2
e2

n þ oðe2
nÞ;

f ðxn � f ðxnÞÞ ¼ f 0ðx*Þ
"

en � f 0ðx*Þen �
f 00ðx*Þ

2
e2

n

#

þ
f 00ðx*Þ

�
en � f 0ðx*Þen � f 00ðx*Þ

2
e2

n

�2

2
þ oðe2

nÞ;

and

f ðxn � f ðxnÞÞ � f ðxnÞ ¼ �f 0 2ðx*Þen þ
ð f 0ðx*Þ � 3Þf 0ðx*Þf 00ðx*Þ

2
e2

n þ oðe2
nÞ;

f ðxn � f ðxnÞÞ � f ðxnÞ
�f ðx*Þ ¼ 2f 0 2ðx*Þ þ ð3� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þen

2f 0ðx*Þ þ f 00ðx*Þen
þ oðenÞ:

So, we obtain

enþ1 ¼ en 1�
f 0ðx*Þ þ f 00ðx*Þ

2
en þ oðenÞ

2f 0 2ðx*Þ þ ð3� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þen

2f 0ðx*Þ þ f 00ðx*Þen
þ oðenÞ

0
BB@

1
CCA

þ
f 0ðx*Þen þ f 00ðx*Þ

2
e2

n þ oðe2
nÞ

� �2

2xn
2f 0 2ðx*Þ þ ð3� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þen

2f 0ðx*Þ þ f 00ðx*Þen
þ oðenÞ

� � þ oðe2
nÞ
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¼ e2
n

ð1� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þ
2f 0ðx*Þ þ f 00ðx*Þen

þ oð1Þ

2f 0 2ðx*Þ þ ð3� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þen

2f 0ðx*Þ þ f 00ðx*Þen
þ oðenÞ

þ e2
n

f 0ðx*Þ þ f 00ðx*Þ
2

en þ oðenÞ
� �2

2xn
2f 0 2ðx*Þ þ ð3� f 0ðx*ÞÞf 0ðx*Þf 00ðx*Þen

2f 0ðx*Þ þ f 00ðx*Þen
þ oðenÞ

� � þ oðe2
nÞ:

Therefore

lim
n!1

enþ1

e2
n

¼ f 00ðx*Þ
2f 0ðx*Þ �

f 00ðx*Þ
2
þ 1

2x*
; x* 6¼ 0:

This means that the iterative formula (2) has a convergence of order two. Ì

Remark 1. If we keep only a first order approximation of the exponential function in

formula (2), the following iteration formula is obtained

xnþ1 ¼ xn �
f 2ðxnÞ

f ðxnÞ � f ðxn � f ðxnÞÞ
; ð3Þ

which is the well-known Steffensen method [7].

Remark 2. For multiple roots, we can use the transform explained in [10]. Let

FðxÞ¼ signðf ðxÞÞf ðxÞj f ðxÞj
1
m

sign f ðxþsignð f ðxÞÞj f ðxÞj
1
mÞ�f ðxÞ

� �
f ðxÞj f ðxÞj

1
m þ f ðxþ signð f ðxÞÞj f ðxÞj

1
mÞ� f ðxÞ

;

where the integer m is the number of multiple roots. Then, the multiple roots of f ðxÞ
are transformed into simple roots of FðxÞ, and equation FðxÞ ¼ 0 is solved by formula

(2),

xnþ1 ¼ xn exp � F2ðxnÞ
xn FðxnÞ � Fðxn � F xnÞð Þð Þ

� �
: ð4Þ

Thus, we obtain a new iteration formula for computing multiple roots of an equation.
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3. The new algorithm combining regula falsi and formula (2)

In what follows, we will always assume that f ðxÞ is continuous on ½a; b� and

f ðaÞf ðbÞ < 0; ð5Þ

where we suppose that f ðaÞ < 0, f ðbÞ > 0 without loss of generality. This assumption

guarantees the existence of a zero of f ðxÞ in the interval ½a; b�. Suppose that the regula

falsi method produces a point c 2 ½a; b�. Then, a new interval ½a; b� � ½a; b� containing

at least one zero of f ðxÞ can be constructed by using the following algorithm at the nth

step:

Algorithm 1. Regula falsi (an; bn; cn; an; bn)

cn ¼ an �
ðbn � anÞ f ðanÞ
f ðbnÞ � f ðanÞ

.

If f ðcnÞ ¼ 0, then the solution is obtained and we stop.

If f ðanÞ f ðcnÞ < 0, then an ¼ an; bn ¼ cn.

If f ðbnÞ f ðcnÞ < 0, then an ¼ cn; bn ¼ bn.

Then, we have obtained a new interval ½an; bn� � ½a; b� with f ðanÞ f ðbnÞ < 0 and

f ðanÞ, f ðbnÞ > 0. If the values of f ðxÞ at an and bn are known, then each iteration

requires only one function evaluation.

Clearly, one bit of precision is gained at each step of the algorithm. Besides, only

the convergence rate of fðcn � x*Þg1n¼1, where cn is the current estimate of x*, has

been studied and not the convergence rate of the diameters fðbn � anÞg1n¼1. Therefore,

in the algorithm to be described in the sequel, after using the previous algorithm, and

obtaining cn and ½a; b�, we attempt to obtain a smaller enclosing interval by means of a

point cn yielded via the exponential iterative formula (2) for accelerating the con-

vergence at the nth step. Namely, we have the following iteration formula

xnþ1 ¼ xn exp � hn f 2ðxnÞ
xn f ðxnÞ � f ðcnÞð Þ

� �
; n ¼ 0; 1; 2; � � � ; ð6Þ

where

hn ¼
bn � an

f ðbnÞ � f ðanÞ
;

cn ¼
an f ðbnÞ � bn f ðanÞ

f ðbnÞ � f ðanÞ
:

8>><
>>:

ð7Þ

Algorithm 2. EXRF (an; bn; cn; an; bn; xn; xnþ1; anþ1; bnþ1)

cn ¼ xn exp � hnf 2ðxnÞ
xn f ðxnÞ�f ðcnÞð Þ

n o
.
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If cn 2 ½an; bn�, then xnþ1 ¼ cn.

If f ðanÞf ðcnÞ < 0, then anþ1 ¼ an; bnþ1 ¼ cn else anþ1 ¼ cn; bnþ1 ¼ bn.

If j f ðxnþ1Þj < "1 or bnþ1 � anþ1 < "2, then keep xnþ1 and stop.

If cn 62 ½an; bn�, then xnþ1 ¼ cn; anþ1 ¼ an and bnþ1 ¼ bn.

An iteration of Algorithm 2 requires function evaluations whenever c 2 ½a; b�.
Using iteratively these two algorithms, we obtain the sequences fxng and fðbn � anÞg.
We call this procedure the exponential regula falsi method for root finding.

Keeping a first order approximation of the exponentially function in formula (6),

the following formula is obtained

xnþ1 ¼ xn �
bn�an

f ðbnÞ�f ðanÞ f
2ðxnÞ

f ðxnÞ � f anf ðbnÞ�bnf ðanÞ
f ðbnÞ�f ðanÞ

� � ; n ¼ 0; 1; 2; � � � : ð8Þ

i.e., the method presented in [11].

Theorem 2. Assume that f ðx*Þ ¼ 0 and Uðx*Þ to be a sufficiently small neighborhood

of x*, x* 6¼ 0. Let f 00ðxÞ exist in Uðx*Þ and f 0ðxÞ 6¼ 0 in Uðx*Þ. Then the sequence fxng
produced by the iterative formula (6) is at least quadratically convergent for hn > 0.

The proof of Theorem 2 is similar to Theorem 1 and will be omitted.

Remark 3. From the Regula Falsi Method, with the assumptions of Theorem 2, we

know that either a zero of f ðxÞ is obtained in a finite number of steps, or the sequence

fðbn � anÞg enclosing a zero of f ðxÞ, and generated by algorithm 2 (EXRF), converges

to zero.

Before giving the convergence theorem for the Algorithm 2 (EXRF), we present

two lemmas which will be used for its proof.

Lemma 1. Assume f ðxÞ 2 C1
½a;b� and f ðaÞ < 0; f ðbÞ > 0. fqng is a real sequence with

0 < r < qn < q < 1. Then either the nonzero root x* of equation (1) in [a, b] is ob-

tained in a finite number of steps, or the sequence of diameters fðbn � anÞg1n¼1

generated by the following Algorithm 3 converges to zero and lim
n!1

xn ¼ lim
n!1

an ¼
lim
n!1

bn ¼ x*, f ðx*Þ ¼ 0.

Algorithm 3.

Let vn ¼ qnan þ ð1� qnÞbn.

If f ðvnÞ ¼ 0, then keep vn and stop.

If f ðanÞ f ðvnÞ < 0, then an ¼ an; bn ¼ vn, else an ¼ vn; bn ¼ bn.

Let zn ¼ xn exp
�qnðbn�anÞjf ðxnÞj
xn f ðxnÞ�f ðvnÞð Þ

n o
.
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If zn 2 ½an; bn�, then xnþ1 ¼ zn.

If f ðanÞf ðznÞ < 0, then anþ1 ¼ an; bnþ1 ¼ zn else anþ1 ¼ zn; bnþ1 ¼ bn.

If j f ðznÞj < "1 or bnþ1 � anþ1 < "2, then keep zn and stop.

If zn 62 ½an; bn�, then xnþ1 ¼ vn; anþ1 ¼ an and bnþ1 ¼ bn.

Proof. From Algorithm 3 and

zn ¼ xn exp
�qnðbn � anÞj f ðxnÞj

xn f ðxnÞ � f ðvnÞð Þ

� �
;

vn ¼ qnan þ ð1� qnÞbn:

We can see that Algorithm 3 produces a sequence of fðbn � anÞg1n¼1, and a

sequence of iterates ðxnÞ such that we have

x* 2 ½anþ1; bnþ1� � ½an; bn� � � � � � ½a; b�;

xn 2 ½anþ1; bnþ1� � ½an; bn� � � � � � ½a; b�;

f ðanÞf ðbnÞ < 0; n ¼ 0; 1; 2; � � � ;

an � anþ1 � bnþ1 � bn;

bnþ1 � anþ1 � qnðbn � anÞ < qðbn � anÞ:

Since 0 < q < 1, we obtain that bn � an � qnðb� aÞ. This means that

lim
n!1
ðbn � anÞ ¼ 0

and

lim
n!1

an ¼ lim
n!1

bn ¼ x*:

So lim
n!1

xn ¼ x*; f ðx*Þ ¼ 0. Ì

Lemma 2. Under the hypothesis of Lemma 1, and assuming that there exists a

positive integer N0 such that j f ðvnÞj < qnj f ðxnÞj whenever n > N0, and that Algorithm

3 does not terminate after a finite number of steps, then the sequence of diameters

fðbn � anÞg1n¼1 converges Q-quadratically [8] to zero. Namely, there is a constant C
such that

bnþ1 � anþ1 � Cðbn � anÞ2; n ¼ 0; 1; 2; � � � : ð9Þ

Proof. From Theorem 2, it follows that

lim
n!1

enþ1

e2
n

¼ K;
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and

lim
n!1

enþ1 � en

ðen � en�1Þ2
¼ lim

n!1

enþ1

en
� 1

en � 2en�1 þ e2
n�1

en

¼ �K:

So there exists an integer N1 such that

enþ1 � en

ðen � en�1Þ2

					
					 < jKj þ 1 and

xnþ2 � xnþ1

ðxnþ1 � xnÞ2

					
					 < jKj þ 1;

for all n > N1. From the assumption, for all n > N0 we have

f ðvnÞj j < qnj f ðxnÞj < qj f ðxnÞj; 0 < q < 1: ð10Þ

From this inequality and Lemma 1, we can deduce that zn 2 ½an; bn�, for all

n > maxfN0;N1g, so xnþ1 ¼ zn, and the above inequality (10) means that

f ðxnÞ � f ðvnÞ
f ðxnÞ

> 0: ð11Þ

Using the Taylor series expansion of formula (6), we have

xnþ1 ¼ xn �
qnðbn � anÞj f ðxnÞj
2 f ðxnÞ � f ðvnÞð Þ þ

q2
nðbn � anÞ2f 2ðxnÞ

4xn f ðxnÞ � f ðvnÞð Þ2

þ o
qnðbn � anÞ2f 2ðxnÞ
4xn f ðxnÞ � f ðvnÞð Þ2

 !
:

Then we obtain

bn � an þ oðbn � anÞ ¼
2ðxn � xnþ1Þ f ðxnÞ � f ðvnÞð Þ

qnj f ðxnÞj
;

and it follows that

bnþ1 � anþ1 þ oðbnþ1 � anþ1Þ
bn � an þ oðbn � anÞð Þ2

¼ q2
nðxnþ1 � xnþ2Þ f ðxnþ1Þ � f ðvnþ1Þð Þ f 2ðxnÞ

2qnþ1ðxnþ1 � xnÞ2 f ðxnÞ � f ðvnÞð Þ2j f ðxnþ1Þj
:

From formulae (10) and (11), we know that

1� q � f ðxnÞ � f ðvnÞ
f ðxnÞ

				
				 � 1þ q: ð12Þ

So

f ðxnþ1Þ � f ðvnþ1Þ
f ðxnþ1Þ

				
				

f ðxnÞ � f ðvnÞð Þ2

f 2ðxnÞ

<
1þ q

ð1� qÞ2
;
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and if n > maxfN0;N1g, then

bnþ1 � anþ1 þ oðbnþ1 � anþ1Þ
bn � an þ oðbn � anÞð Þ2

					
					 �

qð1þ qÞðjKj þ 1Þ
2rð1� qÞ2

:

From lim
n!1
ðbn � anÞ ¼ 0, we know that there exists an integer N2 such that, for

all n > N2,

bnþ1 � anþ1

ðbn � anÞ2
� 2

bnþ1 � anþ1 þ oðbnþ1 � anþ1Þ
bn � an þ oðbn � anÞð Þ2

					
					:

Let N ¼ maxfN0;N1;N2g,

C � max
qð1þ qÞðjKj þ 1Þ

rð1� qÞ2
;

q

ðbN � aNÞ

( )
;

then we have bnþ1 � anþ1 � Cðbn � anÞ2; n ¼ 0; 1; 2; � � �. Ì

Let us now give the convergence theorem for Algorithm 2 (EXRF).

Theorem 3. Assume f ðxÞ 2 C1
½a;b� and f ðaÞ < 0; f ðbÞ > 0. x* is a simple nonzero zero

of f ðxÞ in ½a; b�. Then either the root x* of (1) in [a, b] is obtained in a finite number of

steps, or the sequence of diameters fðbn � anÞg1n¼1 generated by Algorithm 2(EXRF)

is Q-quadratically convergent to zero.

Proof. Let qn ¼ j f ðxnÞj
f ðbnÞ�f ðanÞ in Algorithm 3, then 0. From Lemma 1, if n is large enough,

then j f ðxnÞj ’ j f ðanÞj ’ j f ðbnÞj and j f ðxnÞj
f ðbnÞ�f ðanÞ ’

1
2
. Therefore there exist r; q such that 0

and it leads to Algorithm 2 (EXRF). Thus, from Lemmas 1 to 2, the conclusion of

Theorem 3 is obviously true. Ì

4. Numerical experiments

Example 1. f ðxÞ ¼ ln x, ½a; b� ¼ ½0:5; 5�.

Example 2. f ðxÞ ¼ x� esin x þ 1, ½a; b� ¼ ½1; 4�.

Example 3. f ðxÞ ¼ 11x11 � 1, ½a; b� ¼ ½0:1; 1�.

Example 4. f ðxÞ ¼ xe�x � 0:1, ½a; b� ¼ ½0; 1�.

In the numerical experiments, the initial value of the iterations is x0 ¼ b, the

errors are taken as 1� 10�15, and the maximum number of iterations is limited to 100,

The results of the examples 1 	 4 are given in table 1.
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From table 1, we can see that the new exponentially regula falsi iterative method

is more efficient than the classical regula falsi method, and have larger convergence

fields, faster convergence, and a higher convergence rate than Newton’s method and

Steffensen’s method (see [7Y9]).

5. Conclusions

Combining the classical regula falsi method and a class of exponential iterative

method, we presented a class of exponential regula falsi methods with high order

convergence for finding simple zeros of nonlinear equations. The iterations fxng of the

new method have a quadratic convergence, and the sequence of diameters fðbn � anÞg
also. Numerical experiments show that the new method is effective and comparable to

well-known methods, such as the classical regula falsi, Newton and Steffensen’s

methods.

In fact, this work proposes a general framework for iterative methods for solving

nonlinear equations. In this paper, we choose the parameters in formula (6) as

hn ¼ bn�an

f ðbnÞ�f ðanÞ, and combine it with the classical regula falsi method for establishing

the new method. Of course, we can take different parameters in the iterative formula

(6), and employ another methods, such as the bisection method etc., to build other new

algorithms whose sequence of iterations fxng and the sequence of diameters fðbn �
anÞg converge. The convergence theories for the corresponding algorithms can be

established following an analysis analogous to the analysis of the method of this paper

with slight and technical modifications.
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