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The problem is considered of matching two sets of points in R”, by translation and
rotation. There are many applications, for example in geodesy, computer vision and in the
assessment of manufactured parts. When the matching criterion is least squares, there is a
well known solution process based on the singular value decomposition of an # X n matrix.
Here we consider the use of the /; norm, which may be more appropriate than least squares
in the context of wild points in the data. An algorithm is developed, and is illustrated by
some examples for the case n = 3.
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1. Introduction

Consider 2 sets of points in R”",

phq,i=1,...,m.

We are interested in the problem of trying to transform one set into the other by
applying translation and rotation. This is the problem of point set matching, a problem
which arises in many applications, for example in geodesy, computer vision, or in the
analysis of measurements of a manufactured part, where a part defined by a set of
measured points is to be matched to another set of points defined by a model for the
purpose of quality control. Let t denote the translation, and let rotation be defined by
an orthogonal matrix R. Then if

ri=|vill,i=1,...,m,
where
vi=p;,—Rq,—t,i=1,...,m,
and unadorned norms are /, norms, the matching problem can be posed as
minimize ||r||,,

where the norm is a norm on R”.
When |||, = ||.||, there is a well known method for this problem due to Hanson
and Norris [3], which uses the singular value decomposition (SVD) of an n X n matrix.
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When the norm is the Chebyshev norm, a method is given in [11] which applies when
n = 2. Methods for the same problem based on Lawson’s algorithm are considered in
[9]. The Chebyshev norm has important applications to accept/reject decisions for
manufactured parts.

The orthogonal matrix R has N = @ degrees of freedom (excluding a sign,
which can be fixed), and a representation in terms of individual rotation angles is
given by writing R as R(¢) where ¢ € RV, where

R(¢) = Ri(¢1)Ra(¢2) ... Rn(ow), (1)

and where each R;(¢;) is a Givens rotation matrix G( i, 2, ¢;) representing a counter-
clockwise rotation through an angle ¢; in the (ji,j>) coordinate plane [2]. Clearly
there are "C, = @ = N selections of coordinate planes.

Spith [5] develops an iterative descent method for the (weighted) least squares
problem when n = 3 which explicitly uses (1), and so does not involve the SVD: see
also [6]. This is extended to more general n in [7].

Both the Chebyshev and /; norms are considered in [5] and in particular an
algorithm for the /; problem is proposed based on solving a sequence of /, problems,
although it is pointed out that convergence results are poor. The /; norm is of value in
the context of wild points or outliers in the data, which may be a feature of such
problems (for example [1]). The purpose of this paper is to deal with the case when the
/1 norm is the right one to use and to look at alternative possibilities, based on equation
(1), which have a chance of good performance.

In the next section the problem is identified, and the following two sections show
how algorithms of Newton type may be applied. Starting points may be obtained from
the [, solution, and in section 5 we summarise the Hanson—Norris method. Finally in
section 6, numerical results are presented for some examples in the case n = 3.

2. The I; problem

We wish to minimize
F(g,t) =Irlly = |Ivill. (2)
i=1

It is possible to include weights, but this does not add much, so we do not
consider this. Difficulties in minimizing this function are mainly cgu(se;d by a lack of
R(¢

differentiability when any component of r is zero. Let RY) denote a5, S0 that

RY = Ri(1) - Rimt (9 DR (S)R1(dj1) - - - R (), = 1. N,

where the dash denotes differentiation with respect to the single variable on which R;
depends. Then if no component of r is zero, we can write

m VIT
VoiF = — Zl: o RWq,:...:RMq, : 1].
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In other words

m
1
VoiF = — ZI: il VIRWq; :...: vIRMq, : v7]. (3)

If no r; (or v;) is zero, then V4 F = 0 is a necessary condition for a minimum.
Otherwise the necessary (or stationary point) condition becomes

ZW,-T[R(I)q,- CL R(N)q,- 1]

icZ

1

—l-z VIRWq, :...: vIRWq, : v] = 0, (4)
2Tvil
with
||WI|| < Ovl S Z7

where

Z=Ai:|vi =0}

Each zero component of r of course corresponds to n conditions. Assume there
are two zero components at a solution, corresponding to indices j, k. Then

P; —R(¢)Qj —t=0,

so that

But this is only possible if

Hpj —pill = qu —ql.

This suggests that if the data are genuinely contaminated by error and not ‘fixed’ in a
particular way, then at a solution to the problem there is at most one zero component
of r. We will interpret this as a nondegenerate situation.

Note that the terms in (3) can be expressed in a slightly different way. For
example

VITR(l)qi =(p;—t— R(¢)qz‘)TR(l)qz‘
=(p; — t)TR(l)qz‘
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because
Q' Ry (o))" - Ra(2) R, (61) Ri(61)R2(2) . .. Ry () gq; = O

since R’ (¢1) Ri(¢1) is skew-symmetric. Similarly for the other derivatives. Thus
equation (3) becomes

LB |
vd’,tF = - Zl “VIH [(pl - t)TR(l)ql et (pl - t)TR(N)ql : VIT] (5)

Perhaps the most commonly used method for solving nonlinear /; minimization
problems is the Gauss—Newton method or one of its variants. However there are two
potentially serious drawbacks here. The first is the lack of differentiability of any
component of r which is zero (unlike the /; orthogonal distance regression problem
[10], which has a similar feature, this does seem a serious problem). The second is the
fact that second order convergence would require N + n zero components of r [8] and
we have seen that at most one is expected. So the Gauss—Newton method in its usual
form does not seem appropriate for this problem. Further, the lack of differentiability
of the components of r complicates the application of other methods (for example [4])
which can normally be used to restore a fast convergence rate.

The above discussion of zeros (and the fact that in general there is at most one)
suggests that applying a smooth optimization method in a controlled way might be a
good way to tackle this problem. In some ways this is in the spirit of other smoothing
methods which have been given for (linear) /; problems. If we apply an optimization
method for smooth problems, then if there are no zeros, this should work well. If there
is a zero, and we can identify the index, then we can eliminate the non-
differentiability, and again apply a method for smooth problems to a reduced problem.
We will investigate these ideas in the next two sections.

3. The case when the problem is differentiable

Let us assume that the F(¢, t) is differentiable, and we want to generate a descent
process. We have the expression for V4 ¢F given by (5), and in this form it is easy to

calculate second derivatives. First define for every i = 1,...,m,
S0 o =I[(p;— t)’RWq, ... (p; — )’ RMg, : vil,
1
Vollvil| = ——¢l.
R 7 TR
Then

o1
Vil = — o
ot ; [[vill
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Also

" 1
Vol =Vau(VoF) = =>" Vm(w
i=1 i

n 1 1
= — —Vmci 4+ ¢Vt —}
;{van il

Now V¢; can be partitioned naturally into the block 2 x 2 matrix

C,')

G; —H;
v@,tci: )
-Hl -1
where
(p; —t)'R'Ry...Ryq; :...: (p, —t)'R|Ry ... R\q
Gi= |(p;— )RR, ...Ryq; s ...: (p; — )RR, ...Ryq; |,
(p; —t)'R\Ry...R\q,; : ... (p; —t)"RiR, ... R}q;
H' =[RWq; :...: RMq,],
with
O’R,
I ] L
R/ = 8@%)]2 J=1,...,m.
Further
1 1 1
o =~ Vau|Vill = ——¢f.
PVl T

Therefore we can write

mo
V2 F =
ot Z{HWH

i=1

-G HIT _ C,’CiT
Hi 1 Ivill®

The Newton step is given by

(VoiF)' + V3 Fd =0.

207

Far from a solution the Hessian matrix may not be positive definite, and we would
prefer to use a positive definite approximation in case we need a line search. But it is
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easy to identify a positive definite part of the Hessian. To see this, it helps to consider
an alternative way of looking at the derivatives. We can write

m
1 T
v¢,tF = 21: ||Vz|| Vi Vtzﬁ,tvi»
=

so that

m

vgzb,tF Z{H H @tVZTV(MVl H H (v¢>t l) (v¢tv V)(V?v%tvi)}

L ,H

or

“f 1 |HHT H|, ! o2 cicf
V2 F = | T e (V] vi)vi — ) 8
" Z‘{ Ivil [ Hl 1 ] e Ivill® )

since clearly
Vouvi = —[H] 1),

and

T
¢ = —V{Vouvi = [ViH] V][] = [(p; = t) H] : V],

1

as before. Note also that if we think of the matrices G; given by (6) as being
Gi(pi - t)v

ShOWil’lg the dependence on (pi — t), then
—Gi V; 0.
(Vé’tV,')V,' = |: ( ) :|

Further
Gi(vi)=Gi(p; —t — D(¢)q;)

Gi(p; —t) — Gi(D(¢)q;)
=G,(p;, —t) + HH',

as may readily be shown. This demonstrates the connection between the two different
forms of V2F given by equations (7) and (5) above.
Substituting for ¢; into equation (8) gives

, 1 [y, r.on_ |H vivl T 1 2 Uy
V“‘F‘Z{ku (= ] o0 g }

i=1

m

1
= Z{R, + m (VitVi)V,'}

i=1
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1 vl
R — {Hf] =RV HT )
Ivill L1 [Ivill

2
x! (I _ ViViTz >x —xTx — (XTVil
[[vil [[vil

>0,

where

Note that for any x € R”,

using the Cauchy-Schwartz inequality, and so R; is a positive semi-definite matrix. Also
>, R; is positive definite unless there exists a vector y € R"*", non-zero, such that

yRy=0,i=1,...,m.

Thus we can normally choose as a positive definite approximation to Vé &

m m 1 ‘ V,’V;-r
ViF~RY Ri=> {H] 1= ) HT ). (9)
i=1 i=1 Ivill L1 [[vill

This enables us to define a method which is in the spirit of a Gauss—Newton method,
since we have dropped second derivative terms to get a positive definite approximation
to the Hessian matrix of F.

A compromise might be to take

- ~ 1 [Gi(v;) © }
VZ F ~ Ri _ (9 |: i\Vi ,
o =) R0 T[T

where 0 < 6 < 1. The choice 6 = 0 can be interpreted as giving the ‘Gauss—Newton’
method, the choice # = 1 is the Newton method and it may be possible to adaptively
adjust 0 as the computation proceeds.

4. The case when there is one known zero component of r

Suppose it is known that there is one zero component at a solution,
corresponding to r; = ||vk|| = 0 so that

t=p;, — R(})q;-

Then t can be eliminated and the problem reduced to one in ¢ only, for which a zero
derivative can be sought. In other words we want to minimize

> Il

ik

where

vi=(p,—P) —R()(q, —qp),i=1,....m,
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and so a zero derivative gives, as for (3),

1
Z [|vill [V?R(l)(qf —qp) .. ViTR(N)(qi —q)] =0.
ik Vi

Note that in this case, from equation (4), the stationary point condition implies
that

Thus a check for a stationary point is that

[ Z”j—juu <1. (10)

ik

Newton’s method can also be implemented as before for the reduced problem,
with derivatives calculated in a similar way. If we define for each i,

Pi=P —Pud =4q; — G,

¢/ =[p/RVq ... p/RMg],

p'R'R,...Ryq: : ...:P'R'R,...R!

pl 1 2... Nqi""'pi 1 2... qu
Gi= |PIR\R,...Rnq; < ... 5 P]RIR, .. .R\q,| |

ATR/R R/ . ”'.ATR R R//

pl 1 2... qu'.....pl- 1 2... qu

then

1 . 1
V2F = — — G+ ——¢el . 11
p Z{ Vil + CiC; } (11)

3
i£k [[vill

Again while this gives a convenient form for the Hessian, it is not so helpful far from a
solution when it might not be positive definite. So again we try to identify a positive
definite ‘part’. As before we can write

1
V¢F = —VZ»TV(;)V,‘,
; i
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so that
2 1 2 1 T 1 T T
ViF=>_ il (Vgvi)vi +W(V¢>Vi )(Vevi) — W(v(/?Vi vi) (v Vovi)
i#k i i i
or
1
VIF =Y <Si+—(Vivi)v; (12)
27 v
where
j v\
Si=—H [ 1- 2 AT,
[[vil [vill
with
H = RYg;:...:RMg),
and
¢ = Hvi,

foralli,i=1,...,m,i # k.
Arguing as before we can normally take the positive definite approximation to
V2F
b

Vv
Vﬁ)FzZSi—Z{ﬁﬂ,(I— HV’V"’z)Hf}. (13)
i V;

i#k i#k
Note that if we again think of G; as G,-(f)i), showing the dependence on p;, then

A~

(V2 V,')V,' = —G(V,'),

4

and we have for i # £,

Gi(vi)=Gi(p; — D(¢)a,)

again showing the connection between the two forms of Hessian (11) and (12).
Again, as before, another possibility is to take

VIF~Y 8- GZﬁGi(vi),

i#k £k
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where 6 = 0 again can be interpreted as giving a matrix in the spirit of that used in the
Gauss—Newton method, 6§ =1 is Newton’s method, and it may be possible to
adaptively adjust 6 as the computation proceeds.

An alternative to the above approximation is as follows.

e Work out LDLT factors of the N x N matrix A = VéF . This is easily done, although
may not exist for degenerate cases, which we exclude.

e Replace A by a positive definite approximation if necessary, e.g., LDLT where D
contains elements which are the modulus of those of D.

e Use a line search.

When we get close enough to a solution, A should be positive definite, full steps
will be possible and second order convergence will occur.

5. Starting values

It is necessary to provide starting values for any iterative algorithm. One
possibility is to solve the [, problem, using the Hanson—Norris method [3], although it
should be borne in mind that in the context of data containing outliers, this may not be
a particularly good approximation. The work here is in the SVD of an n x n matrix.
For convenience and completeness we summarise the procedure. The /, problem is to
minimize

m ) m )
lele :ZHpi_qu_tH
i=1 i=1
with respect to t,Q where QTQ = I. Differentiating with respect to t gives
t= 13 - Q(_L

where

m

_ 1 1 &
P:E;Pn QZE;%

So the problem reduces to that of minimizing over all 0,070 =1

Z Ip; —p —0Q(q; — (l)Hz-
=1

Define

a=p;,—p, i=1...,m

bi=q—q i=1,...,m.
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and let
A=laj:ay:...:a,] € R,
B=[by:by:...:b,] € R
Then
D llpi—p—0la; — QI =) lla; — Oby°
=1 =1
= |l0"a; — by||?
=1
=||0"A - B||;
= [|B" — A"Q||7.

The problem
: BT _AT 2
Jnin | Oll»

is a Procrustes problem and is easily solved (see for example Golub and Van Loan [2],
page 582). We have

IBT — ATQ||2 = trace((B — QTA) (BT — ATQ))
= trace(BB") + trace(AA”) — 2trace(Q" AB”).

So ||B" — ATQ||7 is minimized when trace(QTAB”) is maximized. Let AB” have the
singular value decomposition AB” = ULV, where

Y= diag{al,az, PN O'n},
and let Z = VIQTU. Then

trace(Q"AB”) = trace(Q"UXVT)
= trace(V Q"UY)
= trace(ZY))

= ZZﬁU i
i=nl
S Z Oi,
i=1
since Z is an orthogonal matrix. The upper bound is attained when Z =1, or
0 = UVT. To summarise, the solution is obtained as follows:
1. Form C = ABT.

2. Form the SVD of C: C = UXVT.
3. Set 0 = UVT.
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We have to recover the explicit angles from Q and this is easily done, following
the strategy of [3], where zeros are systematically introduced into Q by premultiplying
by N plane rotation matrices to reduce it to diagonal form. For example, for the special

case n = 3, when N = 3 we can take

¢1 = a,rotation in the (1,2) plane,
¢ = 3, rotation in the (1,3) plane,
¢3 =, rotation in the (2, 3) plane.

Then we have a given by

_0(2,1)
tan( )_Q(l,l)’ (14)
and can define
01 = Dy(a)Q.
Then Q; has (2, 1) element zero. Now let 3 be defined by
o Ql (37 l)
tan(/B) - Q1(1’ 1) )

and define

0, = D (B)Q1.

Then Q; has (2,1) and (3, 1) elements zero (and so also (1,2) and (1,3) elements
zero). Finally define v by

_ O(3,2)
tan(y) = 0,2.2)
Then clearly
Di(1Q: =1

In other words

or

Q = Di(a)D2(B)D3(7).
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In fact we can give explicit expressions for the angles, namely equation (14) and:

- 0(3,1)
() = Cos(@)0(L, 1) + sin(@)0, 1) .

cos(8)0(3,2) — sin(8) (cos(a)Q(1,2) + sin(2)0(2,2))
cos(a)Q(2,2) —sin(a)Q(1,2) '

tan(y) = (16)

Numerical results

The contents of the last three sections give the ingredients of algorithms which

can be used to solve the /; problem. For example, we could consider an algorithm as
follows.

1.
2.
3.

Solve the /, problem by the Hanson and Norris method.
Calculate the N rotation angles as indicated in the last section.

Assuming no zeros, apply a method as described in section 3, monitoring progress
and in particular the closest value of r; to zero.

. If a particular value ry falls below a threshold value, stop and taking ||vi|| = 0, use

a method as described in section 4.

On convergence to a certain tolerance, check for a stationary point using equation
(10).

If a stationary point is obtained, stop, otherwise re-enter Step 3 with a reduced
threshold.

Repeat until convergence to a given tolerance.

We illustrate for the special (and important) case of n = 3.

Example 1. Consider the example from Spith [5]. In particular take data points p and
q from Examples 3 and 1, respectively. Here m = 13.

The [, solution gives

a = (—0.0946,0.3746,0.3693)", t = (1.5303,4.3571,—2.6011)".

Using the method of section 3 (Gauss—Newton version), after eight iterations we have
||v2]] < 0.001. Here

a = (—0.0886,0.3677,0.3699)", t = (1.3897,4.3390, —2.5991)".
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Using a modified Newton method from section 4, based on performing an LDLT
factorization of the Hessian and replacing the elements of D by their modulus,
followed by a line search, we get after two iterations ||d|| < 0.00001 and the check
(10) is satisfied with

[wa | = 0.935.

The solution is

a = (—0.088479,0.369532,0.370690)7, t = (1.388927,4.338263, —2.601475)" .

Example 2. Consider m = 50 with randomly generated p and q by first using
‘rand(‘state’,1)’ followed by random p then random q. Starting with the /, solution,
after 48 iterations of a ‘Gauss—Newton’ method from section 3, ||vs]| < 0.001. This
becomes 33 iteration if the Gauss—Newton method switches to Newton when
|d|| < 0.01).

Now use the method of section 4 fixing ||vis]| = 0. There is convergence
(|ld|| < 0.00001) after three iterations but the check (10) fails.

Now return to method of section 3, lowering the tolerance. There is convergence
(||d|| < 0.000001) after eight iterations. At the solution ||vg|| = 0.0009012.. but this
seems correct, and so there are in fact no zero values of the components. So this is
quite a difficult problem, with a “close to zero but not zero” distance. This is the worst
scenario: the problem is actually smooth but has some components of r ‘close’ to zero
at a solution.

Other examples with randomly generated data usually had no zeros and no
components of r close to zero, and so convergence was obtained without difficulty the
first time the method of section 3 was applied. However such problems are easy to
generate but have little basis in reality.

Example 3. This is really a set of examples constructed as follows. Starting from
point sets q;,i = 1,...,m, (with m having values up to 100) sets p;,i = 1,...,m were
generated by satisfying

pl:R(¢)q1_t,l: 1,...,]’}’1,

for a particular ¢ and t, perturbing the points p; and introducing wild points. In
particular, for larger values of m, no zeros tend to be identified and they are solved as
differentiable problems, often in around five or so iterations from the /, solution.

7. Concluding remarks

The /; problem of minimizing (2) is one which in a sense can be very easily
solved: (1) if there are no zero components of r at a solution, then a second order
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convergence rate is normally achievable; (2) if there is one component of r which is
known to be zero at a solution, again a second order convergence rate is normally
achievable; (3) more than one zero component of r at a solution may be regarded as a
form of degeneracy.

What makes the problem difficult is that of course it is not normally known in
advance if there are zero components of r at a solution or not, and if there is a zero
component of r at a solution, then it is not known in advance which one it is. So a
main task in algorithmic development is addressing these issues, and if they can be
dealt with in a satisfactory way, then the solution process is relatively straightforward.

The purpose of this paper has been to develop machinery and put forward
proposals which can lead to satisfactory and efficient methods of solution.
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