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Digital total variation filtering is analyzed as a fast, robust, post-processing method for
accelerating the convergence of pseudospectral approximations that have been contaminated
by Gibbs oscillations. The method, which originated in image processing, can be combined
with spectral filters to quickly post-process large data sets with sharp resolution of
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1. Introduction

Pseudospectral methods are based on assuming that an unknown PDE solution u
can be represented by a global, interpolating partial sum,

uy (x) = Zak¢k(x)' (1)

Taking ¢ to be the Chebyshev polynomials ¢(x) = T;(x) = cos(k arccos x), as we do in
this work, gives a Chebyshev approximation method or in the context of numerical
PDEs, a Chebyshev pseudospectral (CPS) method. If ¢ are taken to be the Legendre
polynomials or trigonometric polynomials (Fourier pseudospectral method), the basic
ideas of the post-processing are essentially the same. Detailed information on
pseudospectral methods may be found in the standard references [1, 4, 14, 33].
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It is well-documented that for sufficiently smooth solutions, the CPS method is
spectrally accurate. However, in the case of the numerical solution of nonlinear
hyperbolic conservation laws, discontinuities (edges) in the form of shocks and rare-
faction waves may develop independently of the smoothness of the initial conditions
and destroy the exponential accuracy of the method. Away from the discontinuities,
the convergence is slowed to a crawl. Near the discontinuities there are O(1) oscil-
lations which do not decrease with N. This is known as the Gibbs phenomenon. Ad-
ditionally, the application of the CPS method to a nonlinear conservation law results in
an unstable method. It is necessary to add spectral viscosity to the method in order to
obtain a stable approximation which converges to the exact entropy solution [29]. This
can be done in several different ways, with each way being labelled a particular type
of spectral viscosity [30] method. In our numerical examples, we have used the super
spectral viscosity (SSV) method of [24], which for a conservation law in one space
dimension, can be stated as

) 9 il o
o v+ 5 (uy) =e(=1) o¥uy (2)

where O = V1 —x2§ is a viscosity operator. Dimensional splitting can be used to
handle higher dimension conservation laws. The SSV method can be viewed as ap-
plying a weak filter to the CPS method. It can be applied via the spectral filtering
framework that is described later in this section, although it does not satisfy the
definition of a spectral filter. The result is a stable method, but the weak filtering does
not remove the Gibbs oscillations from the SSV approximation.

Over the last 20 years much research has focused on applying spectral methods
to PDE problems with discontinuous solutions. The goal of such research efforts has
been either the recovery of the spectral accuracy that is achieved in the smooth case or
the acceleration of the slowed convergence. Methods have been developed to recover
spectral accuracy in smooth regions up to within a distance of each edge. The re-
construction methods may or may not require the location of edges. Methods for
locating edges in spectral data in one and two dimensions are described in [9, 10].
Three types of post-processing methods are spectral filtering, spectral mollification,
and Gegenbauer reconstruction.

The simplest approach for lessening the effects of the Gibbs phenomena is to use
a spectral filter of order p. The spectral partial sum (1) is filtered as

Fyuy(x) = i - (%) aTe(x) (3)

k=0

where o(n) is an order p spectral filter as defined in [34]. Without knowledge of edge
locations, a spectral filter of sufficiently high order p restores spectral accuracy at
points sufficiently far away from a discontinuity. However edges are not resolved
sharply and smearing is present is the neighborhood of discontinuities. Many different
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filter functions are available, but perhaps the most versatile and widely used filter is
the exponential filter

a(n) = exp(—aln|”), p even. (4)

For (4) to numerically satisfy the definition of a spectral filter, the parameter « is taken
to be a = —In € where ¢ is machine epsilon.

Another class of method for the removal of the Gibbs phenomena which
originated in [20] is the spectral mollification method. The method is also referred to
as a local reconstruction procedure. Spectral mollification involves applying a two
parameter family of filter to the physical space interpolant (1). The method can
recover spectral accuracy up to within a neighborhood of each discontinuity. As
described in [20], the method does not incorporate the location of edges. The method
results in a reconstructed function that is free of Gibbs oscillations but with smearing
at the discontinuities. By incorporating the edge locations into the algorithm, optimal
and in some cases adaptive parameter choices can be made to allow the spectral
mollification method to be more accurate near discontinuities [8, 31]. Recently in [32],
optimal spectral filters and mollifiers have been developed by abandoning the restric-
tion that the filter/mollifier have compact support in frequency and physical space
and instead require that the filters/mollifiers have optimal joint frequency-physical
localization.

The most promising method to date for the removal of the Gibbs phenomena is the
Gegenbauer Reconstruction Procedure (GRP) [15-19]. The GRP is capable of re-
covering spectral accuracy up to the locations of the discontinuities. The GRP must
know the exact location of the edges. Despite a solid theoretical underpinning, the
GRP has proven difficult to implement in practice. The GRP is plagued by round-off
errors and a high computational cost. The GRP is difficult to implement in higher
dimensions largely due to the fact that each piecewise smooth subregion must be
located and then two un-optimized parameters must be specified in each subregion.
Some progress has been made towards specifying optimal values of the GRP para-
meters [21], although the optimal values may not be applicable due to round-off
errors. Recently, promising reprojection methods that use a more stable Gibbs alter-
native basis then the Gegenbauer basis have been described [13]. An Inverse Gegen-
bauer Reconstruction Procedure (IGRP) has recently been described [28] that can
accurately reconstruct a discontinuous function from its pseudo-spectral coefficients.
However, it was shown in [26] that the IGRP is unable to reconstruct an oscillatory
function, such as a CPS numerical PDE approximation, that is polluted with Gibbs
oscillations. The IGRP requires the pseudospectral coefficients of a piecewise con-
tinuous, but non-oscillatory, function for the reconstruction to be accurate.

In dimensions greater than one, it has proven difficult to robustly implement post-
processing techniques that require the exact location of the edges. If the function to be
reconstructed has features not aligned with the cartesian grid, resolution will be lost as
edge detection methods will only locate the neighborhoods of the discontinuities in this
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situation [12]. If one or more user defined parameters must be specified in each smooth
subregion, the method is further complicated. Ideally, a post-processing method should
be capable of removing Gibbs oscillations while sharply resolving edges and should
do so without knowledge of the locations of the edges. Additionally it should not
require that excessive free parameters be specified. The method should accomplish this
in a computationally efficient manner amenable for extension to higher dimensions. A
method meeting these criteria could then be implemented as a ‘black box’ post-
processing method. Such methods have been developed in the field of image pro-
cessing and can be adapted to post-process the numerical solution of conservation laws
by pseudospectral methods.

2. Digital TV filtering

Variational based PDE restoration methods, such as total variation (TV) filtering
[23], have become one of the most important tools in image processing. The methods
assume that the images are defined on a continuous domain and a continuous var-
iational functional is constructed from which an Euler—Lagrange equation is derived.
The resulting differential equations are then discretized by existing numerical PDE
methods on a cartesian grid. Another approach is to digitize the entire methodology.
This approach starts directly with a discrete variational problem and works with data
on a general discrete domain, a graph. The digitized approach is more flexible as
irregularly shaped domains and scattered data points can be handled with ease. One
such digitized method is the digital total variation (DTV) filter which was developed
in [5] and further analyzed in [25]. In the context of numerical PDEs, it has previously
been applied to steady solutions of conservation laws computed by second-order
Lax—Wendroff methods in [2, 3]. Next, the pertinent facts about the DTV filter from
are summarized and the reader is referred to [5, 25] for details.

Let [€2,G] be a finite set {2 of nodes and a dictionary of edges G. General vertices

are denoted by «, (3, .... The notation o ~ (3 indicates that o and § are linked by an
edge. All the neighbors of « are denoted by
No={B€Q|B~a}. (5)

Assume a noisy data distribution #° on € that is an approximation to a clean data
distribution u that is contaminated by noise which in this case is the Gibbs oscillations.
The noise is removed by solving an unconstrained minimization problem that min-
imizes a fitted TV energy,

A
BT () =3[Vt + Sl (©)

el

The solution of the minimization problem is a system of nonlinear equations which
can be shown to have a unique solution that depends on a parameter \ and on u°. The
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nonlinear system can be solved by a linearized Jacobi iteration as

Wl = 5" hogly) + oot (7)

HN(,V

The filter coefficients are defined as

_ W(kﬁ(u)
haﬁ(u) - 4 Z’ywa W(W(M) (8>
and
A
R RN ?)
where
1 1
o = 10
w /3(”) ‘Vau‘a + ‘vﬂu‘a (10)

The regularized location variation or strength at any node « is defined as

Vaul,= [Z (g — ”a)z +d

BEN,

1/2

(11)

The parameter A is a fitting parameter corresponding to a Lagrange multiplier in the
variational problem that has been digitized. The regularization parameter a is a small
constant to avoid a zero local variation and to ensure the stability of the algorithm. We
have used @ = 10~® in our numerical examples, but we note that choosing @ such that
107* < a < 107 "¢ was also effective. Using a regularized local variation as opposed to
a local variation, i.e., (11) with a = 0, does not alter the important properties of the
method such as the existence and uniqueness of a solution and the edge detecting
ability of the algorithm [25]. The iteration can be initialized by setting u'” = u°.
Typically, after the first several iterations, the corrections to the previous iterations are
very small. Stopping the iteration after a fixed number of iterations, e.g., 50 is usually
sufficient. Otherwise, an effective stopping criteria is for the relative L' residual
between two consecutive iterations to be less than some tolerance, i.e.,

[k+1]

e — ]

< tol (12)
[

In the examples, fol = 10~ ® produced good results.
An estimation of the optimal fitting parameter for a current signal "' is [5]

A 2 s S S ) — ) ) — ) (13)

a€f) Bra
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where o is the variance of the noise. The filtering process can be started with

1
and then updated every several steps with 13. However, if the initial A is used
throughout the entire filtering process the results are typically just as good as if A had
been updated every several steps. A wide range of A results in an accurate post-
processing.
The digital TV filter can be seen to be a lowpass filter as

hoo + Y hep=1, a€q. (15)
BEN,

Because of the low-pass filter property the digital TV filter satisfies the maximum
principle

s 0 [n] 0
m/}nuﬁ <ull < mélxuﬂ (16)

at each node «. Unlike other post-processing algorithms, the DTV filter has built-in
edge detection. For a properly chosen regularization constant ), e.g., as specified by
equation (14), a jump in the data will be indicated by the weights w,s being small
compared to A. This in turn causes 4, to be near one which leads to a large portion of
the original data being retained as the filter is applied. On the other hand, in smooth
regions, the weights are large compared to A, s, will be large and h,, < 1 which
leads to the oscillations in the data being smoothed.

3. DTV filtering as pseudospectral post-processing

Below, six options for applying the DTV filter as pseudospectral post-processing
are described. The results are illustrated by interpolating the step function

1 -1 <x<0,
f(x)_{o 0<x<1 (17
known at N+ 1 points x; = —cos(%), i=0,1,...,Nto 200 evenly spaced points on

[—1,1] using (1). In the left image figure 1 the expected slow convergence of the
Chebyshev partial sum to the piecewise continuous function is illustrated. Unless
otherwise specified we have used 50 iterations to reach the post-processed function.
The execution times of the algorithm were measured on a 3.00 GHz pentium 4 with
Windows XP using Matlab 6.5. The six options are:

1. Digital TV filter, constant A. The most straightforward way to apply the DTV
filter is by specifying A as (14). In the right image of figure 1 we see that the
acceleration of the convergence in the neighborhood of the discontinuity is im-



S. Sarral Post-processing for Chebyshev pseudospectral methods for conservation laws 23

] ll\ | 1oi2 |
) VA 10
o Wl | -
ﬂi‘/vﬁ'rwwl’"‘ a ”"M"Wb;f

Ii ‘ ‘ ii 1078 |

Figure 1. Left: Convergence of the approximation of function (17) for N = 39, N = 79, and N = 159.
Right: Pointwise errors of the DTV post-processed Chebyshev approximation with N = 39, 79, 159
and constant A = 15.

pressive compared to the Chebyshev approximation in the left image of figure 1
and that the discontinuity is very sharply resolved. However, the convergence away
from the discontinuity is not as impressive. The relatively small oscillations away
from the discontinuity are more difficult for the DTV filter to remove than the large
oscillations near the jump since we have used A =15 which corresponds to the large
oscillations in the vicinity of the jump.

If more than 50 iterations are taken very small corrections to the post-processed
approximation continue to be made for a large number of iterations. If the iteration
continues until a steady state is reached, the smaller oscillations near the boundary
are more effectively removed. Faster converging iterative algorithms such as
Gauss—Siedel could be used to reduce the number of iterations required for a steady
state to be reached.

2. Digital TV filter, adaptive optimal lambda. The DTV filter is applied using A =
1/0° for the first iteration and then updating \ in additional iterations by (13). In our
numerical experiments, this did not improve the results of option 1.

3. Local lambda. In the right image of figure 1 a global constant A\=15 was used
which corresponds to the strong oscillations around the discontinuity. This value
allowed the jump to be sharply resolved and from the error plot we can see that a
local spectral accuracy has been recovered in the region surrounding the dis-
continuity. However, near the boundaries where only mild oscillations exist, a
larger value of A is required to remove the small oscillations in the given number of
iterations. This suggests the use of a variable of A. For each point «; of the vector to
be post-processed, ); is estimated based on the strength of the oscillations in an
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Figure 2. Pointwise errors of the DTV post-processed Chebyshev approximation with N = 39, 79,
159. Left: Exponential filter with p = 32 and then DTV filtering with constant A = 15. Right: Hybrid DTV-
spectral post-processing, A = 15, p = 4, and 10l,,, = 10e — 3.

interval of radius M points, centered when possible and one-sided when necessary.
Using a locally defined A did not produce a more accurate post-processed approx-
imation than option 1. The failure of specifying A locally has been documented in
[2] in the application to a Lax—Wendroff solution to a conservation law. The same
authors report some success with a locally specified A in [3] if edge detection is
used. However, in our results we have found this not to be the case as described in
the next option.

4. Incorporating edge detection. The DTV filter is implemented in smooth regions
found by external edge detection methods and A is specified in each smooth sub-
region. The DTV filter automatically recognizes and accounts for edges. Regions of
homogeneous noise strength are more important than regions of smoothness. In our
numerical experiments, incorporating edge detection did not improve the algorithm,
and in most cases resulted in discontinuities not being as sharply resolved as when
the DTV filter was applied globally. The large oscillations near a discontinuity
were not resolved accurately unless the filter had knowledge of the large oscilla-
tions on the other side of the discontinuity.

5. Digital TV and weak spectral filter. Motivated by the success of the DTV filter
for post-processing the CPS SSV solutions of conservation laws which follow in
the numerical examples section, a weak spectral filter is first applied and then
the DTV filter. The CPS SSV method can be interpreted as applying a very weak
filter (although it does not satisfy the definition of a spectral filter) to the CPS
ap-proximation. As a result, the CPS SSV approximation is largely free of the
very small oscillations that the DTV filter does not remove very well from the
step function approximation. In figure the left image of 2 the improved conver-
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Table 1
Chebyshev interpolation errors.

N (0.3, 0.3) (—0.57, —0.57) (—0.45, —0.45) (0.75, 0.75) (—0.50, 0.50)
40 lde — 2 52e — 2 3.5 — 2 2.8¢ — 2 l4e — 2
80 4.5e — 2 4.8¢e — 2 43e — 2 1.8 — 2 94e — 3
160 49e — 2 9.5¢e — 3 35e — 2 6.2e — 3 4.2e — 3

gence away from the discontinuity is evident with only a very slight smearing of
edge.

6. Hybrid TV filter/spectral filter. The hybrid method uses the DTV filter where the
maximum absolute difference of function values in a neighborhood is larger than
tol,, and a spectral filter otherwise. In figure the right image of figure 2 the hybrid
method is shown to reach machine accuracy away from the discontinuity and to
resolve the edge sharply where the DTV filter is applied near the discontinuity. The
hybrid method resulted in the most accurate postprocessing of approximations to
which spectral viscosity had not been applied, i.e., interpolation problems and
linear hyperbolic PDE solutions.

The discontinuity in the step function is in the center of the domain. However, the
DTV filter is just as effective with discontinuities located closer to boundaries. The
filter only requires that the location of the discontinuity be at least one grid point from
the boundary.

0.8

0.6

0.4

0.2

-0.5 0 0.5

Figure 3. Left: Chebyshev approximation of (18), N = 160. Right: Hybrid, A = 9 and 50 iterations, p = 4,
tol,, = 10e — 3.
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Table 2
DTV filter post-processed CPS errors, A = 9, 50 iterations.

N (0.3, 0.3) (—0.57, —0.57) (—0.45, —0.45) (0.75, 0.75) (—0.50, 0.50)
40 27e — 3 29 — 2 12e — 2 27e — 3 6.7¢ — 3
80 42e — 5 12e =5 l.le = 3 1.0e — 3 7.8 — 6
160 l.le =5 83e — 6 3.0e — 7 2.7e — 5 3.6e — 6

3.1. Two-dimensional data

For two-dimensional pseudospectral grids, there exists more than one way to
define N,. One is to consider at a node «;; four neighboring points, Ni = {aij1,
Qiy1,j, 04 j—1,i—1,j}. Another is an eight point neighborhood, N8 = {ou i1, iy ji1,
Qi 1,y Qg1 j—1y Qi j—15 Qi1 j—1, i1, j, Oé,'_17j+1}. No advantage has been found when
using the larger neighborhood and all numerical results use the four point
neighborhood N¥.

Consider the function
(3 x,y< Oand x|+ |y >1,

2 x>0andy<O0or,
x<0andy >0 or,
x<0andy<O0and x|+ |y <1,

1 x,y>0and x> +y*<0.5,

0 otherwise.

The function contains features not aligned with the cartesian grid. Such a function
presents potential difficulties for post-processing methods that need the location of the
edges pinpointed.

Table 1 records at five points the convergence of a Chebyshev approximation
used to interpolate function (18) to a 200 x 200 uniform grid from a N X N tensor
product grid constructed from the one-dimensional grid given by x; = —cos(N’fl),
i=0,1,...,N—1. The points include locations near discontinuities and in smooth
regions. A contour plot of the CPS approximation for N=160 is in the left image of

Table 3
Spectral/DTV filter post-processed CPS errors, A = 9, 50 iterations, and exponential filter p = 26.
N (0.3, 0.3) (—0.57, —0.57) (—0.45, —0.45) (0.75, 0.75) (—0.50, 0.50)
40 6.9¢ — 2 12e — 2 5.8¢ — 2 4.6e — 4 89 — 3
80 1.6e — 3 24e — 4 1.2e — 3 74e — 5 39 — 5

160 1.2e — 4 4.5e — 17 7.5¢ — 8 1.7¢ = 6 4.8¢ — 8
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Table 4
Hybrid, A =9 and 50 iterations, p = 4, tol,, = 10e — 3.

N (0.3, 0.3) (—0.57, —0.57) (—0.45, —0.45) (0.75, 0.75) (—0.50, 0.50)
40 2.7e — 3 29 — 2 1.2e — 2 2.7e — 3 6.7¢ — 3
80 42e — 5 1.2e — 5 l.le — 3 55e —17 1.2e — 6
160 l.le — 5 83e — 6 3.0e —7 4.0e — 14 1.2e — 13

figure 3. Table 2 lists the errors of the TV post-processed approximation using a global
A =9 and 50 iterations. The post-processing at the 40,000 nodes took 4 s. The con-
vergence has been accelerated both near and away from the discontinuities. The con-
vergence can further be accelerated if the CPS approximation is first filtered with a
weak p = 26 order spectral filter and then filtered with the DTV filter. The error in-
formation is in table 3. The hybrid DTV/spectral filter gives an exponentially accurate
post-processing at the two points away from the discontinuity while accelerating the
convergence at points near the discontinuities and sharply resolves the edges. The
hybrid results are in table 4 and in the right image of figure 3.

4. Numerical results

In this section the DTV filter is used to post-process the CPS SVV approxi-
mations to nonlinear conservation laws on the nonuniform pseudospectral grid [22],

o arcsin[— cos(im/N)]

1

: , i=0,1,..., Nand 0 <y < 1. (19)
arcsin ~y

In two-dimensions a tensor product grid is used. The small oscillations that were
present in the interpolation problems are largely absent for the CPS SSV approx-
imations as they have been removed by the mild filtering provided by the application
of the SSV. The DTV filter can be applied to the CPS SSV approximations without
need for additional spectral filtering.

4.1. One-dimensional conservation law
The one-dimensional fluidized bed equations are

u +f(u), = s(u) (20)

where
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Figure 4. Left: Homogeneous fluidized bed Chebyshev SSV approximation (oscillatory) vs. exact. Right:
DTV post-processed (solid dots) fluidized bed concentration solution vs. exact (solid) at time 7 = 0.5 using
A =105 and rol = 10e — 8 which leads to 524 iterations taking 0.16 s.

The variable a(x, f) denotes the concentration of particles by volume, the particle
momentum is represented by m(x, f) = av, and v(x, f) is the particle velocity. A
detailed description of the model can be found in references [6, 7]. If the source term
is neglected, an exact solution to the Riemann problem for the homogeneous system
can be found and is described in [7]. A detailed description of the Chebyshev SSV
solution of the fluidized bed equations may be found in [27].

First we consider the system with the source term set to zero and initial con-
ditions of v(x, 0) = 0 for all x in a domain of [ —0.2, 0.2] and a(x, 0) = 0.3 if x < 0 and
a(x, 0) = 0.55 if x > 0. The solution consists of a left-moving shock wave and a right
moving rarefaction wave. The left image of figure 4 shows the N = 127 Chebyshev
SSV approximation of a(x, 0.5) versus the exact solution on a grid specified by equa-
tion (19) with v = 0.99. The right image of figure 4 shows the digital TV post-processed
(solid dots) a(x, 0.5) vs. the exact solution (solid). The post-processing parameters
were A = 105 and fol = 10~® which leads to 524 iterations taking less than one second.
Both the sharp front at the shock and the rarefaction wave are well-resolved.

Next consider system (20) with the source term. An exact solution to the problem
with the source term is not known. The initial condition is the state of uniform
fluidization, i.e., the state when the solids phase is suspended by gas phase by a
minimum gas flow. The solutions of the system feature ‘slugs,” or pockets of gas, that
move up vertically (along the x-axis) through the particle phase of the bed. It is known
that the formation of the slugs corresponds mathematically to the formation of a shock.
In the plot of the concentration, the slugging process is visible as rapid variations in
the concentration as the slugs travel up through the bed. At the sudden changes in
concentration, the Gibbs oscillations are present in the CPS SSV solution and in one
area cause un-physical negative concentration approximations. Any post-processing
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Figure 5. Fluidized bed equations with source term SSV concentration solution with Gibbs oscillations
(solid) vs. DTV post-processed (solid dots) at time ¢ = 2.95 using A = 35 and 40 iterations taking 0.047 s.

method used on the solutions of the fluidized bed model must be able to both sharply
resolve shocks and preserve the fine scale structure of the narrow slugs. In [27] the
CPS SSV solutions are post-processed by the Gegenbauer reconstruction procedure.
Post-processing the solutions via the GRP method proved difficult as first a large
number of shocks of differing magnitude, but in close proximity, had to be located by
edge detection methods. Then the two parameters of the GRP had to be selected in
each smooth subinterval until a ‘good’ post-processing was achieved. On the other
hand, the DTV filter does not require edge detection, as it is built-in, and only one
globally applied parameter need be specified.

Figure 5 shows the N = 512 Chebyshev SSV approximation of the concentration
at time ¢ = 2.95 on a grid specified by equation (19) with v = 0.995. Also in figure 5
the digital TV post-processed (solid dots) concentration solution is shown. The post-
processing parameters was A = 35 with 40 iterations taking less than one second. After
post-processing, the physically unrealistic concentrations o < 0 have all been replaced
by a < 0 and the shocks have been well resolved with oscillations being removed at
the top and at the bottom of the slugs without excessive smearing of the small scale
feature slugs.

4.2. Two-dimensional conservation law

The two-dimensional shallow water equations are

u+f(u), +g(u), =0 (21)
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where
h Vlh Vzh
u=\|vh|, f= v%h—l—%ghz , 8= vivah
voh vivah v%h + %gh2

The variable & = h(x, y, t) represents the height of the free surface, v(x, y, f) is the fluid
velocity in the x-direction, v,(x, y, f) is the fluid velocity in the y-direction, and g is the
acceleration due to gravity.

The test problem is the dam break problem for a circular dam of radius R = 0.44
which uses the initial conditions v{(x, y, 0) = 0, v»(x, y, 0) = 0, and

10 x*+y* <R?
h(x,y,o>={ s (22)

3 ¥ +y" >R

An analytical solution is not known.

The Chebyshev SSV solution on a grid specified by equation (19) with v = 0.99
is advanced to time ¢ = 0.03. DTV filtering is applied with A = 5 and 40 iterations.
Since the solution should be radially symmetric, we look at a cross-section of the CPS

11

h(0,y)

-1 -0.5 0 0.5 1
y

Figure 6. Cross-section at x = 0 of shallow water height SVV solution (solid) and DTV post-processed
(solid dots). DTV parameters of A=35 and 40 iterations.
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SSV solution and post-processed solution for x = 0. In figure 6 a cross-section of the
oscillatory SSV solution of the height is shown in solid and the DTV post-processed
solution is shown as solid dots. The edges are sharply resolved. The results can be
compared with a Legendre SV approximation and post-processing by a spectral mol-
lification method using edge detection in [11].

5. Conclusions

DTV filters were designed to remove globally random noise from images to
within the accuracy of which the human eye can detect. Gibbs oscillations are
not random noise as they possess a definite structure. However, we have shown
through numerical examples that the DTV filter is indeed effective in post-pro-
cessing pseudospectral approximations. Without the need for separate edge detec-
tion methods, the DTV filter sharply resolves discontinuities and accelerates the
overall convergence of an oscillatory pseudospectral approximation in a robust, com-
putationally efficient manner. For CPS SSV approximations, which already have
been weakly filtered, the DTV filter can be applied with a constant global A with-
out additional spectral filtering. Otherwise, for approximations such as interpo-
lation problems and linear hyperbolic PDEs to which filtering has not been applied,
the DTV filter is most successful if the oscillatory solution if first filtered with a
weak spectral filter or is applied in a hybrid manner with DTV filter being used in
regions of strong oscillations and a spectral filter in smoother regions away from
discontinuities.

DTV filtering is a physical space filtering process that can be applied to data
on arbitrary grids. If the data is widely scattered, some modifications to the filter-
ing process may be necessary. For the non-uniform but highly structured non-periodic
pseudospectral grids, DTV filtering many be applied without regard to the varying
distance between data points. In this work we have focused on postprocessing
Chebyshev pseudospectral approximations, but the results apply equally as well to
other nonperiodic pseudospectral methods, e.g., Legendre pseudospectral methods.
Interior jumps in periodic data approximated on a uniform grid by a Fourier pseudo-
spectral method can be post-processed by the DTV filter as well. However, the
DTV filter is not effective for jumps at the boundary caused by the data being
nonperiodic.

If a truly ‘black box’ post-processing method is to be implemented, the idea of
DTV filtering with its built-in edge recognition, or a combination of DTV and spectral
filtering, are excellent candidates. At the very least, the DTV filter as a post-processing
for pseudospectral methods is a very good choice when other existing methods, such
as the Gegenbauer Reconstruction procedure, either fail, are cumbersome to apply, or
are too computationally expensive. This is often the case for pseudospectral solutions
to conservation laws, such as the fluidized bed equations with source term in one-
dimension, and most equations in higher dimensions.
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