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In this paper we propose and analyse numerical methods for the approximation of the

solution of Helmholtz transmission problems in the half plane. The problems we deal with

arise from the study of some models in photothermal science. The solutions to the problem

are represented as single layer potentials and an equivalent system of boundary integral

equations is derived. We then give abstract necessary and sufficient conditions for

convergence of PetrovYGalerkin discretizations of the boundary integral system and show

for three different cases that these conditions are satisfied. We extend the results to other

situations not related to thermal science and to non-smooth interfaces. Finally, we propose a

simple full discretization of a PetrovYGalerkin scheme with periodic spline spaces and show

some numerical experiments.
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1. Introduction

Thermal waves are time-harmonic solutions to the heat equation. Their study

arises in several Physical and Engineering problems. A.J. Ångström in 1861 [1] was

the pioneer in the theoretical and experimental study of thermal waves. However,

significant progress in their science and technologies has occurred only recently (see

[2, 20] and references therein). The most important and popular diffusion-waves

methodologies today fall into three branches: photothermal spectroscopies and

microscopies [4], photomodulated thermoreflectance [19] and diffuse photon density

[35].
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The problem we consider arises in the study of composite materials by means of

a photothermal technique which consists of illuminating a side of the material by a

defocused laser beam modulated at a constant frequency. The heating induces an

incident wave which spreads into the material and is scattered by the inhomogeneities

placed under the surface. Measurements of the temperature at the thermal-excited side

endeavours to determine internal properties of the material. However, here we only

deal with the direct problem. This kind of technique has been previously studied from

the point of view of physical experimentation and search of analytical solutions in [30,

31].

In this work we deal with an exterior Helmholtz transmission problem (arising

from imposing a time-harmonic regime in a heat equation) in a half plane. Such kind

of problems has already been widely studied in two and three dimensions. Existence

and uniqueness results can be found in [8, 16, 18, 32, 33]. Boundary integral

formulations are a powerful tool to solve this kind of problems. We propose an

indirect formulation in which the solution is represented as a single layer potential in

each domain. Indirect formulations of similar problems to the proposed here can be

found in [16, 18] for a domain with smooth boundary or in [32] for Lipschitz

interfaces. In all of them the solution is represented as a linear combination of a single

and a double layer potential (sometimes referred to as a BrakhageYWerner or Panich

potential) in each domain, obtaining an equivalent system of boundary integral

equations. Direct formulations have been studied in [16] for smooth domains, in [8]

for smooth and polygonal boundaries and in [33] for Lipschitz ones. Mixed

directYindirect formulations of Helmholtz transmission problems for smooth domains

have also been analyzed in [16]. Notice that the thermal case allows the use of indirect

formulations, since only when there is no adsorption in the medium single layer

potentials can fail to give inversible integral operators.

Of the works mentioned above, numerical methods to solve the equivalent

system of integral equations are studied only in [8]. The methods considered in that

work are: a Galerkin scheme with piecewise polynomial functions for the case with

smooth interfaces; a Galerkin method where the discrete spaces include splines and the

known functions which characterize the singularities at the corners of the domain for

the polygonal case.

Our paper deals with numerical approximation of Helmholtz transmission

problems in the half plane with an homogeneous Neumann boundary condition

(modelling adiabaticity) on the line that separates the medium from the exterior. We

analyse invertibility of the system of integral equations that appears when appropriate

single layer potentials are proposed for the solution of the transmission problem. This

is done in sections 2 and 3, for parametrizable smooth interfaces separating the

inclusions from the homogenous medium occupying the half space. Smoothness

hypotheses can be somewhat relaxed: for many results to hold in the natural norm (that

of H�1=2ð*Þ), Lyapunov regularity is enough. However, we will deal with the more

restrictive situation to be able to go further in the analysis.
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In section 4 we give abstract conditions for some PetrovYGalerkin methods to be

convergent when applied to the system of boundary integral equations of the preceding

section. We then verify those conditions in three situations: trigonometric poly-

nomials; smoothest splines on uniform staggered grids; piecewise constant and linear

functions on non-uniform staggered grids. Note that the techniques to prove the

abstract conditions vary substantially from one example to another. The next two

sections are devoted to generalize the kind of results given before to more general

situations unrelated to thermal waves. In section 8 we describe how these methods

apply for many Helmholtz transmission problems in two and three dimensions when

the interfaces are smooth. In section 9, we show the necessary adjustments to apply

these results when the boundaries of the inclusions have only Lipschitz regularity. The

question on whether simple couples of spaces satisfy the requirements guaranteeing

convergence is left open. Finally, in the last two sections we indicate on detail a

numerical implementation of the method using piecewise constant and linear

functions. We illustrate with some numerical examples related to thermal waves in

the two dimensional setting that this method is simpler and more suitable than

trigonometric polynomial approximations when the boundaries of the obstacles are

smooth but not C1-curves.

Notation As usual in numerical analysis of integral and partial differential equations,
C (also C0, C00,...) will denote a general positive constant independent of the

discretization parameter N or h and of the quantities it is multiplied by. We will

use the Sobolev spaces Hmð!Þ, where ! is a general bounded or unbounded domain

and m is a non-negative integer. In the final sections, we will also use the Sobolev

spaces Hrð*Þ for smooth and Lipschitz closed curves and surfaces. We refer to [21]

for a very detailed explanation of these spaces in the same setting we will be using

them.

2. Description of the problem

Let R2
� :¼ fðx1; x2Þ j x2 < 0g and � :¼ fðx1; 0Þ j x1 2 Rg. We consider a finite

collection of simply connected open sets �i (i ¼ 1; . . . ; d) with non intersecting

closures and such that �i \� ¼ ; for all i. We further assume that the boundaries
*i :¼ @�i are parametrizable C1-curves and denote

* :¼ [d
i¼1*i; � :¼ R2

�n [d
i¼1�i

� �
:

Normals are directed towards the exterior of �i for each i. The normal derivative on �
is directed upwards (pointing towards the exterior of �). Throughout this work if
x ¼ ðx1; x2Þ, we write exx :¼ ðx1;�x2Þ.

We look for time-harmonic solutions

Tðx; tÞ ¼ ReðvðxÞ expð�{!tÞÞ;
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of the heat transfer problem

��T ¼ @tT; � ¼
�0; in �;

�i; in �i; i ¼ 1; . . . ; d;

���� ð1Þ

with transmission conditions in the inner boundaries (�; �i > 0 are given parameters)

Tjint
*i
¼ Tjext

*i
; �i @nTjint

*i
¼ � @nTjext

*i
; i ¼ 1; . . . ; d: ð2Þ

Let � :¼ ð1þ {Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
!=2�0

p
and uinc : R2

� ! C (which will play the role of an incident

wave) a known solution to the Helmholtz equation

�uinc þ �2uinc ¼ 0; in R2
�:

We also demand @nvj� ¼ @nuincj�, which corresponds asymptotically in t to a con-

dition on @nTðx; tÞj� that is periodic in time. Let us take

u :¼
v� uinc; in �;

v; in �i; i ¼ 1; . . . ; d;

����

as unknown. Then u 2 H1ð�Þ �
Qd

i¼1 H1ð�iÞ has to satisfy

�uþ �2u ¼ 0; in �; ð3Þ

�uþ �2
i u ¼ 0; in �i; i ¼ 1; . . . ; d; ð4Þ

ujint
*i
� ujext

*i
¼ g0

i ; i ¼ 1; . . . ; d; ð5Þ

�i @nujint
*i
� � @nujext

*i
¼ g1

i ; i ¼ 1; . . . ; d; ð6Þ

@nuj� ¼ 0; ð7Þ

being

g0
i ¼ uincj*i

; g1
i ¼ � @nuincj*i

; ð8Þ

and �i ¼ ð1þ {Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
!=2�i

p
.

By @nuj� ¼ 0 we mean that
Z

�

ru �r’þ
Z

�

�u ’ ¼ 0; 8’ 2 DðR� ð�"; "ÞÞ;
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where " < distð�;*Þ. Written in this form, this condition implies that the reflected

function

euuðxÞ :¼
uðxÞ; if x2 � 0;

uðexxÞ; if x2 > 0

���� ð9Þ

is a solution to �euuþ �2euu ¼ 0 in the reflected exterior domain, including �. Therefore
u 2 C1 in a neighbourhood of � and equation (7) holds in a classical way.

As incident wave it can be chosen the function uincðxÞ :¼ expð�{� x2Þ. It is also

physically feasible to take uincðxÞ :¼ H
ð1Þ
0 ð� jx� x0 jÞ for x0 2 �, H

ð1Þ
0 being the

Hankel function of the first kind and order zero.

The forthcoming analysis can be extended to more general values of �; �i, � and
�i. In this case, we have to take care of uniqueness issues (see [8, 16, 18, 32, 33]) and

to impose a Sommerfeld radiation condition at infinity instead of behaviour in H1ð�Þ
when �2 2 Rþ. Notice also that we will be using single layer potentials in our

formulation, and they can fail to provide inversible operators in some of these more

general situations. We will deal with this in sections 8 and 9.

Proposition 2.1. The problem (3Y7) has at most a solution.

Proof. We just have to prove that the homogeneous problem (i.e., with g0
i ¼ g1

i ¼ 0

for all i) admits only the trivial solution. Considering the reflected domains and

boundaries

�iþd :¼ fx 2 R2 jexx 2 �ig; *iþd :¼ @�iþd ¼ fx 2 R2 jexx 2 *ig; i ¼ 1; . . . ; d;

the reflected function defined in equation (9) solves the following exterior homo-

geneous transmission problem in the plane

�uþ �2u ¼ 0; in U :¼ R2 n [ 2d
i¼1 �i

� �
;

�uþ �2
i u ¼ 0; in �i; i ¼ 1; . . . ; 2d;

ujint
*i
� ujext

*i
¼ 0; i ¼ 1; . . . ; 2d;

�i @nujint
*i
� � @nujext

*i
¼ 0; i ¼ 1; . . . ; d;

�����������

and belongs to H1ðUÞ �
Q 2d

i¼1H1ð�iÞ. The result follows now from [18]. Ì

With a similar reflection technique we can apply the results of [18] to show

existence of solution for arbitrary g0
i 2 H1=2ð*iÞ and g1

i 2 H�1=2ð*iÞ. We will however

prove this as a consequence of the boundary integral formulation we will adopt for

numerical purposes. It will also be proved that the solution to equations (3Y7) satisfies
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the Sommerfeld radiation condition at infinity

lim
r!1

r1=2ð@ru� {�uÞ ¼ 0;

uniformly in all available directions.

3. Indirect formulation

Let xj : R! *j be regular 1�periodic parameterizations of the boundaries of the

obstacles, satisfying therefore

jx0jðtÞj 6¼ 0; 8t; xjðtÞ 6¼ xjðsÞ; s� t 62 Z:

To simplify, we will assume that xj 2 C1ðRÞ.
To a given density ’j : R! C we associate the following single layer potentials

S�j ’j :¼ {

4

Z 1

0

H
ð1Þ
0 ð�j � � xjðtÞjÞ’jðtÞ dt : R2�!C;

eSS�j ’j :¼ {

4

Z 1

0

H
ð1Þ
0 ð�j � � xjðtÞjÞ þ H

ð1Þ
0 ð�j � � exxjðtÞjÞ

� �
’jðtÞ dt : R2�!C:

Given densities ’j : R! C, j ¼ 1; . . . ; d, which we group in the vector ’ ¼ ð’1; . . . ;
’dÞ>, we consider the potential

eSS�’ :¼
Xd

j¼1

eSS�j ’j:

Since eSS�’ðexxÞ ¼ eSS�’ðxÞ for all x 2 R2 it follows readily that @n
eSS�’j� ¼ 0. We also

introduce the following integral operators

V�
ij’j :¼ {

4

Z 1

0

H
ð1Þ
0 ð�jxið�Þ � xjðtÞjÞ ’jðtÞ dt : R �! C;

J�ij’j :¼ {

4

Z 1

0

jx0ið�Þj@nið � ÞH
ð1Þ
0 ð�jxið�Þ � xjðtÞjÞ ’jðtÞ dt : R �! C;

ð@niðsÞ is the exterior normal derivative at xiðsÞÞ. We likewise define eVV�
ij and eJJ�ij.

In this parameterized form, the well-known jump relations of the single layer

potential (see [5, Chapter 7] or [25]) read as follows: for all i; j

S�j ’jj int
*i
� xi ¼ V�

ij’j; eSS�j ’jjext
*i
� xi ¼ eVV�

ij’j;

jx0ij @nS�j ’j j int
*i
� xi ¼

�ij

2
’j þ J�ij’j; jx0ij @n

eSS�j ’jjext
*i
� xi ¼ �

�ij

2
’j þ eJJ�ij’j;

�ij being the Kronecker symbol.
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We consider the Sobolev spaces (see for instance [17, Chapter 8] or [25, Chapter

5]),

Hs :¼ f� 2 D0 j jb�ð0Þj2 þ
X

0 6¼k2Z
jk j2s jb�ðkÞj2 <1g;

where D0 is the space of 1-periodic distributions at the real line and b�ðkÞ are the

Fourier coefficients of �. The H0 ¼ L2ð0; 1Þ inner product extends to the duality

bracket between Hs and H�s for all s 2 R. We will denote it by ð�;�Þ. Finally we

consider the product spaces

Hs :¼ Hs � . . .� Hs
|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

d times

:

We will denote by k�ks the norm in Hs and in Hs as well.

We consider the Bessel operator

V0’ :¼ � 1

4�

Z 1

0

logð4e�1sin2� ð � � tÞÞ’ðtÞ dt ð10Þ

which satisfies

4�ðV0’; ’Þ ¼ k’k2
�1=2; 8’ 2 H�1=2; ð11Þ

and defines a bounded isomorphism from Hs into Hsþ1 for all s 2 R (see [25, Chapter

5]). We also consider the diagonal operator V0 :¼ diagðV0; . . . ;V0Þ : Hs ! Hsþ1.

We summarize here some properties of the boundary integral operators defined

above. Most of them are well-known and the other ones can be derived from standard

results of periodic integral operators (see [25]).

Proposition 3.1. For all s 2 R,

(a) for all i, the bounded operator V �
ii : Hs ! Hsþ1 is invertible if and only if ��2 is

not a Dirichlet eigenvalue of the Laplace operator in �i,

(b) for all i, the operators V�
ii � V0 : Hs ! Hsþ1 and eVV�

ii � V�
ii : Hs ! Hsþ1 are

compact,

(c) for i 6¼ j, the operators V�
ij;
eVV�

ij : Hs ! Hsþ1 are compact,

(d) for all i; j, the operators J�ij;
eJJ�ij : Hs ! Hs are compact.

Let us rename the one-periodic data functions

g0
i :¼ g0

i � xi; g1
i :¼ jx0ij g1

i � xi; ð12Þ

and set

g0 ¼ ðg0
1; . . . ; g0

dÞ
>; g1 ¼ ðg1

1; . . . ; g1
dÞ
>: ð13Þ
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As a proposal to solve the transmission problem we consider the function

u :¼
eSS � ; in �;

S�i

i ’i; in �i; i ¼ 1; . . . ; d;

�����
ð14Þ

for densities

 ¼ ð 1; . . . ;  dÞ>; ’ ¼ ð’1; . . . ; ’dÞ> 2 H�1=2

to be determined. By definition u satisfies equations (3), (4) and (7) and belongs to
H1ð�Þ �

Qd
i¼1 H1ð�iÞ. Condition (5) is equivalent to

V� i
ii ’i �

Xd

j¼1

eV �
ij  j ¼ g0

i ; i ¼ 1; . . . ; d;

whereas equation (6) is equivalent to

�i
1

2
’ i þ J�i

ii ’ i

� 	
þ �

�
1

2
 i �

Xd

j¼1

eJJ �
ij  j

	
¼ g1

i ; i ¼ 1; . . . ; d:

These equations can be collected as

H ’
 


 �
:¼ V � �eV �

Nð1
2
I þ J �Þ �ð1

2
I � eJJ �Þ


 �
’
 


 �
¼ g0

g1


 �
; ð15Þ

with

eV � :¼ ðeV �
ij Þ; eJJ � :¼ ðeJJ �

ijÞ; V � :¼ diagðV � i

ii Þ; J � :¼ diagðJ � i

ii Þ; N :¼ diagð�i IÞ:

Lemma 3.2. For all s 2 R, eV� : Hs ! Hsþ1 is an isomorphism.

Proof. By Proposition 3.1 it is clear that eV � � V0 is compact, which implies that eV �
is Fredholm of index zero. We then prove injectivity of eV �. Indeed it is sufficient to

prove it for just a single value of s (see [25, Chapter 6]). If  2 H�1=2 and eV � ¼ 0,

we define u :¼ eS � , which satisfies

�uþ �2u ¼ 0; in � and [d
i¼1 �i;

ujint
*i
¼ ujext

*i
¼ 0; i ¼ 1; . . . ; d;

@nuj� ¼ 0;

lim
r!1

r1=2 @ru� {�uð Þ ¼ 0:

�����������

By uniqueness of solution of the interior problems it follows that u ¼ 0 in �i for

all i. A reflection argument and the uniqueness of the exterior Dirichlet problem
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(see [5, Theorem 7.5.5]) prove that also u ¼ 0 in �. Finally, by the jump relations
 i ¼ ð@nu j int

*i
� xi � @nu j ext

*i
� xiÞjx0ij ¼ 0 for all i. Ì

Proposition 3.3. For all s 2 R, H : Hs �Hs ! Hsþ1 �Hs is an isomorphism.

Proof. Boundedness of the operator is straightforward. We first remark that V � is

invertible by Proposition 3.1, which justifies the decomposition

V � �eV �
Nð1

2
I þ J �Þ �ð1

2
I � eJJ �Þ


 �
¼ I 0

Nð1
2
I þ J �ÞðV �Þ�1 I


 �
V � �eV �
0 H��


 �
ð16Þ

where

H�� :¼ �ð1
2
I � eJJ �Þ þ N ð1

2
I þ J �ÞðV �Þ�1 eV �:

Since V�i

ii � V0 and eV�
ii � V0 are compact (as all off-diagonal operators are), it follows

readily that ðV �Þ�1 eV � � I is compact in Hs. Therefore H�� � 1
2
ð�I þ NÞ is

compact in Hs and thus H�� is Fredholm of index zero.

Hence, to prove the result we only have to show that H�� is one-to-one. If  2
H�1=2 satisfies H�� ¼ 0 it can be seen that

u :¼
eS � ; in �;

S�i
i ðV

�i
ii Þ
�1
�Xd

j¼1

eVV �
ij  j

�
; in �i; i ¼ 1; . . . ; d;

�������

is a solution to the homogeneous transmission problem in the half-plane, i.e., to (3Y7)

with g0
i ¼ g1

i ¼ 0, and thus has to vanish everywhere. By taking exterior traces it

follows that eV � ¼ 0, and hence  ¼ 0 by Lemma 3.2. Ì

Obviously, this result implies that taking expression (14) such that (15) holds, we

have the unique solution to equations (3Y7).

4. Numerical approximation

We consider two families of finite dimensional spaces depending on the param-

eter N !1
XN � H�1=2; YN � H1=2; dim XN ¼ dim YN;

and the product spaces

XN :¼ XN � . . .� XN|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
d times

; YN :¼ YN � . . .� YN|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}
d times

:
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We consider a PetrovYGalerkin scheme for the system of integral equations (15):

Find ’N;  N 2 XN such that

ðV �’N; rNÞ � ðeV � N; rNÞ ¼ ðg0; rNÞ; 8rN 2 XN;

ðN ð1
2
I þ J �Þ’N; tNÞ þ ð�ð12I � eJJ �Þ N; tNÞ ¼ ðg1; tNÞ; 8tN 2 YN:

������
ð17Þ

Remark. As we have taken them here, the dimensions of all the components are the

same, but we can easily create families XN :¼ XN1
� . . .� XNd

and YN :¼ YN1
� . . .�

YNd
directed on the parameter N ¼ ðN1; . . . ;NdÞ which has to diverge componentwise.

We stay on the original situation for notational simplicity.

Before giving necessary and sufficient conditions for convergence of this class of

schemes we recall some general concepts on PetrovYGalerkin schemes for operator

equations (see also [15, 17, 34]). Given two Hilbert spaces V and W, an isomorphism
A : V ! W0, a PetrovYGalerkin method consists of two sequences of finite dimen-

sional subspaces

VN � V; WN � W; dim VN ¼ dim WN;

and the discretization scheme:

vN 2 VN;
ðAvN;wNÞ ¼ ðAv;wNÞ; 8wN 2 WN:

����

For easy reference we will call this method the PetrovYGalerkin fVN; WNg scheme for
A : V ! W0. The method is said to be stable if we can find � > 0 independent of N (at

least for N large enough) such that the discrete BabuškaYBrezzi condition

sup
0 6¼wN 2WN

jðAvN;wNÞj
kwNk

� �kvNk; 8vN 2 VN; ð18Þ

holds. This condition is equivalent to unique solvability of the discrete equations plus

the inequality

kvNk � ðkA k=�Þkvk

and to the Céa estimate

kv� vNk � ðkA k=�Þ inf
uN2VN

kv� uNk:

Then convergence is equivalent to stability plus the approximation property:

inf
uN2VN

kv� uNk ! 0; 8v 2 V:
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Hypothesis 1. The fXN; YNg method for I : H�1=2 ! H�1=2 converges. Equivalently
XN satisfies the approximation property in H�1=2 and we have the stability estimate

sup
0 6¼yN 2YN

jðxN; yNÞj
kyNk1=2

� �kxNk�1=2; 8xN 2 XN:

Theorem 4.1. Hypothesis 1 is equivalent to convergence of method (17) in H�1=2�
H�1=2.

Proof. Notice that inequality (11) (that is, ellipticity of V0 : H�1=2 ! H1=2) implies

that the Galerkin fXN; XNg scheme for V0 is H�1=2�stable. Hence, Hypothesis 1 is

equivalent to convergence of the fXN � XN; XN � YNg method for the operator

V0 0

0 I


 �
: H�1=2 � H�1=2 ! H1=2 � H�1=2:

Convergence of this method is, in its turn, equivalent to convergence of the same

scheme for the operator

V0 �V0

	I 
 I


 �
: H�1=2 � H�1=2 ! H1=2 � H�1=2; ð19Þ

with 	; 
 > 0, since

V0 �V0

	I 
 I


 �
¼ V0 0

0 I


 �
I �I
	I 
 I


 �

and the right-most matrix in this expression defines a uniformly bounded isomorphism

in XN � XN. Moreover, convergence of the fXN � XN; XN � YNg method for operator

(19) is equivalent to convergence of the fXN � XN; XN � YNg method for

Hp :¼ V0 �V0
1
2
N �

2
I


 �
: H�1=2 �H�1=2 ! H1=2 �H�1=2;

since we can decouple this problem in d smaller ones. We have obtained so far that

Hypothesis 1 is equivalent to convergence of this last method. However H�Hp is

compact, which finishes the result since convergence of PetrovYGalerkin schemes is

preserved by compact perturbations (see [17, Theorem 13.7]). Ì

If we want to prove convergence of method (17) in Hs �Hs, a correct statement

of the method requires first that the discrete subspaces satisfy

XN � Hs \ H�s�1 � H�1=2; YN � H�s:
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Hypothesis 2. For a given value of s:

(a) The fXN; YNg method is stable for I : Hs ! Hs.

(b) The fXN; XNg method is stable for V0 : Hs ! Hsþ1.

(c) XN satisfies the approximation property in Hs.

Equivalently, we have simultaneous convergence of the fXN; YNg scheme for
I : Hs ! Hs and of the fXN; XNg scheme for V0 : Hs ! Hsþ1.

In terms of BabuškaYBrezzi conditions (a) and (b) read respectively

sup
0 6¼yN 2YN

jðxN; yNÞj
kyNk�s

� �kxNks; 8xN 2 XN

and

sup
0 6¼ zN 2XN

jðV0 xN; zNÞj
kzNk�s�1

� �kxNks; 8xN 2 XN;

for some � > 0 independent of N (possibly different in both formulas). When
s ¼ �1=2, this hypothesis coincides with Hypothesis 1. Following step by step the

proof of Theorem 4.1, we can prove the next result.

Theorem 4.2. Hypothesis 2 is equivalent to convergence of method (17) in Hs �Hs.

5. Spectral approximation

A particular example where the scheme works is taking a pure Galerkin method

with XN ¼ YN ¼ TN :¼ spanf�n j � N=2 � n < N=2g, where �nðtÞ :¼ expð2�{ntÞ. We

recall that the truncation operator for the Fourier series

SNu :¼
X

�N
2
�n< N

2

ðu; �nÞ�n

satisfies for arbitrary t � s (see [25, Theorem 8.2.1])

ku� SNuks � ð2=NÞt�skukt; 8u 2 Ht; ð20Þ

and SNu! u in Hs for all u 2 Hs. Notice that SNu is characterized by the problem

SNu 2 TN;
ðSNu; vNÞ ¼ ðu; vNÞ; 8vN 2 TN:

����

Therefore, for all s 2 R, the Galerkin fTN; TNg method for I : Hs ! Hs is stable: one

just has to take t ¼ s in inequality (20).
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Proposition 5.1. The fTN; TNg method is stable for V0 : Hs ! Hsþ1 for all s 2 R.

Proof. Notice first that

ðV0u; vÞ ¼ ðu;V0vÞ; 8u 2 Hs; v 2 H� s�1;

and that, being V0 a periodic convolution operator, V0vN 2 TN for all vN 2 TN.

Therefore the solution to

uN 2 TN;
ðV0uN; vNÞ ¼ ðV0u; vNÞ; 8vN 2 TN;

����

is simply uN ¼ SNu. This fact and inequality (20) prove the result. Ì

Proposition 5.2. For all s 2 R, the scheme (17) is convergent in Hs �Hs. Moreover,

if ’;  2 Ht we have the error estimate

k’� ’Nks þ k �  Nks � Cð1=NÞt�s k’kt þ k kt

� �
ð21Þ

for arbitrary s � t, with C depending on s and t.

Proof. It is a straightforward consequence of the theory in the preceding section plus

the observations above. Ì

When data are given by the incident waves (see definitions (8, 12, 13)) we can

ensure that ’;  2 Ht for all t 2 R.

6. Periodic smoothest splines in uniform meshes

Let h :¼ 1=N, xi :¼ i h and xiþ1=2 :¼ ðiþ 1=2Þ h for all i 2 Z. Given a non-

negative integer m we consider the spaces of periodic smoothest splines on staggered

grids

bSSm
h :¼ fuh 2 Cm�1 j uhj½xi� 1=2;xiþ 1=2� 2 Pm; 8ig;

Sm
h :¼ fvh 2 Cm�1 j uhj½xi� 1;xi� 2 Pm; 8ig;

where Ck is the space of 1-periodic complex valued functions with continuous

derivatives up to order k (when k ¼ �1, we just demand periodicity and drop any

continuity assumption) and Pm is the space of polynomials of degree less than or equal

to m. The method we consider here consists of taking

XN ¼ bSSm
h ; YN ¼ Smþ1

h :
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Lemma 6.1. Let uh 2 bSSm
h and vh 2 Smþ1

h . Then,

ðuh; vhÞ ¼
X

�2�N

CN
�;m buuhð�Þ bvvhð�Þ

where

CN
�;m :¼

1; � ¼ 0;
X

k2Z
ð�1Þk �

�þ kN

� 	2 mþ3

; 0 6¼ � 2 �N;
:

������
ð22Þ

and �N :¼ f� 2 Z j � N
2
� � < N

2
g.

Proof. First notice that wh 2 Sm
h if and only if for all �; k 2 Z there holds

bwwhð�Þ�mþ1 ¼ bwwhð�þ kNÞ ð�þ kNÞmþ1; ð23Þ

(see for instance [3] or [25, Lemmas 13.2.1 and 13.2.2]). By using that zh 2 bSSm
h if and

only if zhð� � h=2Þ 2 Sm
h , it can be easily proven that zh 2 bSSm

h if and only if for all
�; k 2 Z there holds

bzzhð�Þ�mþ1 ¼ bzzhð�þ kNÞ ð�1Þkð�þ kNÞmþ1: ð24Þ

Now the result is direct from identities (23Y24) and the equality

ðuh; vhÞ ¼ buuhð0Þ bvvhð0Þ þ
X

0 6¼�2� N

X

k2Z
buuhð�þ kNÞ bvvhð� þ kNÞ:

Ì

Lemma 6.2. Let m � 0. The function

Cmð�Þ :¼ �2 mþ3
X

k2Z
ð�1Þk 1

ðk þ �Þ2 mþ3
; � 2 ½�1=2; 1=2�; ð25Þ

satisfies

(a) Cmð0Þ ¼ 1;

(b) Cmð��Þ ¼ Cmð�Þ;

(c) Cmð�=NÞ ¼ CN
�;m, CN

�;m being the coefficients defined in equation (22),

(d) min
�2½�1=2;1=2�

Cmð�Þ � 1� �2=24 > 0:
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Proof. Properties (a), (b) and (c) are straightforward. To prove (d), note that it is

enough to study the minimum on ½0; 1=2�. When � 2 ½0; 1=2�, eliminating the term

with k ¼ �1 and reordering the sums, we obtain

Cmð�Þ � 1þ
X1

k¼1

ð�1Þk �

k þ �

� 	2 mþ3

þ
X1

k¼2

ð�1Þkþ1 �

k � �

� 	2 mþ3

:

Now, the (very rough) bounds

X1

k¼1

ð�1Þk �

k þ �

� 	2 mþ3
�����

�����
� �2 mþ3

X1

k¼1

1

k2 mþ3
� �3

X1

k¼1

1

k2
� �2

48

and

X1

k¼2

ð�1Þkþ1 �

k � �

� 	2 mþ3
�����

�����
� �2 mþ3

X1

k¼2

1

ðk � 1=2Þ2 mþ3
� �3

X1

k¼1

1

k2
� �2

48

imply (d). Ì

Proposition 6.3. The discrete problem

uh 2 bSSm
h ;

ðuh; vhÞ ¼ ðu; vhÞ; 8vh 2 Smþ1
h ;

���� ð26Þ

has a unique solution and there exists C > 0, independent of h, such that

kuhk0 � Ckuk0:

Hence the PetrovYGalerkin fbSSm
h ; Smþ1

h g method for I : H0 ! H0 is stable.

Proof. Let us consider the basis of Smþ1
h , denoted f’�hg�2� N

, characterized by the

relations

b’’�hð�Þ ¼ ���; 8�; � 2 �N;

(see [3, 10]). Then by Lemmas 6.1 and 6.2 (c),

ðu; ’�hÞ ¼ Cmð�=NÞ buuhð�Þ:

Applying Lemma 6.2 (d) and equality (23), we obtain for all � 2 �N

jbuuhð�Þj � Cðu; ’�hÞj ¼ C
���
X

�2� N

X

k2Z
buuð� þ kNÞ b’’�hð� þ kNÞ

���

¼ C
���
X

k2Z
buuð�þ kNÞ �

�þ kN

� 	mþ2��� � C0
X

k2Z
jbuuð�þ kNÞj2

 !1=2

:
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This and the inequality kuhk2
0 � C

P
�2� N

jbuuhð�Þj2 (which can be easily proven using

(24)) yield

kuhk2
0 � C

X

�2� N

X

z2Z
jbuuð�þ kNÞj2 ¼ Ckuk2

0;

and the result is proven. Ì

Proposition 6.4. The fbSSm
h ; Smþ1

h g method is stable for the operator I : Hs ! Hs for

all �m� 3=2 < s < mþ 1=2.

Proof. The result follows from Proposition 6.3 by rather standard arguments. For
s 2 ð0;mþ 1=2Þ, we use the existence of a projection �h : H0 ! bSSm

h that is stable

(uniformly bounded) simultaneously in H0 and Hs and satisfies the inequality

kv� �hvk0 � Chskvks; 8v 2 Hs;

with C depending only on s (see [25, Lemma 13.3.1]). Then, if uh is the solution to

problem (26) it follows that

kuhks � kuh � �huks þ k�huks � C h�skuh � �huk0 þ kuks

� 

� Ch�sðku� uhk0 þ ku� �huk0Þ þ Ckuks � C0kuks

where we have applied the inverse inequality (see [25, Lemma 13.3.2] or [23,

Theorem 2.11])

kvhks � Ch�skvhk0; 8vh 2 bSSm
h :

Instead of proving stability for s 2 ð�m� 3=2; 0Þ we can show that the fSmþ1
h ; bSSm

h g
method for I : H�s ! H�s is stable. To do this we notice that stability with s ¼ 0 has

already been proven in Proposition 6.3, since we can always reverse inf-sup conditions

for discrete spaces of the same dimension and that we can repeat step by step the proof

given above using now similar properties of the discrete space Smþ1
h . Ì

Proposition 6.5. The fbSSm
h ;bSSm

h g method is stable for the operator V0 : Hs ! Hsþ1 for

all �m� 3=2 < s < mþ 1=2.

Proof. This result is well-known, see for instance [23, Theorem 13.27]. Ì

Proposition 6.6. The scheme (17) is convergent in Hs �Hs for all
�m� 3=2 < s < mþ 1=2. Furthermore for couples ðs; tÞ satisfying

�m� 2 � s < mþ 1=2; �m� 3=2 < t � mþ 1; s � t;
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we have the estimate

k’� ’hks þ k �  hks � Cht�s k’kt þ k kt

� �
ð27Þ

provided that ’;  2 Ht.

Proof. The first assertion follows from Propositions 6.4 and 6.5 by the theory given

in section 4. Once stability has been shown, convergence estimates for s 2
ð�m� 3=2;mþ 1=2Þ follow from Céa’s lemma and approximation properties of

splines (see [25, Chapter 13] or [23, Chapter 2]). For s 2 ð�m� 2;�m� 3=2Þ the

bounds can be verified using the AubinYNitsche duality technique. For notational

simplicity, we group � :¼ ð’;  Þ and �h :¼ ð’h;  hÞ. For s1; s2 2 R we denote by
k _ks1;s2

the norm in Hs1 �Hs2 . LetH* be the adjoint operator ofH defined in equation

(15). Then, by Proposition 3.3, H* : H�r�1 �H�r ! H�r �H�r is an isomorphism

for all r 2 R. By standard duality arguments, if the fbSSm
h � bSSm

h ;bSSm
h � Smþ1

h g method for
H is Hr �Hr-stable for r 2 R, then the transposed method fbSSm

h � Smþ1
h ;bSSm

h � bSSm
h g for

H* is H�r�1 �H�r-stable for the same value of r. Thus,

k� � �hks;s ¼ sup
v2H�s�H�s

jð� � �h; vÞj
kvk�s;�s

� C sup
w2H�s�1�H�s

jð� � �h;H*wÞj
kwk�s�1;�s

: ð28Þ

Now, for w 2 H�s�1 �H�s we take the solution to the problem

wh 2 bSSm
h � Smþ1

h ;

ðh;H*whÞ ¼ ðh;H*wÞ; 8h 2 bSSm
h � bSSm

h :

�����

Note that this is the fbSSm
h � Smþ1

h ; bSSm
h � bSSm

h g method for H*. Setting r :¼ min
ft;�1=2g, which satisfies r 2 ð�m� 3=2;�1=2Þ,

k� � �hkr;r � Cht� r k�kt;t; ð29Þ

kw� whk�r�1;�r � Ch� sþ rkwk�s�1;�s: ð30Þ

By bound (28), the inequality

jð� � �h;H*wÞj¼ jðHð� � �hÞ;w� whÞj � kHð� � �hÞk rþ1; r kw� whk�r�1;�r

� Ck� � �hkr;rkw� whk�r�1;�r;

and estimates (29Y30), we obtain bound (27). Ì
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7. A method with non-uniform meshes

Let now 0 ¼ x0 < x1 < x2 < . . . < xN ¼ 1 and consider the following notations:

hi :¼ xi � xi�1; bhhi :¼ 1
2
ðhi þ hiþ1Þ; xiþ 1

2
:¼ 1

2
ðxi þ xiþ1Þ;

and h :¼ maxi hi. Notice that h=2 � maxi
bhhi � h. We define the spaces

bSS 0
h :¼ fuh 2 H 0 j uhj½ xi�1=2;xiþ 1=2� 2 P0; 8ig;

S1
h :¼ fuh 2 C 0 j vhj½xi� 1;xi� 2 P1; 8ig;

and consider their respective elementary bases defined as follows: �i will denote the

periodized characteristic function of ðxi�1=2; xiþ1=2Þ and �i the function of S1
h such that

�iðxjÞ ¼ �ij.

Proposition 7.1. For arbitrary grids

sup
0 6¼uh 2 Ŝ 0

h

jðuh; vhÞj
kuhk0

� 1

2
kvhk0; 8vh 2 S1

h:

Proof. Let Th : S1
h ! bSS 0

h be defined by Thð
PN

i¼1 vi�iÞ :¼
PN

i¼1 vi�i. Elementary com-

putations show that

ðThvh; vhÞ ¼
3

4

XN

i¼1

bhhi jvij2 þ
1

4

XN

i¼1

hi Re ðvivi�1Þ �
1

2

XN

i¼1

bhhi jvij2:

Besides, it is simple to verify that

kThvhk0 ¼
XN

i¼1

bhhi jvij2
" #1=2

and

1
ffiffiffi
3
p

XN

i¼1

bhhi jvij2
" #1=2

� kvhk0 �
XN

i¼1

bhhi jvij2
" #1=2

;

which completes the result. Ì
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Lemma 7.2. Assume that

1

C1

� hi�1

hi
� C1; ð31Þ

6�
bhhi�1

bhhi

þ
bhhi

bhhi�1

 !

� C2; ð32Þ

with constants C1; C2 > 0 independent of h. Then,

XN

i¼1

h2
i

Z xi

xi� 1

juhj2 � C
XN

i¼1

 
jðuh; �iÞj
k�ik1

!2

; 8uh 2 bSS 0
h:

Proof. Let uh ¼
PN

i¼1 ui�i 2 bSS 0
h. Without lost of generality we can assume that ui 2

R for all i. As hi; hiþ1 � 2 bhhi,

XN

i¼1

h2
i

Z xi

xi� 1

u2
h ¼

XN

i¼1

h3
i þ h3

iþ1

2
u2

i � 8
XN

i¼1

bhh 3
i u2

i : ð33Þ

Easy computations and inequality (32) show that

XN

i¼1

ðuh; �iÞ bhh 2
i ui ¼

1

8

XN

i¼1

ðhiui�1 þ 3ðhi þ hiþ1Þui þ hiþ1uiþ1Þ bhh 2
i ui

¼ 1

8

XN

i¼1

hi

 

3bhh 2
i u2

i þ 3bhh 2
i�1u2

i�1 þ
 

bhhi

bhhi�1

þ
bhhi�1

bhhi

!
bhhi�1

bhhiui�1ui

!

� 1

16

XN

i¼1

hi

 

6�
 

bhhi

bhhi�1

þ
bhhi�1

bhhi

!!

ðbhh 2
i u2

i þ bhh 2
i�1u2

i�1Þ

� C2

8

XN

i¼1

bhh 3
i u2

i :

ð34Þ

From inequalities (31) we deduce now that

k�ik2
1 ¼

2

3
bhhi þ

1

hi
þ 1

hiþ1

� Cbhh�1
i
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and hence,

XN

i¼1

ðuh; �iÞ bhh 2
i ui �

 
XN

i¼1

ðuh; �iÞ2 bhhi

!1=2 XN

i¼1

bhh3
i u2

i

!1=2

� C

 
XN

i¼1

 
ðuh; �iÞ
k�ik1

!2!1=2 XN

i¼1

bhh3
i u2

i

!1=2

:

Finally, using equation (34),

XN

i¼1

 
ðuh; �iÞ
k�ik1

!2

� C
XN

i¼1

bhh3
i u2

i ;

and inequality (33) proves the result. Ì

Proposition 7.3. Assume that there exist C1;C2 > 0, independent of h, such that

conditions (31) and (32) hold. Then, the fbSS 0
h; S1

hg method is stable for the operator
I : Hs � Hs for all s 2 ½�1; 0�.

Proof. Let Gh : H�1 ! bSS 0
h be the operator defined by

Ghu 2 bSS 0
h;

ðGhu; vhÞ ¼ ðu; vhÞ; 8vh 2 S1
h:

�����

Firstly we prove that

kGhuk�1 � Ckuk�1; 8u 2 H�1: ð35Þ

By the well-known properties (see [25, Chapter 5]) of the Bessel operator � :¼ 4�V0

(see definition (10)) we can define �h : H1 ! bSS 0
h by

�hu 2 bSS 0
h;

ð�hu; vhÞ ¼ ð��2u; vhÞ ¼ ðu; vhÞ1; 8vh 2 S1
h:

�����

Notice that if we show that

k�huk�1 � Ckuk1; 8u 2 H1; ð36Þ

then, as

ðGhu; vhÞ ¼ ðu; vhÞ ¼ ð��2�2u; vhÞ ¼ ð�h �2u; vhÞ; 8vh 2 S1
h;

that is, Gh ¼ �h�2, this gives bound (35).
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Let Ph : H1 ! S1
h be the interpolation operator on the points xi (see [23, Chapter

2] for properties of this operator). Then,

k�huk�1 ¼ sup
v2H1

jð�hu; vÞj
kvk1

� sup
v2H1

jð�hu;PhvÞj
kvk1

þ sup
v2H1

jð�hu; v� PhvÞj
kvk1

: ð37Þ

On the one hand,

jð�hu;PhvÞj ¼ jðu;PhvÞ1j � kuk1kPhvk1 � Ckuk1kvk1; 8v 2 H1: ð38Þ

On the other hand, by Lemma 7.2,

XN

i¼1

h2
i

Z xi

xi� 1

j�huj2 � C
XN

i¼1

 
jð�hu; �iÞj
k�ik1

!2

¼ C
XN

i¼1

 
jðu; �iÞ1j
k�ik1

!2

� C
XN

i¼1

Z xiþ1

xi� 1

ðjuj2 þ ju0j2Þ � C0kuk2
1;

and therefore

jð�hu; v� PhvÞj �
 
XN

i¼1

h2
i

Z xi

xi� 1

j�huj2
!1=2 XN

i¼1

h�2
i

Z xi

xi� 1

jv� Phvj2
!1=2

� Ckuk1kvk1: ð39Þ

Now estimates (37Y39) yield bound (36) and consequently the fbSS 0
h; S

1
hg method

is stable for I : H�1 ! H�1, i.e., inequality (35) holds. Proposition 7.1 proves sta-

bility of the same method for I : H0 ! H0. For s 2 ð�1; 0Þ the result follows by

interpolation. Ì

8. A simple extension

We have restricted the exposition to the two dimensional parameterized

equations proceeding from time-harmonic solutions to the heat equation with the

additional constraint @nuj� ¼ 0. We briefly explain how these results apply to more

general situations and what modifications have to be performed in order to analyse the

methods.

Let *i (i ¼ 1; . . . ; d) be the boundaries of �i � Rn; n ¼ 2 or 3. We assume that

each *i is simply connected and smooth. We denote

* :¼ [d
i¼1*i; � :¼ Rnn [d

i¼1�i

� �
;

(note that now we consider the whole plane or space). For s 2 R we set Hsð*Þ :¼
Hsð*1Þ � . . .� Hsð*dÞ.
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Consider the fundamental solution to the Helmholtz equation

��ðx; yÞ :¼

{

4
H
ð1Þ
0 ð� jx� yjÞ; in two dimensions;

expð{ �jx� yjÞ
4�jx� yj ; in three dimensions;

8
><

>:

and the associated single layer potentials

S�j ’j :¼
Z

*j

��ð � ; yÞ’jðyÞ d�y : Rn�!C:

Consider also the operators

V�
ij’j :¼

Z

*j

��ð � ; yÞ’jðyÞ d�y : *i�!C;

J�ij’j :¼
Z

*j

@nð � Þ��ð � ; yÞ’jðyÞ d�y : *i�!C:

We collect them as in section 3 and consider the system of boundary integral equations

H ’
 


 �
:¼ V � �V�

Nð1
2
I þ J �Þ �ð1

2
I � J �Þ


 �
’
 


 �
¼ g0

g1


 �
: ð40Þ

If ð’;  Þ 2 H�1=2ð*Þ �H�1=2ð*Þ solves equation (40), then

u :¼ S
� ; in �;

S�i

i ’i; in �i; i ¼ 1; . . . ; d;

���� ð41Þ

satisfies equations (3Y6). If �2 62 Rþ, then u 2 H1ð�Þ. Otherwise u is only locally in
H1ð�Þ, up to the boundary, and satisfies the Sommerfeld radiation condition at infinity

lim
r!1

r
n�1

2 ð@ru� {�uÞ ¼ 0;

uniformly in all directions. Then we can easily prove the following results.

Proposition 8.1. The operator H : Hsð*Þ �Hsð*Þ �! Hsð*Þ �Hsþ1ð*Þ is bounded

for all s 2 R. Moreover, if �i 6¼ �� for all i, then H is Fredholm of index zero.

Proof. The first assertion is direct from the well-known properties of the boundary

integral operators in H (see [5, Chapter 7] for instance). To see the second one, we

introduce the operators

Vi’ :¼
Z

*i

�i
0ð � ; yÞ’ðyÞ d�y : *i�!C
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where

�i
0ðx; yÞ :¼

� 1

2�
logjriðx� yÞj; in two dimensions;

1

4�jx� yj ; in three dimensions:

8
><

>:
ð42Þ

Here ri < 1=diam �i, which ensures ellipticity of Vi : H�1=2ð*iÞ ! H1=2ð*iÞ in the

two-dimensional case (see [21, Theorem 8.16]). In all cases, Vi is invertible from
Hsð*iÞ to Hsþ1ð*iÞ for all s 2 R. Furthermore, V�

ii � Vi : Hsð*iÞ ! Hsþ1ð*iÞ is

compact. The operators J�ij : Hsð*iÞ ! Hsð*jÞ for all i; j and V�
ij : Hsð*iÞ ! Hsþ1ð*jÞ

for i 6¼ j are also compact for all s 2 R (see [8] and references therein). We set
V0 :¼ diagðViÞ. Then, the principal part of the operator H is

V0 �V0
1
2
N �

2
I


 �
¼ I 0

1
2
N V�1

0 I


 �
V0 �V0

0 1
2
ð�I þ NÞ


 �
:

Since �i 6¼ �� for all i, we deduce its invertibility from the decomposition given

above. Ì

Proposition 8.2. The operator H is invertible if

(a) ��2
i is not a Dirichlet eigenvalue of the Laplace operator in �i;

(b) ��2 is not a Dirichlet eigenvalue of the Laplace operator in �i for all i;

(c) �i 6¼ �� for all i;

(d) the exterior homogeneous transmission problem

�uþ �2u ¼ 0; in �;
�uþ �2

i u ¼ 0; in �i; i ¼ 1; . . . ; d;

ujint
*i
� ujext

*i
¼ 0; i ¼ 1; . . . ; d;

�i @nujint
*i
� � @nujext

*i
¼ 0; i ¼ 1; . . . ; d;

limr!1r
n�1

2 ð@ru� {�uÞ ¼ 0;

������������

has no solution except for the trivial one.

Proof. Exactly the same as in the two dimensional parameterized problem. Ì

Conditions guaranteeing that (d) holds can be found in [8, 16, 18, 32, 33]. When
�; �i > 0, �2

j ; �
2 62 Rþ and �j=� 2 R, all the conditions above hold (see [18]). This

case is of interest when we want to solve a transmission problem for the heat equation

via Laplace transform methods (see [14, 28, 29]).
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A parallel approximation for PetrovYGalerkin methods for subspaces XN :¼
X1

N � . . .� Xd
N and YN :¼ Y1

N � . . .� Yd
N with Xi

N � H�1=2ð*iÞ, Yi
N � H1=2ð*iÞ and

dim Xi
N ¼ dim Yi

N can be likewise performed. The abstract conditions are now:

	 convergence of the global method in H�1=2ð*Þ �H�1=2ð*Þ is equivalent to the

convergence of the PetrovYGalerkin fXi
N; Yi

Ng method for I : H�1=2ð*iÞ !
H�1=2ð*iÞ for all i,

	 convergence of the global method in Hsð*Þ �Hsð*Þ is equivalent to the

simultaneous convergence of the PetrovYGalerkin fXi
N; Yi

Ng method for I :
Hsð*iÞ ! Hsð*iÞ and of the Galerkin fXi

N; Xi
Ng method for Vi : Hsð*iÞ ! Hsþ1ð*iÞ.

In general it will be more difficult to find adequate pairs satisfying the new

hypotheses. In three dimensions, if all the objects are sphere-like and can be

parameterized in polar coordinates or are smooth deformations of the sphere, then

spherical harmonics play the role of trigonometric polynomials and give a method

with superalgebraic convergence order.

9. Lipschitz boundaries

We finish with some words for the non-smooth case. We keep the notations of

section 8. Now

H :¼ V � �V �
N
�

1
2
I þ J �

�
�
�

1
2
I � J �

�

 �

: Hsð*Þ �Hsð*Þ�!Hsþ1ð*Þ �Hsð*Þ

is bounded for all s 2 ð�1; 0Þ, see [7]. To deal with the loss of compactness of the

operators J�ii, we introduce

Ji’ :¼
Z

*i

@nð � Þ�i
0ð � ; yÞ’ðyÞ d�y : *i�!C;

�i
0 being as in expression (42).

Lemma 9.1. The operators

�i

�
1
2

I þ Ji

�
þ �

�
1
2

I � Ji

�
: H�1=2ð*iÞ�!H�1=2ð*iÞ

are Fredholm of index zero.

Proof. Since Vi : H�1=2ð*iÞ ! H1=2ð*iÞ is elliptic and bounded, we are allowed to

define in H�1=2ð*iÞ an equivalent norm induced by it,

kvkVi
:¼ jhViv; vij1=2; 8v 2 H�1=2ð*iÞ:
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Firstly we assume that �i � 2� and decompose

�i

�
1
2

I þ Ji

�
þ �

�
1
2

I � Ji

�
¼ � I þ

�
�i=� � 1

��
1
2

I þ Ji

�� �
: ð43Þ

Then by [27, Theorem 3.1]

Ci :¼ sup
v2H�1=2ð*iÞ

k
�

1
2

I þ Ji

�
vkVi

kvkVi

< 1; ð44Þ

and as j�i=� � 1j � 1, the operator �i=� � 1ð Þð1
2

I þ JiÞ is a contraction in H�1=2ð*iÞ
with respect to the norm k � kVi

. Thus the operator in identity (43) is invertible by the

Neumann series. For �i � 2� we introduce the space

H
�1=2
0 ð*iÞ :¼ fv 2 H�1=2ð*iÞ j hv; 1i ¼ 0g

and the projection Pi : H�1=2ð*iÞ ! H
�1=2
0 ð*iÞ given by

Piu 2 H
�1=2
0 ð*iÞ;

hViPiu; vi ¼ hViu; vi; 8v 2 H
�1=2
0 ð*iÞ:

�����

Obviously kPikVi
¼ 1 and ð1

2
I � JiÞðI � PiÞ : H�1=2ð*iÞ ! H�1=2ð*iÞ is compact since

the image space of I � Pi is one-dimensional. By [27, Theorem 3.2]

C0i :¼ sup
v2H

�1=2

0
ð*iÞ

k
�

1
2

I � Ji

�
vkVi

kvkVi

< 1: ð45Þ

Indeed, C0i ¼ Ci for all i. Finally, we decompose

�i

�
1
2

IþJi

�
þ �

�
1
2

I � Ji

�
¼ �i I þ �=�i � 1ð Þ

�
1
2

I � Ji

�
Pi

� �
þ ð�i��Þ

�
1
2

I � Ji

�
ðI � PiÞ:

Proceeding as in the previous case, the first operator is invertible and as we have said

before the second one is compact, which finishes the result. Ì

Proposition 9.2. H : H�1=2ð*Þ �H�1=2ð*Þ �! H1=2ð*Þ �H�1=2ð*Þ is Fredholm of

index zero.

Proof. Omitting compact parts and decoupling the resulting operator in d smaller

ones, we can equivalently show that the operators

Hi :¼ Vi �Vi

�i

�
1
2

I þ Ji

�
�
�

1
2

I � Ji

�

 �
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are Fredholm of index zero. Furthermore, by the decomposition

Hi ¼
I 0

0 1
�þ�i

I


 �
Vi 0

2 �i� Ji �i

�
1
2

I þ Ji

�
þ �

�
1
2

I � Ji

�

 �

I �I
�i I � I


 �

and the invertibility of Vi, the result is a consequence of Lemma 9.1. Ì

We have injectivity of H for the same values of the parameters �; �i; �; �i as in

the smooth case since in the proof we do not use the regularity of the boundaries: see

Proposition 3.3 and the comments thereafter. In this situation, by the Fredholm

alternative, we can assure uniqueness. The analysis of numerical methods, even in the

natural H�1=2ð*Þ � H�1=2ð*Þ norm is more involved, since we have to stabilize the
fXi

N; Yi
Ng methods for

I þ ð�i=� � 1Þ
�

1
2

I þ Ji

�
; if �i � 2�;

I þ ð�=�i � 1Þ
�

1
2

I � Ji

�
Pi; if �i � 2�;

which appear now in the study of the principal part of the operator H. This can be

accomplished provided that

sup
0 6¼yN 2Yi

N

jhxN; yNij
kyNk1=2;*i

� �ikxNk�1=2;*i
; 8xN 2 Xi

N;

for �i > 0 independent of N suffiently large. Explicitly, a condition that guarantees this

is

�i > j�i=� � 1jCi

ffiffiffiffiffiffiffiffiffiffiffiffi
Mi=	i

p
; if �i � 2�; ð46Þ

�i > j�=�i � 1jCi

ffiffiffiffiffiffiffiffiffiffiffiffi
Mi=	i

p
; if �i � 2�; ð47Þ

Ci being the constant in (44) or in (45), and 	i; Mi the ellipticity and continuity

constants of Vi : H�1=2ð*iÞ ! H1=2ð*iÞ with the usual norms. The convergence and

stability analysis follows in this case by results on small perturbations of convergent

methods (see [17, Theorem 13.7]).

For the three dimensional problem, we can give a generalization of the method

proposed in section 7 when *i are polyhedra. In this case, following the ideas of [26],
Yi

N can be chosen as the standard space of continuous piecewise linear functions

defined with respect to a locally quasi-uniform mesh *i
h of *i and Xi

N as the space of

piecewise constant functions with respect to the dual mesh b**i
h of *i

h (the dual mesh is

constructed as it is usually done in finite volume methods, see for instance [11]). When

the mesh sizes satisfy some local conditions uniformly (similar to conditions (31) and

(32)), the analogous result to Proposition 7.3 holds (see [26]). It remains, however, to

verify that the stability constants for the identity operator are large enough to satisfy

condition (46) or (47).
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For this case, with Lipschitz boundaries, there are some simpler alternatives, at

least in terms of numerical analysis. They are related to mixed directYindirect

formulations and are the aim of future work.

10. A full discretization

In this section we propose a fully discrete version of the numerical method with

periodic splines of degree zero and one on staggered uniform meshes. In order to keep

this work in a reasonable size, we will just write its convergence properties omitting

all proofs. For a detailed analysis we refer to [24].

We write h ¼ 1=N, tk ¼ kh, tkþ1=2 ¼ ðk þ 1=2Þh and consider the discrete

spaces

bSS 0
h :¼ fuh 2 H0 j uhj½tk� 1=2; tkþ 1=2� 2 P0; 8kg;

S1
h :¼ fuh 2 C0 j vhj½tk� 1; tk� 2 P1; 8kg:

Our aim now is to approximate the integrals appearing in the implementation of (17)

for XN ¼ bSS 0
h � bSS 0

h and YN ¼ bSS 0
h � S1

h.

We denote

Qk‘ :¼ ½tk�1=2; tkþ1=2� � ½t‘�1=2; t‘þ1=2�; Pk‘ :¼ ½tk�1; tkþ1� � ½t‘�1=2; t‘þ1=2�:

Approximations for VVV��� and eeeVVV ���. We propose a generalization of the Galerkin-

collocation method (see [9, 12, 13]) to compute numerically the integrals

vk‘
ii ð�iÞ :¼

Z

Qk‘

V� i
ii ðs; tÞ ds dt; evv k‘

ij ð�Þ :¼
Z

Qk‘

eV �
ijðs; tÞ ds dt;

V� i
ii ð � ; � Þ and eVV�

ijð � ; � Þ being the kernels of the integral operators V�i
ii and eV �

ij

introduced at the beginning of section 3. Following [6, section 3.5], we consider the

splitting

V�
iiðs; tÞ ¼ � 1

4�
logðs� tÞ2 � 1

4�
log

jxiðsÞ � xiðtÞj2

ðs� tÞ2

 !

þ
�

A�i ðs; tÞ þ
1

4�

	
logðjxiðsÞ � xiðtÞj2Þ þ B�i ðs; tÞ;

ð48Þ

where A�i ð � ; � Þ and B�i ð � ; � Þ are 1-periodic with respect to each variable and smooth

satisfying

A�i ðs; sÞ ¼ �
1

4�
; rA�i ðs; sÞ ¼ 0; B�i ðs; sÞ ¼ �

1

4

�
{þ logð2=�Þ2 � 2�

�

	
; 8s 2 R:
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Here � is the Euler constant. Note that
Z

Qk‘

logðs� tÞ2 ds dt ¼ h2ðlog h2 � 3Þ; k ¼ ‘;
h2ðlog h2ðk � ‘Þ2 þ�ðk � ‘ÞÞ; k 6¼ ‘;

����

with

�ðmÞ :¼
Z

½�1=2;1=2�2
log 1þ u� v

m

� �2

du dv:

We want to point out that to avoid round-off errors, we compute �ðmÞ explicitly for

small values of jmj and use a truncation of its power expansion as jmj increases (see

[13]). This has to be done once and then the result can be stored in a file. For the

remaining terms in identity (48) we use the simple midpoint rule. Taking into account

that V� i

ii ð � ; � Þ and eV �
ijð � ; � Þ are one-periodic with respect to each variable, we finally

propose the following approximations:

	 if i ¼ j; k ¼ ‘,

vk k
i i ð�iÞ 
 a0h2ðlog h2 � 3Þ þ a0 log jx0iðtkÞj2 þ h2B�i ðtk; tkÞ

¼ h2

4�
�logjx0iðtkÞj

2 þ logð2=ðh�iÞÞ2 þ 3� 2� þ �{
� �

¼: 
 k k
i i ð�iÞ;

evv k k
i i ð�Þ 
 
 k k

i i ð�Þ þ h2ðeV �
ii � V�

iiÞðtk; tkÞ ¼: e

 k k
i i ð�Þ;

	 if i ¼ j; k 6¼ ‘, jk � ‘j � N=2,

vk‘
ii ð�iÞ 
 �

h2

4�
�ðk � ‘Þ þ h2V�i

ii ðtk; t‘Þ ¼: 
k ‘
i i ð�iÞ;

evv k‘
ii ð�Þ 
 
k ‘

i i ð�Þ þ h2ð eVV�
ii � V�

iiÞðtk; t‘Þ ¼: e

 k ‘
i i ð�Þ;

	 if i 6¼ j; jk � ‘j � N=2,

evv k‘
ij ð�iÞ 
 h2 eVV�

ijðtk; t‘Þ ¼: e

k‘
ij ð�iÞ;

	 if jk � ‘j > N=2,


k‘
ii ð�iÞ :¼ 
k;‘þN

ii ð�iÞ; e

k‘
ij ð�Þ :¼ 
k;‘þN

ij ð�Þ; k � ‘ > N=2;


k‘
ii ð�iÞ :¼ 
k;‘�N

ii ð�iÞ; e

k‘
ij ð�Þ :¼ e

k;‘�N

ij ð�Þ; ‘� k > N=2:

154 M.-L. Rapún and F.-J. Sayas / Boundary integral approximation of a heat-diffusion problem



Approximations for JJJJ ��� and eeeJJJ ���. We deal now with the numerical computation of

rk‘
ii ð�iÞ :¼

Z

Pk‘

J�i

ii ðs; tÞ �kðsÞ ds dt; err k‘
ij ð�Þ :¼

Z

Pk‘

eJJ �ijðs; tÞ �kðsÞ ds dt;

�k being the function of S1
h such that �kðx‘Þ ¼ �k‘. Here J�i

ii ð � ; � Þ and eJJ �ijð � ; � Þ are the

kernels of the integral operators J�i

ii and eJJ�ij , which are continuous functions. We

decompose

J�iiðs; tÞ ¼ C�
i ðs; tÞ log jxiðsÞ � xiðtÞj2 þ D�

i ðs; tÞ;

C�
i and D�

i being smooth and 1-periodic functions with respect of each variable

satisfying

C�
i ðs; sÞ ¼ 0; rC�

i ðs; sÞ ¼ 0; D�
i ðs; sÞ ¼

1

4�

x00i ðsÞ � niðsÞ
jx0iðsÞj

; 8s 2 R:

Again we simply apply midpoint rules:

rk‘
ii ð�iÞ 
 h2J�i

ii ðtk; t‘Þ ¼: �k‘
ii ð�iÞ; err k‘

ij ð�Þ 
 h2eJJ �ijðtk; t‘Þ ¼: e�� k‘
ij ð�Þ:

These quantities can be computed directly from the definitions of J �i

ii ð � ; � Þ and
eJJ �ijð � ; � Þ except for i ¼ j and k ¼ ‘, in which case we use the expressions

J�i

ii ðtk; tkÞ ¼
1

4�

x00i ðtkÞ � niðtkÞ
jx0iðtkÞj

;

eJJ �iiðtk; tkÞ ¼
1

4�

x00i ðtkÞ � niðtkÞ
jx0iðtkÞj

þ h2ðeJJ �ii � J�iiÞðtk; tkÞ:

Approximation of the right hand side. We consider the approximations

gk
0i :¼

Z tkþ1=2

tk�1=2

g0
i ðsÞ ds 
 h g0

i ðtkÞ ¼: bgg k
0i;

gk
1i :¼

Z tkþ 1

tk�1

g1
i ðsÞ �kðsÞ ds 
 h g1

i ðtkÞ ¼: bgg k
1i:

Fully discrete method. We take the basis f�kg of S1
h and the basis of bSS 0

h formed by

the 1-periodization of the characteristic functions associated to the intervals
½tk�1=2; tkþ1=2�. Then, identifying each element in the periodic spline spaces with its

coordinates in the corresponding basis, the approximation is reduced to solving the
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following linear system of equations in C2Nd for the unknowns b’’h :¼ ðb’’1
1; . . . ; b’’N

1 ;

. . . ; b’’1
d; . . . ; b’’N

d Þ and b  h :¼ ðb  1
1; . . . ; b  N

1 ; . . . ; b  1
d; . . . ; b  N

d Þ,

V�
h �eV �h

N h

�
1
2
I h þ J �

h

�
�
�

1
2
I h � eJJ �

h

�

" #
b’’h

b  h


 �
¼ bgg 0

h

bgg1
h


 �
: ð49Þ

The entries of V�
h :¼ diagðVh

iiÞ are the matrices Vh
ii :¼ ð
k‘

ii ð�iÞÞk‘ and eV�h :¼ ðeVh
ijÞij

where eVh
ij :¼ ðe

k‘

ij ð�ÞÞk‘. With the elements �k‘
ii ð�iÞ and e��k‘

ij ð�Þ we define J �
h and eJ �

h

likewise. I h contains the exact values of the integrals related to the identity operator,
N h :¼ diagð�1; . . . ; �1; . . . ; �d; . . . ; �dÞ and bgg	h :¼ ðbgg1

	1; . . . ; bggN
	1; . . . ; bgg1

	d; . . . ; bggN
	dÞ for

	 ¼ 0; 1.

Once equation (49) is solved, we can approximate the solution u defined in

expression (14) by

buuhðzÞ :¼

{

4N

Xd

i¼1

XN

‘¼1

H
ð1Þ
0 ð�jz� xiðt‘ÞjÞ þ H

ð1Þ
0 ð�jz� exxiðt‘ÞjÞ

� �
b  ‘

i ; if z 2 �;

{

4N

XN

‘¼1

H
ð1Þ
0 ð�ijz� xiðt‘ÞjÞ b’’‘

i ; if z 2 �i:

����������

ð50Þ
This function is a discrete version of the single layer potentials obtained by sub-

stituting the real densities by the approximate ones and applying simple midpoint

rules.

The proposed method has the following convergence properties: if g0; g1 2 C2,

then for �1 � s < 1=2,

k’� ’hks þ k �  hks ¼ Osðh1�sÞ; ð51Þ

juðzÞ � buuhðzÞj ¼ Ozðh2Þ; z 62 [d
i¼1*i: ð52Þ

Notice that for the considered range of s, both estimates (27) and (51) are of the same

order.

11. Numerical experiments

We compute the numerical solution to three test problems for which the exact

solution is known. The aim is to illustrate that, when the boundaries of the obstacles

have C2�regularity, the method proposed in section 10 has quadratic convergence

order. Although in [24] is proved quadratic convergence for g0; g1 2 C2, numerical

experiments show that this remains valid for g1 2 C1.

We also compute the solution to the test problems with a fully discrete version of

the spectral method proposed in section 5, approximating the involved integrals by
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using the ideas of [6, section 3.5]. For a complete description of the discretization we

refer to [22].

In order to show how both methods work when considering obstacles with

different regularity properties, we consider three different problems which are almost

the same. Firstly we choose the obstacles �1;1 and �2 represented in figure 1: *1;1
and *2 are defined by the C1- parameterizations

y1;1ðtÞ ¼ ð�1:5þ r1;1ðtÞ cosð2�tÞ;�1þ r1;1ðtÞ sinð2�tÞÞ;

y2ðtÞ ¼ ðr2ðtÞ cosð2�tÞ;�1þ r2ðtÞ sinð2�tÞÞ;

with

r1;1ðtÞ ¼ 25=48þ 25=128 sinð2�ðt� 1=6ÞÞ þ 5=32 cosð4�ðt� 5=6ÞÞ;
r2ðtÞ ¼ 2þ 3=4 sinð2�tÞ cosð4�ðt� 1=6ÞÞ:

–3 –2.5 –2 –1.5 –1 –0.5 0 0.5 1 1.5
–2

–1.5

–1

–0.5

0

x
1

x
2

x
3 Π

Ω
2

Γ
2

Γ
1,∞

Γ
1,3

Γ
1,2

Figure 1. Geometry of the test problems.

Table 1

Relative errors and estimated convergence rates for C1-boundaries.

N E1
spline e.c.r. E2

spline e.c.r. E3
spline e.c.r.

32 8.889(j3) 7.441(j3) 9.177(j5)

64 2.110(j3) 2.07 2.013(j3) 1.88 2.044(j5) 2.16

128 5.178(j4) 2.02 5.263(j4) 1.93 4.904(j6) 2.05

256 1.284(j4) 2.01 1.347(j4) 1.96 1.206(j6) 2.02

N E1
spec e.c.r. E2

spec e.c.r. E3
spec e.c.r.

32 7.593(j7) 1.109(j5) 1.342(j7)

64 2.899(j13) 21.32 5.973(j12) 20.83 1.077(j13) 20.24

128 1.642(j15) 7.46 8.243(j16) 12.82 1.662(j17) 12.66

256 2.166(j15) j0.39 1.571(j15) j0.93 3.324(j17) j1.00
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Because of the fact that we take the same parameters for �; �1;1 and �2, (� ¼
�j ¼ 4ð1þ {Þ and � ¼ �j ¼ 1), the solution to the transmission problem (equations

(3Y7)) is the incident wave inside the obstacles and zero in � (recall that our unknown

for the unbounded domain is the scattered wave u� uinc). We choose uinc ¼
{
4
H
ð1Þ
0 ð�j � � ð�0:5; 0ÞjÞ.

Table 1 shows the relative errors E spline
i and E spec

i , i ¼ 1; 2; 3, at x1 ¼ ð�1:5;
�0:6Þ, x2 ¼ ð0:2;�0:5Þ and x3 ¼ ð�0:75;�0:1Þ for a sequence of uniform grids, each

consisting of N nodes per domain. The estimated convergence rates (e.c.r.) are com-

puted by comparing the errors on consecutive grids in the usual way.

Secondly we replace the obstacle �1;1 by �1;3 (see figure 1) obtained by ap-

proximating r1;1 by the 1-periodic spline of degree four that interpolates r1;1 at
1=4; 9=20; 3=5 and 1. We take the same values for �; �j; � and �j as before. The

computed relative errors and the estimated convergence rates are shown in table 2.

Table 3

Relative errors and estimated convergence rates for C2-boundaries.

N E1
spline e.c.r. E2

spline e.c.r. E3
spline e.c.r.

32 4.156(j3) 7.441(j3) 9.407(j5)

64 1.037(j3) 2.00 2.013(j3) 1.88 2.081(j5) 2.17

128 2.727(j4) 1.92 5.264(j4) 1.93 5.009(j6) 2.05

256 6.949(j5) 1.97 1.347(j4) 1.96 1.229(j6) 2.02

N E1
spec e.c.r. E2

spec e.c.r. E3
spec e.c.r.

32 4.139(j3) 2.200(j5) 4.005(j5)

64 2.084(j3) 0.99 5.860(j6) 1.90 1.997(j5) 1.00

128 1.033(j3) 1.01 2.903(j6) 1.01 9.904(j6) 1.01

256 5.165(j4) 0.99 1.451(j6) 0.99 4.952(j6) 1.00

Table 2

Relative errors and estimated convergence rates for C3-boundaries.

N E1
spline e.c.r. E2

spline e.c.r. E3
spline e.c.r.

32 1.216(j2) 7.434(j3) 7.222(j5)

64 2.972(j3) 2.03 2.011(j3) 1.88 1.631(j5) 2.14

128 7.372(j4) 2.01 5.260(j4) 1.93 3.936(j6) 2.05

256 1.837(j4) 2.00 1.346(j4) 1.96 9.705(j6) 2.02

N E1
spec e.c.r. E2

spec e.c.r. E3
spec e.c.r.

32 4.027(j6) 1.108(j5) 1.309(j7)

64 4.380(j7) 3.20 7.326(j10) 13.88 5.099(j10) 8.00

128 5.089(j8) 3.10 8.354(j11) 3.13 6.197(j11) 3.04

256 6.096(j9) 3.06 9.935(j12) 3.07 7.514(j12) 3.04
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Finally, we consider a new approximation of r1;1 using the 1-periodic cubic spline

interpolating r1;1 at 1=6; 1=3; 2=3 and 1, and repeat the experiment. The results are

written in table 3.

It is clear here that using spectral methods is only useful for very smooth curves.

In the other cases, the additional implementation difficulty is wasted due to lack of

smoothness and simpler finite element type spaces are to be preferred. The interest of

using smooth but not C1-curves is not purely academic. When solving inverse

problems via iteration schemes one is obliged to use parametric representations of the

obstacles. Spline curves or the type of curves in polar coordinates as the ones given in

the examples are simple to handle and more flexible to approximate difficult points of

the boundaries than trigonometric polynomial representations.
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