Nonlinear Dyn
https://doi.org/10.1007/s11071-024-10255-0

)

Check for
updates

ORIGINAL PAPER

Global lumped mass formulation for underwater cable

dynamics

Xiangqian Zhu - Ali Azmat Sher Khan - Xinyu Li

Received: 15 November 2023/ Accepted: 2 July 2024

© The Author(s), under exclusive licence to Springer Nature B.V. 2024

Abstract The Lumped Mass method is widely
utilized for the dynamic modeling of underwater
cables. Various element frames, such as the Euler
frame, Frenet frame, and Relative Velocity Element
Frame (RVEF), have been proposed to express
element loads due to their convenience. However,
most of these element frames encounter singularity
issues when expressing the transformation matrices
needed to transfer values between the element frame
and the global frame. A Global Lumped Mass
Formulation (GLMF) derived from the RVEF is
proposed in this paper. The tangential vector and
normal plane projection matrix of the element are
expressed using global node coordinates. Conse-
quently, the element tension, damping forces, and
hydrodynamic forces are also represented in the global
frame, effectively eliminating the singularities present
in traditional element frames. Moreover, the integra-
tion of the Arbitrary Lagrangian—Eulerian (ALE)
method with the GLMF is proposed to model cable
deployment and retrieval motions. The accuracy of the
ALE-GLMF approach is validated against the Arbi-
trary Lagrangian—Eulerian-Absolute Nodal
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Coordinate Formulation. Given that the dynamic
response of cables with minimal bending can be
calculated efficiently, the GLMF is suitable for mod-
eling towing cables, mooring lines, and ropes with low
bending effects.
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1 Introduction

Underwater cables play a crucial role in various
marine applications, including marine towing systems,
floating platforms, and gravity net cage systems [1-5].
Understanding cable dynamics is essential for accu-
rately predicting the responses of marine equipment.
The Lumped Mass (LM) method is commonly
employed for modeling marine cables [6-10]. Forces
acting on the LM element encompass the tension
force, damping force, gravity, buoyancy, and hydro-
dynamic loads. Since tension and damping forces
align with the element orientation defined using global
node positions, they are easily expressed in the global
frame. Similarly, buoyancy and weight act vertically,
simplifying their expression in the global frame.
However, hydrodynamic loads, which are influenced
by relative velocity and acceleration, pose a challenge.
Various element frames such as Euler frame, Frenet
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frame and RVEF, have been proposed to express
hydrodynamic loads decomposed into the tangential
and normal directions of the cable. The Euler frame
describes element postures using two Euler angles
formed by the coordinates of the cable nodes [11-13].
Although the Euler frame is conceptually straightfor-
ward, it encounters singularity issues in certain
postures due to inverse trigonometric functions. On
the other hand, the Frenet frame employs orthogonal
basis vectors—tangential, normal, and binormal vec-
tors—generated based on the shape function of the
entire cable [14, 15]. The normal vector is derived
from the tangential vector, while the binormal vector
is determined by the cross product of the tangential
and normal vectors. However, the Frenet frame
encounters singularity when adjacent cable elements
align to form a straight line. In contrast, the RVEF
addresses this limitation by establishing a plane using
the tangential vector and the relative velocity of the
element. Subsequently, the RVEF is generated based
on the tangential vector and normal vector of the
plane. The RVEF employs the global relative velocity
to express hydrodynamic loads, dividing them into
tangential and non-tangential components. Despite
this advancement, the element frame remains neces-
sary to define the direction of hydrodynamic loads,
leading to mathematical singularities when the tan-
gential vector aligns with the relative velocity [1, 16].
Consequently, these frames exhibit singularities in
specific configurations, complicating the resolution of
dynamic equations.

In this study, a Global Lumped Mass Formulation
(GLMF) is proposed to directly express hydrodynamic
loads with respect to the tangential vector and normal
plane, generated using global node coordinates. The
global relative velocity is projected into tangential and
non-tangential components for the calculation of
hydrodynamic loads. By expressing all loads directly
in the global frame, the GLMF eliminates the need for
the coordinate transformation operations, resulting in
two key advantages: increased efficiency and the
absence of singularities. The hydrodynamic loads in
the RVEF are closely related to those in the GLMF,
and the derivation from the RVEF to the GLMF is
detailed in Sect. 2. Additionally, a case study involv-
ing a constant-length cable driven by a screw route is
simulated, demonstrating that the GLMF is more
efficient than the RVEF while maintaining nearly the
same level of accuracy.
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In some marine equipment, the cable length
changes via winches, as seen in deep-sea towing
systems [3], deep-sea pipeline installations [17]. To
precisely analyze the dynamic response of these
systems, the deployment and retrieval motions must
be considered in the cable model. Some studies use a
combination of Lagrangian—Eulerian description and
Absolute Nodal Coordinate Formulation (ALE-
ANCEF) to model flexible cables with variable length
[17, 18]. While ALE-ANCF performs well in model-
ing flexible cables with large bending deformations, its
drawback lies in the introduction of spatial gradients
by ANCF. Consequently, the number of coordinates in
ALE-ANCEF is at least seven times the number of
nodes (three position coordinates, three spatial gradi-
ents, one physical coordinate). In this study, the
Lagrangian—Eulerian description is incorporated into
the GLMF to model cables with variable length. Each
node in ALE-GLMF has only four coordinates (three
position coordinates, one physical coordinate). To
verify the performance of ALE-GLMF, cables driven
by circular, straight-line, and screw routes with
increasing length are modeled using both ALE-GLMF
and ALE-ANCF. Additionally, a contact model
between the cable nodes and the seabed is incorpo-
rated into both ALE-GLMF and ALE-ANCF to
simulate the cable laying process with identical cable
nodes. Although unsmooth broken lines are generated
in ALE-GLMF when the cable elements encounter the
seabed, the positions of the cable sections laying on
the seabed are nearly identical in both ALE-GLMF
and ALE-ANCF. Given that the element lengths in
both methods are identical in this case, ALE-GLMF
proves to be more efficient than ALE-ANCEF. There-
fore, compared to ANCF or ALE-ANCF, GLMF and
ALE-GLMF offer a better choice for modeling cables
with low bending deformation, especially in situations
where a higher number of cable nodes is required to
represent concentrated loads or mass points.

This paper is organized as follows: Sect. 2 intro-
duces the numerical models and singularities of the
Lumped Mass (LM) method with Euler frame, Frenet
frame, RVEF, and GLMF. Section 3 presents the
numerical model of ALE-GLMF for cables with
variable length, including comparisons between the
ALE-GLMF and ALE-ANCF in various scenarios.
Finally, the conclusions are provided in Sect. 4.
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Fig. 1 Spatial discretization of LM
2 LM method

The LM method divides the flexible cable into many
elements, as shown in Fig. 1. The element forces,
including hydrodynamic loads, tension, damping
force, gravity and buoyancy are distributed into the
element terminal nodes [19-21]. The element forces
are divided into external and internal forces as shown
in Egs. (1) and (2). The mass matrix, gravity in water,
drag resistance force, and added mass effect acting on

g dg
the node i are represented using M5, .. G5 , . F. .
g dg ag
and F,}, ;. respectively. MY, ., G, ;. Fgf, ;. and F

are the mass matrix, gravity in water, drag resistance
force, and added mass effect acting on the element i,
respectively. T% . and DS, . of Eq. (2) indicate the
stiffness and damping forces acting on the node i,
respectively. While, T¢,,; and DS, ; are the stiffness
and damping forces acting on the element i,
respectively.

node i

1
nodet = 5( elei—1 + Melei)
1
no i~ 5 G i— +Geei
de 12( elei—1 ¢ ) (i=2,3,..,n—1)
nodet - 5 ( elei—1 + Felet)
a 1 a a
Fnidet E (Fei’l 1 Fefel)

(1)

Tﬁodel = Telel 1 + Telet .
{Dg N (i=2,3,..,n—1) (2

nodei ~— elei

The mass matrix M, force sum F and the acceler-
ation vectors ( of cable are shown in Egs. (3-5).

MY, 0 0
8
Mo |0 M, .. 0 o)
0 0 Mioden

8 8
Gnodel + Tnodel + Dnodel + Fnodel + Fnodel
8
F = GnodﬁZ + Tnodez + DrmdeZ + Fnode2 + FnodeZ

Gioden + Tnoden + Dnoden + Fnoden + Fnoden
(4)
. [ ..T T ..T ]T (5)
q= qnude 1 qm)deZ o qnode n

where (,,,,,; is the acceleration vector of node i.
The equation of motion of the cable is established
using Baumgarten’s stabilization method [22] as

Eq. (6).

Y= - ((I)q('])q('] - 2(Dqtq - D,
[ P
o, 0|2 —o®— f—

where @ is constraint vector. ®, is Jacobian matrix of
® with respect to q. A is the Lagrangian multiplier.

The differences among the Euler frame, Frenet
frame, RVEF, and GLMF lie in how they express the
element mass and forces. The Euler frame uses Euler
angles to define the element frame, while the Frenet
frame defines the element frame based on the cable
shape function. The RVEF defines the element frame
by the relative velocity of the cable element compared
to the seawater. In contrast, the GLMF does not use
any element frame, its mass matrices and forces are all
expressed directly in the global frame. After mathe-
matical derivation, it is shown that the RVEF and
GLMF are essentially equivalent, resulting in almost
the same accuracy for both methods. However, the
GLMF offers greater computational robustness com-
pared to the RVEF. This section introduces the details
of the Euler frame, Frenet frame, RVEF, and GLMF,
as well as the derivation from the RVEF to the GLMF.

2.1 Euler frame

The rotation angles of the Z-Y-X sequence are 0, 0, ;
and ¢,;,; as shown in Fig. 2, respectively.

The transformation matrix from the element frame
to the global frame is written as Eq. (7) [23, 24].

c0S Oe i sin O, 8in @,y SiN Oppp i COS @, ;
trans __ 3
Aelet =10 COS Peje i — SN Qe
—8in0pe; €080t SINQ,,;  COS O COS @y ;i

(7)
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Y

Fig. 2 Euler angles in element frame

The 0,,.; and ¢,;,; can be expressed by the position
vectors of node i and node i + 1 in global frame, as
shown in Eqgs. (8-9) [25].

0 i = tan_] (rzodeﬂrl - dadei) (8)
elei — Z
Thode i+1 rtzwdei
y
r - co8 O, i .
tan—l ( node i nodc 1+1) clet (COS Helei > sin ﬁelei)
¢ _ nodeHrl r;wdei
elei v .
. — o) sin O, .
tan’l ( "l()(l'(’l. nu(le 1+l) elei (COS 9(;]“ < sin 901@[)
'ﬁude i+1 r)’iodei
9)
where 1}, ;. r,’wde ; and 1% .. are the x-, y- and

z-coordinate of the node i in global frame,
respectively.

The mass matrix and forces acting on the element i
are sorted as external forces and internal forces. The
internal forces are composed of the tension and
damping force. The tension is related to the axial
strain, and the damping force is related to the change
ratio of the axial strain as Eq. (10).

8 —
Ee/e,' = Tnodei+1 — Ynodei

lelei = (Eilet) Eljlet
e]gl [Atrans 3 1 Atrans(3 2) Atrans(3 3)]

elei elei elei

0
elei = |: Llf’l €/Ll/l€l€l:| -1

8 —
Telet - 4 E‘Cfluzelez
2
cEnd T
4 c 8 M M 8
Delez T4 (Zelei) (r’"’d"i*l - r”(’dei)zelei
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The element external forces expressed in global
frame are composed of the gravity, drag resistance
force and added mass effect as shown in Eq. (11)
[26-28].

rans L. .
elez - (Ailgl ) |:vw - 5 (rnodei+l + rnodei):|
1
2 Cn fd lCl@" (lél’leLl
dg A trans 1 ly ly
Felei — elei E "pfdb'le]ei Vele i ve)lei
[
5 Cfpfd lde i ’velu |velet
. 1 00
2 rans
Fz}get = Z(l + G )leletd pfAtelei 0 1 0 Atz;ansaw
0 0 0
T
nd2
Gglez = |:0 0 eZe,Pc :|
T
§ ﬂdcz 0
Berei = [0 0 - lze,Pfg]
(11)
Melel - (Agﬂl:‘)
md;
Tlelei(pf + Cmp[) 0 0
dz trans
0 4( lglet(pc + Cmpf) 0 Aclu
nd?
0 0 4( loletpL
(12)

where vl is the relative velocity between the
seawater and element i in element frame, and v2

()Iet’
ly
v,,; and vel(,l are the x-, y- and z-component of Velez,
respectively. v,, is the seawater velocity in global
ag 8
frame. Felel, F, . G, and Belel are the drag

resistance force, added mass effects, gravity and
buoyancy acting on the element i in global frame,
respectively. |-| denotes the absolute value of -.C; and
C, are the tangential and normal drag resistance
coefficients, respectively. C, is the added mass
coefficient. p. and p, are the densities of cable and
seawater, respectively. a,, is the acceleration of
seawater, and g is the gravity acceleration.

The mass matrix of element i with respect to the
global frame is written as Eq. (12) [29].
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Fig. 3 Frenet frame generated using virtual node
2.2 Frenet frame

The shape function of the cable is used to define the
element frame in the Frenet frame, as shown in Fig. 3.
Further details can be found in references [30, 31].

All the node positions are used to form three spline
functions from the top node to the last node in the
global frame. Three functions are named as fx, fy and
fz, and the global coordinates of the P point can be
calculated by Eq. (13).

X, = (1)
v, =1 (1) (13)
2, =1£(8)

where X, Y, and Z, are the global coordinates of the P
point. lg is the span length of the P point.

A virtual node positioned in the middle of each
element can be obtained by using Eq. (13), and vectors
i and B, ; defined by the element terminal nodes
and the virtual node are defined in Eq. (14).

irtual
Aelei = rZ;;,' — Fuode i
{ virtual ( 14)

Be[gi = Tnodei+1 — Yypp;

Finally, the tangential, normal and binormal unit
vectors tep;, Nge; and b,,; are defined in Eq. (15),
respectively.

 OeteitPee
0 NoteteitBugedl
n,,; = (ae/lei = Berei) (13x3 - teleiteTzei) (15)
n,,; = e
H“;/eiH

belei = tetei X Mg

where n/,,; is projection of the (otee; — B,;) in the
normal plane. I3 is a three-order unit matrix.

The transformation matrix A”*" is written as,

elei
trans
Aelei = [telei belei}

Nefe i (16)

2.3 RVEF

The element frame is defined by using the tangential
vector and relative velocity in the RVEF, and three
unit vectors are shown in Eq. (17) and Fig. 4.

Vei = Vw — % (Frodeit1 + Frodei)
Zge; = B
[ESe (17)
_ Zyjei % Vetei
et Hzglei X VfleiH
Yeroi = Ztei X X

trans

olo; 18 defined as,

(18)

Because the relative velocity is merely decomposed
in two directions, the drag resistance force of element i
with respect to the global frame is written as,

0

1

_ Al 78 g

ng _— Alrans 72C”pfdcldelHZelei X Voiei
elei elei

T T
5 Cfpfdflele i (Zf’le i) Vflei

The transformation matrix A

trans __ g 8 8
Aelei - [Xelei yelei zelei]

I

(Zgle i) valei

(19)
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Eg

Zg = elei
elei HEfle,H

_ g g \T
Pelei—I3X3 - Zelei<zelei)

elei™
2
a T
Feii = Z (l + Cm)dzpflgleil)eleiaw
nd? nd?
Mg, ; = Tclgleipcl3><3 + Ca T‘lgle,-prezei

1 T
d T
F $ == Cnpfdclelei HPeleivflg,'HPeleivilei + E Cfpfdclelei (Zfle,'> Vfle,-

8

T
Zijei (zgle i) Vflei (20)

The mass matrix and the other forces including

Mé,., Foi ., G5, and B, are same as Eq. (1) and
Eq. (11).
2.4 GLMF

The element forces and mass matrices in GLMF are all
expressed using node positions in global frame. The
relative velocity v¥,; is decomposed into tangential
and normal velocity, and the normal velocity is
obtained by a projection matrix P, ;, as shown in
Fig. 5. The drag resistance force and added mass

matrices are expressed as Eq. (20).
2.5 Derivation GLMF from RVEF

The global relative velocity is decomposed into
tangential and non-tangential two components in the
RVEF, and the global relative velocity is directly used
to express the hydrodynamic loads, as shown in

r

node i+1

Fig. 4 RVEF generated using relative velocity
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Eq. (19), but the element frame is still needed to direct
the load directions.

Because the tangential component of the global
relative velocity is easy to define using the global node
coordinates, the hydrodynamic loads can be expressed
in global frame if the normal component can be
defined using the global node coordinates together
with the global velocity vectors. The Eq. (21) is
proved here.

PoeivViy, = _Hzflei X VfZeiHyelei (21)

Firstly, the P, ;v%,,; is proved to be parallel with the
8 8 g g PO
_Hzelei X VeleiHyelei' —Hze,e,- X Ve,e,-Hyelei is in the
direction of y,,; which is orthogonal with the X ;
and Zelei- Therefore’ P"le ivflei and — ||Z§]ei X v(jle iHyelei
are parallel if P, ;v$,,, is vertical to both the x,;; and
Zelei [32, 33]. The P, ;v%, . is proved to be vertical to

elei

both the x..; and z..; in Egs. (22-23).
(Xilei)TPd?ivflei = (Xglei)T [13 x3 = zflei(zflei)T] Ve

= (Xglei) ! [me 25, (Zfle i) vale i:|

= (Xilei)rvflei - (Xilei)Tzilei(zilei)valei =0

(22)
(zilei)TPekivilei = (zﬁlei)r [I3X3 - zf:lei (zﬁlei)r] vilei
= (zilei)T |:V§lei - zilei(zilei>rvilei]

= (zflei)Tvﬁlei - (Zglei)Tzﬁlei(zflei)Tvilf'i =0

(23)

8

Therefore, P..;v;,; can be expressed by using

—||Zetei % ¥&,:||Vereis as shown in Eq. (24).

Potei Vs = k|| zerei X ¥ il |erei (24)
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Fig. 5 Decomposing relative velocity in GLMF

A proposition that k =1 is proved here. Left

multiply (—||zf,; x VlgleiHyilei)T
Eq. (24).

(_Hzilei X VfleiHyﬁlei) TPele Veiei =
k(Hzilei X szeiHyflei)THzelei x VfleiHYelei

Combing Egs. (20) and (25), the result can be
written as,

on both sides of

(25)

_Hzelei X Vflei||(V§1ei)Tyegzei = kHzg X szein

elei

(26)

Combining Egs. (17) and (26), the result can be
written as,

The skew symmetric matrices can be written as
Eq. (28).

T 2
(250 % Viei) (s X Vi) = k|25 < Vi
(28)
Finally, k = 1 is derived from Eq. (28), and the
Eq. (21) has been proved.
Combining Egs. (19) and (21), the drag force

derivation from the RVEEF to the GLMF can be written
as Eq. (29).

0

1 2
8 4
dg trans | — = Cpprdeleeil|2s,,: X V2,
Felei Aelei 2 ! H elei elei ||

(Zfle i) vale i

T T
) Crppdcletei (ka i) o

1
- 5 npfdclele i HPele in:]e i HPele ivile i

T
+ 5 Cfpfdclelei $

Zele i (Zfle i) Tvglei
(29)
Combining with Egs. (21) and (11), the added mass

effect derivation from the RVEF to the GLMF can also
be written as Eq. (30).

(Zile i) valei

FZlii = E (1 + Cm)dzpflo Peleiaw

4 elei (30)

The derivation of M, . from the RVEF to the

elei
e \Tag g owg o ¢ 2 GLMF is written as Eq. (31). Finally, the derivation
(Vetes) " Zete ete Veres = K[ Zorei X Vetei| (27) process from the RVEF to the GLMF is completed.
'ndf 0
Tlelei(pc + Cmpf) 0 0
rans\ T TCdZ rans
M, = (Atelei ) 0 Tlglei(pc + Cmpf) 0 Adei
nd?
0 0 —y
L 4 elezp (31)
2 2 1 0 0
rans T T C T C rans
= (Atelei ) Tl(e)leipCI3X3 + CmTlgleipf 010 Atelei
0 0 0
7'Cd2 2

nd
= Tcl(e)leipcl3><3 + Cm Tcl(e)leipfpelei
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To verify the accuracy of the GLMF, a constant-
length cable driven along a screw route is simulated by
using the GLMF, RVEF and Euler Frame, respec-
tively. This scenario is referred to as Case 1. As shown
in Fig. 6, the initial position of the cable is a straight
line, which is a singularity case for the Frenet frame.
The trace of the top node is illustrated in Fig. 7. The
diameter of the screw route is 40 m, with the top node
traveling 62.8 m along the Z-axis for every circular
motion completed in 62.8 s. The screw route is
depicted for the first 100 s but continues for 2000s in
total. The X-, Y- and Z-coordinate of the last node over
time are shown in Figs. 8, 9, 10, respectively. The
errors between the GLMF and RVEF are presented in
Fig. 11, and the errors is caused by round-off error.

Top node —|

Z position/m
=

204— =} [ Euler

1
\\//21
Fp, 0 20

OSI'[.
{0, -1 19 /M
1?/12] A0
111
% 9°°
Fig. 6 Initial positions of cable
10
£
g 3
2
Qo
o
N 0.
20 S o
: ~ 20
0 e O

Y position/m

20 20 X position/m

Fig. 7 Trace of the top node
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Simulation results indicate that the GLMF achieves
the same accuracy as the RVEF and Euler frames.

The parameters of Case 1 are presented in Table 1,
demonstrating that the GLMF is more efficient than
the RVEF and Euler frames. Since the dynamic
equations in the GLMF are all established in global
frame, there is no need for transformations between
the global frame and the element frame. Consequently,
the calculations of the mass matrix and force vectors
require less time compared to the Euler and RVEF
frames.

2.6 Singularity of element frames

The singularities of the Euler, Frenet, RVEF and
GLMF frames are introduced in this section. Due to
the characteristic of arctangent function, the Euler
frame is singular when the value of 0,,; and ¢, ; are

within special ranges. These singular ranges are shown

trans
elei

in Fig. 12. The transformation matrix A is invalid
within these ranges.

The Frenet frame is singular when some cable
nodes form a straight line, making it impossible to
determine the normal vector. The two terminal nodes
and the virtual node are collinear in these situations.
According to Eq. (14), the normal vector n,.
becomes a zero vector, rendering the normal vector
meaningless. The A”¥" is also invalid.

For the RVEEF, singularities occur when the relative
velocity v, ; is parallel with the tangential vector z},, .
In such case, both the normal and binormal vectors
become meaningless, rendering the transformation

matrix invalid.

20

—
(=)

\ |—RVEF — = GLMF -Euler]

T

X position/m

ARRR

0 200 400 600 800 1000
time/s

Fig. 8 X-position of last node
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The GLMF may be singular when the element
length is zero. However, this situation is impossible in
ﬂ n n ” ﬂ ” ﬂ cable dynamics, ensuring that the GLMF has no

singularities. The singularities of the four frames
mentioned above are summarized in Table 2.

50l [T—RVEF - - GLMF ~Euler|

—_
=]

Y position/m
(e

3 Cable model by ALE-GLMF

L

0 200 400 600 800 1000
time/s

Lo
=] (=)
-_—
-_————
-_——
-
L
- ———
- —

3.1 ALE-GLMF

The ALE-GLMF, combining the ALE and GLMF, is
proposed to model underwater cables with variable
Fig. 9 Y-position of last node lengths. To account for the changing length of the
cable, a physical coordinate p is added to each cable
element, as shown in Fig. 13.

The coordinates of element i q,;,; are written as,

[—RVEF = = GLMF ~Euler

T
-5¢ Uetei = [r;{odei rZ;vde i+1 Pnodei Prnode i+1 ] (32)
= A variable s is needed to express the node position
£-107 in element i.
g i 5 = 2p — Pnodei — Pnode i+1 (33)
o-15 . ;
N Pnodei — Pnodei+1
The position vector of the arbitrary node in element
-20 i is written as,
: : : : ’ T
0 200 400 600 800 1000 Crei = [Todei Thodeist]
time/s l1—s I+s
N, = [ 5 | EPE > | EPE (34)
Fig. 10 Z-position of last node
& P r= Neq‘élei

where r is the node position vector with respect to the
global frame.

-8
x10 The velocity vector of the arbitrary node in element
4+t ‘_X axis — — Y axis ==t Z axis 1 1s written as,
g ON, oN
‘\5 N= Ne : qilei : qilei 35
) . apnode i apnode i+1 ( )
2 r= qulei
o
= where r is the node velocity with respect to the global
g frame.
The acceleration vector of the arbitrary node in

element i is written as Eq. (36),

0 200 400 600 800 1000
time/s

Fig. 11 Position errors between GLMF and RVEF
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CT;Zlel 1 Parameters of Parameters value d. (m) Cu Can C, E (N/mz) Pe (kg/mB)
0.04 001 1.15 02 5% 10" 4000
Parameters value  py (kg/m3) c Npode Vi (M/S) Ay (m/sz) Simulation time (s)
1025 10° 11 [-100]" [000]" 1000
Parameters value ~ Computation time of RVEF (s) Computation time of GLMF (s)
179.87 156.82
Parameters value =~ Computation time of Euler (s)
182.81
dr 0N, ,
T dp = op Dol i -
" 1| /dr\ " dr | (37)
i o =—|[2=) 2= —
3 T L) dp) dp
=
P 0r where ¢ is the axial strain.
N According to the element forces, the forces acting
-m/2 | on the nodes i and i + 1 can be divided into three
parts, as shown in Eq. (38).
=TT » .
. . . Frodei — Fnodei + Fnodei
Frodei T|F |
-1t/2 0 /2 node i+1 node i+1 node i+1
ex
dei
O ol - @)
node i+1
Fig. 12 Singularity ranges of Euler frame where F” . and F%, . are the internal force and

i 2( ON, . N oN, . >q N
’ apnodei nodei apm}deiJrl node i+1 e

62Ne ) 62Ne . '

6piodei node apnodeiapnode i+1 nodeifnode
*N, .,
I I

.. . . apiode i+ node i+1

r= qulei + rp

(36)

where ¥ is the node acceleration with respect to the
global frame.

The axial strain of an arbitrary node in element i is
written as Eq. (37) [34-36],

external forces of the node i, respectively. F . . is the

force induced by the physical velocity of the nodes i
andi + 1. F? . is zero and the ALE-GLMF simpli-

node i

fies to the GLMF when the cable length is constant. In

other words, ALE-ANCF can model the variable-

length cable due to the inclusion of F_, ..

The mass flow forces ¥, ., and F, .. are
expressed as,
[Fﬁade,- :|__pnodei+l_pnodei ! ANTF d
hodeit1 ] 2 /f1pf e
(39)

The internal forces F2 , . and F” .. acting on the
element i are shown in Eq. (40), which can be found in

references [37, 38],

Table 2 Singularity range
of four frames

Frame

Singularity case

Euler frame
Frenet frame
RVEF
GLMF

Figure 12
Cable shape function is a straight line
Relative velocity and tangential direction are parallel

No singularity

@ Springer
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p node i

prmde i+l

Loode i

rm)de i+l

Fig. 13 Position vector of arbitrary node within element

Fiﬁ)dei - Pnodei+1 — Pnode i
F;:i)deiﬂ 2
1 T
Oeo ) )
X EA(ey + cép) | ds
/—1 [(aqelei
(40)
The external forces Fy, ,,, and F; .. are shown in
Eq. (41),
ex 1
|:Fn0dei :| _ Prode i+1 _pnodei/ NdeS (41)
Fm)de i+1 2 -1

where f is the external force acting on the infinitesimal
body as shown in Eq. (42) [39, 40].

_ dr/dp
| larjap]

=L —tt

1 (42)
f:§ wPrde| [PV P+

T
2

The mass matrices of nodes i and i + 1 are written
as,

Crpsd |t v|tt" v + (14C,)Ap,Pa,,

B \|d*r /dp* x dr/dp||
\|dr/dp|*

|: Fizr;de' :| Pnodei+1 — Pnodei /1 ( g9 )TEA( +cé ) + ( O )TEJ( + )
in l = &0 (&) K CK
K odeit1 2 —1 | \Oq; 0q,e i

|:Mm)dei 0 :| :pnode i+1 — Pnodei
0 Mnode i+1 2 (43)

1
X / N"(p.ALzxs + M,u)Nds
-1

The additional mass matrix of element i is written
as,

Madd = Cmp_fAP (44)

The ALE-GLMF introduces additional constraint
equations derived from ALE. These constraint equa-
tions are related to the physical coordinates of all
nodes and are expressed as,

_f(t7q7q) =0

where f is a function used to calculate these
constraints.

Prode i (45 )

3.2 Simulation results

The ALE-ANCEF is a finite method to establish the
dynamic model of a beam with a variable length. It
expresses the dynamic equations using the position,
gradient and physical coordinates of the element
terminal nodes, as shown in Eq. (46) [17].

— [T /T
Qerei = [rm)dei Coodei Pnodei (46)
r!’ r’ . ]T
node i+1 nodei+1 Pnodei+1
/T /T ] 3
where 1), and 1., are gradient coordinates of

nodes i and i + 1, respectively.

The gradient coordinates are included in ALE-
ANCEF, allowing for a more precise expression of
bending effects compared to ALE-GLMF. The inter-
nal forces, including the bending force, are shown in
Eq. (47).

(47)
ds
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where « is the curvature of the node corresponding to
the physical coordinate p. J represents the cross-
sectional moment of inertia.

To compare the accuracy of ALE-GLMF with that
of ALE-ANCEF in modeling cable deployments, circle,
straight-line, and screw routes are simulated in Case 2.
To enhance the accuracy of ALE-GLMF, the element
length is set to 5 m, compared to 50 m for ALE-
ANCEF. The number of elements varies with the cable
length. According to the previous work by Hong [18],
the generation and elimination of nodes follow
specific rules (Fig. 14):

(1) A new node is inserted when the length-variable
element becomes 1.5 times longer than the
standard length.

(2) Anold node is deleted when the length-variable
element becomes 0.5 times shorter than the
standard length.

The initial positions of Case 2 are depicted in
Fig. 15, with a 1000 kg mass point placed at the end of
the cable. The modeling parameters are summarized in
Table 3. The variation in cable length over time is
illustrated in Fig. 16.

The traces of the top node in the circle, straight-line,
and screw routes are shown in Fig. 17, respectively.
The diameter of the screw route is 40 m, with the top
node traveling 62.8 m along the Z-axis for every
circular motion completed in 62.8 s. Only the first
100 s of the screw route is depicted here. The X-, Y-,
and Z-coordinates of the last node over time for these
routes are shown in Figs. 18, 19, 20. Since the cable
motion in the straight-line route exists only in the XZ
plane, the Y-position is omitted herein. The three-
dimensional cable shapes using ALE-GLMF and
ALE-ANCF at the 2000th second are presented in
Fig. 21. The cable positions calculated using ALE-

0 — N 5 (1)<0

Delete node

:: :: %(1)>0

Insert node

Fig. 14 Illustration of node insertion and delettion

@ Springer

GLMEF are so close to those using ALE-ANCEF that it is
difficult to distinguish the position differences in
Figs. 18, 19, 20, 21.

Therefore, the position differences for Case 2 are
illustrated in Fig. 22. The relative errors represent the
absolute position differences divided by the
unstretched cable length over time. The maximum
relative position error is around the 107* level,
indicating that the ALE-GLMF achieves nearly the
same accuracy as ALE-ANCEF in these scenarios.

These scenarios demonstrate that the ALE-GLMF
performs well in modeling marine towing systems
under both straight towing and circular turning
conditions. Due to the minimal bending flexural
modulus in ropes or cables, the ALE-GLMF with a
shorter element length can achieve nearly identical
accuracy to ALE-ANCEF with a longer element length.
Moreover, the ALE-GLMF formula is much easier to
understand and code compared to the ALE-ANCF
formula.

The computational time for Case 2 is shown in
Table 4. Since bending deformation can be accurately
expressed by ANCF with a larger element length
compared to GLMF, the number of nodes in the cable
modeled by ALE-ANCF is 1/10 of that in the ALE-
GLMF model. Consequently, the computational time
for ALE-ANCEF is about 1/3 of that for ALE-GLMF in
circular and screw routes. However, the advantage of
ALE-ANCEF is reduced in the straight route. Therefore,
ALE-GLMF is suitable for situations where the
bending deformation is negligible.

0
g deployment —*|
= : —— ALE-ANCF
=
S 100 point - - ALE-GLMF
R7
] 5
o mass point
N 200 | J

Loy, . T 0 m

“ong, 1y gt

Fig. 15 Initial positions of cable
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Table 3 Parameters of case 2

Parameters value d. (m) Cur
0.04 0.01

Parameters value py (kg/m?) c
1025 10

Parameters value

Cin C,

2 0.2

Vy (m/s) a,, (m/s)
[1ooy” [000]"

Element length in ALE-ANCF (m)

E (N/m%) pe (kg/m?)
5el0 4000
Simulation time (s)

2000

Element length in ALE-GLMF (m)

50 5
2500 Case 3 demonstrates the performance of ALE-
5000 GLMF when the cable comes into contact with the
seabed. The contact force is expressed as,
£ 1500 v .
0 Fnodei = Klelei(zseabed - Znodei)[o 0 1]
= . T
© 1000 ondei = _Cleleiznodei[(.) 0 1] (48)
f _ N Lhode i
500 Fnodei - _:uHFnadeiH ||l‘ p ”
hodei
0
0 500 1000 1500 2000 where FY .. F? . . and F’:mdei are the support force,
time/s damping force and friction force at node i, respec-
Fig. 16 cable length variation over time tively. K and C are the stiffness and damping
20 . .
oo, Straight-line
15
10 800 =)
g £ E
g, diameter: 40m g = :é
87 period: 62.8s = 400 — Y axis g
8-4 5 a - - Z axis N
> 1o 200
-15 0 (I}
-20
-20 -10 0 10 20 0 500 1000
X position/m time/s

Fig.

250,
circle —— ALE-ANCF
20 - - ALE-GLMF
\g e g
=10 =
= k=1
Q 3 o
<% bt
0
-5
0 500 1000 1500 2000
time/s

Fig. 18 X-position of last node

17 Trace of top node in circle, straight-line and screw routes

1000+ straight-line
800 ¢
600
—ALE-ANCF
200}
0
0 500 1000 1500
time/s

2000

25
screw —— ALE-ANCF
20 - - ALE-GLMF
1S
510
2
R s
0
5
0 500 1000 1500 2000
time/s
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Fig. 19 Y-position of last 8 . 10
node circle ——ALE-ANCF screw —— ALE-ANCF
- - ALE-GLMF - - ALE-GLMF
g ¢ g
K= S S
) S
= =
wn
= o 0
o
e
0 500 1000 1500 2000 0 500 1000 1500 2000
time/s time/s
0 . 0 . i -194
circle —— ALE-ANCF straight-line—Are-ancr screw — ALE-ANCF
500 ‘ - - ALE-GLMF - - ALE-GLMF
E E -500 E 196
\g -1000 % Eo
g 5 1000 =
é -1500 é é_lgg
660 -1500
-200
-2500 - - - : -2000
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
time/s time/s time/s
Fig. 20 Z-position of last node
circle straight-line screw
. 0 . . 2000
= = g
.S -1000 - .S .2 1000 -
2.-2000 - - ALE-ANCF = [o 0 - - ALE-ANCF
g N N ~
N 20 \\\ e 50 S e
0 - 20 0 > e 50
Voo ™ 9 Vg, i
Sy, 200 L qplm Uy 50 50 o
O]y ()S\“O O[V S
2 xY 2]
Fig. 21 Cable shape at 2000th
| x10™ X %107 x107
o | circle straight-line 3 screw
<) e S o= S ol
W = F £ tiff‘"
) L) k)
) ) )
! Lo S
2 2 2
k= IR k= T
o -2 —X axis o 4 i o -10 — X axis
— - - Y axis — —X axis — - - Y axis
........ 7 axis —Z axis w7 QXIS
3 -6 -15
0 500 1000 1500 2000 0 500 1000 1500 2000 0 500 1000 1500 2000
time/s time/s time/s

Fig. 22 Position error of last node
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coefficients of the normal contact, respectively. u
represents the friction coefficient of contact. zy, peq 1S
the z coordinate of seabed. z,,,4. ; and Z,040; TEPrEsent
the z-directional position and velocity of node i.

The contact force between cable and seabed of
ALE-ANCEF element is written as,

fcontact:K(Zseabed - Zr)[o 0 1 ]T
r
[

(49)

- Cleleizr[o 0 1 ]T_,uK|Zseabed - Zr|

where f,.,,,;..; 1S the contact force, z, is the z-coordinate
of vector r, and 7. is the velocity in Z-axis. The
external force of ALE-ANCEF is written as,

1
f= 5 Copyde||PV||[PV + g Crpsd |t vtt"y
+(1+Cm )Apraw + fcontacl

1
|:Fl:§f;dg,' :| _ pnodei+12_ pnodei/ NdeS
node i+1 -1

(50)

The initial shape of cable is shown in Fig. 23, and
the top node of cable is driven by a straight-line route,
as shown in Fig. 24. The variation of the cable length
over time is illustrated in Fig. 25. The simulation
result of ALE-ANCF and ALE-GLMF are presented
in Figs. 26, 27, 28.

Table 4 Computational time for case 2

Route type ALE-ANCF ALE-GLMF
Circle 1816.66 s 5287.78 s
Straight 1200.45 s 1999.09 s
Screw 1737.97 s 4972.51 s
——ALE-GLMF
0.5 - - ALE-ANCF
& deployment point
=
£ 0
w
)
e
N
-0.5
-10 -5 0

X position/m

Fig. 23 Initial positions

Simulation results indicate that the cable modeled
by ALE-GLMF exhibits broken lines when the
elements start to contact with the seabed, as illustrated

1000 ¢ —X axis
—Y axis
800 | - = Z axis
g
S 600+
.2
'g 400 ¢
o
200 r
0
0 200 400 600 800 1000
time/s

Fig. 24 Trace of the top node

1200 ¢
1000 ¢

0]
o
(=]

length/m
N
g

400 |
200 ¢
0 L L )
0 200 400 600 800 1000
time/s
Fig. 25 cable length variation over time
0r |— ALE-GLMF
1- - ALE-ANCF
£
=
Z -
8
(o
N
-10 ¢
0 20 40 60

X position/m

Fig. 26 Cable shape at the 53th s
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by black circles in Figs. 26, 27, 28. While, the cable
modeled by ALE-ANCEF consistently presents smooth,
continuous curves. Based on lump mass method, the
cable element in ALE-GLMEF only has axial deforma-
tion and cannot express bending deformation within
element, whereas, the bending deformation is well
expressed by the element of ALE-ANCF.

0 ——ALE-GLMF
- - ALE-ANCF

Z position/m
o

—
S)

0 20 40 60
X position/m

Fig. 27 Cable shape at the 56th s

Although the accuracy of ALE-GLMF is lower than
that of ALE-ANCEF in expressing bending deforma-
tion, the cable elements that have contacted with
seabed show almost the same accuracy as ALE-
ANCEF. Additionally, the computational time of ALE-
GLMF is much less than that of ALE-ANCEF, as shown
in Table 5. Therefore, ALE-GLMF has advantages in
analyzing the cases where the bending deformation
within elements is negligible, and many cable nodes
are needed to express contact or concentrated mass
points.

4 Conclusion

This paper addresses the singularity issues associated
with traditional lumped mass methods in modeling
underwater cables by proposing a Global Lumped
Mass Formulation (GLMF) expressed solely using
global nodal coordinates. Additionally, the combina-
tion of Arbitrary Lagrangian—Eulerian (ALE) and
GLMF results in the ALE-GLMF, suitable for mod-
eling cables with variable lengths, commonly used in
marine towing and cable laying systems. The perfor-
mance of ALE-GLMF is validated against ALE-

0 fiﬁgi%ﬁ ANCEF, which employs third-order shape functions to
s ‘ express cable deformation. The key conclusions are as
E P follows:
'z (1) GLMF avoids singularity issues in transforma-
Ng“ tion matrices by directly expressing all element
10 forces and masses using global node coordi-
nates, distinguishing it from the Euler frame,
0 2‘0 4‘ﬁ0 Frenet frame, and RVEF.
X position/m (2) GLMF outperforms traditional element frames
in efficiency due to the absence of an element
Fig. 28 Cable shape at the 58th s frame.
Table 5 Parameters of case 3
Parameters value d. (m) Cyu Can C, E (N/m?)
0.04 0. 01 1 1 7.02 x 107
Parameters value De (kg/m3) Lo i (M) K (N/mz) u 1% (kg/m3)
4000 5 400 0.01 1025
Parameters value c vy, (m/s) a,, (m/sz) Zseabed (M) C(N~s/m2)
10 (000" [oooy” - 10 100
Parameters Value Simulation time(s) Computation time of ALE-ANCF Computation time of ALE-GLMF

1000 20,070.05 s

5054.68 s
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(€)

“

)

Q)

@)

Because each GLMF node requires only 3
coordinates compared to the 6 coordinates of
ANCF nodes, GLMF offers greater computa-
tional efficiency than ANCF when they have the
same number of nodes.

GLMF requires much shorter element lengths to
achieve the same accurate as ANCF in express-
ing cable bending behaviors, which spends more
computational time than ANCF.

ALE-GLMF effectively models cable deploy-
ment and retrieval in marine towing and cable
laying systems.

GLMF and ALE-GLMF are preferable for
cables with low bending deformation, particu-
larly in scenarios requiring numerous cable
nodes to express concentrated loads or mass
points.

Overall, GLMF and ALE-GLMF offer robust
solutions for modeling underwater cables, par-
ticularly in scenarios with low bending defor-
mation and complex loading conditions.
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