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Abstract To investigate the meshing characteristics

of involute spur gear pairs, a time-varying mesh

stiffness (TVMS) model is developed in this study,

which pays special attention to the nonlinearity of

lubrication and friction in the meshing process. Here,

to improve the modeling quality, four typical param-

eters are considered in the model, including the

lubrication state, the non-Newtonian shear character-

istics of the lubricant, the time-varying displacement

of the asperity, and contact conditions along the

meshing path. The proposed model provides an

interdependence between tooth surface contact char-

acteristics and gear comprehensive meshing stiffness,

which can provide a guidance for enhancing the

performance of involute spur gears. Furthermore, the

effects of roughness, rotation speed, and load on

TVMS are investigated, exhibiting distinct regional

characteristics along the meshing path. Noticeable

differences are observed in the intensity of disturbance

in the meshing-in, meshing-out, single-tooth pair, and

double-tooth pair contact areas.

Keywords TVMS � Friction � Involute spur gear �
Lubrication

Abbreviations

dc Distance between the contact point and the

tooth root

hc Distance between contact point and the tooth

central line

E Elastic modulus

F Action load

a Semi-axis of the Hertzian contact width

ka Radial compression stiffness

kb Bending stiffness

kf Stiffness considering fillet-foundation

deflection

kc Interface stiffness

ks Shear stiffness

kt Overal mesh stiffness

r Reference radius

rc Distance from gear center to contact point on

tooth flank profile

Z Teeth number

ac Pressure angle

b Load angle

h Half tooth angle
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u Parameter of rack-cutter flank profile

equations

L Width of the gear tooth

u1; u2 Contact center velocity of driving gear and

driven gear, respectively

ue Entraining velocity

h Local film thickness (or gap)

p Pressure

Ph Maximum Hertzian contact pressure

rq Surface root mean square roughness

Rcx Effective radius in the x-direction

t Time

ve Surface elastic deformation

s1; s2 Asperity height of Surfaces on driving gear

and driven gear, respectively

g; g0 Viscosity, and viscosity under ambient

condition

q0 Density under ambient condition

T1; T2 Local temperature on Surfaces of driving

gear and driven gear, respectively

l1; l2 Poisson’s ratios of driving gear and driven

gear, respectively

1 Introduction

The lubrication state and friction are pivotal aspects,

which affect the transmission efficiency and dynamic

characteristics of the gear pair [1]. During the

transmission process, the interface contact state con-

stantly changes due to the alternating contact of single

and double tooth pairs, the continuous changes in the

position of the meshing point, and the load distribution

between tooth pairs. Mechanically processed involute

gears inevitably have micro-roughness. The move-

ment of the asperity can cause changes in the contact

gap and friction, which in turn alter the TVMS

characteristics of the gears. This phenomenon is one of

the primary sources of dynamic excitation in gear

transmission systems [2]. Hence, it is important to

study the meshing characteristics of gears.

In recent years, scholars have conducted extensive

research on the TVMS of gears. Chaari et al. [3]

derived an analytical formula for solving the meshing

stiffness by calculating the fillet foundation deflection,

based on the widely used Weber formula. Yang et al.

[4] proposed an energy method to solve the meshing

stiffness by considering bending, axial compression,

and Hertzian contact. Then, Liang et al. [5] simplified

the transition curve of the gear and developed an

improved energy method to get the TVMS of a

planetary gear system. Saxena et al. [6] introduced

interface friction into the calculating of gear meshing

stiffness, however, the difference in friction direction

between the wheel and pinion were not considered.

Mao et al. [7] proposed an improved potential energy

method based on the slice grouping method to

calculate the meshing stiffness of bevel gears with

tooth surface topography. Based on fractal roughness,

the effects of pressure angle, pitch angle, tooth width

and fractal dimension on a bevel gear pair meshing

stiffness were studied. In addition, wear [8], assembly

errors [9], gear modifications [10], etc. will cause

changes in the TVMS of the gear pair. Wang et al. [11]

found that planetary gears under mixed lubrication

exhibit rich bifurcation characteristics, and tooth

surface friction could cause the system to enter chaotic

motion in advance. Detailed tribo-dynamic analysis of

gear contacts and internal excitation is essential in

electric powertrains to improve performance and

efficiency.

However, the current calculation method of TVMS

has limited consideration of lubrication and friction

due to the complexity of roughness contact. Existing

studies have rarely taken into account the time-varying

films and the movement of asperities. Early research-

ers attempted to determine the lubrication status of

gears by using specific full-film lubrication diagrams

that were based on dimensionless elastic and viscosity

parameters [12–14]. Mughal et al. [14] pointed out that

under high contact pressure, the oil film behaves like

an amorphous solid, and an appropriate analytical

lubrication models in TVMS models can improve the

accuracy of gear dynamic response significantly.

Based on smooth elastohydrodynamic lubrication

(EHL)model, Zhou et al. [15] found that the amplitude

and fluctuation of oil film stiffness are closely related

to the shear rate, and the stiffness of the oil film is

greater than the interface stiffness of the gear, which

has a great impact on gear transmission [16]. Xiao and

Shi [17] claimed that under EHL lubrication, crown

modification will significantly affect the stiffness and

damping of the gear contact point. By rationally

designing the gear parameters, it is possible to obtain

the appropriate oil film stiffness and damping, which

can help reduce the impact and vibration of the gear.
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Bobach et al. [18] emphasized that during the gear

transmission process, the interaction of surface rough-

ness and film microfluidics plays important roles in

stiffness, and their effects cannot be ignored. Using

empirical formulas to simplify the consideration of

lubrication and friction in the gear meshing process

cannot provide insight into the impact of lubricant

rheology and contact tribology properties on TVMS

changes.

A calculation method for TVMS of involute spur

gear pairs is developed in this study, which pays

special attention to the nonlinearity of lubrication and

friction in the meshing process. Potential energy

method [4] is applied to predict the flexibility of gears

and gear bodies. The surface pressure is calculated

based on a general mixed EHL model [19]. Contact

deformation is solved by numerical integration based

on elastic half space assumption [20, 21]. The transient

friction at the interface is calculated by combining the

non-Newtonian viscoelastic lubrication model [27]

and the point heat source integration method [24]. The

corner contact effect [22] was overlooked in this study.

The proposed model focuses on the movement of the

actual machined surface during the time-varying

meshing process of gears, as well as transient lubri-

cation and friction. Through, corner contact has a

significant effect on the shape of the mesh stiffness

curves [23–25]. By comparing the low-speed smooth

solution with the existing literature results based on

Hertz, the accuracy of the model was verified, the

effects of surface roughness, speed, and load on the

TVMS of an involute spur gear pair were analyzed,

which can provide valuable guidance for enhancing

the performance of involute spur gears.

2 Gear mesh modeling

2.1 Tooth geometry

Figure 1 shows a variable cross-section beam model

of gear meshing forces. There are two coordinate

systems in Fig. 1. A Cartesian coordinate system

SO(x,y) is established by taking the symmetry line of

the gear tooth as the x-axis and the straight line passing

through the tangent point (A) of the tooth fillet and the

tooth root circle as the y-axis. Another Cartesian

coordinate system Sc(x,y) takes the tooth surface

meshing center as the origin and the tooth surface

tangent direction as the x-axis. O1 is the rotation

center, rb is the base circle radius, rf is the tooth root

circle radius, rc represents the distance between the

contact point and O1, ac is the contact point pressure

angle, b is the angle between the contact point and the

Fig. 1 Beam model of a

spur gear tooth
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y-axis, and h corresponds to half of the central angle.

Sc(x,y) is the interface contact coordinate system.

What transferred from the SO coordinate system to Sc
is the tangential velocity of the contact surfaces and

the meshing force F. The transformation of velocity

can refer to Eq. (A-1) in Appendix A.

The gear root fillet generated by the tip fillet of the

tool can be represented in the coordinate system So (x,

y) as [26],

xAB ¼ ð�tp þ ruÞ sinðu� hÞ þ C1 cosðu� hÞ � s
yAB ¼ ð�tp þ ruÞ cosðu� hÞ þ C1 sinðu� hÞ

�

ð1Þ

where, C1 ¼ r þ rq sin a� h�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2q � t2p

q
,

tp 2 0; rq cos a
� �

,

s ¼ rf cos h,
h ¼ hf � ð1� sin aÞrq,
uðtpÞ ¼ ðrq sin a� hÞtp=ðr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r2q � t2p

q
Þ,

h ¼ p=Z� D=r.
r is the reference radius. Z is the tooth number.

D; rq; and a are tool parameters, which are the distance

between the tool tip fillet arc center and the tool

symmetry line, tip fillet radius and tooth profile angle

of the tool, as shown in Fig. 2.

The involute profile equations in coordinate system

SO (x, y) can be expressed by [26],

xBD ¼ ð�tp þ ruÞsinðu� hÞ þ C2Ccosðu� hÞ � s
yBD ¼ ð�tp þ ruÞcosðu� hÞ þ C2sinðu� hÞ

�

ð2Þ

where, C2 ¼ r þ cotaðtp � q cos aÞ � h,

tp 2 rq cos a; ðmha� þ hÞ tan aþ rq cos a
� �

,

uðtpÞ ¼ ½tp csc2 a� ðrqcota � cosaþ hÞcota�=r.

2.2 Tooth and fillet-foundation deflections

The potential energy method has been widely used in

solving tooth deflection as well as the TVMS [5, 28].

Tooth deflection consists of bending deflection, shear

deflection, and axial compressive deflection. There-

fore, there are three types of elastic potential energy

associated with the meshing gear tooth: bending,

shear, and axial compressive energy. Combining the

potential energy method with the tooth profile equa-

tion [29], the bending potential energy Ub, shear

potential energy Us, and axial compression potential

energy Ua can be expressed as

Ub ¼
Zq cos a

0

3 Fbðdc � xABðuÞ � FahcÞ½ �2

4ELy3ABðuÞ
� dxABðuÞ

du
du

þ
Zuc

q cos a

3 Fbðdc � xBDðuÞ � FahcÞ½ �2

4ELy3BDðuÞ
� dxBDðuÞ

du
du

ð3Þ

US ¼
Zq cos a

0

1:2F2
b

4GLyABðuÞ
� dxABðuÞ

du
du

þ
Zuc

q cos a

1:2F2
b

4GLyBDðuÞ
� dxBDðuÞ

du
du

ð4Þ

Ua ¼
Zq cos a

0

F2
a

4ELyABðuÞ
� dxABðuÞ

du
du

þ
Zuc

q cos a

F2
a

4ELyBDðuÞ
� dxBDðuÞ

du
du ð5Þ

where, ac ¼ arccosðrb=rcÞ,
c ¼ ðpþ 4e tan aÞ=ð2ZÞ þ inva� invac,
and

uc ¼ ðh� cÞr sin2 aþ ðq cos2 aþ h sin aÞ cos a.
E and G represent elastic and shear moduli,

respectively. hc is the distance from the gear contact

point to tooth central line, dc is the distance between

the contact point and the tooth root. L is the tooth

width.

Fig. 2 Tooth shape of gear cutter and relative coordinate

systems [27]
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The gear meshing process can be divided into two

stages: meshing-in and meshing-out. These stages are

divided based on the pitch nodes. In the meshing-in

stage, the driving gear meshes from the tooth root to

the pitch node. At this stage, the speed of the driven

gear is greater than that of the driving gear.

Thus,Fa ¼ F sinbþ Ff cos b,Fb ¼ F cos b� Ff sinb.
In the meshing-out stage, the speed of the driven gear

is smaller than that of the driving gear.

Fa ¼ F sinb� Ff cos b, Fb ¼ F cos bþ Ff sin b.
Detailed calculation methods of friction Ff are

discussed in Sect. 2.3.

By solving for the normal approach height under

various loads, the interface contact stiffness can be

calculated. The normal contact stiffness can be

obtained by using the stress–strain increment

relationship.

kc ¼
Fload1
c � Fload2

c

dload1c � dload2c

�����
����� ð6Þ

The interface normal strain dc, taking into account

the fluid load and the actual machined surface, can be

determined by solving the Reynolds equation. This

topic will be further discussed in Sect. 2.3.

The deformation stiffness of the tooth base is

calculated by the formula proposed by Sainsot et al.

[30].

kf ¼
Eb

cos2 bfL� ðuf=SfÞ2 þM � ðuf=SfÞ þ P� ð1þ Q� tan2 bÞg

ð7Þ

L,M, P and Q are four coefficients according to the

polynomial functions in Sainsot et al. [30]. And they

are further explained in Appendix A.

Then, the comprehensive meshing stiffness of the

gear can be expressed as:

kt ¼ 1=ð1=kb1 þ 1=ks1 þ 1=ka1 þ 1=kb2 þ 1=ks2
þ 1=ka2 þ 1=kcÞ ð8Þ

The subscripts 1 and 2 represent the driving gear

and the driven gear respectively.

2.3 Lubricated contact for spur gear pairs

The time-varying meshing process of the tooth surface

is solved in the Sc(x,y) coordinate system as shown in

Fig. 1. During the meshing process of the gear, the

interface may have both asperity contact and

hydrodynamic pressure effects, which can be gov-

erned by the Reynolds equation.

o

ox
ðqh

3

12g
op

ox
Þ þ o

oy
ðqh

3

12g
op

oy
Þ ¼ ue

oðqhÞ
ox

þ oðqhÞ
ot

ð9Þ

where, h is the gap between the contact tooth pair, and

it can be expressed as a function of geometry, surface

roughness, elastic deformation, and offset distance.p is

pressure. g is the viscosity of the lubricant. ue is

entraining velocity, which is the average of the two

tooth surface velocities.

h ¼ dcðtÞ þ
x2

2Rcx
þ veðx; y; tÞ þ s1ðx; y; tÞ þ s2ðx; y; tÞ

ð10Þ

In Eq. (10),Rcx is the equivalent radius in the x

directions, whose calculation method is shown in

Appendix A, ve represents the elastic deformation, s1
and s2 are the two surface asperity height. dc is the

interface normal strain or normal approach height.

Elastic deformation can be convolved by the

following formula:

veðx; y; tÞ ¼
2

pE0

ZZ
X

pðn; 1Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� nÞ2þðy� 1Þ2

q dnd1

ð11Þ

where E0 represent the equivalent elastic modulus. Its

calculation method can refer to Appendix A.

The viscosity is calculated by the equation pro-

posed by Roelands.[31]

g ¼ g0 exp ln g0 þ 9:67ð Þ 1þ 5:1� 10�9p
� �0:68�1

h i

ð12Þ

The unit of p in the above equation is Pa. The unit of

g0 is Pa�s. The density can be obtained from the

following formula, where q0 is the density at normal

pressure.

q
q0

¼ 1þ 0:6� 10�9p�m2=N

1þ 1:7� 10�9p�m2=N
ð13Þ

The normal approach height dc is adjusted through

the load balance equation:

FcðtÞ ¼
ZZ

X
pðx; y; tÞdxdy ð14Þ
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If the calculated resultant force is less than Fc, then

dc needs to be reduced, Otherwise, add dc,so that the

equation holds. By obtaining dload1c and dload2c under

two adjacent loads (Fload1
c and Fload2

c ), the meshing

stiffness of the interface can be obtained through

Eq. (6).

Friction causes the temperature to rise and reduces

the viscosity of the fluid, the reduction in viscosity will

reduce friction to a certain extent. Friction and

temperature affect each other, so they need to be

solved simultaneously. The contact state of each

discrete point in the solution area can be determined

according to the value of film thickness h. In the

boundary lubrication contact region (h = 0), a fixed

friction coefficient 0.14 is used. Boundary friction

coefficient is often in a range of 0.07–0.15 for

lubrication systems with commonly used steels and

industrial lubricants [32]. In the EHL contact region

(h[ 0), the EHL friction is calculated by the method

proposed by Bair–Winer[33].

_c ¼ _s
G1

� sL
g
ln 1� s

sL

	 


G1ðp; TÞ ¼ 1:2p

2:52þ 0:024T
� 108

sLðp; TÞ ¼ 0:25G1

:

8>>>>><
>>>>>:

ð15Þ

_c is shear rate.s and _s are the shear stress and the

derivative of shear stress with time, respectively. The

unite of p is Pa.

It is assumed that the heat generated by the contact

is completely taken away by the gear, and the

convection of the lubricant and the normal heat flow

can be ignored. These simplifications have been

proven feasible and widely adopted[34]. The temper-

ature can be calculated iteratively by the following

equation [35, 36]:

T1 nð Þ ¼ Tb1 þ
1

pq1C1u1k1

	 
0:5 Rn
�x

ktf
h

T2ðkÞ � T1ðkÞ½ � þ qðkÞ
2

� �
� dðkÞ
ðn� kÞ0:5

T2 nð Þ ¼ Tb2 þ
1

pq2C2u2k2

	 
0:5 Rn
�x

ktf
h

T1ðkÞ � T2ðkÞ½ � þ qðkÞ
2

� �
� dðkÞ
ðn� kÞ0:5

8>>><
>>>:

ð16Þ

where q is the shear heat. Tb1 and Tb2 are volume

temperature of the gear pair, and ktf is the thermal

conductivity of the lubricant. C1 and C2 are specific

heat. k1 and k2 are thermal conductivity of the gear

pair. k is the one-dimensional conduction coordinates.

u1 and u2 represent the velocities of the two surfaces,

respectively.

It should be pointed out that in the solution of

lubrication, the kinematics of gears are considered

rather than dynamics. By solving the geometric and

motion parameters of gears along the meshing path,

the transient lubrication and friction characteristics

under the meshing path are studied.

2.4 Overall deformation of tooth pair and load

distribution

The overall deformation of meshing tooth pairs

consists of contact deformation (dc), bending defor-

mation (db), shear deformation (ds), axial compression

deformation (da), and the deformation of gear matrix

(df ). The subscripts 1 and 2 represent the driving gear

and the driven gear respectively.

d ¼ dc þ db1 þ ds1 þ da1 þ df1 þ db2 þ ds2 þ da2
þ df2

ð17Þ

The load distribution between the gear pairs that

mesh instantaneously can be approximately repre-

sented as:

Fi ¼
kiPn
j

kj

F ¼ Fi

di
� FPn

j

Fj

dj

ð18Þ

where, Fi represents the meshing force on the i-th

tooth, di is the total deformation of the i-th tooth

contact. ki is the meshing stiffness of the i-th tooth, n is

the number of teeth participating in the instantaneous

meshing. The flow chart of the calculation process is

shown in Fig. 3.

The calculation of mixed EHL approach is shown in

Fig. 4. First, the meshing path is discretized, and the

surface topography, comprehensive curvature radius,

surface speed, load, etc. of each contact position on the

discrete path are obtained. Then, the contact condi-

tions at each location are substituted into the Reynolds

equation. The Reynolds equation is solved by the finite

difference method, initial values of pressure and

normal approach height are based on Hertzian contact,

and they are corrected through relaxation iteration

method. After the results converge, the friction and

temperature rise of the interface are calculated. Three-
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dimensional infinite line contact is used in the

simulation, that is, multiple grids are divided in the y

direction, while the edge effects in the y direction are

ignored. This is to avoid the strong randomness of the

rough peaks in a two-dimensional model. To capture

the movement and updates of the surface during the

meshing process, three layers of meshes are utilized,

consisting of two rough surface meshes and a solution

area mesh. The two surface meshes are denser than the

mesh in the region where the Reynolds equation is

solved. The two surface meshes do not directly

participate in the iteration of the Reynolds equation,

Fig. 3 Flow chart of the

computational procedure to

obtain meshing force

Fig. 4 Flow chart of the

computational procedure to

obtain friction and interface

normal strain
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but interact with the solution region through mapping.

After the solution at time t is completed, the grid of the

solution area is updated based on the distance moved.

To minimize computing costs, the grid of the rough

surface only needs to be wider than the contact area.

Through continuous queue movement, the desired

movement effect can be achieved.

The solution area is divided into 256 9 100 grids,

with-4 a0 to 2.8 a0 in x direction, and -L/2 to L/2 in y

direction. a0 is the Hertzian contact width at the

meshing-in position. L is the width of gear tooth.

The relaxation iteration coefficient for pressure is

0.005, and the basis for convergence is as follows.

X
pnewi;j � poldi;j

��� ���=X poldi;j � 0:000001ZZ
X
px;ydxdy� Fc

����
����� 0:0001

8>><
>>:

ð19Þ

2.5 Basic simulation parameters

Two identical involute spur gears are used in the

simulation, and the detailed parameters are shown in

Table 1. Three-dimensional scanning of the machin-

ing topography, as shown in Fig. 5, is adapted in the

numeral calculations of interface contact characteris-

tics, and the normal misalignment of the initial contact

position is used to avoid possible nesting of the

surfaces. The surface consists of 2937 9 1881 nodes.

The initial viscosity of the lubricant is 0.023 Pa�s at
room temperature (24 �C) and standard atmospheric

pressure. The gear meshing path is discretized into

3000 points to ensure smooth convergence of mixed

EHL approach. By adjusting the height of the

asperities, the roughness of simulated surface can be

scaled to the desired value.

2.6 Model verification

It should be pointed out that the model is based on

kinematics of gears and kinetics/dynamics is

neglected; hence, the stiffness model validation is

conducted at very low speed and can be representative

since dynamics effects are not included in the

simulations. When the gear speed is very low, the

contacts experience boundary lubrication. At this

time, the hydrodynamic pressure effect of the lubricant

ceases, and the interface transitions into a Hertzian

contact state. Therefore, the simulation results of the

smooth surface at an extremely low speed of 1 rpm

can be compared with those based on the Hertzian

contact to verify the accuracy of the proposed model.

Table 1 Details of gear parameters

Parameters Pinion/Wheel

Teeth number 36

Module (mm) 4

Width (mm) 12

Pressure angle (�) 20

Addendum coefficient 1.0

Tip clearance coefficient 0.25

Elastic modules (GPa) 206.8

Poisson’s ratio 0.3

Fig. 5 Three-dimensional scanning of the machining

topography

Fig. 6 Comparison between single tooth pair mesh stiffness

evolutions yielded by Yang et al. [27] and the proposed model
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Figure 6 shows a comparison of the elasticity and

mixed EHL results at extremely low speeds. The

simulation results of the mixed EHL approach at

extremely low speeds show good consistent with the

model of Yang et al.[27], which is based on Hertz

theory. This is in line with the expectation that the

lubricating film disappears and only Hertz contact

remains at extremely low speeds. The gear parameters

used for verification are shown in Appendix

A-Table 2. The consistency between the extremely

low-speed and Hertz solutions confirms the correct-

ness of the proposed model at extremely low speeds.

3 Results and discussions

3.1 Surface roughness

Surface roughness has a significant impact on con-

tacts. A rough surface can increase the friction

between gears and decrease the efficiency of mechan-

ical components. Due to variations in machining

accuracies, the roughness of gears is typically falls

within the micrometer range, which is usually com-

parable to the film thickness of tooth pair contacts

during operation. In this section, the analysis focuses

on the effects of roughness on contact characteristics

and gear meshing stiffness, the torque is 345.6 Nm,

and the input rotation speed is 600 rpm.

Figure 7 shows the variation in velocity, load,

maximum surface pressure and maximum surface

temperature rise during a mesh cycle. It can be seen

that for smooth surfaces, the maximum pressure

change is consistent with the change in contact point

load, but for rough surfaces, there is no obvious

correlation between the maximum surface pressure

and the contact load. This is because that for the rough

cases, the maximum pressure source is mainly the

elastic deformation of the local asperity, which is

highly random. In addition, for the smooth cases, the

maximum surface temperature rise is obviously

affected by the relative sliding speed and the load

distribution along the meshing path. As the relative

sliding speed decreases during the meshing stage, the

maximum surface temperature rise decreases. Where

the teeth mesh alternately (at 0.69 and 1.0 cycle), there

is a sudden change in surface temperature rise.

However, this pattern is also not significant when

considering roughness. An obvious temperature rise

reduction is only observed when the relative sliding

speed is low (at 0.85 cycle).

Figure 8a illustrates the changes in the friction

coefficient along the meshing path under four different

roughness conditions. It is evident that the roughness

has a significant impact on friction. As the roughness

of tooth surface increases, the fluctuation of the

friction coefficient along the meshing path also

increases. For smooth contact, the friction coefficient

along the meshing path is also not fixed. At the

alternating meshing of single and double tooth pairs,

the friction coefficient experiences two sudden

changes due to transient impact. When the roughness

is relatively large, the sudden changes are not very

significant because the friction coefficient fluctuates

along the meshing path. For example, the change in

friction coefficient of rq = 0.4 lm at the alternating

meshing of single and double tooth pairs is relatively

insignificant compared to the other three cases. At the

gear pitch circle, the slip-roll ratio is 0, and theoret-

ically, the fluid friction at this point is also 0. However,

the friction coefficient here in the fig is reduced to a

minimum value instead of being 0. This is because the

path is discretized, and the discretized contact points

always have small relative sliding velocities, as well as

possible partial asperity contact. Figure 8b demon-

strates the temperature rise at the meshing-in position.

It can be observed that the surface temperature rise is

significantly affected by the roughness peak distribu-

tion, and there are random peaks that are particularly

strong. The surface temperature rise, taking into

account roughness, is significantly greater than that

of a smooth surface. Additionally, the maximum

temperature rise increases as the roughness increases.

Figure 9 demonstrates the film thickness and pres-

sure distribution at the meshing-in position. Under the

smooth surface, the oil completely separates the two

surfaces, creating an evenly distributed film gap

between the two tooth surfaces. However, due to the

roughness, the contact occurs in mixed lubrication,

and some of the asperities come into direct contact.

The greater the roughness, the higher the pressure

peak, increasing the likelihood of film breakage and

intensifying direct contact between asperities. When

the roughness moves, the distribution of gaps and
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pressure at the interface changes. If the effect of

roughness is ignored, the resulting interface contact

characteristics may be too idealized.

Data in Fig. 10a suggests that roughness affects the

normal approach height of the tooth pair interface. As

roughness increases, the height of normal contact also

increases. This may be because the rougher the

surface, the higher the peaks of asperity. The higher

the asperity peak at the same normal approach height,

the greater the strain and pressure generated. In

addition, while the normal approach height fluctuates

slightly, it is not as significant as the change in the

Fig. 7 variation of contact characters during a mesh cycle a Velocity, b Load, c Max pressure, d Max temperature rise of pinion

Fig. 8 Friction and temperature of gear contacts under different roughness. a Evolution of friction coefficient along the meshing path,

b Temperature Distribution on the plane Y = 0 at the meshing-in position
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transient friction coefficient. The normal approach

height initially decreases almost linearly during the

double-tooth meshing-in stage, then remains almost

constant during the single-tooth pair contact stage, and

finally increases linearly during themeshing-out stage.

As shown in Fig. 10b, the interface stiffness increases

significantly in the double-tooth pair meshing-in stage,

remains relatively constant in the single-tooth pair

contact area, and decreases significantly during the

double-tooth meshing-out stage. At the alternating

Fig. 9 Contact properties on the plane Y = 0 at the meshing-in position. a Film thickness distribution, b Pressure distribution

Fig. 10 Evolutions of normal approach height and gear mesh stiffness for different roughness. a Normal approach height, b Interface

stiffness, c Mesh stiffness of a single tooth, d Comprehensive mesh stiffness of gears
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meshing of single and double tooth pairs, the interface

stiffness experiences transient peaks and valleys as a

result of transient changes in load. It should be point

out that in actual engineering, this fluctuation may not

be so severe due to the corner contact, which may be a

shortcoming of this model. Roughness has a signifi-

cant impact on the stiffness of the interface, particu-

larly in the area where the double-tooth pairs meshing

occurs. The fluctuation of interface stiffness increases

with the increase of roughness. Comparing the single-

tooth and comprehensive meshing stiffness in

Fig. 10c-d, it can be observed that roughness has a

greater impact on the stiffness of the multi-tooth pair

meshing area.

3.2 Velocity

Velocity has a great influence on the lubrication state

of gear contacts. Ideally, the lubricant can completely

isolate the two tooth surfaces at the appropriate

entraining velocity. Lubricant serves as a spring that

connects the interface of gear tooth pairs, providing a

buffering effect during the meshing process. It is

commonly known that, within a certain range, as the

speed increases, the film thickness will increase, and

the friction will decrease. The changes in oil film

thickness and friction may impact the stiffness of the

interface and the comprehensive meshing stiffness of

gear pair. Therefore, this section compares the inter-

face friction and stiffness characteristics at various

input speeds, while the torque is 345.6 Nm.

Figure 11a-d demonstrate the evolution of friction

coefficient along the meshing path at four speeds

respectively.

At low speeds and on smooth surfaces, even with a

small entrainment speed, the elastohydrodynamic

effect is still significant. This results in the formation

of a stable oil film, leading to a low friction coefficient.

Rough surfaces make it easier to break the oil film. It

can be seen from Fig. 11a that when the input speed is

60 rpm, the friction coefficient based on the smooth

surface is significantly lower than that of the rough

surfaces. However, the difference in friction coeffi-

cient under different roughness surfaces at 6000 rpm is

small. At high speeds, although the friction coefficient

fluctuates locally due to the influence of roughness,

there is not a significant difference in the overall

friction coefficient between a smooth surface and a

rough surface, as shown in Fig. 11d. However, as the

speed decreases, the impact of roughness on the

friction coefficient becomes more pronounced.

Figure 12 shows the variation of the Interface

characteristics at the meshing-in position with input

speed under four different roughness conditions. At

both extremely low speed and high speeds, the curves

of different roughness essentially overlap. This is

because that there is only solid friction at extremely

low speeds. Since there are peaks and valleys on the

rough surface, the average oil film thickness is not 0

even at low speeds. This phenomenon is caused by the

fact that there is always lubricant in the valleys of the

rough surface. The film load-bearing capacity is

reduced at extremely low speed and more asperity

contacts may occur. While, at high speeds, lubricants

can bear more load, the lubrication conditions are

favorable. The shear force of the lubricant is minimal,

and a stable film reduces the impact of rough peaks on

lubrication. In most of the speed range in Fig. 12, such

as 18–2000 rpm, although the friction coefficient

decreases with the increase in speed under different

roughness, their values are obviously different. The

greater the roughness at the same speed, the larger the

friction coefficient, which is consistent with engineer-

ing experience.

Figure 13 shows the simulation results at different

speeds when the roughness is 0.2 lm. As can be seen

from Fig. 13a, the influence of speed on normal

approach height is obvious. The greater the speed, the

thicker the oil film, resulting in the farther the distance

between the two surfaces. At different speeds, there is

obvious stratification in the normal approach height,

while the difference in tangential stiffness of the

interface is not significant. Figure 13b shows that the

tangential stiffness of the interface fluctuates to a

certain extent along the meshing path, and the

fluctuation decreases as the speed increases. Compar-

ing Fig. 13c and d, it can be found that speed has an

impact on gear meshing stiffness. For a single tooth

pair, in the meshing-in stage, the single-tooth meshing

stiffness at low speed is large, while in the meshing-

out stage, the meshing stiffness at high speed is large.

Gear meshing is an alternating meshing of single and

double gear tooth pairs. Due to the comprehensive

effect of double tooth pairs meshing, in the double

teeth meshing area, the comprehensive stiffness does

not differ much. In the single tooth pair meshing area,

there are certain differences in the overall meshing

stiffness at different speeds. The overall meshing
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Fig. 11 Evolution of friction coefficient along meshing path at different rotation speeds for different roughness. a 60 rpm, b 600 rpm,

c 1800 rpm, d 6000 rpm

Fig. 12 Interface characteristics versus rotation speeds at the meshing-in position. a Friction coefficient; b Average film thickness
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stiffness in the single tooth pair meshing area changes

larger at low speeds.

3.3 Load

Generally, as the load increases, the film becomes

thinner, the normal approach height decreases, and the

actual load-bearing area increases. These changes may

have an impact on the friction of the interface and the

stiffness of the gear mesh. So, this section discusses

the effect of load on gear interface friction and

stiffness.

Figure 14 illustrates the evolution of the tooth

surface friction coefficient along the meshing path

under different torques. The surface roughness used in

the cases is 0.2 lm. Under different input speeds, the

change in friction coefficient becomes smoother as the

load increases. The friction coefficient is the largest

under heavy load (M = 691.2N�m). This may be

because the deformation area is larger under heavy

load, making it easier for the asperities to be flattened

and resulting in a smoother change in the friction

coefficient. Therefore, appropriately increasing the

load on the tooth surface can enhance the stability of

gear meshing.

Based on the working conditions of the meshing-in

position, the relationship between load and tooth

surface friction is further discussed. Data in Fig. 15

suggests that there is a positive correlation between

load and the friction coefficient. As the load increases,

the friction coefficient tends to increase, but this trend

gradually weakens.

It can be seen from Fig. 16a that, as the load

increases, the normal approach height decreases, and

there is significant variation in the normal approach

height under different loads. The difference between

the normal approach height under a torque of 86.4Nm

and that under a torque of 691.2 Nm is approximately

to 10 lm. Although the normal approach heights

under different loads vary greatly, the differences in

interface tangential stiffness are not particularly

significant. Figure 16b shows that the fluctuation of

interface stiffness along the meshing path is larger

under light load compared to heavy load. For the

Fig. 13 Evolutions of normal approach height and gear mesh stiffness for different speeds. a normal approach height, b Interface

stiffness, c Mesh stiffness of a single tooth, d Comprehensive mesh stiffness of gears
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meshing stiffness of a single tooth pair in Fig. 16c, in

the meshing area of a single tooth pair, the change in

meshing stiffness is smaller under light load compared

to heavy load, primarily due to the low friction

coefficient. Figure 16d demonstrates that the

fluctuation of comprehensive meshing stiffness is

large in the multi-tooth pairs meshing area under light

load, while the fluctuation in the single-tooth pair

meshing area is small. Conversely, under heavy load,

the pattern is opposite.

4 Conclusions

A TVMS model was developed in this study for

involute spur gear pairs. The model considers the

nonlinear friction caused by the movement of asper-

ities and the time-varying conditions of meshing, as

well as the time-varying stiffness of the mixed

lubrication interface. This allows for a more accurate

prediction of the overall meshing stiffness of gear

pairs. The effects of surface roughness, rotating speed,

and gear moment on friction and stiffness are analyzed

and discussed. The results show that:

Fig. 14 Evolution of friction coefficient along meshing path at different rotation speeds for different loads. a 60 rpm b 600 rpm

c 1800 rpm d 6000 rpm

Fig. 15 Friction coefficient vs. torque at the meshing-in

position
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(1) The increase in tooth surface roughness will not

only increase interface friction and frictional

force fluctuation, but also lead to an increase in

gear meshing stiffness fluctuation, particularly

in the area where multiple tooth pairs are

meshing.

(2) The movement of asperities will have an impact

on friction and meshing stiffness across a wide

speed range. At high rotational speeds, the EHL

film helps to reduce the disturbances caused by

roughness.

(3) Increasing the load can reduce the fluctuation of

friction on the tooth surface, but it will also

increase the friction force and stiffness fluctu-

ation in the meshing area of a single tooth pair.

Under light loads, the deformation area of the

tooth surface is small, the meshing stiffness in

the double tooth pair meshing area experiences

significant fluctuations.

5 The deficiencies of the model

It should be pointed out that the traditional meshing

force calculation model, which does not consider the

influence of corner contact, is used in our study. When

the corner contact effect is taken into account, the load

evolution along the meshing path will be more natural,

which can reduce the sudden change in stiffness at the

alternation of single and double teeth pair meshing.

This is the deficiencies of the present model.

See Tables 2, 3.

Fig. 16 Evolutions of normal approach height and gear mesh stiffness for different loads. a normal approach height, b Interface

stiffness, c Mesh stiffness of a single tooth, d Comprehensive mesh stiffness of gears
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Appendix A

The following are the transformation of velocity from

the SO coordinate system to Sc.

gyc ¼ � 1

2
d1Sina	

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
d1Sina

	 
2

� 1

2
d1

	 
2

þr2c

s

r1 ¼
1

2
d1Sina	

r2 ¼
1

2
d1Sina� gyc

u1;2 ¼ x1;2 � r1;2

8>>>>>>>>>><
>>>>>>>>>>:

ðA� 1Þ

The subscripts 1 and 2 represent the driving gear

and the driven gear. d1 is the pitch circle diameter of

the driving gear.a is the pressure angle. r is the contact
curvature radius of the two gears. u denotes velocity

speed at the contact point. x is the angular velocity.

The following are intermediate variables defined in

Eqs. (7),

X�ðhf ; hf Þ ¼
Ai

h2f
þ Bih

2
f þ

Cihf
hf

þ Di

hf
þ Eihf þ Fi

ðA� 2Þ

X� indicates the coefficients L, M, P and Q. The

values of Ai, Bi, Ci, Di, Ei, and Fi are listed in

A-Table 1.

The following are the parameters of the gear for

comparison with Yang et al.

The formula for calculating the comprehensive

curvature radius.

1

Rcx
¼ 1

R1

þ 1

R2

ðA� 3Þ

The formula for calculating the comprehensive

elastic modulus.

Table 2 Coefficients of polynomial in Eq. (A-2)

Ai Bi, Ci Di Ei Fi

L - 5.574 9 10–5 - 1.9986 9 10–3 - 2.3015 9 10–4 4.7702 9 10–3 0.0271 6.8045

M 6.0111 9 10–4 2.81 9 10–2 - 8.3431 9 10–3 - 9.9256 9 10–3 0.1624 0.9086

P - 5.0952 9 10–4 0.1855 0.538 9 10–5 5.33 9 10–2 0.2895 0.9236

Q - 6.2042 9 10–5 9.0889 9 10–3 - 4.0964 9 10–4 7.8297 9 10–3 - 0.1472 0.6904

Table 3 Parameters of the gear for comparison with Yang

et al. [27]

Parameters Pinion Wheel

Teeth number 19 48

Module (mm) 4 4

Width (mm) 16 16

Pressure angle (�) 20 20

Addendum coefficient 1.0 1.0

Tip clearance coefficient 0.25 0.25

Elastic modules (GPa) 206.8 206.8

Poisson’s ratio 0.3 0.3
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1

E0 ¼
1

2
ð1� m21

E1

þ 1� m22
E2

Þ ðA� 4Þ
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