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Abstract To improve the accuracy, real-time and
stability of intelligent vehicle path tracking control
algorithms, a variable Step Model Predictive Control
method (VMPC) for path tracking based on Model Pre-
dictive Method (MPC) is proposed. A vehicle dynamics
model considering path tracking was constructed, and
a VMPC controller was designed based on the model.
To address cumulative model error, the proposed con-
trol method employs a zero-order holder-based short-
step discretization prediction model in the front part
of the prediction interval and a first-order holder-based
long-step discretization prediction model in the back
part. Carsim/Simulink co-simulations were conducted
to compare the performance of the proposed VMPC
controller with that of a traditional MPC controller
on double-lane roads and highways. The simulation
results indicate that the proposed VMPC controller
exhibits superior control precision, smoothness, real-
time performance, and dynamic stability. The proposed
method decreases 56.6% for the lateral error, 52.4%
for the heading error, 28.5% for the sideslip angle, and
45.7% for the average solution time at most when com-
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pared to a standard MPC. Experiments were performed
on a drive-by-wire integrated chassis platform, which
confirmed that the proposed VMPC controller achieves
desired tracking control accuracy for variable curvature
paths in engineering applications.

Keywords Motion control - Path tracking - Variable
step model predictive control - Model predictive
control

1 Introduction

Recent advancements in artificial intelligence and
the automobile industry have facilitated the develop-
ment of intelligent driving technology [5,7,28]. The
intelligent driving system, comprising environmen-
tal perception, high-precision positioning, behavior
decision-making, and planning control, is integral to
autonomous driving. Precise and stable tracking con-
trol of the planned path remains a key research focus
and challenge in the field of intelligent vehicle planning
and control.

To enhance the reliability and safety of intelligent
vehicle path tracking, researchers have proposed var-
ious methods, including pure pursuit tracking control
[31,32], PID control [24], slide mode control (SMC)
[10, 13], backstepping control [1], linear quadratic reg-
ulator (LQR) tracking control [34], and output feedback
control [27,33], etc. Notably, considering the relation-
ship between the vehicle and the path, the forward view-
point is heuristically selected to improve the tracking
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accuracy [2]. In [20-23], output feedback controllers
for four in-wheel motors were designed to boost lat-
eral stability and balance of the vehicle when the lane
keeping system is working, but the real-time perfor-
mance of the control is not considered. Although these
methods have achieved significant results in the field of
intelligent driving, they cannot effectively address the
multi-constraint problem of vehicle dynamics.

Model Predictive Control (MPC) is a control strat-
egy that uses a mathematical model of the system to pre-
dict its future behavior and optimize the control actions
over a finite time horizon. It has been used in vari-
ous fields such as process control, robotics, power sys-
tems, and transportation systems. The main advantages
of MPC are its ability to handle constraints and opti-
mize the system performance over a finite time hori-
zon. It can account for system nonlinearities and uncer-
tainties, and can handle multiple objectives and con-
straints simultaneously. Additionally, MPC is a closed-
loop controller that can adaptively adjust the control
actions based on the system’s actual performance. In
transportation systems, MPC is used for path planning
and control of autonomous vehicles [11,35]. MPC can
incorporate constraints into the control process, pro-
viding a solution to the multi-constraint problem and
improving vehicle path tracking accuracy [3]. In the
field of autonomous vehicles, these advantages have led
to the widespread adoption of MPC. A multi-constraint
MPC has been proposed to calculate the desired front
wheel angle for path tracking, enabling high-speed
path tracking for intelligent vehicles in [8]. In [12],
an implicit linear model predictive control method was
proposed. The controller can deal with the modeling
error by using variable sampling time and variable pre-
diction time domain. In [15], an obstacle avoidance
path planning algorithm based on real-time output con-
straint model predictive control is proposed to alleviate
the problem of drastic change of steering and improve
the tracking accuracy. In [6], the authors proposed a
linear time-varying model predictive controller consid-
ering steering characteristics. It has good adaptability
under complex conditions and improves tracking sta-
bility and driving safety. In [18], an adaptive MPC has
been developed to estimate tire cornering stiffness and
road adhesion coefficient online, enhancing tracking
accuracy and stability. In [9], a MPC lateral controller
with adaptive preview characteristics was proposed.
Cooperative path-planning and tracking controller for
driverless vehicles via a distributed MPC was discussed
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in [14]. In [29], a nonlinear MPC and mixed-integer
quadratic program were developed for the cooperative
trajectory-planning problem for autonomous driving.
A longitudinal vehicle speed auxiliary constraint based
on the maximum ideal lateral acceleration was added
to improve the path tracking performance. The authors
presented a novel integrated path tracking control strat-
egy for self-driving vehicles in [4]. The proposed strat-
egy combines a multi-input multi-output linear model
predictive control and a fuzzy logic switching system
for improved vehicle stability. In [16], a real-time non-
linear model predictive control (NMPC) controller for
all-wheel independent motor-drive electric vehicles.
This controller enhances both vehicle longitudinal and
lateral stability.

MPC control can ensure high tracking accuracy in
intelligent vehicle path tracking [17]. However, the
underlying principle of MPC involves the use of the
current state and future control sequence of the con-
structed model to predict the future output sequence
of the system. This approach involves an optimal solu-
tion process that results in an optimal solution during
each prediction period [30]. Despite its advantages, it
is challenging to ensure that the optimal solution is
achieved within the control period due to the exten-
sive calculation. Therefore, ensuring real-time perfor-
mance is a crucial aspect of MPC control. How to
improve the tracking accuracy of MPC and enhance
its real-time performance remain an important area of
research. Therefore, this paper proposed a novel VMPC
method to improve the accuracy, real-time and stability
for intelligent vehicle path tracking. The main contri-
butions of this paper are as follows.

— Anenhanced three-degree-of-freedom vehicle model
that incorporates the lateral error and heading error
associated with vehicle path tracking is built. The
proposed vehicle dynamics reflects the motion state
of the vehicle and effectively capture the impact of
vehicle path tracking.

— A variable step size MPC controller is designed via
the vehicle dynamics model considering path track-
ing. This approach leverages the vehicle dynamics
model and incorporates variable step sizes for both
short and long intervals to achieve prediction accu-
racy and real-time control.

— The effectiveness of the VMPC controller is veri-
fied through practical vehicle testing using a drive-
by-wire integrated chassis experimental platform.
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Fig. 1 Two wheels dynamics model

The rest of the paper is structured as follows: Sec-
tion 2 outlines the construction of the vehicle dynamics
model considering path tracking. Section 3 elucidates
the design of the VMPC. Section 4 presents the sim-
ulation results and analysis. Section 5 introduces the
experiments. And the conclusions are given in Sect. 6.

2 Vehicle dynamics model considering path
tracking

In most literature, a two-DOF models are built con-
sidering lateral forces and moments balance for vehi-
cle dynamics analysis. For example, in [19], a two-
DOF model at high vehicle speed was presented which
includes the heading angle and sideslip angle. These
models mainly focus on the lateral dynamics. A lateral
vehicle dynamics model of two-DOF which was repre-
sented by the lateral position and yaw angle at higher
vehicle speed was proposed in [25] which considered
the lanes. A baseline model with lateral vehicle dynam-
ics was proposed in [26] for path tracking. Inspired
by these vehicle dynamics models, in this study, we
employ a three-DOF model that accounts for vehicle
velocity, lateral and yaw motion to reduce computa-
tional complexity and enhance lateral control accuracy
during path tracking. This dynamics model combines
the lateral dynamics model with path tracking model.
Figures 1 and 2 depict this three-DOF model.
Asshown in Fig. 1, according to Newton’s law, vehi-
cle lateral force balance equation and torque balance
equation are expressed as
m(y +x¢) = Fyrcosdy + Fy, |
Iz(ﬁ:lnyfCOSSf—lrFyr, M
where m is the vehicle mass, I, is the moment of iner-
tia, & 7 is the front wheel angle, y and X are the lateral

Waypoints

Fig. 2 Path tracking model

acceleration and longitudinal velocity of the vehicle
respectively, ¢ and ¢ are the yaw rate and yaw angular
acceleration respectively, Fyy and Fy, are the longitu-
dinal forces of front and rear wheels respectively, F s
and Fy, are the lateral forces of front and rear wheels
respectively, /¢ is the distance from front axle to cen-
troid, and /, is the distance from rear axle to centroid.

Under normal conditions, the tire remains within the
elastic cornering region. Consequently, the tire corner-
ing forces can be approximated as a linear function of
the tire cornering angle.

Fyp = 2Cqgay

(2)
Fyr =2Cquray,

where Cyr and Cy, are the cornering stiffnesses of the
front wheel and rear wheel respectively, oy and «, are
the side slip angles of the front wheel and rear wheel
respectively.

For evaluating the path tracking effect, we introduce
two metrics, the lateral error and heading error of vehi-
cle path tracking. A kinematics model considering path
tracking is established and depicted in Fig. 2.

As shown in Fig. 3, the lateral error and heading
error of vehicle path tracking are

ey =—(X — Xyep) sin@rer + (Y — Yyeof) COSQpef 3)
€p =@ — Qref,

where ey, and e, are the lateral error and heading
error respectively, (X, Y) is the coordinates of centroid,
(Xref Yrer) is the coordinates of the reference point in
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Fig. 3 Lateral error and heading error of path tracking

the reference path, ¢ is the heading angle of the vehicle,
@res 1s the heading angle of the reference point.

To establish the three-DOF model considering path
tracking, we combine the lateral error and heading error
of vehicle path tracking with the two wheels dynam-
ics model and calculate the transformation relationship
between them. From the reference point, it is easy to
know the reference lateral acceleration and the refer-
ence yaw rate.

vy =X
Ayref = v)%/R 4)
¢ref =vy/R,

where x is the longitudinal displacement, v, is the
longitudinal velocity, ay,.y and ¢,.r are the reference
lateral acceleration and the reference yaw rate respec-
tively, R is the road radius of curvature.

According to Egs.(1)-(4), the derivative of the lat-
eral error change rate is

éy =day — Ayref = G+ vx@) — v)%/R

= y + Ux(¢ - (bref) = y + Uxétp-
The lateral error change rate can be directly obtained
by integrating from Eq.(5) as

®)

ey =y + vrey. (6)
The heading error change rate is
é(pz‘i’_ﬁbref:ﬂb_vx/R- (N
The derivative of the heading error change rate can be
obtained directly by differentiating Eq.(7) as

éw = ‘/) - §bref- (8)
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According to Egs.(5), (6), (7), and (8), one obtains
V=2¢y, —vyéy

y = éy — Uxe

YT T ©)
Q= ey + Qref

‘»b = é(p + §bref .
ViaEgs.(3) and (9), the differential equations of motion
for the path tracking dynamic model can be expressed
as

_2Cay +2Car ;| 2Cay +2Car,

ey = — y " @
—21¢Cyr + 21, Cy, . 2C
+ fLaf r are(p+ af(Sf
muvy m
—21¢Cqyr + 21.C .
+ ( fLlaf rar Ux) Pref
muy
. —2liCqp +217Cqr 21 Cop — 21, Cyr
€y = o ey + 7 2
yad Z
~ 23 Cof + 217 Cor | 2Car
L v, v I !
~ 205 Coy + 207 Car
Lo, Dref -
(10)

According to the above model, we define the state
variables of the model as x(¢) = [ey, éy, ey, é,] and
the control variable as u(t) = § ¢(t). The time-varying
vehicle dynamics model considering path tracking is
transformed into a state space equation

x(t) = Ax(t) + Bu(t) + W, (1D
where
0 1 0 0
0 —2Cqy—2Cqy 2Cq;+2Cq;  —21;Cop+21,Coy
A= muy (1) m muvy (1)
- 10 0 0 1
0 =2l Car 2l Car 2l Car =2y Cor —203Cap =27 Coy
Ly (1) I T vx (1)
0
2Cqr
B = n
() 9
21 Cyr
IZ
0
—20Cof+21 Cor
muy (1) — vx (1) .
W= Pref @).
25 Caf 4217 Car
L;vx (1)
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This model can accurately reflect the motion state of
the vehicle and consider the heading error and lateral
error of path tracking, which can directly reflect the
effect of vehicle path tracking.

3 VMPC controller design

3.1 Variable step discrete linear continuous system
model

MPC is characterized by its utilization of a model to
forecast future system states. In order to derive the
state of the future system, the vehicle dynamics model
considering path tracking should be discretized. Equa-
tion (11) is rewritten as

DO p vy + o)

dt
f(t) = Bu(t) + W
x(to) =K,

12)

where K is the initial value of the state at 7.

Denote ¢t € [kT, (k + 1)T],ty = kT, T is the sam-
pling period of the system. The solution of the non-
homogeneous state equation is

x((k+DT) = AT x(kT)

k+1)T
—i—/ eAKEDT =]y (dr . B
kT

k+1)T
+/ ALKHDT—T] g0y (13)
kT

When employing MPC for tracking control, increas-
ing the prediction time domain can enhance tracking
accuracy. However, this also increases the complex-
ity of MPC solution and negatively impacts real-time
performance. To balance model prediction accuracy
and real-time performance, we optimize the prediction
horizon by dividing it into two parts, short-step and
long-step discretization.

During the discretization process, the control vari-
able u(¢) varies within the sampling period based on the
selected holder’s control quantities. Commonly used
holders include zero-order holders (ZOH) and first-
order holders (FOH).

The zero-order holder is

Ju(t) = u(kT) = Const

: (14)
telkT, (k+1)T]

And the first-order holder is
u(t) =tkT) + ukT)(t — kT)
FOH: { i (kT) = “E+DT1-uT) ) . (15)
tekT,k+1)T
During the sampling period, the ZOH maintains a
constant control variable, while the FOH allows for
linear changes in the control variable from its initial
value. To ensure accuracy in the discrete model, short-
step discretization based on ZOH is employed in the
initial section of the divided prediction interval. In con-
trast, long-step discretization based on FOH is utilized
in the latter section to provide a reasonable balance
between accuracy and computational efficiency over
an extended prediction time domain.
The solution of the non-homogeneous state equation
obtained by short-step discretization based on ZOH is

x(k+1) = Agx(k) + Bsu(k) + Bgpu(k + 1) + Wy,
(16)
where

1 1
Ay =1+ AT + 5A2T3 +o AT
i n.

1 2 1 n—1 n
By = BT, + —-ABT? + ...+ — A""' BT},
2! n!

1 1
By =0, Wy =WTS+5AWT§+- =AW
! n!

T; is the short-step discretization interval.
The solution of the non-homogeneous state equation
obtained by long-step discretization based on FOH is

x(k+1) = Ajx(k) + Bjju(k) + Bpu(k + 1) + Wy,

(17)
where
1
A =1+AT)+- -+ AT,
n!

1 1
Bjy=-BT)+---+———A"BT",
n=g Bt !

1 1
Bp=-BT)+---+——  A"BT"
n= Bl T it 2) !

1 n—1 n
Wi= Wi+t — A" WY
T; is the long-step discretization interval.

To construct a VMPC prediction model, it is imper-
ative to standardize the discretization results. This can
be achieved through the utilization of a unified form
of linear time-varying state space equation based on
variable step discretization.

x(k+1]t) = A@)x(k|t) + By (t)u(k|t)
+By(Dyulk + 1]1) + W. (18)
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3.2 Construction of prediction model

According to Eq. (18), we select the current state and
the control quantity at the previous moment as the dis-
crete state quantity of the VMPC prediction model, and
select the control increment at the current moment and
the next moment as the discrete control quantity of the
VMPC prediction model. The expression is

x(klt) Au(k|r)
ulk — 1)t) Autk+ 1)) |
(19)

§(klr) = [ ]AU(klt)Z[

The discrete control quantity is represented as a control
increment to facilitate subsequent constraints on the
control quantity and enhance the smoothness of the
VMPC controller. The discrete state space equation is

£(k 4 1|t) = A& (k|r) + B() AU (k|t) + W (1),

(20)
where
&0=[Am &m+qu’
On, x Ny Iy,
E(f): |:Bl(t)]jv_ By (1) Oi2>(<l;31 ] s W(l): |:ONVZN ] .

where N, and N, are the number of state variables and
control variables respectively.
The output equation is

n(klt) = C&(k|r), 1)

where C is the coefficient matrix,

10000
Czkoum}

3.3 Prediction equation and output equation

The VMPC controller’s prediction horizon is divided
into N, prediction steps. To enhance prediction accu-
racy, a short-step discretization based on ZOH is uti-
lized for the 1st ~ N; prediction steps, while a long-
step discretization based on FOH is employed for the
subsequent Nyy1 ~ N, steps.

Utilizing Eq. (20), we can derive the state quantity
of the proposed system throughout the prediction inter-
val. Similarly, we can obtain the system’s output within
the same interval by applying Eq. (21). The predicted
output at a future time point is represented as

Y1) = ¥i&@) +6,U (1) + 19 (1), (22)
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where
n(k + 1)t) AU (k|1)
| nk+ Ny —1]1) | AU+ Ny —1]n)
YO=1"wrnn YO avk+nn |0
L nk+ Nl | | AU+ Ne — 1]1) |
CW, ()] CA()
AWl ca¥
PO=1Wn | T cAoito
RAGH LCA ™ AN (@) |
B 0 0
CA,()B,(t)  CBy(t) - 0
0 = : : : :
cA" ™M@ A" "w A
LAY 0By AN 0By Bi)
roc 0 )
CAy(1) c )
Vi = : .
A" Mo cA Mo
LAY AN

3.4 Objective function and constraint conditions

The primary goal of the path tracking control system
is to enable rapid and smooth tracking of the target
path by the vehicle. To achieve this, both the system
state quantity error and the incremental weighting opti-
mization of the system control quantity must be consid-
ered. Considering the complexity of the multi-objective
optimization problems, there may be no feasible solu-
tion in the calculation process. The possible reasons
for the potential infeasibility in multi-objective opti-
mization problems may include the following aspects.
Firstly, due to the limitation of constraint conditions,
there may be no solution that satisfies all objectives and
constraints simultaneously. Secondly, in some cases,
the optimization algorithm may only find local opti-
mal solutions rather than global optimal solutions.
Thirdly, during the solution process, numerical stabil-
ity issues may arise, causing the algorithm to fail to
converge to an effective solution. Given the complex-
ity of multi-objective optimization problems and the
potential infeasibility during computation, a relaxation
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factor is incorporated into the objective function. The
main roles of the relaxation factor include the follow-
ing aspects. Firstly, when the initial state of the system
is not within the feasible region, or when certain con-
straints cannot be satisfied due to changes in the envi-
ronment or system parameters, the relaxation factor
allows the controller to slightly violate the constraints
at certain moments, thus maintaining the continuity
and stability of the control. This flexibility enables the
algorithm to tolerate certain system uncertainties and
external disturbances to enhance system robustness.
Secondly, for multi-objective optimization problems,
there may be conflicts between performance indicators
and constraints. By adjusting the relaxation factor, a
trade-off can be achieved between performance opti-
mization and constraint satisfaction. When the relax-
ation factor is large, the control system focuses more on
performance optimization while relaxing the require-
ments for constraints. When the relaxation factor is
small, the control system focuses more on satisfying the
constraints, potentially sacrificing some performance.
Thus, we define the system’s multi-objective optimiza-
tion function as follows.

N 14
J) =Y Mtk +il) = neer k +i011%

i=1

Ne—1
+ Y IAUK +ilnl% + pe.
i=0

(23)

where Q is the state weighting matrix, R is the con-
trol weighting matrix, N, is the number of sampling
points of the control horizon, N, is the number of sam-
pling points of the prediction horizon, p is the weight
coefficient, ¢ is the relaxation factor.

To meet the performance indicators of vehicle steer-
ing control smoothness and vehicle path tracking accu-
racy, it is necessary to constrain the output, control
increment and control quantity of the path tracking con-
trol system. The constraints are designed as

AUnin < AU(k +i|[) < AUpax
Umin < u(k +i|t) < umax
Nmin < Nk +i]t) < Nmax

Emin = € = €max-

(24)

The first inequality represents the control increment
constraint with the constraint boundary determined by
the smoothness of vehicle steering control. The sec-
ond inequality denotes the control constraint with the

constraint boundary reflecting the physical limitations
of vehicle steering. The third inequality signifies the
system output constraint with the constraint boundary
determined by the desired path tracking accuracy. The
fourth inequality states that the relaxation factor should
be constrained within a certain range to avoid causing
instability or slow convergence rate in the algorithm.

To solve this multi-objective optimization, it must
be reformulated as a standard quadratic programming.
The VMPC multi-objective optimization can be sum-
marized as

min (%AU(t)aTﬁ,AU(t)g + f,TAU(t)g)

(25
{quAU(t)s < byp

Ib < AU(t); <ub

where

~ 0T Qo6 + R o z eT E+G

Ht [ QQ t R f QQ( t I)
IN 0 ma,\ 7U(k7 llt)

A — _IN( —Unin + U(k - llt)

a 9[ max Wts(t) - Vt¢(t) ’

_et mm + I/It (t) + yt‘P(t)

AU(l)g — |:AU(t) lb — AUMm]’ ub [AUMar]

& Emin Emax

where H, is the quadratic objective matrix, ﬁ is the lin-
ear target vector, A, is the linear inequality constraint
matrix, by is the linear inequality constraint vector, /b
and ub are the upper bound of optimization objective
and lower bound of optimization objective respectively.
In each cycle, the above constrained multi-objective
function is solved. The output of the VMPC controller
is
uklt) =u(k — 1) +[1 0]AU (k|t). (26)

During the control period, the input at the next sam-
pling time can be recalculated from Eq. (26) by the
rolling optimization characteristics. Through iterative
optimization, the vehicle is able to track the target path.

4 Simulation and analysis

In this section, we conduct a co-simulation with Car-
sim and MATLAB/Simulink to evaluate the accuracy,
stability, and robustness of the VMPC controller in
path tracking control under two conditions, a double-
lane road and a high-speed road with both straight and
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Table 1 The parameters of an used E-Class sedan

Parameter Value Unit
Vehicle mass 1903 kg

Axle base 2700 mm
Wheelbase of front axle 1600 mm
Wheelbase of rear axle 1600 mm
Distance between vehicle 1232 mm

centroid and front axle

Distance between vehicle 1468 mm
centroid and rear axle

Height of centroid 460 mm
Moment of inertia of vehicle yaw 4175 N-m?
Cornering stiffness of front wheel 58228 N/rad
Cornering stiffness of rear wheel 49223 N/rad

Table 2 The parameters of the VMPC

Parameter Value Parameter Value
Np 25 Ny 12

Ny 4 Ny, 1

N¢ 10 Ts 0.02s
T 0.1s & 0.0148

curved sections. Simulation results are compared with
those of the MPC controller to assess the performance
of the VMPC controller. The paramters of an used E-
Class sedan are shown in Table 1 and the parameters
of the VPMC are shown in Table 2.

4.1 Double lane road condition

In the double-lane road simulation experiment, we
tested the performance of the VMPC controller at vehi-
cle velocities of 15km/h, 50km/h, and 70km/h. The
curvature of the used double-lane road is shown in
Fig. 4.

Figure 5 illustrates the vehicle trajectory on the
double-lane road at 15km/h. One finds that the max
trajectory tracking error of the Y axle is about 0.02 m
with the MPC controller, while 0.01m with the VMPC
controller. Figures 6 and 7 compare the lateral and
heading errors with the two controllers. As shown in
these figures, the lateral error with the MPC controller
ranges from —0.052 to 0.048 m, while that with the
VMPC controller is maintained between —0.032 and
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Fig. 4 The curvature of the used double lane road in simulation

Reference path| |
—VMPC
---MPC

0 50 100
X/m

Fig.5 The vehicle trajectory on the double lane road at 15 km/h

0.04 | \ ——VMPC|+
\

0.02

Lateral error (m)

Fig. 6 The lateral error at 15km/h

0.027 m. The heading error with the MPC controller
is maintained between —1.413 and 2.261 deg, while
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——VMPC|+
---'MPC

157

Heading error (deg)
o
o (6]

Time (s)

Fig. 7 The heading error at 15km/h

——VMPC
---'MPC

Sideslip angle (deg)

[
1
1
1
1
1
1
\
\

Time (s)

Fig. 8 The sideslip angle at 15km/h

that with the VMPC controller is maintained between
—1.234 and 1.897 deg. These results demonstrate that
the VMPC controller exhibits higher trajectory, lateral
and heading tracking accuracy when tracking a double-
lane road at low vehicle velocity.

Figures 8 and 9 compare the sideslip angle and
front wheel angle with the two controllers. The sideslip
angle with the MPC controller exhibits oscillations
with multiple large peaks and a larger angle amplitude.
In contrast, the sideslip angle with the VMPC controller
changes gently and is maintained between —0.27 and
0.90 deg. These results indicate that the VMPC con-
troller provides higher lateral stability and more stable
steering at low vehicle velocity.

Figure 10 presents a comparison of the solution
times between the two controllers. The average solution

Front wheel angle (deg)

0 5 10 15
Time (s)

Fig. 9 The front wheel angle at 15km/h

—VMPC
---"MPC

~——VMPC solution time ||
MPC solution time

‘2 R G

[0]

£

= ]

2 8f

=

©

wn
6 ]
0 o5 10 15

Time (s)

Fig. 10 The solution time at 15km/h

time of the VMPC controller is about 4.92 ms, which is
significantly less than 9.46 ms of the MPC controller.
This indicates that the VMPC controller exhibits supe-
rior real-time performance compared to the MPC con-
troller at low vehicle velocity.

Figure 11 illustrates the vehicle trajectory on the
double-lane road at 50km/h. One finds that the max
trajectory tracking error of the Y axle is about 0.05 m
with the MPC controller, while 0.03m with the VMPC
controller. Figures 12 and 13 compare the lateral and
heading errors of the two controllers. As shown in
these figures, the lateral error with the MPC controller
ranges from —0.087 to 0.048 m, while that with the
VMPC controller is maintained between —0.034 and
0.038 m. The heading error with the MPC controller
is maintained between —1.744 and 1.321 deg, while
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and heading tracking accuracy when tracking a double-
lane road at medium vehicle velocity.

Remark 1 InFig. 13, there are oscillations in areas with
large curvature because of model approximation error.
As aforementioned, the VMPC controller’s prediction
horizon is divided into N, prediction steps. the short-
step discretization based on ZOH is utilized for the 1st
~ N prediction steps, while the long-step discretiza-
tion based on FOH is employed for the subsequent
Ng11 ~ N steps. When the VMPC uses the long-
step discretization interval to discretize the model to
approximate system behavior, it reduces computational
complexity. However, this approximation method may
introduce errors with large curvature. In areas with
large curvature, this approximate model may not accu-
rately describe the actual dynamics of the system, lead-
ing to oscillations when tracking the reference trajec-
tory by the control system. When the vehicle velocity is
low, N should be larger. But for comparison under dif-
ferent vehicle velocities, we set Ny as 12, which leads
to obvious oscillations at 50km/h. If Ny is increased,
the oscillations will be significantly attenuated or even
disappear. If the oscillations are too large, it will cause
passengers to feel the vehicle swaying left and right.
Figure 13 shows that the amplitudes of these oscilla-
tions are small. Therefore, it will not cause passengers
to feel the sway of the vehicle in this case.

Figures 14 and 15 compare the sideslip angle and
front wheel angle of the two controllers. The sideslip
angle of the MPC controller exhibits oscillations with
multiple large peaks and a larger angle amplitude. In
contrast, the sideslip angle of the VMPC controller
changes gently and is maintained between —0.5 and 0.5
deg with a smaller angle amplitude. These results indi-
cate that the VMPC controller provides higher lateral
stability and more stable steering at medium vehicle
velocity.

Figure 16 presents a comparison of the solution
times between the two controllers. The average solution
time for the VMPC controller is about 5.07 ms, which
is significantly less than 8.38 ms of the MPC controller.
This indicates that the VMPC controller exhibits supe-
rior real-time performance compared to the MPC con-
troller at medium vehicle velocity.
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Fig.17 The vehicle trajectory on the double lane road at 70 km/h

Figure 17 depicts the vehicle trajectory on a double-
lane road at 70km/h. One finds that the max trajec-
tory tracking error of the Y axle is about 0.17 m with
the MPC controller, while 0.1 m with the VMPC con-
troller. Figures 18 and 19 provide a comparison of lat-
eral and heading errors between the two controllers. As
shown in the figures, in large curvature curves, the lat-
eral error with the MPC controller ranges from —0.195
to 0.223 m, while its heading error exhibits significant
fluctuations when transitioning from curves to straight
roads, with a maximum heading error of 10.54 deg.
In contrast, the lateral error with the VMPC controller
remains between —0.105 and 0.192 m, and both lateral
and heading errors quickly converge to O when tran-
sitioning from curves to straight roads. These results
demonstrate that the VMPC controller provides better
lateral and heading tracking stability at higher speeds
under this condition.

Figures 20 and 21 present a comparison of the
sideslip angle and front wheel angle between the two
controllers. As shown in the diagrams, for the VMPC
controller, the peak and trough values of the sideslip
angle are 3.92 deg and —7.33 deg, respectively. In con-
trast, for the MPC controller, the peak and trough val-
ues of the sideslip angle are 4.72 deg and —11.03 deg,
respectively. The VMPC controller exhibits smaller
oscillation amplitude and shorter convergence time to
0. The front wheel angle output by the MPC controller
ranges from —13.43 to 12.70 deg with slower conver-
gence of front wheel angle oscillations when transition-
ing from curves to straight roads. In contrast, the front
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Fig. 19 The heading error at 70 km/h

wheel angle output by the VMPC controller ranges
from —10.44 to 10.90 deg with smaller oscillations and
faster convergence. These results indicate that VMPC
control provides higher lateral stability and more stable
steering under this condition.

Figure 22 presents a comparison of solution times
between the two controllers. The average solution time
of the VMPC controller is about 5.71 ms, while that
of the MPC controller is 9.52 ms. This demonstrates
that the VMPC controller exhibits superior real-time
performance compared to the MPC controller under
this condition.

Remark 2 One can find that there are oscillations for
the heading error at 50 km/h in Fig. 13, but no oscilla-
tions at 70km/h in Fig. 19. The main reasons are the
settings of the prediction horizon and relaxation fac-
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Fig. 23 The vehicle trajectory on the double lane road at
100km/h

tor. Of course, there are other factors to influence this
phenomenon. In our simulations, we choose the predic-
tion horizon and relaxation factor focusing on the range
of 60—120km/h according to the practice. On the other
hand, there are no oscillations at low vehicle velocity as
shown in Fig. 7. Our simulation results show that the
oscillations become serious just at S0km/h. In order
to fully reflect the performance of the algorithm, we
give the simulation result at 50 km/h, not 60 km/h, and
explain the reason via Remark 1.

4.2 High-speed road condition

We simulate the vehicle under two high-speed lane
road conditions, 100km/h and 120km/h. Figure 23
depicts the vehicle trajectory on the high-speed road at
100 km/h. Figures 24 and 25 provide a comparison of
lateral and heading errors between the two controllers.
The lateral error generated by the MPC controller is
larger than that generated by the VMPC controller.
Notably, in the third turn, the maximum lateral error
with the MPC controller reaches 0.349 m, while that
with the VMPC controller is only 0.2 m. The heading
error with the MPC controller oscillates near 0 when
entering curves, while that with the VMPC controller
remains at approximately = 0.4 deg. These results
demonstrate that the VMPC controller can maintain
high tracking accuracy when tracking multiple curves
at high vehicle velocity.

Figures 26 and 27 present a comparison of the
sideslip angle and front wheel angle between the two
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Fig. 24 The lateral error at 100 km/h
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Fig. 25 The heading error at 100 km/h

controllers at 100km/h. As shown in the figures, the
trends in changes of sideslip angle and front wheel
angle are consistent. The control effects of the MPC
and VMPC controllers for sideslip angle and front
wheel angle are similar. However, the sideslip angle
and front wheel angle with the VMPC controller exhibit
smoother changes in curves, with significantly smaller
fluctuations compared to those with the MPC con-
troller. the partially enlarged detail of Fig. 26 indicates
that the fluctuation of the sideslip angle with the MPC
controller is about 0.5 deg, while the fluctuation of the
sideslip angle with the VMPC controller is about 0.3
deg. As shown in Fig. 27, the partially enlarged detail
indicates that the fluctuation of the front wheel angle
with the MPC controller is about 0.8 deg, while the
fluctuation of the front wheel angle with the VMPC
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3 speed road at 120 km/h. As shown in Fig. 29, the VMPC
% 2l controller tracks the reference path more closely on
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® Figures 30 and 31 provide a comparison of lateral and
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Fig. 27 The front wheel angle at 100km/h

controller is about 0.4 deg. The front wheel angle with
the VMPC controller is slightly larger than that with the
MPC controller when transitioning from straight roads
to curves, for example, as shown in Fig. 27, at the 19.9
s, the front wheel steering angle is about 3.5 deg with
MPC controller, while the front wheel steering angle
is about 4.1 deg with VMPC controller.This ensures
tracking accuracy on curves while keeping the riding
stability of the vehicle at high vehicle velocity.

Figure 28 presents a comparison of solution times
between the two controllers. The average solution time
of the VMPC controller is about 5.85 ms, while that of
the MPC controller is about 8.64 ms. This demonstrates
that the VMPC controller exhibits superior real-time
performance compared to the MPC controller at high
vehicle velocity.
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with the MPC controller oscillates near O when entering
curves, while that with the VMPC controller remains
at approximately+ 0.4 deg. These results demonstrate
that the VMPC controller can maintain high tracking
accuracy when tracking multiple curves at high vehicle
velocity.

Figures 32 and 33 present a comparison of the
sideslip angle and front wheel angle between the two
controllers at 120km/h. As shown in the diagrams, the
trends in changes of sideslip angle and front wheel
angle are consistent. The control effects of the MPC
and VMPC controllers for sideslip angle and front
wheel angle are similar. However, the sideslip angle
and front wheel angle with the VMPC controller exhibit
smoother changes in curves, with significantly smaller
fluctuations compared to those with the MPC con-
troller. the partially enlarged detail of Fig. 32 indicates
that the fluctuation of the sideslip angle with the MPC
controller is about 1.0 deg, while the fluctuation of the
sideslip angle with the VMPC controller is about 0.5
deg. As shown in Fig. 33, the partially enlarged detail
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indicates that the fluctuation of the front wheel angle
with the MPC controller is about 4.1 deg, while the
fluctuation of the front wheel angle with the VMPC
controller is about 1.8 deg. The front wheel angle with
the VMPC controller is slightly larger than that with the
MPC controller when transitioning from straight roads
to curves, for example, as shown in Fig. 33, at the 24.5
s, the front wheel steering angle is about 5.9 deg with
MPC controller, while the front wheel steering angle
is about 8.3 deg with VMPC controller. This ensures
tracking accuracy on curves while keeping the riding
stability of the vehicle at high vehicle velocity.

Figure 34 shows a comparison of solution times
between the two controllers. The average solution time
of the VMPC controller is 5.85 ms, while that of the
MPC controller is 8.64 ms. This demonstrates that the
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Fig. 34 The solution time at 120km/h

VMPC controller exhibits superior real-time perfor-
mance compared to the MPC controller at high vehicle
velocity.

In summary, the VMPC path tracking controller out-
performs the traditional MPC controller in terms of
tracking accuracy, real-time, control stability, and vehi-
cle velocity robustness.

5 Practical vehicle test

To further validate the control performance of the
VMPC controller, a path tracking experiment was con-
ducted on a drive-by-wire integrated chassis platform,
as shown in Fig. 35. The platform comprises a laser
radar, IMU, computing platform, steering motor, drive
motor, USB-CAN, CAN bus, MCU, and remote con-
troller. The length, width and height of the platform are
2340 mm, 1320 mm and 710 mm respectively. The con-
troller was developed based on the ROS (Robot Operat-
ing System) and C++ under Ubuntu operating system.

Figure 36 presents a comparison between the actual
driving trajectory and reference trajectory of the plat-
form. To ensure safety, the vehicle velocity was main-
tained at 15 km/h and the reference path included both
straight and curve segments. From Fig. 36 one can
obtain that the actual driving trajectory coincides with
the reference trajectory. The tracking accuracy is high
in straight sections and sections with small curvature,
and is slightly worse in sections with large curvature
which is consistent with the simulation results.

@ Springer

Fig. 35 The drive-by-wire integrated chassis experimental plat-
form

10 - - -Reference path
—VMPC Driving path

-828a .
83 \

-34

T 20 29 30 /
= 7.25
> 30 gl
- 56.8 57 57.2
-40 '
24
26 N\
-50 828486
-60 !
20 40 60 80 100

X (m)

Fig. 36 The driving path and the reference path

Figures 37and 38 depict the lateral and heading
errors during the tracking process respectively. As
shown in the figures, the lateral error remains between
—0.2 and 0.2 m and the heading error remains between
—2.7 and 2.9 deg in straight sections and sections with
smaller curvature. In large curvature sections, the lat-
eral error is controlled between—0.4 and 0.6 m, and the
heading error is controlled between—7.8 and 5.2 deg.
The reason for the poor tracking accuracy in the large
curvature sections may be the decrease of lidar posi-
tioning accuracy for the large turning radius and open
space. Compared with the simulation results, the exper-
imental results show lower accuracy. The reasons are
complex such as differences between the experimen-
tal and simulation environments, errors in sensors and
actuators, and disparities in vehicle dynamics model.
On the whole, the experimental results demonstrate that
the control performance of the VMPC path tracking
controller on an actual vehicle agrees with simulation
result, exhibiting good tracking accuracy.
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6 Conclusions

(1) To enhance the accuracy, real-time performance,
and stability of path tracking, we propose a model
predictive control method based on variable dis-
crete step size.

(2) We adopt a vehicle model that accounts for path
tracking. During model discretization, we optimize
the prediction interval by balancing the model’s
prediction accuracy and real-time performance.
The prediction interval is divided into short-step
and long-step discretization sections. The former
employs ZOH while the latter utilizes FOH.

(3) We conduct Carsim/Simulink co-simulations on
double-lane and high-speed roads. The results
demonstrate that our VMPC controller exhibits

superior tracking accuracy, stability, and real-time
performance. To further validate VMPC’s control
efficacy, we perform a path tracking experiment
on a drive-by-wire integrated chassis platform. The
practical vehicle experimental results confirm that
VMPC'’s control effect on the practical vehicle is
consistent with simulation results and exhibits good
tracking accuracy.
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