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Abstract This paper proposes an adaptive stabi-
lization control scheme for a class of multivari-
able interconnected nonlinear systems with nonlinear
parametrization. It is a systematic result in a sense that
the proposed control scheme is a general one that also
applies to systems with linear parametrization, with-
out changing the controller structure. A novel inte-
grated framework is built by means of a functional
bounding technique for handling nonlinear param-
eter/structure uncertainties, a modified backstepping
method for designing continuous state-feedback con-
trollers, and Lyapunov stability analysis for stabilizing
interconnected system states and parameter estimates.
A commonly physical simulation and a representative
numerical simulation are presented, and their results
demonstrate the effectiveness of the proposed control
scheme.
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1 Introduction

In the real world, many nonlinear engineering systems
have complex multivariable properties and uncertain-
ties, such as aircraft [1], robotic arms [2], and chemical
processes [3]. To effectively control these systems and
improve their control performance, researchers have
been exploring various control strategies [4—14]. In
many practical applications, control systems of some
physical models have uncertain dynamics with non-
linear parametrization, which may affect the control
performance of systems and even cause safety issues.
For example, an aircraft control system may have sys-
tem uncertainties to lead to an imprecise result under
unknown flight conditions [6]. Therefore, to solve these
problems, it is essential to put forward a control method
for a class of uncertain multivariate systems with non-
linearly parametrized dynamics, so the designed adap-
tive controller can achieve the desired control perfor-
mance.

Based on the available literature [7-13], globally
asymptotic stability is difficult to achieve for nonlin-
early parametrized multivariable systems with struc-
ture and parameter uncertainties. In [12], the designed
controller can achieve a globally asymptotically stable
performance, but it only takes into account SISO sys-
tems. When the multivariable characteristics of con-
trol systems are considered, some literature neglects
the existence of nonlinearly parametrized dynamics
[14,15]. Indeed, there is also some literature consider-

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11071-024-09954-5&domain=pdf

17292

S. Yang et al.

ing both nonlinearly parametrized dynamics and mul-
tiple variables: one solution is to propose an adaptive
fuzzy control strategy, such as [4,7], and the other
solution is to propose a neural network-based control
strategy, such as [5, 11]. However, these approximation
methods only ensure semi-global stability of nonlin-
early parametrized multivariate systems, and they have
a common limitation that asymptotical performance
fails to be achieved.

Although some attempts have been made in this
field, there are still some challenges and problems to
be solved. Therefore, our objective is to propose a new
adaptive control scheme to ensure the closed-loop sig-
nals global boundedness and achieve asymptotic con-
vergence for a class of uncertain multivariable systems
with nonlinear parametrization.

With the aim of achieving the objective, before
designing adaptive controllers, nonlinearly parametrized
dynamics in each subsystem are handled with the help
of a function bounding technique, which can be esti-
mated as a known function signal multiplied by an
unknown parameter signal. Then an adaptive backstep-
ping control method is applied to uncertain multivari-
able systems to design state-feedback controllers and
adaptive laws, which achieves a globally asymptotic
convergence of system state variables to origin. The fol-
lowing two aspects are the contributions of this paper:

(1) With the help of a function bounding technique,
the parametrized upper-bound growth of nonlinearly
parametrized dynamics are obtained in order to satisfy
amatching condition which is used for adaptive control
schemes. Therefore, the original system is controlled
by processing a parametrized upper bound, instead
of directly dealing with the nonlinearly parametrized
dynamics.

(i1) Compared with fuzzy and neural network control
strategies, this paper proposes a new adaptive control
scheme for handling nonlinearly parametried dynam-
ics and stabilizing interconnected system states, which
ensures all the state variables globally asymptotic con-
vergence to origin.

The remainder of this paper is structured. Section2
gives uncertain nonlinearly parametrized multivariable
systems, some lemmas, and propositions used in the
adaptive controller design process. Section 3 details the
design process of the adaptive controller and the sta-
bility analysis. Section4 verifies the feasibility of the
designed controller by physical simulation and numer-
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ical simulation, respectively. Section 5 summarizes the
conclusion.

2 Preliminaries and problem formulation

2.1 Problem Formulation

This paper considers the following nonlinearly para-
metrized multivariable interconnected systems with
str-ucture and parameter uncertainties

2 =8&rj @1 41 oo Tre 1, 415 Zr s Tr el js e - e s

2, 7)Zr 41 T Jr i @t oo Zr—1,j+1s
zr,jazr+l,j,~-,zl,j)vj=L--wnr_l, (D
Zr,n, = &r.n, (zl,n,s e Zl,nr)ur
+ fr,n,(zl,nr: cees Zl,ﬂ,-)1 r=1,...,1,
where Zrq = lan1, Zr,2a~'-7Zr,q]T € RY, 2rq is

the g-th state variable of the r-th subsystem, and u,
is a control input for the r-th subsystem. For r =
L...,Lg=1,...,n,8,40) = k,ffq(pr,q(-) # 0isan
unknown control coefficient, where parameter k;ﬁ 7> 0
is unknown, function ¢, 4 (-) isknown, and f; 4 (-) € c!
is a nonlinearly parametrized function with f. ,(0) =
0. n, is a system order of the r-th subsystem. In this
paper, it is assumed that all state variables can be mea-
sured, and make n, = n,r = 1,2, ..., [, without loss
of generality. Without confusion, sometimes the inde-
pendent variables of the function are omitted, such as
demitting f(z) as f(-) or f.

Control objective. Using a function bounding technique
and an adaptive backstepping design method, a state
feedback control scheme is developed for a class of
uncertain multivariable interconnected systems with
nonlinearly parametrized dynamics, so that all states
are globally bounded and asymptotically converge to
the origin.

Remark 1 Many real-world systems conform to the
characteristics of the system (1), such as aircraft [1],
robotic arms [2], and UAVs [16]. They all play an
important role in promoting economic growth, pro-
moting scientific and technological innovation, and
improving the quality of life, so the system we study is
meaningful.

Remark 2 Considering the parameter uncertainties, th-
ere are two commonly used approaches for the design
of an adaptive controller: a direct approach and an indi-
rect approach. If a direct adaptive control approach
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is applied to the system (1) to estimate the controller
parameter directly, the estimated error is not obtained
from the nominal controller. If an indirect adaptive con-
trol approach is applied to the system (1), matching
parameters calculated from a design equation using
an online estimate cannot be obtained. Therefore, a
novel adaptive control method needs to be proposed
to overcome the nonlinearly parametrized dynamics of
the system (1).

2.2 Preliminaries

This subsection lists some lemmas and propositions
used in control design and their proofs can refer to
relevant references [17-19].

Lemma 1 [17] For arbitrarily real-valued continuous
function h(u, v), where u € R", v € R", there is a
scalar smooth function a(u) > 0, b(v) >0, c(u) > 1,
d(v) > 1 satisfying

h(u,v) <a(u)+bw), h(u,v) <cu)d). 2)

Lemma 2 [18] Let y : R" — R be continuously dif-
ferentiable at every point u within an open set S C R".
ForYu, v € S, there is a point w € S such that

dy
y() —y(u) = a_|u=w(v —u). (3)
u

Lemma 3 [19] Given a pair of constants m > 1 and
n > 1 to satisfy the relation % —i—% =1, foranya € R,
b € R and all € > 0 satisfy

EI’I’l
ab < —la|
m

" —b|". )
ne
Before designing state-feedback controllers and
adaptive laws, we give a property of nonlinearly
parametrized function f,,(-) which is concluded as
the following proposition.

Proposition 1 For continuously differentiable func-
tions fr j(Yand fr (), r=1,...,L,j=1,...,n—1
in the system (1), for the following equalities hold

r—1 j+1

fr;()f(Z ZIquI+Z Z|qu|>)’rj(zlj+ls
p=1q=1 p=rq=1
) Zr— 1 j+1, er»Zr+l,Jg~~~»Zl,j)9r$j7 (5)

fr,n(‘) = <Z Z ‘Zp q|) . )/y,n(f]’n, ey ZLn)e:n-

p=lg=1

where smooth functions vy j(-) and y, ,(-) are known,
and constants 9* and 0y, are unknown.

Proof According to f; ;(0) = 0 and Lemma 2, we

have
Srj @Ujtts oo s Zr—1j4 15 Zr o Tl jis -+ 2,5)

= S @ dls ooy T, 15 Zr s Tl js o0 20,5) — S, j (0)

S NSrj @1t ooy Tr1 b1 Zrjis Zrd s+« o5 2,5)

—fri @1 jats oo Zr=1 41, 05 2 o 5 20

F1 @ty s T, 415 0, 2 s -5 2D

—fri O, 1,41, 0, T s s 20 )

+---+1f;0,0,...,0, sz)—frj(O)l
r—1 j+l1
ZZ|zpq|+ZZ|zpq| Gl
p=1g=1 p=rq=1

Zr—1,j1s Zrjs Zrtljo - v s 25 )- (6)

where b, ;(-) is a continuous function. It follows from
Lemma 1 that there are a known function y; ;(-) and
an unknown parameter 6* F such that

2 Zr—1,j4 1 Zrjs Zral,js -+ o 2L )

2,007 (7)

brj(Z1 j+15 - - -

S Ve QU oo o s T s Zrjs T - - -

Substituting (7) into (6) yields the bounds of functions
fr.j(-) and f;.,(-) in the form below:

r—1j+1
frj() = <Z Z |Zp.ql + Z Z |qu|> Vrj(Z1,j+1,

p=1g=1 p=rq=1
) Zr— Lj+1, er,Zr+1,j,-~ le)er/v (8)
fr,n(') =< (Z Z |Zp ql) . Vr,n(zlﬁn, ey ZLn)Q:W
p=1lq=1
At this point, the proposition is proved. O

Remark 3 For the choice of y;;, we give some guide-
lines. Due to space limit, we only choose y;; of the
two subsystems as an example. Since f11(x11, x21) i
a continuously differentiable function, it follows from
Lemma 1 that there exist o1, 021 € [0, 1] such that
Su(xin, x21) = f11(0,0)
< [finCerns x21) — f11(0, x20)| + | f11(0, x21)
—f11(0, 0) |

1
d T,

- X11/ f11(z, x21)
0 aT

L9£11(0,
+‘x21/ f11(0, 7)
0

do11
T=011X11

dOQl
T=021X2]

ot
< A(x11, x20) (Jx11] + [x21]). 9

where A(xpi, x21) is a continuous function. With
Lemma 1, we obtain A(xy, x21) < y11(x11, X21)67;,
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where y11(x11, x21) is a smooth function and 9;“1 is an
unknown parameter. Therefore, from f11(0, 0) = Oand

(9) wehave fi1(x11, x21) < (Ixt1|+Ix21Dy11(x11, X21)
05, -

3 Adaptive control design

3.1 Redefinition of unknown parameters

For the convenience of control design, a new
unknownparameters@j"j,r =1,....1,j=1,...,n,
are redefined as

9*2 9*2 1
®* . = max rnax{p’q}, ax {p'q},—,
" t<p=r L2 ) rvi<pst Lir2 )7 g2
1<q<j I<g<j-1 "/ "
*2 *2
max {kp’q } max {kp’q } (10)
I<p<r-—1 k*z. ’ r<p<l k*zA ’
1=q<j no1=g=j-1

where 9: j is given in (5) and k;ﬁ i is an unknown
parameter defined in the control coefficient g, ;(-).
From (10), it can be seen that the redefined parame-
ters @;‘,j,r =1,...,1,j = 1,...,n, include all of
the unknown system parameters. Compared with [20],
this paper possesses an advantage, that is, there is no
need for prior knowledge of the bounds of the redefined
parameters, thereby making the system more reason-
able.
3.2 Coordinate transformations

Coordinate transformations need to be performed
on the original system. For the r-th subsystem (r =
1,...,1), virtual control signals o0, &t 1, ..., 0trs—1,
s = 2,3,...,n, and state errors &.1,&.2,...,&-5
are defined as (12)—(14), where functions ¥, s—1(-)
are known, whose forms will be given later. There

is a parameter estimate vector defined by (:)“, =
[©r1,..., @r‘x]T, where O, ; is an estimate of @;‘,x,
whose derivation will be determined later.

gr,l =Zr,1 — %0, or 0= 0, a1

Eo=2z2—arl, o1 =—51Yr1(@12, -5 Zr—1,28
Zr,],...,21,1,(:)1’1,...,@,3]),
(12)
“;:r,s—l =Zrs—1 — %52, Ops-2= _gr,s—ZWr,s—2
(Zl,s—lv s zr—l,s—ls Zr,s—2a CEE Zl,S—Za
Oryrne.., (13)

®r,s—27 ®r+l,s—3a cees ®l,x—3)’
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Sr,s =Zrs —0ps—1, Qpg—1= _Sr,s—ll//r,s—l

(Zl,s’ cees Zl‘—l,S7 Zr,s—la e Z[,s—ly

®l,s—ly s

2 Ors 1,052, O ), (14)
3.3 Adaptive control design

The adaptive control design process is carried out
with the help of a backstepping method.
Step 1: Select the following candidate Lyapunov func-
tion

1~
Vr,l - 2

%&31 + 5601 (15)
where constant k;‘J is unknown in the control coeffi-
cient g, 1(-), and @r‘l = @;"] — @,,1 is a parameter
estimate error with @r,l being an estimate of unknown
constant @j‘ | defined in (10). According to (1) and
coordinate transformations, the time derivative of V, j
is

. 1
Vil =& 100182 + & 1001001 + kTé:r,lfr,l
r1

—0,16.1. (16)
According to (1), (5), (10), coordinate transforma-
tions and Lemma 3, we have

1 r—1 r—1
1 1 2 2 2
kTISr,lfr,l < I (ZEU + Zsi,z + Zéi,l)
r, i=1 i=1

i=1

r—1
+<l+r—1+zlﬂi2,1> 5O (a7

i=1
Substituting (17) into (16), we have
Vr,l = _pr,lgzl + gr,lﬁ”r,lér,Z + Sr,l (‘pr,lar,l + Pr,l‘i:r,l

r—1

U7 =1+ Y 2 DE172600)
i=1
r—1

+6,, (1 tr—1+y 1/131)&,2,11/31 s
i=1

l r—1 r—1
1 2 2 2
T2 DGt st
i=1 i=1 i=1
£ _Pr,lszl + Sr,l(ﬂr,lér,Z + %'r,l ((Pr,lar,l + Pr,lgr,l
+§r,l77r,lé)r,l) + ér,l(grz,lnr,l - (:)r,l)

2
rren Y Y8 (18)

i=1j=1
where p, 1 is a positive design parameter, ¢, 1 = 2is a
constant, and 1, 1(-) = (I +r — 1 + er;ll wfl)yr?l is
a known function.
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Choosing the following virtual control signal o

and adaptive law @r,l

1 N
Qr ] = — (Pr,l%‘r,l +§r,1nr,1®r,l)ér,l
gr,l(pr,l
2 & 1Y (19)
Or1 =& 111 (20)
where ¥, 1(:) = ﬁ(Pr,lfr,l + Sr,lﬂr,l(:)r,l), we
have

I 2
. 1
Vr,l < _pr,lgzl + gr,l‘pr,léj‘rz + Zcr,l ZZEIZ,]

i=1 j=1
21
Step 2: Select the following candidate Lyapunov func-
tion

Vr‘2 = Vr,l + %-r2 + ®r,27 22)

2k;f
where constant k;z is unknown in the control coeffi-
cient g, 2(-), (:)r,2 = @;‘72 — (:)r,z is a parameter estimate
error with @)r,g being an estimate of unknown constant
@*’2 defined in (10). According to (1) and coordinate
transformations, the time derivative of V,.» is

Vr,2 = Vr,l + gr,2§0r,2§r,3 + gr,2§0r,2ar,2 + gr 2fr2

5
D iy — 0,20 23)
7% 5r20n1 — Yr2Y9r2.
r2

According to (1), (5), (10), coordinate transforma-
tions and Lemma 3, we have

r—1 3 r—1 3

k* ——&afra < f<ZZs,,+ZZa, |

11/1 lljl

+ Z ngj + Z ZSEH)

i=r j=1 i=r j=1
r—=1 3

+532(ZZ(1 + ‘//izyjfl)}’rz.z

i=1 j=1

1 2
YRR )6l (24)

i=l j=1
r—=1 2
k* érZ‘xrl =< 4ZZ§11+ ZZQ]"’ S
i=1 j=1 i=r j=1
r—1 2 (2) 1 1 (12)
2 r }L
(B R Lo

l

2
ZZ oY, A N
ot (82;1;) ®i2.j) " *

i=1 j=1

where @ = (30‘—"‘)2,1' =1,

LJ 0z j
known functions, ¢; j = &7 /+1 +E7 + Yoy
(&7, + & vw—1) +3 Y (i + &2 w—1) and

- 1
g = +97 e+ s T Ay WVt

| .
D vmi Z}lu:l(l + Y1) Vi,j-
Substituting (24), (25) into (23), we have

I, 7 = 1,2, are

- pr,ZS;%Q + sr,2§0r,2§r,3 + ér,Z ((/’r,Zar,Z
r—1 3
+pr,zsr,z+sr,m,1+sr,z< DY+ vk,

i=1 j=1

y 2
Vi < _pr,lsr,l

2
+ZZ(1+¢,, 1)7/,2+ZZ (aw,l) 2

i=r j=1 i=1j=1

+ZZJ)(’2)/\, i +ZZ ‘(’2)/\ ) 6,5

i=1j=1 i=r j=1

+6,2 ( (ZZ“ + ,_1)m+ZZ

i=1j=1 i=rj=1

31/’;’1 A
(+v7; 1)Vr2+22(80”) 07,

i=1 ]—1

r—1 2 .
e Y ) -)
i=1j=1 i=r j=1

r—1 3

3+ CHZZEN* 2D 4

i=1 j—] i=1 j—]
r—1 3

ISP IIES 33 +ZZE” !

i=1j=I i=r ]_1 i=r j=1
r—1 2

Sy Y Y,

i=1j=1 i=r j=1
-y 2 2
= _pr,lg:r,l - pr,Zg‘_r,z + ér,Z‘/’r,Zsr,S + Sr,Z(QDr,ZO‘r,Z

+Pr,2§r,2 + Sr,l(Pr,] + Sr,277r,2©r,2) + @r,2($22nr,2

I 3
6+ yen Y Y8 (26)
i=1j=I
where p; 2 is a positive design parameter, ¢, 2> = 2(l +
r) 42 is a constant, and 7,2 () is the following known
function,

r—1 3
N2 =Y D (+y7 1>y,2+22(1+w,, DY
i=1 ]_1 i=r j=1
9%1 5 - _(r2)
ZZ o) G e
i=1j=1 i=1j=1
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+ZZ '(’% 27)

i=r j=1

Virtual control signal &, » and adaptive law @r,z are
chosen as follows

ar2 = — (sr,l(pr,l + pr,2§r,2 + Er,an,Zé)r,Z)ér,Z

Er,2‘ﬂr,2
£ _Sr,Zwr,Z, (28)
Or2 = &2, (29)

where ¥/,,5(-) =
we have

E 2050 2¢; 5 (";:r 19r, 1+pr 2‘5}' 2+‘§>:r 21y, 2®r 2)

- Pr,zfrz,z +&r2¢r26r3

! 3
+%Cr,2 ZZ‘;Z] (30)

i=1 j=1

y 2
Vip < _Pr,lgr,]

Step s-1 (s=3,..
tual control signal o, 1 and a adaptive law (:)r, s—1
making the candidate Lyapunov function

.,n-1): Assuming that there exist a vir-

Vr,sflzvr,s 2+ Srs 1+ Ors 1 (31)

2k*

r,s—1
satisfy the following inequality
s—1

y 2
Vr‘sfl < - Z pr,jér,j + Er,sfl(pr,sflér,s
Jj=1

1 K
+}Lcm71 Do E (32)

i=1 j=1
where constant k;“sfl is unknown in the control coef-

2_g_ .
w 1S a4 Ccon-

ficient g, 5 1(-), ¢r5—1 =
stant, py, ; is a positive design parameter, and @r,s—l =
®;k,s71 6
(:)r,s_l being an estimate of @;‘s_l defined in (10).
Then we will prove the ineqilality (32) still holds in
Step s.
Step s: Select the following candidate Lyapunov func-
tion

— ®,5—1 1s a parameter estimate error with

Vis = Viso1 + % 5” + - ®%S, (33)

where constant k" is unknown in the control coeffi-
cient g, (-), (:)r,s = @;"’S — @r,s is a parameter estimate
error with @, ; being an estimate of unknown constant
®j ¢ defined in (10). According to (1) and coordinate

transformations, the time derivative of V, g is

@ Springer

Vr,s = Vr,s—l + ér,s@r,sér,s+1 + ér,s(pr,sar,s

1 1 ~ A
+kTSr,sfr,s - Srsarsfl —0,,0,5.
s

K rsen
(34)

According to (1),(5),(10), coordinate transforma-
tions and Lemma 3, we have

r—1s+1 r—1 s+1

HOB) MRS D) Dol

i=1 j=1 i=1 j=1

LYY Yy )

i=r j=1 i=r j=1

1
a&,s fr,s =

r—1 s+1

+§l’25 ( Z Z(l + l[’z%j—l)yr%s

i=1 j=1

+ZZ(1+1’01/ l)yrs) 7,8 (35)

i=r j=1
1 rls I os—1
k* %_rYOlrs l<*ZZ§11+ ZZQ/"‘ ?5'” 1
i=1 j=1 i=r j=1
I os—1

+s”<225’(r Dty Yo

i=1 j=1 i=r j=1

rvlavf 2.
T (M)

i=1 j=1 80’]

2
awrs 1 %
3 Z( o ) )o (36)

i=r+1 j=1

(r,s) 0 s—1\2 . .
wherew iy _(W) i=1,...,0,j=1,...,s8

are known functions, ¢; ; and A; ; are given in (25).
Substituting (35), (36), into (34), we have

s
Vis < _Zpr,jérz,j +$r,s¢r,s$r,s+1 +Sr,s<‘ﬂr,sar.s +Pr,s‘§r¢s
j=1
r—1 s+1

+§r,s71§0r,s71 + Er,s ( Z Z(l + 1/’,'2,_/—1))/},3'

i=1 j=1

r 2 .
+ZZ(1+¢,] 1)VH+ZZ<M” l) CH

1rjl i=1 j=1 dO,J

+ Z Z( llfm l) ®2 +Zzw(rs)xl,.j

i=r+1 j=1 i=1 j=1
r—1s+1

"‘ZZ“_)(”))‘”)@” +®rs( ”(ZZ

i=r j=1 i=1 j=1
1

s
A+ 92 rA + 33 A+ v pvE +

i=r j=1

s r
)BPICHLIES 3) SLIUNES 35

i=1 j=1 i=r j=1 i=1 j=1
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2
81//&5-—1 A2 31/’;’? 2 A2

i=r+1 j=I
r—1s+1
> ~Cris— 12]:2:%_1]"' (2122;51]
i=1 j=1 i=1j
r—1s+1
+lelgt] 1+Zzlsl]+zzlslj 1)
i=lj i=rj i=r j

rlr I s—1

+ ZZQ]‘F ZZ{!/‘i’ Ery 1

lljl Irj]

s
£ _Z pr.j‘i:r%j +§r,s(pr,x§r,s+l +&s (‘pr,sar,s +pr,s§r,x
=

+‘é>:)5 19r,s— 1+&r 505G ta)+or3(§rsnré_érv3)
I s+1

+— Crszzgljs (37)

i=1 j=1

where p, is a positive design parameter, c¢,s =
I0s% + s —2)(I +r) + 4] is a constant, and 7,,5(-)
is the following known function

r—1 s+1
s () =) A+¥7 )7
i=1 j=1
I K
+Y 3 A+ v v
i=r j=1
r s—1 3Wrs 1)2,\2
+
S o
8wrv 2 "\
+ .
se()
+ZZ‘D(”))‘U+ZZ (rs)A

i=1 j=I i=r j=I

(38)

Choosing the following virtual control signal o
and adaptive law ©,

Ers—10r5—1 + Prsérs + ér,snr,sér,s)ér,s
&rsPrs
_Er,sw;f,s, (39)

Ory = £ 115, (40)

Qps = —

>

where ¥, 5(-) = Emﬁﬂm (Er s—19r,s—1+ Pr.s&rs +&rsNrs
C:)m), we have

5 I s+1
1
_Zpr,jgzj+§r,s(pr,sér,s+l+Zcr,s E E Eiz,j'
j=1 i=1 j=1
(41)

So far, we have proved that the inequality (32) still
holds in Step s.
Step n: For the n-th differential equation of the r-th
subsystem, select the following candidate Lyapunov
function

Vin = Veno1 + T —E,+ @%,,, (42)
Design actual adaptive control signals
r=—&nVrn, (43)

Orn = 20, (44)
to ensure
rn<2pr,sr,+ crnZZsI,, (45)
i=1 j=1

2 —_— . .
where ¢, , = w is a constant, p,, is a

positive design parameter, 1., (-) and ¥, , (-) are known
functions as follows
1

nr,n(') = Z Z(l'i‘w;%j—l)ysn

i=r j=1

r n—1 v . 2 .
+ ) 67,
2 (%) &

DIPIC PN (46)

wr,n ()= Er,n—l(pr,n—l +pr,n€r,n +Er,n nr,nér,n @)
Ern®r.n

Remark 4 During the control design procedure of the
r-th subsystem,r = 1, ..., [, the virtual control signals
o1, ...,0,—1 Will be designed in in the first n — 1
steps, and the actual control signal u, will be designed
in Step n. First, at the first step designing o1 ; for the
first subsystem, then designing o 1 for the second sub-
system, and then designing ;. | for the r-th subsystem
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The 1-th subsystem The 2-th subsystem

- a1 () az, (1)
Stepl 61:0) 0210)

l The I-th subsystem

Step 2

Q]

Fig. 1 The design order of adaptive control scheme

in turn. After the first step of all the subsystems have
been designed, the second step is carried out for the
first subsystem, and then the second step is carried out
for the second subsystem, and so on in turn. Finally, the
actual controller u is designed at the n-th step for the
first subsystem, and the actual controller u, at the n-th
step for the r-th subsystem subsystem. A step-by-step
algorithm during the control design is shown in Fig. 1.

Remark 5 In the design process, the difference with
SISO systems is that there will be some state variables
in the other subsystems, which will be scaled up using
Young’s inequality, and finally dealt with in the last
step.

Remark 6 There are a lot of design parameters used in
the design process, and these design parameters can be
conveniently used to adjust the control speed accord-
ing to practical situation. For example, if follows from
(45) that the larger the design parameter p. ;, the faster
the convergence speed, which will be verified in the
simulation section.

3.4 Stability analysis

The following theorem gives a globally bounded
result of closed-loop signals and parameter estimations
and an asymptotic convergence property of system state
variables.

Theorem 1 For the nonlinearly parametrized mul-
tivariable system (1), the state-feedback controller
Ur, r = 1,...,1, defined in (43) and the adaptive law
Opj,r=1,...,1,j=1,...,n, defined in (20), (29),
(40), (44), ensures that all closed-loop signals are glob-
ally bounded and system state variables asymptotically
converge to origin.

@ Springer

Proof : Globally bounded result. For the multivariable
system (1) with nonlinear parametrization, the Lya-
punov function is chosen as

l 1 n
V=) "Vi=>> :(Wér,j + §®r,j>’ (48)
r=1 r=1 j=1 rJ

then according to the control design procedure, we have

(49)

where ¢, is a known constant, and p, ; is a design
parameter satisfying p, ; > }‘ Zi: 1Cron-
We choose a new design parameter p,. ; such that

! )
1 1
Drj = 1 E ¢+ C > 1 E Cr.n; (50)
r=1 r=1

where C is a positive constant. Thus, inequality (49)
can be written as

1 n
V=-C) Y & <0 (51)

r=1 j=1

Because V > 0 and 1% < 0, and V(¢) is a nonin-
creasing function of #, we have

XI:XH: (ng(t) + 1@2 ([)) =V(@) < V()
Zkzj r,J 2 )

r=1 j=1

ZXI:Zn: ng.(0)+l@2.(0) < 00, (52)
2k 2 ’

r=1 j=1

where &, ;(0) and ér, j(0) are bounded, so we can
conclude closed-loop signals &, ;(¢) and (:),, j(t) are
bounded. According to @r, i) = ®j" j(t) — (:D,, i@
and boundness of (:)r, j (1), we have (:)r, j(t) is bounded.
Therefore, the closed-loop system signals and param-
eter estimations are globally bounded.

Asymptotical convergence result. According to coordi-
nate transformations, the smoothness of the state error
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) -

o) Wy
QO O O O
X1 |

Fig. 2 Two inverted pendulums on carts

&,; and the virtual control signal o, ;1 ensure the
global boundedness of the state variable z,, ;. More-
over, the boundedness of z,, ; and O, ; implies bound-

edness of their derivatives z,,; and @r, j» where r =
1,...,0,j = 1,...,n, so that é,’j is also bounded
according to coordinate transformations. Due to (51)
and (52), we have

/Oogrzj(t)dtg —/OOV(t)dt
o 0

=V(0)—t1_i)rgOV(t)< 00. (52)

According to Barbalat’s Lemma, we obtain lim;_, »,
&,j(t) = 0, thereby we have lim; ., o 2, j (f) = 0 from
coordinate transformations. Therefore, the state vari-
ables of the system asymptotically converge to the ori-
gin. O

4 Simulation study

In this section, we respectively give a physical simula-
tion and a numerical simulation to verify the rationality
of the designed adaptive control scheme.
4.1 A physical simulation

A system constructed by two inverted pendulums
and two carts is considered [21]. The configuration is
shown in Fig. 2.
Plant model. The dynamical equation of the inverted
pendulum can be described as:

b = 50, + —Lyuy + MU ()0 +a()6

— X1+ x2l = §p6isin@), 53
b= %6, + Ly + KDl 4(1)6 + a(1)6; ©9)
c cml cml

+x1 = x2l — 2625in(6,).

where 01 and 6, represent the angles of pendulums, 91
and 6, separately denote the angular velocities of the
two pendulums. u; and u; denote the control torque
imposed to the pendulums, k£ and g denote the spring
and gravity constants, respectively. The pendulum mass
is denoted by m, and the car mass is denoted by M.
x1 and y; represent the trajectories of two carts, and
c= Mﬁm is an intermediate constant. a(¢) is a function
with ¢ as an independent variable and a(¢) € [0, []. Due
to external environment, sensor aging and poor sensor
contact, the sensors may fail during the measurement
[22]. Therefore, the state variables 61 and 6> can be
diagnosed by the following formulas 81 = k6 and
B> = ky6r, where ky € (0,1] and k» € (0, 1] are
unknown parameters.

Simulation system. Define x;1 = i1, x12 = Bl,
x21 = Bo, x2p = 52, then the dynamic equation can
be represented by the following equations

X1 = brixi2,

X12 = bout + fi2,

. (54)

X21 = ba1x22,

X2 = bnusr + fn,
where b;; = 1, b;p = ﬁ, byy = 1, by =
ky _ & _oom_ 2 1 kikla(t)—cl]
onz J12 = X1 — g Xipsin (qu”) R

[%I(I)xn + %t))m — X1 +X2], fo = 5x1 - 5

X3,sin <éxz1) + kekla)—cl) [—_Zz(t)xm +%)x11 +x1—

cml?

x2 |. Because k; € (0, 1] and k, € (0, 1] are unknown
parameters, fi2 and f>> are nonlinearly parametrized
dynamics. Together with the form of control coeffi-
cients b1y and by, the system (54) satisfies character-
istics of the system (1) studied above.

Simulation results. Define the following coordinate
transformation

§12 =x12 — oy,

§ = x20 — 021 (55)
From the above adaptive control design procedure,
virtual controllers are designed as o1 = —&11v11,

a1 = —&1Yn1, and the actual controllers and the
adaptive laws are designed as

&1 = x11,

&1 = x21,

1 a

up = —E(énbn + p12é12 +E12n12012),  (56)
1 n

uy = _E@Zlbﬂ + P26 +520m20202),  (57)

O = &b, (58)
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Fig. 4 The trajectories of parameter estimates (:)]2 and (:)22

On = Ehm, (59

where ¥ = ﬁpll, Vo1 = ﬁpzl, m2 = ¥+
VIDbT +yim = Y3 (149303 +y. vi2 = 5+
f, + S,y 4t ¢ Ml
are known parameters.

For simulation, the values of system parameters are
M = 10kg, m = 10kg, k = IN/m,l = 1m,
g = 1IN, c = % alt) = sin(5), x1 = sin(2t),
x2 = sin(3t) + 2. The initial condition is cho-
sen as x11(0) = 5, x12(0) = 4, x1(0) = 2,
x22(0) = 6, ©12(0) = 2, ©2(0) = 5. Choose three
sets of controller parameters [p11, p12, P21, pzz]T as
[Z,2,2,217,13,5,5,317,[10, 8, 10, 6]7. Select dif-
ferent parameters and comparing the simulation results
in the figure below to verify the description of Remark
6. In the case of three different controller param-
eters, the simulation results of the state variables
X11, X12, X21, X22 are shown in Fig. 3, the trajectories of
the parameter estimates ®1;, ®»; are shown in Fig.4
and the trajectories of the system inputs up, u, are
shown in Fig.5.

All simulation results verify the desired control per-
formance: the state variables of the system are globally
bounded and asymptotically converge to the origin and
the convergence rate is affected by design parameters.
To better demonstrate the effectiveness of the control
scheme for such systems, the following numerical sim-
ulation is considered.

@ Springer
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Fig. 5 The trajectories of control inputs #; and u»

4.2 A numerical simulation
The nonlinearly parametrized system with two sub-
systems is considered

X11 = guxiz2 + 3sin(011x11),
X12 = gout + 2010x% x21, 60)
X21 = g21x22 + 4sin(B21x11x21),

%22 = gooun + 2x215in(022x22) + Axgre 0272

where g1 = a2 + x%), g1z = b2 + x},x3)),
g = c(l +2x3), gn = d(l + 4xi,x3)), a,
b, ¢, d, A, 011, 012, 021, O are unknown parame-
ters, and fi1 = 3sin(Onx11), fiz = 2012x7x21,
S21 = dsin(0r1x11x21), f22 = 2x215in

(Onx2) + rxae 222 [£11(0), f12(0), f21(0),
f2(0)] = [0, 0, 0, 0]. Coordinate transformations are
defined as

E1p = x12 — 11,

& = x20 — 2. (61)

£l = x11,
&1 = x21,

According to the above controller design process,
control inputs and adaptive laws are designed as

1 ~
up = _E(Ell(pll + p12é12 +E12n12012),  (62)

uy = —é@zlfﬂzl + pnén + E0mOn),  (63)
o1 = &7 (64)
1 = Ehna. (65)
021 = £ (66)
O = Eynn, (67)
where virtual controllers o1 = —&y11,001 =
—&1Y21, Y11 = ﬁ(l?u +y201), Y21 = ﬁ(pzl-i-

nglé)zl), Qi1 = 24 X7, o2 = 2+ X X3, 91 =
142x3,, 020 = L +4x3,x3,, yi1 = 3, yi2 = 2x3, + 1,
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Fig. 6 The trajectories of state variables with two methods

V21 = 4,/x21 +Lyn= 2,/x22 +1+4+0.01(1 +ex22)

9
N = )/]2+(£:i) (ATt +ri)+ (ag:] O ) ’

and m2 = y3 + (g%) (0 + ¥3D93; + vsy) +
<3¢21 O, )
IO
We set initial conditions x1; = 6, x;2 = 3, x31 =
0.1, x2p = 0.1, @11 =2, @12 =1, @21 =1, (:)22 =3,
choose system parametersa = 2,b =2,c =3,d = 1,
= 0.01,60;; = 15,01p = 3,0 = 2,0pn =2,
and design parameters pi; = %, P12 = 45'1’ P21 = 2,
P2 = %. The simulation results are shown in the red
solid line in Fig.6, 7 and 8, it is obvious that all the
states are asymptotically converging to origin.
Under the same initial conditions, using a neural
network control method, the controllers are designed

as Mlc = —LEngn + Oneprr — @), uze =
812

L (&80 + @22&522 — a21), and the adaptlve laws

= &g — 011011, lec =
§12012 — 012@120 O21c = E21621 — 021021, Onpe =
£20¢22 — 022022, Where @11, P12, 21, P22 are chosen
as the commonly used Gaussian functions, and o1, 012,
021, 022 are positive design parameters. The simulation
results are shown in the blue dashed line in Fig. 6, 7.
8. We can clearly see from the figures that the control
method of this paper can make state variables globally
asymptotic converge to the origin, while the method of
the neural network can only converge to an interval, so
the control method of this paper is better.

T
are designed as 911c

5 Conclusion

A new adaptive method is used to effectively solve a
class of uncertain multivariate systems with nonlinear
parametrization in this paper. Adaptive controllers are

4 —The control method in this paper 4 I
= |- - ~The neural network control method| B 7~ [~ The control method in this paper
@ @ P |- - ~The neural network control method|

D S 2
0
0 1 2 3 4 5 6 0 ! 2 >y °oe
t(sec) t(sec)
12 ¢
) 35

"7~~.._[~—The control method in this paper 3
Zos |-~ ~The neural network control method| &3

1 2 3 4 5 6 0 1 2 3 4 5 6
H(occ) t(sec)

Fig.7 The trajectories of parameter estimates with two methods

200 T T T T

—The control method in this paper
- - ~The neural network control method|

0 3 4 5 6
sec)
2 T T T T T
0 P
22 ' i 4
4 [—The control method in this paper
- - ~The neural network control method|
5 L L L L T
0 1 2 3 4 5 6

H(sec)

Fig. 8 The trajectories of control inputs with two methods

designed so that all state variables of a closed-loop sys-
tem are globally bounded and asymptotic convergence
to the origin. The results show that by adjusting design
parameters appropriately, the degree of convergence of
the system can be improved. The simulation result ver-
ifies the rationality of the proposed control method on
the system. In future work, we will solve a class of
adaptive control problems for the same system when
system state variables are unmeasurable.
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