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Abstract Enzyme-catalyzed reactions are frequently
observed in the chemical process, and could be
described by the mathematical model, such as the
Gray—Scott model with Langmuir—Hinshelwood mech-
anism. The complex dynamical behaviors are analyzed
in this work, including the existence and their stability
of equilibrium points and the bifurcations of the model.
By using stability theory, normal form technique and
bifurcation analysis, the stability and the saddle-node
bifurcation, Hopf bifurcation and Bogdanov-Takens
bifurcation are explored in detail. Numerical simula-
tions are also carried out to verify the validity of theo-
retical results.

Keywords Enzyme-catalyzed reaction - Stability -
Hopf bifurcation - Bogdanov-Takens bifurcation

1 Introduction

In the early 20th century, scientists began to study some
phenomena, such as catalytic reactions and cell division
in living organisms, and found the involved changes
of matters in space and time. Reaction-diffusion equa-
tions, which describe nonlinear interactions between
diffusion and reaction terms, were developed to explain
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self-organizing phenomena in chemical and biologi-
cal processes. As the result of the nonlinear interaction
between diffusion and reaction terms, self-organizing
patterns will emerge, forming various type of patterns,
when some specific parameter conditions are satisfied.
Turing initiated the research of such self-organizing
patterns in 1952 [1], which is now often referred to as
the Turing pattern.

Among the various autocatalytic reaction models,
Gray—Scott model is one of popular models, which was
proposed by Gray and Scott [2-4], when they consid-
ered the autocatalytic process in a continuous stirred
tank reactor and studied the interaction between the
chemical and the catalyst. They found that the system
could exhibit different self-organizing phenomena, s
uch as multistability, hysteresis, extinction, ignition and
self sustained oscillations. The model takes the follow-
ing dimensionless form

. 2
%—’;z—uvz—i-a(l—u)—i—DugT’;, n
g—ll’ =uv? —(a+ b+ Dvngg,

where the state variables u(x, t) and v(x,t) respec-
tively represent the concentrations of reactants and
autocatalysts, a is the dimensionless feed rate, b is the
dimensionless rate constant of the second reaction, and
D, and D, represent the diffusion coefficients of the
reactant and autocatalyst, respectively. In practice, this
is also the model of chemical substances in a gel reac-
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tor, where the rate a can be relatively easily modified,
while b depends on the system temperature.

The enzyme-catalyzed reaction model not only pro-
vides new ideas and methods to study self-organization
phenomena in chemical reactions, but also has been
widely applied in other fields such as biology, physics,
and geology. Chen et al. [5] investigated a general
reaction-diffusion model with non-local activators and
inhibitors and applied the results to Klausmeier—-Gray—
Scott water-plant model and Holling-Tanner predator—
prey model. In [6], Dong et al. proposed a new method
for identifying the Gray—Scott model through deter-
ministic learning and interpolation, which is based on
local identification results and uses interpolation to
achieve global identification. Gandhi et al. [7] consid-
ered the spatially localized structures in the Gray—Scott
model and focused on the regime in diffusivities by
using a combination of numerical continuation tech-
nique and weakly nonlinear theory. Saadi et al. [8] dis-
cussed a homotopy, which took a Schnakenberg-like
glycolysis model to the Gray—Scott model. Several dis-
tinct codimension-two bifurcations were discovered by
numerical continuation. Kuznetsov et al. [9] studied
the homoclinic orbits of the second-order Gray—Scott
model and gave the standard form of the Bogdanov—
Takens bifurcation of the system.

The Bogdanov—Takens bifurcation is an important
research topic in bifurcation theory. Many scholars
have applied it to other models and obtained various
research results. Yuan et al. [10] studied the bifurca-
tions analysis in a generalist predator—prey model with
stage structure. They showed saddle-node bifurcation
of codimension 1 and 2, Hopf bifurcation, Bogdanov—
Takens bifurcation, and bifurcations of nilpotent sin-
gularities of elliptic and focus type of codimension 3.
And they also found that the nilpotent focus of codi-
mension 4 serves as an organizing center to connect all
the codimension 3 bifurcations in the two-dimensional
center manifold of the system, and the bifurcations are
also associated with a third order cubic Liénard sys-
tem. In[11], Xiang et al. considered the Holling—Tanner
model with constant-yield prey harvesting. They gave
the analysis of the nilpotent cusp of codimension 4 and
the Bogdanov—-Takens bifurcation of codimension 4.
And they also showed the situation that Hopf bifurca-
tion of codimension 3 occurs. Jiao et al. [12] consid-
ered a delayed predator—prey system with double Allee
effect in prey and presented the detailed bifurcation sit-
uation. Su et al. [13] studied a dynamic model of the ini-
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tial lung infection response of the innate immune sys-
tem, which has a high-dimensional bifurcation, includ-
ing the Bogdanov-Takens bifurcation of codimension
3 and the Hopf bifurcation of 2 codimension.

In the heterogeneous catalysis, for the vast majority
of surface catalytic reactions the Langmuir—
Hinshelwood mechanism is preferred [14] to describe
the kinetics of enzyme-catalyzed surface reactions. For
the enzyme-catalyzed reaction model, we will intro-
duce the Langmuir—Hinshelwood mechanism, which is
similar to the Michaelis-Menten type functional reac-
tion function. Moreover, if the concentration of sub-
stance v represented by H%’ then v will reach satu-
ration during the reaction as v is sufficiently large, i.e.
limy— oo H#v = % Therefore, from the perspective
of controllability of chemical reactions, considering the
Langmuir—Hinshelwood reaction mechanism may be
more practical. So we will consider the impact on the
dynamics of local system and find that the model could
exhibit the stability, instability and bifurcation.

The paper is organized as follows. The enzyme-
catalyzed reaction model with Langmuir-Hinshelwood
mechanism is first formulated. The existence and their
stability of equilibrium points are given in Sect.2.
In Sect. 3, specific bifurcations are presented, includ-
ing saddle-node bifurcation, Hopf bifurcation, and
Bogdanov-Takens bifurcation. Numerical simulations
are given to validate theoretical results in Sect. 4. Some
conclusions are drawn in Sect. 5.

2 Existence and stability of equilibria

With the Langmuir-Hinshelwood mechanism the
enzyme-catalyzed reaction model takes the form as fol-
lows

u __ u?v

= U + I+mv> (2)
B p—dy—

ar 1+mv

where the state variables u(x, t) and v(x, t) respec-
tively represent the concentration of autocatalyst and
reactant, where b, d, and m are positive constants. Let

2 2
fu,v) =—-u+ lin'iv and g(u,v) = b —dv — limvv,
solving the f(u,v) = 0 and getting that u = 0 or

= —”“’vH. Now, we consider these two cases respec-

tively.
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At the boundary equilibrium Eg(uq, vg) = (0, g),
the Jacobian matrix is

-1 0
JEOZ[O _di|.

The eigenvalues of Jg, are A1 = —1 < 0,1y = —d <
0. So Ey is a stable node of the system (2).

Then we discuss the case of positive equilibrium.
From f(u,v) = 0, we have u = %“, substituting it

into g(u, v) = 0, one has the following equation

h(v)édvz—bv—l—mv—i—lzo.
The discriminant of 4(v) can be obtained as
A = (m —b)* —4d.

2
According to the discriminant, when d = %, h(v)
has a unique solution

b—m
V] = ——.

2d

_p)? ..
When d < %, there are two distinct roots

_b—m+«/Z
- 2d ’

_b—m—\/z

v2 2d

v3
In order to ensure that the obtained roots are positive,
here we assume that b — m > 0.
Therefore, we have the following result.

Theorem 1 Assume that b — m > 0, system (2) has
only one boundary equilibrium Eq (0, vg) = (O, f—l),
and

2
1) ifd > @, then there are no real equilibria,
therefore no positive equilibria;
2
@{i) Ifd = @, then there is a unique positive
equilibrium E| (u1, vy) = (I""Tm L);

> b—m

2
(i) Ifd < (mib) , then there are two positive equilib-

. A+bm—m?42d  b— A

ria Ep (uz, v2) = (m‘/;fm"ifg+ : ’”zzf)
A—b 2_2d b—m—+A

and E3 (u3, v3) = (m*/;_,;i}% : mzdf)

Next, we will present the stability analysis of the
equilibrium points E1, E; and E3. As for E1, we have
the following statements.

Theorem 2 The following statements about Ep are
true.

G) Ifd = %, then E1 is a cusp of codimension two;
(i) Ifd < % then E| is a saddle-node with an unsta-
ble parabolic sector;
(i) Ifd > % then E| is a saddle-node with a stable
parabolic sector.

Proof Since the Jacobian matrix of system (2) at equi-
librium E; is

1 d
I, = (-2 —Zd)’

we have
trJEl =1-2d, del‘JEl =0.

2 _
Now we translate E (41, v]) = (W, b2—dm) to

the origin with (u, v) = (U +u1, V +v1), then system
(2) becomes

U = aioU +an V + axU? +an UV + apV?
+a31UV +anUV? + ap3V3 + P (U, V),

V =bioU + bo1V + byoU? + b1 UV + by V2
+b23 UV +bpUV? + b3 V3 + Q (U, V),

3)
where
! d b—m
ao=1, ap=d, agy=-—"——7-—,
10 o 7 bm—m? +2d
842
a = 3 ,
(b —m)(bm — m* + 2d)
2d*m 442
ap = ————, Ay = s
2 T om—mz 24 ' om —m? 1 2d)?
16d3m
a12 = — 2 27
(b —m)(bm — m? + 2d)
4d3m?
= 5 b = —2, b = _2d,
3= om —m2 2y "0 ol
b — b—m
O T —m2+2d
842
b]] = — 2 )
(b —m)(bm — m* + 2d)
by — 2d%*m
02 = bm —m?2 +2d’
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4d>

by = — 3 5
(bm — m= + 2d)

16dm

bz = 3 7>
(b —m)(bm — m* + 2d)
4d3m?

boz =

C(bm — m? +2d)2’

and P(U, V), Q(U, V) are terms of at least order
fourin U and V.

When d = %, we find that both the trace and deter-
minant of Jg, are equal to zero, indicating that both of
eigenvalues of Jg, are also equal to zero. After a trans-
formation to (3) by letting (U, V) = (x, 2x +2y), then
we get the following form

d
X =y 4 crox? + cr1xy + cooy? + c30x> + 21 x%y

+enxy? + co3y’ + Pi(x, y),
@ = dyox? + di1xy + dony? + dsox> + doix2y
+dipxy? 4+ do3y’ + Q1(x, y),

“4)

where

b> —4mb + 3m> — 4 4
0 = , €11 = —,
D= b —mymb—m21+1) " Tb-m

2m

cp=——-""-",
02 mb —m? + 1

202m2b — 2m3 + b + 3m)
c30 = —

(b —m)mb—m?2+1)2"°
2(6m%b — 6m> + b + Tm)

A b —m2 1 12
12m(mb — m? + %)
=T b —m2 4 12
4m?
CZ b —m2 1 12
b* — 4mb + 3m* — 4
D= S mymb—r2 1 1)’
2 m
W= T T
g = — 2m*b — 2m> + b + 3m
i (b —m)(mb —m? + 12’
(6m%b — 6m3 + b + Tm)
dpi

- (b —m)(mb —m? +1)2’
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6m(mb — m? + 3)

dip = — ,

RZT 0 S mymb —m2 +1)2
2m?

dpy= ———

0B = nb—m2+1)2

and Pi(x,y), Qi(x,y) are terms of at least order
four in x and y.
To facilitate further calculation, we apply the change

(¥, y) = (1, y1 + doax1y1 — co2y7) to system (4) to
eliminate the y? term and rewrite system (4) as

X1 = y1 +exx] + enx1y1 + e30x; + e21x7y
+ernx1y? + eo3y; + Pa(xi, y1),
Y1 = faox{ + fuixiyi + fiox; + fuxiy
+ fi2x1y? + fo3yi + Qa(x1, y1),
(5)

where

e =20, e11 =dp+ci1, €30 = 30,

ex1 = 21 + c11do2,

e1n = c12 — coact1 + 2condon, €03 = co3 — 2¢%y,
fro=dx, fii=di, fi =dy,

Sf21 = da1 — c20d2 + 2c02dr0,

fi2=din+ d&z + coadi1 — c11doa,

fos = doz — 2co2do2,

and P>(x1, y1), Q2(x1, y1) are terms of at least order
four in xq and y;.

Further, we reduce (5) into the following form by the
transformation (x2, y2) = (x1, y1+ ezoxlz +enx1y1 +
M (x1, y1)). Here the M (x1, y1) is the term of at least
order three in x| and y.

X2 = y2,
Y2 = 820X3 + g11x2y2 + 8023 + 830%3 + £21X3 )2
+g12X2Y3 + 803Y3 + 02(x2, y2),
(6)
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where

820 = f20, &1 = f11 +2e0, g2 =eil,
230 = f30 + e11./20 — ex0 f11,

g1 = o1 —een, g = fia— el

803 = fo3,

and Q7 (x2, yp) is the term of at least order four in x;
and y».

Then to eliminate the y% term in system (6), we first
apply the scaling transformation dt = (1 — goax2)dt
to it and obtain the system as

42 — (1 — goax2) 2,

dvz =(1- gozxz)(gzoxz + gllxzyz + g02y3 + g30%3
+821X3y2 + g122¥3 + g03y3 + Q2(x2, ¥2)).
@)

Further transformation (x3, y3)=(x2, (1—g02x2)y2)
for system (7) yields the following result

4o =y, "
[ilyrs = £20%3 + gr1x3y3 + 03(x3, ¥3),
where
b*> — 4bm + 3m? — 4
820 = 5 ,
2(b —m)(bm —m= + 1)
2b% — 6bm + 4m?* — 6
811 =

b —m)(bm —m? +1)’

and Q3(x3, y3) is the term of at least order three in x3
and y3.
Simple calculation gives

(b — 4bm + 3m? — 4)(b* — 3bm + 2m? — 3)
(b —m)2(bm —m? +1)2 '

820811 =

Ifb=2m+m2+4dorb =3 £ YIA12 e

g20811 = 0. However, note thatb —m > 0,d = % and
A = (m—b)?—4d = 0, then one has thatb = m++/2.
So it follows that go0g11 # 0 and Ej(u1, v1) is a cusp
of codimension two.

Next, for the situation d # %, we apply the transfor-
mation (U, V) = (—dx — %, x + y) to system (3) and

obtain the following system

X = Co0X2 + 11Xy + Coay? + Pa(x, §),
y = do1y + daox> + di1 Xy + doay? + Qa(%, y),

&)
where
) d(b3 = 3bm? + (3m? — 8d)b — m3)
0T T T 2d — D (bm — m? 1 2d)
) —m3+3bm?+(—3b2—8d%+4d)m+b(b>—8d>— 4d)
=T 42d — 1)(bm —m? + 2d)
_ 32d3m — b3 +3b%m + 16d%b — 3bm? — 16d%m + m>
0= 16d2d — 1) (bm — m? + 2d)
dor=1—2d,
o= — dB —3b%m + 3m? — 8d)b —m3)(d — 1)
42d — 1)(bm — m? + 2d)

e — ((—8b — 8m)d? + (4m — 4b)d + b-—md - 1)’

42d — 1)(bm — m2 + 2d)
dopm — (=m3+43b%m+(—32d4%— 3b2+16d2)m+b3 16d2b)(d— 1)

16d(d — )(bm m2 4 2d)

andP4(x, y)) and Qq(x, y)) are the terms of at least
order three in x and y.

After introduction of a new time variable 7 = (1 —
2d)t to system (9), the we arrive at the following form

& = o + 21155 + 8023 + P5(E, 7)),
O — 54 fof? + fuldy + fooi® + Os(F, 3)),

(10)

where &j = 1240, fij = 1ok (i+j <2,0 < i, j <
2), Ps(x, 7)) = 52 and 05(x. 5)) = 5D
By calculation, it can be obtained that e;o =

d(b3=3b*> m+(3 m*>—8d)b—m?) .
10242 (bm—m2+2d) # 0. From Theorem 7.1 in

[15], the origin is always a saddle-node. When d < %
E| is a saddle-node with an unstable parabolic sector,
and it is a saddle-node with a stable parabolic sector
when d > %

The proof is completed. O

If A > 0, then h(u) has two solutions E>(u2, v3)
and E3(u3, v3). Now, we intend to give their stability
results.

@ Springer
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Theorem 3 E; is a saddle and E3 is

(b—m+1)(b—m—1) |
(b—m)? ’
(ii) a center or a fine focus when trJg; = 0, i.e. d =
(b—m+1)(b—m—1) . :
(b—m)? ’

(iii) a sink when trJg, <0, ie. d <

(i) a source whentrJg, > 0, i.e. d>

(b—m+1)(b—m—1)
(b—m)? ’

Proof The Jacobian matrix at E»(u>, v2) and E3(u3,
v3) are

1 -2
_ 2
JE2’3 = 1 _dv2>3+1
2 2
V23 V23

The determinants of Jg, and J, are, respectively.

24 A —m + VA 3

CletJE2 = — b_mt \/K)2 0,
and

2dNAb —m — VA
detJg, = f( m \/_) > 0.

(b—m —~A)?

So E» is a saddle and the stability of E3 is up to the
sign of the trace

_ 2(d—1)(b—m)V/AQR—2d) (> +m?)+4m(d—1)b—4d
trJE3— (b_m_ﬁ)2 .

(b=—m+1)(b—m—1).
(b—m)? ’

(b—m+1)(b—m—1)
(b—m)?

It follows that E3 is asource whend >

it is a center or a fine focus when d =

(b—m+1)(b—m—1)

(b—m)? =

and is a sink when d <

3 Bifurcation analysis
3.1 Saddle-node bifurcation

After checking the existence of equilibrium points, we
find that the number of equilibria changes with respect

to the parameter d. Specifically, when d = @, the
saddle-node bifurcation may occur. In the following
discussion, we will investigate the saddle-node bifur-
cation around E7.

Theorem 4 When bifurcation parameter d = dsy =

2
V"Zb) , system (2) will experience the saddle-node

bifurcation around E.
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Proof By applying Sotomayor’s theorem [16], we need
to verify the transversality condition around d = dgy .
The Jacobian matrix at £ is given by

1 d
e = (-2 —Zd)

Let M and N represent the eigenvectors of the eigen-
value Ay of Jg, and J ETI , respectively. To be specific,
we have

=)= () = ()= 0)

Moreover, we have

0
Fd(El,dSN)=< 2 )

m—b
and
D*F(E1, dsn)(M, M)
(?;—f;M% + 20 MM + —fM)
(E1.dsn)

b 2 9 f 3f g2
ﬁMl + 2935 Mi Mo + 55 M5

_b=m)}
— 4
—\ e-m? |
1

Hence, M and N satisfy the transversality conditions,
which are given by

2

T _ 2
N' Fy(E1,dsy) = —— #0,
b—m

and

(b —m)?

NT[D*F(Ey,dsn)(M, M)] = 1

# 0.
Therefore, the system (2) exhibits the saddle-node
bifurcation around E;. O

3.2 Hopf bifurcation

From Theorem 3, we find that when d= % ,
E3 becomes a center or a fine focus, indicating that the
Hopf bifurcation may happen. Next, we will explore
whether or not the Hopf bifurcation around E3 exists.



Bogdanov-Takens bifurcation of an enzyme-catalyzed reaction model

14369

According to the Hopf theorem [17], we need to
verify the transversal condition

dl‘}’JE2
dd |,_,
= (4((—=b* +4b°m + (1 — 6m>)b* + (4m> — 2m)
PR (b? — 2bm + m? — 2)?
Xb—m"+m —1)\/ b —m)?
+ (b* — 4b>m + (6m* — 3)b*
+ (6m — 4m*)b + m* — 3m? + 3)(b — m)))

(b2 —2bm + m? —2)2
/( b —m)?

b—m

2 _ 2 _ 2
_/w omAmR 22

(b —m)?

Hence the Hopf bifurcation happens at E3 in system
(2).

Then we want to give the direction of the Hopf bifur-
cation. Translating E3(u3, v3) into (0, 0) with (&, 0) =
(u — u3, v — v3), system (2) becomes

it = yoii + do1 ¥ + dooit® + dy1 D + oo
+P(ii, D),

U = byoit + bo19 + baoit® + b1y iid + by v
+0(i, D),

(1)

where

~ 1 ~ 1 ~ v3

a =1, a = —, a = —)
10 01 v% 20 mvs + 1
- 2

all = ————»

v3(mvz + 1)
7 m b 2
a02 = _—’ 10 = — b
v3(mvs + 1)

- —d*v? — 1 ~ V3

N Sl T B
ol v% 20 mvs + 1

B — 2 By — m
e v3(mv3 +1)° 2= vi(muy + 1)

and P (i1, D), Q(ii, D) are the terms of at least order
three in & and v.

We continue to change the system (11) by the trans-
formation

1
i=—i, y:zﬁ@m+%m; dr = ~/Sdt,
~ ~ %2
where S = ajobo1r — do1bio = %. Then we
3
obtain the following form
IR (12)
y=x+gx,y)
where

FE,5) = é20F? + EnFT + end? + Pi(F, 9),
§(X,9) = dri? +d11 x5 +dny? + 01(F, §),

and
~ o
~ ap2dy
€0 = ——F——= ———
V—aoibio + ajoborag,
aidio
+ ~ ~ ~ =~ ~
V=ao1b1o + aoboidor
B ao
V—ao1b10 + aobor
- 2apparp  ani
nm=——5"*tT=
agy do1
- anbio
Cop = — ———
v —ao1bio + aoboido
B ao2a10boi
~ ~ 7 ~2
V—aoibio + ajoboray,
R ~ .
P bpay, briaio  aoibao
0= —"T"= - —
(—ao1b1o + aiobor)aio S S
~ ~2 ~ ~ ~
aop2dig __anaio @
Sag,  Sdo S’
P 2bpaio  bn n 2amaio ar
nH=—0—-—F > T i v
Sap| \/g «/Ea%l «/Ea(n
J boobio  bopaiobor  aombio - doaaiobor
0 = — - - — — )
S Saoi Saoi Saj,

and P; (%, y), 01(x, y) are the terms of at least order
three in X and y.
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We can get the first-order Lyapunov number of the
system by using MATLAB, which is

o
0 = Jglfree + fayy + 8xxy + &555]

1 -~ ~ - . -
+ E[fii(f)b? + f55) — 8x3(&xx + &55)

— fiz&zi + f53855]

. b bii s
=-—— = 20(61207)%1]
8S2ag,

+ [ar1bao + 2a20b11 + 2bxabao + bip)aro

2 4
—a11byy — 2a5y — axobiilag; + ...

Andifo < 0, then the Hopf bifurcation is supercritical;
if o > 0, then it’s subcritical [18].

Theorem 5 When A = (b —m)? —4d > O and d =
% > 0, system (2) experiences the Hopf
bifurcation around E3.

Remark 1 1. Whenm = 0, i.e. the system (2) does not

have the Langmuir-Hinshelwood mechanism, the first

6v3(v§+%)n

- 3
(1—-dv?)2

1 - dv% >0andd = bzh—_l > 0 needs to be satisfied.

Therefore, whenm = 0, b2 —4d > 0, l—dvg > 0, and

d = ”1;‘ > 0, it has a supercritical Hopf bifurcation
occurs around E3.
2. In Ref. [19], the phase portraits and bifurcation

diagrams were present for the Gray—Scott model, that

Lyapunov coefficient is [; = < 0. Here,

3.3 Bogdanov—Takens bifurcation

From Theorems 1 and 2, the system has a positive equi-
librium point E1(u1, v1) when A = (m —b)2—4d =0
and b > m. Furthermore, whenm = m| = b— /2 and
d =dy = %, wefind that tr Jg, = detJg, = 0and E;
is a cusp of codimension 2. Therefore, the Bogdanov—
Takens bifurcation will appear around E| in the sys-
tem. Now select m and b as the bifurcation parameters
to give the detailed analysis.

Theorem 6 When bifurcation parameters m = m
and d = dy, the Bogdanov-Takens bifurcation occurs
in the small neighborhood of E1 in system (2).

Proof Replacing m and d with m| + ¢; and d| + &;
respectively in system (2), one has

= —u 4
= I+(my+epv?’ ) (13)
vV=>b—(d +e2)v— 1+(n71-1|}-81)v'

Using the transformation (x, y) = (u —uy, v—1v1), we
expand system (13) at the origin and obtain

X = ago(e) + aio(e)x + api (e)y + az(e)x?
+aii(e)xy +ag(e)y* + Mo(x, y, €),

¥ = boo(e) + bio(e)x + bo1(8)y + bao(e)x?
+b11(e)xy + boa(e)y* + No(x, y, &),

is, the model (2) with m = 0, but no result about the (14)
Hopf bifurcation or the Bogdanov—Takens bifurcation.
where
(mivy + ey (miv; + 1)? 1+ (my — &)y
ap(e) = ——————, boo(e) =b — (di1&r)vy — , ape) = —————,
00 = = o F ey 0 @evr = o oy’ € T T my e
(mivy + 1)? 2myvy +2
aoi (&) = — 5 a0(8) = —/———, an(e) = 5
v1(1+(m1+81)v1) 1+ (my + ep)vg vi(l+ (my 4+ e1)vy)
(miv1 4+ 1)*(m1 + &1) —2mjv; =2
vi(1 + (my +&1)vy) 14+ (my + 1)y
—1— (my +&)*(di + e2)v] — 2(m; + 1)(d) + £2)v] + (—m — dy — e2)v] — 2m vy
b01(8) = 5 s
vi(1 4 (my + €1)v1)?
V] —2mivy — 2 (mivy + 1)2(””1 +e1)
byo(e) = — 11(8) boa(e) =

14 (my +ep)vy’

T w4 ) Fepu)?’

vi(d + (my 4+ e)vi)
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and My(x, y, €), No(x, y, ¢) are the terms of at least
order three in x and y.

In order to obtain the universal unfolding of the sys-
tem, it is necessary to eliminate the y>-term in sys-
tem (14). To this end, by the transformation (x, y) =

o1+ 8 v 1+ B0, e v

X1 = coo(&) + c10(e)x1 + co1(€)y1 + c20(e)x?
+cr(e)xiyr + Mi(x, y1, &),

Y1 = doo(e) + dio(€)x1 + doi (&) y1 + dao(e)x]
+di1(&)x1y1 + Ni(x1, y1, €),

(15)
where
b
coo(e) = aoo(e), cro(e) = ajole) — ao2(&)boo(¢)
ap1(€)

cor(e) = o (e) — 20)02()

ap1(e)
c20(e) = axo(e) — an(e)bio(e)

ap1 (&)

b
ci1(e) = ay1(e) + boa(e) — M
ap (¢)
boo(¢)b
doo(e) = boo(e), dio(e) = bio(e) — boo(e)boa (¢)
ap (¢)

oy 6) = brote) — 2

ap1(e)
dao(e) = bao(e) — bro(&)boa (&)

ao1 (¢)
dii(e) = bui(e) - a10(e)bo2(e) | ao2(€)bio(e)
a01(#) ap1(¢€)

and My (x1, y1, €), N1(x1, y1, &) are the terms of at least
order three in x; and y.

Through the C*° change of variables (x3, y2) =
(x1, coo+c10x1+coly1+czoxf+c11x1y1 +...), system
(15) becomes

X2 = y2,
Y2 = e0o(e) + e10(e)x2 + eo1(e)ya + ex(e)x3
+e11(e)x2y2 + en2(€)ys + Na(x2, y2, ©),
(16)

where

eoo (&) =co1(e)doo (&) — coo(e)doi1(e),

cri(e)coo(e)

co1(€)
e1o(e) = — coo(e)d11(e) — c10(e)dor(¢)
+ doo(e)cr1(e) + co1(e)dio(e),

eo1(e) =ci1o(e) +do1(e) —

e01() =c1o(e) + doy (&) — L0 E
co1(8)
cri(e)erole) | cfy(e)coo(e)
=d -
er1(e) =dyi(¢e) @) 6(2)1 ®
+ 2ca0(e),
ex(e) = —d1(&)cio(e) — do1(e)cao(e)
+ c11(e)dip(e) + co1(e)dr(€),
_cii(e)
en2(e) =@’

and Na(x32, y2, €) is the term of at least order three in
xp and y;.

Next, introduce a new time variable dt = (1 —
ep2(€)xp)dt and we still denote ¢ as T

X2 = (1 — ep2(8)x2) y2,
¥2 = [eoo(e) + e10(e)x2 + eo1(8)y2 + ex(e)x3
+e11(e)x2y2 + €2(e)y3 + Na(x2, y2, €)]
X (1 — eg2(e)x2).
(17)

Again by the transformation (x3, y3) = (x2, y2(1 —
ep2(€)x3)), one has

X3 =3,
¥3 = foo(e) + fio(e)xz + fo1(e)ys + fro(e)x3
+f11(8)x3y3 + N3(x3, 3, €),
(18)

where

Joo(e) = eoo(e), fio(e) = ero(e) — 2epo(e)ena(e),
Joi(e) = eoi1(¢),

fa0(e) = ex0(e) — 2en2(8)ero(e) + eon()egy (e,
Sfi1(e) = eq1(e) — ep1(e)eoz(e),

and N3(x3, y3, &) is the term of at least order three in
x3 and y3.
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Next, there will be some classification discussions

about f>0(¢).
(@) If fo(e) < O, then the transformation is

(x4, y4) = (x3, %) and T = +/— fa0(e)t, which

will lead to

X4 = y4,
Y4 = goo(&) + g10(e)x4 + go1(€)y4 — x7 (19)
+811(8)Xaya + Na(xa, ya, €),

where

200(e) = _ Joo(e) 10(e) = _ Jio(e)
fr(e)’ fao(e)’

201(6) = — Joi(e) ) = — Ji1()
V=roE)’ V=70

and Ni(x4, y4, €) is the term of at least order three in
X4 and Y4.

Let (x5, y5) = (x4 — g“’z(g), v4), then system (19)
becomes

X5 = ys,
¥s = hoo(e) + hoi(e)ys — xZ + hyi(e)xsys  (20)
+Ns5(xs, y5, €),

where
2

810(&)
hoo(e) = goo(e) + =5,

g10(e)g11(e)
ho1(e) = go1(e) + B T— hi1(e) = g1 (e),
and Ns(xs, ys, €) is the term of at least order three in
x5 and ys.

Here we suppose fi1(¢) # 0, then hii(e) =

g11(e) = % # 0. Further, we apply the trans-

formation (x¢, ys) = (h%l(s)xs, _h?l(g)ys) and T =
- h1.1<s)'t to system (20) and obtain

X6 = Y6,
Y6 = i1(€) + i2(8)y6 — xZ + X6Y6 + No(x6, ¥6. &),
21

where
i1(e) = —hoo(e)h}y(e),  ia(e) = —ho1(e)h11(e),

@ Springer

and Ng(xg, Y6, €) is the term of at least order three in
X6 and V6.
(b) If fro(e) > 0, then the transformation is
_ ¥3 _ :
(x7,y7) = (x3, TO(S))’ and T = / fro(e)t, which

will give

X7 =y7,
¥7 = 800(e) + g10(8)x7 + Zo1(e)y7 — x3 (22)
+811(e)x7y7 + N7(x7, ¥7, €),

where
Gop = — 20 o J10©)
fr(e) fo(e)’
o1 = — Jou®  _ fu)
Vi0E)’ Vi0E)’
and N7(x7, y7, €) is the term of at least order three in
X7 and y7.
Furthermore, by the transformation (xg, y3) = (x7+
&10(e)

3> Y1), one gets

X3 = 8,
¥8 = hoo(e) + hoi(e)ys + x3 + hyi(e)xsys  (23)
+Ng(xs, ¥8, €),

where
=2
hoo(e) = goo(e) — g104(8),
- - go(e)gii(e) - _
ho1(e) = go1(e) — — h11(e) = g11(8),

and Ng(xg, yg, €) is the term of at least order three in
X8 and V8.

Similarly, supposing fi1(¢) # 0, then hyi(e) =
- _ 11(e . .
g11(e) = T® 7&_ 0. Applying transfor:natlon
(x9.y9) = (hf;(e)xs, hi;(e)ys) and T = =1 to

. hii(e)
(23), one obtains

X9 = Yo,
Yo = i1(e) +i2(e)y9 + x* + xy + No(x9, yo, £),
(24)

where

i1(e) = hoo(e)ht (e),  ia(e) = ho1(e)h1i(e),
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and Ng(xo, y9, €) is the term of at least order three in
X9 and y9.

In order to simplify the discussions, we still denote
i1(¢) and i>(¢) as i1 (¢) and i»(¢). Here with the help of
the MATLAB, we have

£0.

e1=8=0

' a1 (e), i2(e))
d(e1, €2)

So i1(¢) and i;(¢) are dependent. Then we could give
the local representations of the bifurcation curves up to
second-order approximation in the following (“+”for
fa0(e) > 0, “for fro(e) < 0):

(1) The saddle-node bifurcation curve SN =
{(e1,€2) 1 gi(e1, €2) = 0, ga(e1, €2) # O}

(2) The Hopf bifurcation curve H = {(e1, &2) :
g2(e1, €2) = £/ —g1(e1, £2), g1(e1, &2) < Of

(3) The homoclinic bifurcation curve HL = {(eq,

£2) @ ga(e1, 82) = £3/—g1(e1, £2), g1 (1. £2) < O}
O

4 Numerical simulation

In this section, we would like to demonstrate the com-
plex dynamical behaviors through numerical simula-
tion. Effectiveness of the theoretical analysis presented
above could be confirmed through the phase portraits
by using MATLAB. Here, m, b and d are parameters
of system (2).

Example 1 Figure 1 shows the dynamical behavior of
system (2) with given parameters m = 0.3 and b =
0.3 + /2. In this case, dsy = % = 0.5. As
shown in Fig. la, when d = 0.6 > dgy, the system
only has one boundary equilibrium Eg = (0, 1.0071).
In Fig. 1b, when d = 0.5 = dgy, the system has a
boundary equilibrium Eg = (0, 3.4284) and a posi-
tive equilibrium E; = (1.0071, 1.4142), which is a
cusp. Saddle-node bifurcation may occur around Ej.
In Fig. Ic, when d < dsy, the system has a bound-
ary equilibrium point Ey = (0, 4.2855) and two pos-
itive equilibrium E> = (0.6909,2.5583) and E; =
(1.3233,0.9772).

Example 2 Figure?2 shows the dynamical behavior of
system (2) with given parameter m = 0.3. In Fig. 2a,
taking b = 0.3 + V2.4 and d = 0.6, the system has
a unique positive equilibrium E; = (1.0746, 1.2910),

which is a saddle node with a stable parabolic sec-
tor. In Fig.2b, taking b = 0.3 + /1.6 and d = 0.4,
the system has a unique positive equilibrium point
E; = (0.9325, 1.5811), which is a saddle node with
an unstable parabolic sector. As shown in Fig. 1b, with
b =03+ +/2and d = 0.5, the positive equilibrium
point E; = (1.0071, 1.4142) is a cusp of codimension
2. Therefore, the Bogdanov—Takens bifurcation may
occur around Ej.

Example 3 Figure3 shows the phase portrait of sys-
tem (2) with parameters m = 0.09 and b = 1.39.
At this point, dy = % = 0.69/1.69.
In Fig.3a, where d = dp, the system has a bound-
ary equilibrium and two positive equilibrium points
E>, = (0.6208, 1.8841) and E3 = (0.8592, 1.3000).
E, is a saddle point, while E3 is a fine focus. In
Fig.3b, where d = 0.2 < dp, the system has a bound-
ary equilibrium and two positive equilibrium points
E> = (0.2683,5.6085) and E3z = (1.2117,0.8915).
E» is asaddle point, while E3 is a sink. In Fig. 3c, where
d = 0.4 > dy, the point E3(0.89, 1.25) is a source.
So the system may undergo the Hopf bifurcation near
Es.

Example 4 Take parameters m = 0.3,b = 0.3 +
«/5, d = 0.5, then the Bogdanov-Takens bifurca-
tion occurs around Ej. The bifurcation thresholds are
m1 = m and d; = d. Then we have

= —16.5324 #£ 0.

e1=6,=0

‘ a(i1(e), i2())
a(e1, €2)

931(8),i2(€)) ;
DEren) |y ey is 2.

For sufficiently small ¢; (i = 1, 2), the local represen-
tation of the bifurcation curves could be approximated
as follows:

Therefore the rank of matrix ‘

SN = {(e1, &) : —17.34818% —75.8515¢1 &2
+4.7011¢; — 82.9553¢5 +9.9123¢; = 0,
& # 0},
H = {(e1, &2) : —14.434381% — 53.4060¢ &2
+4.3203¢1 — 36.1388¢3 + 8.117565 = 0, &3 < 0},
HL = {(e1, &2) : —5.9373¢7 — 16.2542¢ 7
+2.0177¢; + 4.4923¢5 + 3.26247 = 0, &2 < 0}.
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(a) (b)

Fig. 2 Dynamics of system (2) with parameters m = 0.3.ab =03+ +2.4,d =0.6;bb =03+ +1.6,d =0.4

m 1 126
6 J
1.255
st
4T 1 = 125
3t J
1.245
2t J
1r o 1 124
ok . . L . —
0 1 2 3 4 5 0884 0836 0888 089 0892 0894 0896
X X

(b) ()

Fig. 3 Phase portraits
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Fig. 4 a The subcritical A
Bogdanov-Takens
bifurcation diagram of
system (13); b When

(e1, €2) = (0.1, —0.0033),
the system has no positive
equilibrium point in region
I; ¢ When

(g1, €2) = (0.064, —0.048),
the system has an unstable
focus in region II; d When
(g1, €2) = (0.064, —0.05),
the system has an unstable
limit cycle in region III; e
When (g1, &2) =

(0.064, —0.05280294849),
the system has an unstable
homoclinic orbit on curve
HL;f When

(g1, €2) = (0.064, —0.1),
the system has a stable
focus in region IV

\ 2

() (f)

Figure4 shows the subcritical Bogdanov—Takens (b) In Fig.4b, when the parameters are in region I, the

bifurcation diagram and phase portraits of system (13). system has no positive equilibrium point.
The conclusions are as follows. (c) When the parameter is on the curve SN, the system
has a positive equilibrium point, which is a saddle

(a) The bifurcation curves SN, H and H L divide the node.

(¢1, €2)-plane into four regions, which rotate clock- (d) When the parameter crosses the curve SN and
wise around the critical parameter values of the enters region II, passing through the saddle-node
Bogdanov-Takens bifurcation (¢1, £2) = (0, 0), as bifurcation, the system has two positive equilibrium

shown in Fig. 4a.
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points, one unstable focus and the other a saddle
point (See Fig.4c).

(e) When the parameter is on the curve H, there are
two positive equilibrium points, one unstable fine
focus and the other a saddle point.

(f) When the parameter crosses the curve H and enters
region III, passing through the subcritical Hopf
bifurcation, an unstable limit cycle appears, with
the focus being stable (See Fig. 4d).

(g) When the parameter crosses region III and is on the
curve HL, passing through the homoclinic bifur-
cation, an unstable homoclinic orbit containing a
stable focus appears (See Fig. 4e).

(h) When the parameter crosses the curve HL and
enters region IV, the homoclinic orbit breaks and a
stable focus and a saddle point appear (See Fig. 4f).

5 Conclusion

An enzyme-catalyzed reaction model is formulated in
this work. Existence and their stability of equilibrium
points, and the bifurcations, including the saddle-node
bifurcation, the Hopf bifurcation and the Bogdanov—
Takens bifurcation of codimension 2, in the system are
presented. By using the stability theory, the existence
and stability of equilibrium points of system (2) are
provided. Moreover, the detailed bifurcation behaviors
of the model are discussed through bifurcation theory,
which includes the Sotomayor’s theorem, Hopf anal-
ysis and perturbed theory. Numerical simulations are
used to validate the results obtained. Specifically, com-
pared to the original temporal Gray—Scott model, the
system (2) exhibits richer dynamic behaviors. Effects
of the diffusion on the model will be still interesting
and could be further explored.
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