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Abstract For a class of pure-feedback nonlinear sys-
tems, a novel adaptive predefined-time fuzzy control
strategy is researched in this paper. Different from the
existing nonlinear systems with predefined-time con-
trol, both the input and output signals are quantized in
this strategy. In the control process, firstly, by utiliz-
ing the Butterworth low-pass filter technique to handle
the form of pure-feedback and FLSs to approximate
the unknown functions, a novel fuzzy state observer
is devised to estimate the immeasurable states. Sec-
ondly, in the traditional backstepping process, the vir-
tual control signals are usually differentiable. Due to
the discontinuity of the output quantization, they are
not differentiable which makes the traditional back-
stepping method not applicable. To handle this issue,
a command filtering technique is applied in this strat-
egy. Thirdly, by using a class of smooth functions, an
intermediate auxiliary control signal and a novel adap-
tive predefined-time controller are constructed. More-
over, to compensate the impact of quantization errors,
Lemma 9 is proved. On this basis, the proposed strategy
can ensure the systems under input and output quanti-
zation are practical predefined-time stable. Lastly, an
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example is applied to demonstrate the feasibility of this
strategy.
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1 Introduction

In the field of modern control, convergence is an impor-
tant index to measure stability. To realize a faster con-
vergence speed, the finite/fixed-time stability has raised
the attention of many scholars [1-4], which makes the
closed-loop system’s state converge to the equilibrium
point within a finite/fixed time. For the past few years,
based on the good approximation capability of fuzzy
logic systems (FLSs) /neural network (NNs), many sig-
nificant results about adaptive intelligent finite/fixed-
time control have been obtained [5—8]. Among them,
for single-input single-output (SISO) nonlinear sys-
tems, considering the full-state constraints and actu-
ator failures, Zhang et al. [5] developed an adaptive
neural finite-time control approach; for multiple-input
multiple-output (MIMO) nonlinear systems, the issue
of the nonsingular fixed-time output feedback control
isresolved in literature [6]; for stochastic nonlinear sys-
tems, an adaptive fuzzy finite-time control scheme is
presented by Sui et al. [7]; for multi-agent nonlinear
systems, Wu et al. [8] investigated a fixed-time fuzzy
consensus control strategy. Notably, the bounds on the
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settling times in above results [5—8] can not be arbitrar-
ily set. However, many engineering applications, for
example autonomous vehicle rendezvous and missile
guidance [9], need to ensure the desired performance of
the system in preset time, which motivates the research
about predefined-time control.

A predefined-time stability represents a particular
case of the fixed time stability where the convergence
time can be chosen a priori. It is presented by Sdnchez-
Torres et al. [10]. Subsequently, a sufficient condition
of predefined-time stability is put forward in literature
[11]. Based on the excellent features of predefined-
time stability, its applications in robotics, rigid space-
craft and other fields have been researched, such as
[12-15]. Noting that the nonlinearities of systems in
above literatures [12—15] are known or need to sat-
isfy the linear growth conditions. With the develop-
ment of the complex systems, the nonlinearities of
practical control systems are often unknown. There-
fore, based on FLSs/NNs, the issue of adaptive intel-
ligent predefined-time control has raised attention of
many scholars. In particular, for the unknown strict-
feedback nonlinear systems (SFNSs), the issue of an
adaptive fuzzy predefined-time control is researched in
literature [16]. On the basis of [16] and considering
the impact of input saturation and output hysteresis,
Zhang et al. [17] developed a predefined-time adap-
tive fuzzy controller. It is well known that the pure-
feedback nonlinear systems refer to a more general
class of nonlinear systems which have no affine appear-
ance of the state variables. Furthermore, [18] presented
a global adaptive NNs control algorithm for unknown
pure-feedback systems to achieve zero tracking error
within a predefined time. Notably, the signal quantiza-
tion is not considered in the above predefined-time out-
comes [16—-18]. However, in networks systems, signals
are required to quantize before transmission due to the
limited communication capacity. With the wide appli-
cation of networks systems, quantization has attracted
extensive attention.

Quantization can be viewed as a mapping from a
continuous set to a discrete set. In the quantized con-
trol, due to the nonlinear feature of quantization, the
performance and stability of the system are affected.
Thus, it is significant to ensure the system’s stability
while guaranteeing the relatively communication rates.
In recent years, for the nonlinear systems, many signif-
icant outcomes about adaptive quantized control have
been developed [19-21]. Notably, the results in [19-21]
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only considered the quantization in the input channel,
which means that the control process still depends on
continuous states/output. Actually, in practical remote
control systems, control input signal and sensor infor-
mation are communicated by network. Due to the lim-
ited bandwidth of the communication channel, both the
control input and states/output signals should be quan-
tized before transmission. To better meet the needs
of practical engineering, by combining dynamic fil-
tering technology with backstepping technology, the
issue of the adaptive output feedback control for the
nonlinear systems under input and output quantization
is resolved in literature [22]. Based on [22], consider-
ing the effect of the sensor failures, an adaptive quan-
tized output controller is established in [23]. Notably,
the systems in [22,23] are linear parameterizations. In
addition, their parameters are bounded as a prior knowl-
edge and nonlinear functions need to satisfy global
Lipschitz continuity condition. To remove these limita-
tions, for a class of unknown SFNSs with output quan-
tization, Lu et al. [24] raised an adaptive fuzzy output
feedback control strategy by using FLSs to approxi-
mate the unknown nonlinearities. It is mentioning that
the above literatures [22-24] only ensure asymptotic
stability of SFNSs. However, in practical engineering,
the pure-feedback nonlinear systems are more general
than SFNSs. Moreover, the stability of the system is
expected to be achieved within a predefined time.
Although the problems of predefined-time con-
trol and the output quantization of SFNSs have been
solved separately, it is difficult to design an adaptive
predefined-time control strategy for unknown pure-
feedback nonlinear systems with input and output
quantization. There are three main difficulties: firstly,
the existing state observers under input and output
quantization are only applied to SFNSs, in which the
variables x| are affine in the X;(1 < j <m — 1)
equations. Since the pure-feedback nonlinear systems
are non-affine systems, these observers are unsuitable.
Thus, how to design a corresponding state observer
to estimate the immeasurable states? Secondly, in the
existing predefined-time control processes, the virtual
control signals must be differentiable. However, when
output quantization is applied to establish the virtual
control signals in each recursive step, the virtual con-
trol signals are discontinuous and their derivatives can-
not be calculated as often done in standard backstep-
ping design progress. This means that the traditional
backstepping progress is not applicable. Thus, how to
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design the control progress to obtain the controller?
Thirdly, the existing adaptive predefined-time control
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the singularity problem. However, when the input and
output signals are quantized, it is difficult to deal with
the quantization errors generated in the above term.
Thus, how to construct the controller to handle this
difficulty and ensure the practical predefined-time sta-
bility of systems?

In this article, the above difficulties are overcome.
The main contributions are shown below:

results are often used the term “—

(1) A novel adaptive fuzzy predefined-time control
scheme is presented in this article. Compared with
the existing predefined-time control scheme [21]
with input quantization, the input and output sig-
nals are both quantized in this scheme. In the back-
stepping process, because of the quantized output’s
discontinuity, a command filtering technique is
applied to avoid the partial derivatives of the virtual
control signals. On this basis and a class of smooth
functions, an intermediate auxiliary control signal
is established and a novel adaptive predefined-time
controller is obtained.

(2) Different from the existing results under input and
output quantization [22-24], an unknown pure-
feedback nonlinear system under input and out-
put quantization is researched in this article, which
is more general than the systems in [22-24]. By
utilizing the Butterworth low-pass filter technique
to handle the form of pure-feedback and FLSs to
approximate the unknown functions, a novel fuzzy
state observer is devised to estimate the immea-
surable states. Moreover, Lemma 9 is presented
to compensate the quantization errors. Based on
Lemma 9, the practical predefined-time stability of
system is ensured, which can achieve a faster con-
verge speed than [22-24].

The rest of this article is organized as below: Prepara-
tions and problem formulation are displayed in Sect. 2.
In Sect. 3, an predefined-time adaptive fuzzy quantized
control scheme is proposed. Stability analysis is shown
in Sect. 4. Section 5 represents the simulation example.
Conclusion is summarized in Sect. 6.

2 Preparations and problem formulation
2.1 Definitions and lemmas

Definition 1 [10]. The equilibrium point v = 0 of the
system U = fi(v) is practical predefined-time stable
(PPTY) if there exist the constants & > 0 and 7* > 0
to make ||[v(?)|| < w, forall t > T*. Where v € R™
and fi(v) : R™ — R™ represent the state variable and
nonlinear function, respectively.

Lemma 1 [16]. If there exist Lyapunov function 'V and
constants y € (0, 1); I's > 0 such that
. /g 1+Z 1-Y
V<s<——(VT24+V' 72 r 1
= ( + )+ T3 (D
then the system U = h(v) is PPTS, and V can maintain

.
in the area V. < yTn 5 within a predefined time 2T*.

Definition 2 [25]. Uniform Quantizer: A uniform quan-
tizer is represented as

Sisgn(v), & — 5 < |v| <& + 5.

2
0. [v] < do. @

qv) ={

where i = 1,...,n. The parameter b stands for the
quantization interval’s length, §o = g determines the
size of the deadzone for ¢(v), §1 = o + % Si+1 =
8; + b. The following property is met:

lg(v) — vl =7 3)
where 7, > %

Lemma 2 [26]. For Vy > v > O and j > 0, one
obtains

v(x —v) < —L— (T —pIth, )
1+

Lemma 3 [27]. For v; € R, one has
p
(Zritvl) o<p=t

m

§ |Uj|p> P
- 1 m

j=1 =T (Zj:l |Uj|> p>1

Lemma 4 [28]. For real variables v and U, and any
constants 1 € (0, 1) and £ > 0, we have

&)

ol O < o] + (1= e D). (6)

Lemma 5 [29]. For real variables v > 0 and 0 > 0,
and a constant 1 > 1, the following inequalities hold:

|U1// _ 1\31//| < 21—1//|U _ lVJ|1//;
W =V <bilv—0l(jv -0+ 7Y, )

where by > 0 denotes a constant.
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Lemma 6 [30]. If there is a bounded function U such
that |0;| < U;f with U; being a boundary. For | €
0,1), u2 > 1,q; > 1, one has

m  ~2 m  ~2
S (X))
j=14i el
1 " Dj 2
— (X 5) e ®)
(U;)Z L

12 L
where C = Z']ﬂ:l (W) +(1 - ,U«l)ll]1 M.

Lemma 7 [31]. If a matrix Y1 € R™ ™ is stable, it
vields

e < wje™ 9)

where w1 = \/)"max(T2)/)\min(T2) and wy = 1/Amax
(), Yo is a symmetric positive definite matrix and it
meets Y Yo + VoY = —21.

2.2 System description

In this article, considering a pure-feedback nonlinear
system under input and output quantization as follows:

U =i (0, vig1), 1 <i <m—1,

U = hi (Um, q (1)), (10)
y =,
where U; = [v1,...,u]! € %i,y e Randu € R

represent the state vector, the output and control input
of the system, respectively; ;(-) € R is an unknown
smooth function. ¢ (#) denotes the output of the quan-
tizer (2) and takes the quantized value.

Remark 1 If system is unknown SFNSs, the adaptive
fuzzy control with output quantization was researched
in literature [24]. Moreover, the adaptive fuzzy pred-
efined-time control with input quantization was inves-
tigated in literature [21]. However, system (10) studied
in this paper is in pure-feedback form, which is more
general than the strict-feedback form. To the best of our
knowledge, so far, there are no results on predefined-
time control with input and output quantization for sys-
tem (10).

Control Objective: In this paper, under input and out-
put quantization, the objective is to establish an adap-
tive fuzzy predefined-time quantized controller that
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guarantees the practical predefined-time stability of
system (10).
Select the following function transformations:

hi (Ui, vit1) = Hi (Ui, vig1) +vigr, 1 i <m —1
Tim (Um, q () = Hpy (U, g () + q(u) (11)
Thus, the system (10) is equivalent as follows:
Ui = Hi(Ui, vit1) +vip1, 1 i <m — 1,
Un = Hpy (U, q(u)) +q ), (12)
y = Ulv
Assumption 1: Suppose that the function /; meets
the global Lipschitz condition, i.e., there exists a con-

stant ; (1 < i < m) such that the following inequality
is met:

i (x1) — hi(x2)| < @illxn — xall, Y, x2 € R
(13)

2.3 Fuzzy logic systems

Lemma 8 [32]. For a continuous function H(v) on a

compact set B, there exists an FLS 97 p(v), it yields:
sup |H(v) = 9T o(v)| <€, (14)
vel

in which € > 0 denotes the fuzzy minimum approx-

imation error; v = [v1, Uy, ..., um]T € R™ stands

for the FLS’s input; 97 = [91,02,..., 9m] with

M standing for the fuzzy rules’ number; @(v) =

(@1 (L), V), ..., o) denotes a fuzzy basic
function vector and the following ¢,(v) is chosen:

[T/ Mg (j)
>l (1721 ag ()]

where A%(0 = 1,...,M,j = 1,...,m) represents
the fuzzy set and A¢ denotes the membership function.

po(v) =

3 Predefined-time adaptive fuzzy quantized
control design

3.1 Fuzzy state observer design

Firstly, rewrite the system (12) as

O =H; (v;, Oit1, /) Vi1 +AH;, 1<i<m —1,
Un = Hpy (O, Q(u)f)+Q(u)+AHma (15)
y =vy,
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where AH; = H;j(, vip1) — Hi(Ur, Oig1,); Oi
denotes the estimation of v;; Uj41, f»q(u) y represent
the signal filters defined by [34,35], as shown below:
Oit1,f = HrL($)0jit1 ~ Uiy,
qu)y = Hp(s)g(u) ~ q(u)
with Hy (s) standing for a Butterworth low-pass filter.
Assumption 2: Anunknown constant g r,, > 0 exists
and satisfies [0; 1 — Uiy1, 7| < 0y,5 lq@) —q ) ¢| <
Pp.i=1...,m—1
Utilizing the FLSs to approximate the functions
H;(vj, Uiy1,r) and Hy, (Up, g () ¢). According to Lem-
ma 8 and the quantized output g(y), a fuzzy state
observer is devised, as shown below:
l?i = Uiy "'AéiT(/’i (Alc)i, Oig1,£) +ki(g(y) — 9),
On=q W) +9,} m (Um q () ) +kin (q () =),
y=01,

(16)
where k; stands for the design parameter and it makes
the matrix
—ky

S (17)
—ky, ... 0
a strict Hurwitz matrix. Thus, there exist a symmetric
positive definite matrix G and a constant d > 0, A,
satisfies the following equality:

ATG +GTA. = —dI. (18)

The observation error ¢ = [ey, ..., e,,]7 with ej =
v; — U; being defined. According to (15) — (17), one
obtains

m
¢ =Ace+ Y Bi(0]0j(Z)) +¢ + AH,)
j=1
K —q»), (19)
where B; = [0,...,1,...,01", K = [ki,....knl",
e’
j
ji= 19;—19]' andZi = [I_Ji, ﬁi+1’f](i = 1,2,...,m—

D), Zn = [Om, g @) 7],
Select a Lyapunov function candidate as follows:

Vo = e! Ge. (20)

)

According to the Assumptions 1-2, the property (3)
and Young’s inequality, the derivative of (20) holds

m
Vo =e"(ATG +GT Ae + 2G| 3" B, (9 0;(Z))
j=1

+e; + AHj> + K(y — q(y))]

m m
< —d—4GIP=D wDlell + ) 0] D,
j=1 j=1

m
HIKIPT2 + Y (€ +oieT,)

j=1
m
< —d—41GI*=> " w])lel
j=1
m
+Y BI'B;+T. Q21

j=1
where I = [|K P12 + Y0, (€12 + @297, ).

3.2 Adaptive fuzzy predefined-time quantized control
process

The quantized output variable cannot be directly uti-
lized in the Lyapunov-based backstepping design due
to its discontinuity. Thus, the control process is divided
into two parts. Firstly, in (i), incorporating second-order
low-pass filters with a class of smooth functions, an
intermediate auxiliary control signal will be devised by
applying the unquantized output vector y and the state
estimation U;(j = 1, ..., m). Secondly, by replacing
the output y in the virtual signals and intermediate aux-
iliary control signal with the quantized output g(y),
an actual adaptive predefined-time controller will be
obtained in (ii).

(1) In this section, by utilizing the continuous out-
put y before quantization, an adaptive predefined-time
fuzzy control scheme is presented with a class of
smooth functions and FLSs.

Define the following coordinate transformation:

o1 =Y,
Qi+1 = OH—I - &L,la
&L,] = &L,l — Oy, (22)

where @, 1 stand for filtering errors; «, represent the
virtual control signals and &, | are acquired from the
following second-order low-pass filters:

&L,l - &1,2

G2 = 206802 — 2 (@1 — o) (23)
with &, 1(0) = ¢,(0),%,2(0) =0t =1,...,m—1),
6, > 0 and ¢, > 0 denoting the damping factors and
the natural frequencies of the filters, respectively.

@ Springer
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F(Zr the ﬁ}ters (23), de'ﬁneavector o = .[ozl,},ozl,z]~ +2(lo1l - Gl)zlﬂl- (32)
and &, 2 = @, 2. According to (23), the derivative of @, 2
is acquired as Substituting (32) into (31), it yields

~ = 2,2
& = Q& + EII, e . l+w [
. =—— BT e+ st
where & = [—1, 0] and I, = &,. Because 6, > 0, o7
¢ >0, +(o1l — onsgileNVi[o2 + a1 + P ¢1(Z))
5
[ o 1 +=(o1l — o1)sgi(en)]

Q= —¢2 —26,¢, 2
. o . . +9] (lo1] — o1)sg1(@)V191(Z)). (33)
is a Hurwitz matrix. Thus, for arbitrary matrix E, > 0, ) )
there is amatrix R, > Osuchthat Q7 R,+R,Q, = — Define a virtual control signal «; as follows:

Consider a class of smooth functions sg;(-) as fol- _ B1 14y
lows: ap = JFe (le1l —o1) ""sg1(o1)

o A . /32

e lejlzoa; s 7 (eil =o' sg1(0)

ng(Q/)— j loi| <o (25)
(07—07)2+le;1" '/ / 7

and a class of switched functions =01 p1(Zy) — Z(|Q1| —onsgien)
o) = 1, |Qj| > o 26) —(02 + 1sgi(o1) (34)

7@ =10, lojl < oj with 0 < B < 1,0 < B < 1 being the

where 0; > Oand j =1, ..., m denote the designed
parameters. From (25) and (26), the following proper-
ties hold:

0
2L ol > o
. . . ) — iQ]i J J
ng(Qj)wj(Qj)— {O, |Qj| <o 27)
and
;NI =¥, (28)

where I = 1, 2, ... stands for positive integer.
Step 1. According to (15) and (22), one obtains

01 =er + 0l o1(Z) + e + 0T 1(Z1)
+o2+ a1 + o1 + AH;. (29)

A Lyapunov function candidate is chosen as follows:

Vi = 5 (leil — o Yiton (30)
and its derivative is calculated as
Vi = (lo1l —onsgieNVi ez + 9] @1(Z) + €1 + 02
+a1,1 +ar + AH, |
+0{ (lo1] = a1)sg1 @) V191(Z1). 31)
By utilizing Young’s inequality, one has
(leil = Gi)Sgi(Qi)lﬁi (e2+ai1 +e+ AH))

2.2
1+ la?  e? oip
|| [ L NI 1)

2 2 2
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designed constants and 8 = # B = h =
min{(2/m)/2, (m — 1)77/2).

According to (34), (33) further becomes as follows:

T*’

2

~ 2.2
LRI L S Ll
2 2 2 2
+3{ (lo1] — o1)sg1(eN)V191(Z1)

_’31[(|Ql| —01)2w1]1+%

Vii

2

N2 1-%
[Ty 7 - e 00w
ot~ onvi(loal —on 1. (35)

Step 1(2 <1 < m — 1). From the coordinate trans-
formation (22) and the observer (16), we have

o= 01+ a1 +a,+0 0 (Z)+ki(q(y) — y)
+ker — a1
=014 a+a+070(Z) +kig(y) —y)
+her — 12+ 9 0(Z) -9 p(Z).  (36)

The following Lyapunov function is considered
AR (37)

From (36), its derivative is obtained as:

1
Vi=Vi + E(IQLI

Ve = Vit (led—o0sgevn e +at BT 6.(2)

(g () = ¥)+E ke G2 = 9] 020 |
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+35 (o] — 0)sge) Vi (Z). (38)

By applying Young’s inequality, the following inequ-
ality can be obtained:
(lel = oo kier + @ + k(g () = ) = 3] (2]
Rllel® | a@l? Kt 37,
< ~+
-2 2 2 2

Bringing (39) into (38), it yields

+2(lou| — ). (39)

k?||e||2+ ||&L||2+k?r§+z§fz§t
2 2 2 2
+9 (lo.| — 0)s8.(0) V0 (Z))

(ol = osgie)vi| et + o + BT g.(2)

+2( 0.l — 0)sge) — &1z (40)

V, < Vi1 +

The following virtual control signals ¢, are devised

__P
21+%

B2 _ .
——(lo.] — )" Vsg(0) + @—1 2

Y
21=%

o = (lo] = Ut)1+VSgL(Qt)

_Z(lQL| —o)sgo) — 19[ v (Z,)
—(o1 + Dsgi(o)- (41)

Bringing (41) into (40), (40) is further computed as
follows:
*2
1

, 1 ~ 2, oo Nl e
m$§(1+§k1+w1>||e|| +§T+7

. ITA 2,2 t 2.2
oo, oie kit

l fm Ity

+1§2 > + 3 +l§2 >

+> 9] (ail = osgien Vi (Z1)
=1

‘ 2 v
o Y [ T
=1

¢ 2 _r
_/322[(|Q1|2 o7) 1//1]1 2
=1

1
—7led - o)*¥ + (lod — o) ¥ (lowt1]

o1 — 1) (42)
where
Vi =~ o il o Vi — (e — 0%
tlotl — o ¥ (ad —o— 1. (43)

For the term V,, we have the following analy-
sis: If |o,| < o, + 1, obviously, there is (|o,—1] —
oDV -1l — o, — 1) < 0, then V, < 05 if
lo,| > o, + 1, by using Young’s inequality, we have
(lo-1l = o-D¥im1(ed — o = 1) < F(o1] —
01 Yi-1+ (] — o — 1)?. Because of [o,| > o, +1,
(lod =0, = 1)* < (lee] = 0)* .. Thus, V, < 0 always
holds.

Step m. According to the observer (16) and the coor-
dinate transformation (22), we have

om = qu) + 0L @ (Zm) + k(@ (y) — y) + kmey
—Qn—12+ O o (Zw) — O o (Zy).  (44)

Choosing a Lyapunov function candidate as below

1
Vin = Vi1 + 5 (lom] = Om)*Ym. (45)

and its derivative as

Vin = Vin—1 + (10m| = 0)$8m (0m) ¥ (q(u) — v)
+0. (lom| — om)s8gm @m) Vim@m (Zm)

+om| — om)sgmem) ¥m I:U+km(‘1(Y) — y)tkmei
+l§n7;§0m(zm)_&m—l,2_;,n7;¢)m(zm):|- (46)

Similarto Step ¢, by utilizing the Young’s inequality,
the derivative of V,, is further computed as
2lel®  kati  Bld

2 2 2
+Uom| — om)sgm(@m)¥m(q ) — v)

+(lom| = 0n)sgn(@n)Vin| v + Do (Zu)

Vm = Vm—l +

. 3
—Um-1,2 + §(|Qm| - Gm)ng(Qm):I

+0 (om| — om)sgm ©m)Umem (Zw).  (47)

Design an intermediate auxiliary control signal v, as
shown below

Bi

1
v ==y (oml = om) ™ sgn(om)
B2 _ .
~5ig (lenl - om)' 7 sgm(0m) + &m—1.2
2
AT 5
— 0 0m (Zm) — (E + D(lom| — om)sgm(om)-
(48)
Substituting (48) into (47), Vm is further computed
as
-1~
Vo< (14 ik2 +ad)lel® + mX: .17
"o 2 =2 l ] =1 2
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2.2
k2 ,2'+w160fM

= 1Ty
+Z 122: 5

+ Z 9/ (o1l — o1)sgienvigi(Z)

=1
+om| — om)sgm(©@m)¥m(q) — v)

m 2 v
_ﬂlz[(lgzlz o7) 1m]l"‘z
=1

m a2 1L
_522[(|01|201) Wz]l 7
=1

~(lom] = om)*Ym- (49)

(ii) In this section, the quantized output g (y) dis-

places the continuous output y in above section. Thus,

an actual adaptive predefined-time quantized controller
is got as follows:

19191

Bi
u = ——=—(loml = o) sgm (01
2 +
,32
7 (lQm| - Um)l Vng(Qm) “rOlm 1.2
B O (Z) — §(|gf£| — om)sgm(em).  (50)
where Q‘f = q(y),gtq_|rl = 041 — &f{l and &Zl is
obtained by the following filter:
FY Y
L 1= at 2
oy = =200, = ¢2@] ) — ed). (51)

Moreover, the virtual control signals ol parameter
adaptive laws ; are devised:

q _ _ A1 q
o = 21+%(|Ql|

B2 _ .
—iogleil= o) Vsgi(e]) = ¢1(21)
2

— o))" sg1(0h)

11
—(az+1>sg1(gif>—z(|g‘f |—o1)sg1(0]);
(52)
al = Z'iy (of] —

—2ﬂ2y (0] — 0) 7 sg,(09) — D 0i(2,)

o) sg.(0)

+&Lq_1,2 - I(lQﬂ - Gl)sgl(Q?)
—(0+1 + Dsgi(e?); (53)
91 = r(ell — ansgieHvieDei(Z1)
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(B2 + 3001, D1(t) = 0;  (54)
% = n(0f| — opsgieH Vel e (Z)
B0, = (Br+4M)Dy, Di(g) = 0, (55)

where A; > 0 denote the designed constants and func-
tions sg (Q?), Y (Q;I») are as:

_’31191+)/

Qq q
. ] lojl = o
sgilep) =" . (56)
o=@ 1971 =
Lo lell=o;
(eh =17 oo 57
@D =10 1ol <, (57)
and j=1,2,...,.m,[=2,...,m

Remark 2 Inthis backstepping process, the time deriva-
tive of a? is replaced with the variable “?,2 by fil-
ters (51). Thus, the issues of output quantization
and “explosion of complexity” are resolved. Although
dynamic surface technology also usually is applied to
handle the above issues ([22]-[23]), the differential of
the first-order filter generated by the quantized out-
put is discontinuous. Moreover, for higher-order filters,
smoother outputs require more complicated computa-
tions. To balance computational complexity with filter
performance, a second-order command filter is applied.
In addition, a class of functions sg;, ¥; are applied
to devise a novel adaptive fuzzy predefined-time con-
troller.

4 Stability analysis

To compensate the impact of the quantization errors,
the following lemma is given.

Lemma 9 Define the quantization errors as follows:

_ q _ q
ng—gl,'—gj,TaL—al—a Tﬂhl_all_azl’
A ~q
T&L,z =20, Yy, =u—v, (58)
where j = 1,...,m,t=1,...,m— 1. There exist the

positive constants R, i R, , Ry, Ry, respectively, such
that |TQ/'| S Ngjs |Tctt| S Notts ”T&L” S N&Lv |TU| S
Ry, with &, = [&,.1, &,.2]".

Proof (1) When j = ¢ = 1, based on the characteristic
of uniform quantizer (3), it yields

lor —oll =1y — gl <1y £ R,,. (59)
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From (34) and (52), the following formula is
obtained:

q
Yo, = a1 — o

— L [derl = o0 s e
—(lof| — o) sg1(e])]

'32 [(|Ql| o) 7sg1(01)
—(|@1|—o~1>1 7sg1(0])]

11
—— [l —onseien
~(efl - onsg(e)]

—(02 + D[sgi(e1) —sgi1(eD]. (60)

When |o{| > o1, |QL11| > o1, according to Lemma 5,
define a term as:

— A 1+y
0 =07 (le1l —o1) ""sgi(e1)
~(of - o' *sg1(])|
52
e ) 7 sgi(en)
(el —on' 7 sg1(e])| ©61)
and it yields
3
= ﬂl INQI(N +01y)+ﬁz-27“1xéjy. (62)
When [o1] = o1, |Q§1| < o1, we have
0 < 21+y (e1l = 01)1+y‘+ 77 (HE al)”y‘
ﬂ 1—y ,32 1—y
+E (letl—o1) ’ 7 (lof1 —o1) ‘
I+y ﬂlal
< gl —1efl| T+ ST
I-y
B2 g |77 Baoy
gl =l T+

2

131011+y '62011—)/
21+% + 217%
(63)
Thus, when |o1] < o1, |o{| > o1, the above inequali-
ties also hold.
When 01| < o1, |Q?| < o1, similar to (63), we have

lgl 1+ :3
~ l+} Nl o7

1y+

I+y
/3101

0 < + Bro) V2% (64)

22

According to (62) — (64), we have

1Yo, | < fl—bixg, R +o])+ - 237’—182,7
.31 i+y +ﬁ2611—1/2% i %NQI
+2(02 + D= Ry, . (65)
From (23) and (51), one obtains
Yo, = Q1 Ya, + Bi Yoy, (66)
where B = [0, ;“12].

By reducing the equation, we obtain
t
Ys, (1) = e21'T4,(0) +/ Q1T BY, (v)dv.(67)
0
Because Q] is invertible, the following inequality is
met
e, (O] < 1@ - 1, )]
R [BI- 107 (1 =@ (68)

Due to &;1(0) = o1(0), &;2(0) = O, thus
T, (O] = [Yg, (0)]. From Lemma 7, the above
inequality goes further

I, ()]l < @1e™'| Xy, (0))]
Ry 1Bl - 10T (L +w1) 2 Rg,. (69)

Therefore, | Yy
established.

1,1| < Ry, and |T&1,2| < Ry, are

(2) From the definition of 3, it yields
lo2 — 0§l =100 —an1 — D +af || <Ry, 28,
(70)
Similarly the procedure in (1), according to ey (41),
ozg (53), the second-order low-pass filters (23) and

(51), there exist the positive constants Ry, and Ry,
such that

Yo | < Vo, 1T, [l < Rg, - (71
(3) According to the recursive method, Y,;,j =
3,...,m; TocuT&,,wTo”tl,va =3,...,m—1and
Y, are bounded, as shown below:
|TQJ‘|SNQ/'1 ITQL|SNQL1 ”T&LHSN&N |TUISNU
(72)
The proof of Lemma 9 is accomplished.
Remark 3 Lemma 9 proves the boundness of the quan-

tization errors. It is significant tool to ensure the prac-
tical predefined-time stability of system (10).
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Theorem 1 For arbitrary initial conditions satisfying
V(0) < A where A > 0 stands for a constant, under
Assumptions 1 and 2, consider the pure-feedback non-
linear system with input and output quantization (10).
If the observer (16), the second-order low-pass filter
(51), the virtual control signals (52)—(53), the param-
eter adaptive laws (54)—(55) and the actual quantized
controller (48) are adopted, the closed-loop system (12)
is PPTS. Furthermore, within a predefined time 2T,
the variable o1 can converge to a neighborhood around
the origin.

Proof Choose the following Lyapunov function:

m—1 m 17,2
V—V0+Vm+Zo: Rlat+z (73)
=1

From (21), (23)~(24), (49) and (54)—(55), V is com-
puted as

VS—V—MGW—

m _ 2 Y m _ 2 _
+Z[ ~TEL&L+2&LTRLEHL]_/31Z[qgl'2 %) wl]H—Z _,322[09”2 %) WI]I
= =1

Q, € W™ H3+2 is a compact set. Thus, from I, = &,
|TT,| < II, is obtained on €2, with 1, > O representing
a constant. Therefore, it yields
26/ RET, < |l&lITL|* + | R,
< &l 17 + IR (76)
Substituting the above inequality to A1, we have

m—1

I -5, -
Ar ==Y [Anin(E) - 5 — 12 al?

=1

m—1
SO LA a7

According to Lemma 2, the following inequalities
are obtained:

m m

1
Y wi -5+ k,2+w12)]||e||2+r‘1
j=1 =2

r
2

A
m m &Tl?,l‘f‘)’ m I§Tl§j m
D BB Y T Ba Y =+ Y 40 0+ 30 D1 —(loml — o) Y
Jj=1 j=1 J j=1 " =2
Ap
+(1en] = om)sgn em)¥n| (g @) = w) + (= v)] (74)
ST 314y 1+y #\ 24y 24y
vhere Ty = Pot &+, 8 oy N 7)) <5 O =87
n 12_/M andp1=3/2,p2=27,__,pm=2. . O 52
oo < —L—— L. (78)
According to the definition of v (48), u (50), the prop- 2 - )
erty (3) and Lemma 9, the following inequality is From Lemma 4 with : = Tya t = =V =

obtained:

(lom! = o) @m)¥n| (@) = 1) + (@ = v) |
2 2

T N
< (lom| — om)*Ym + >+ (75)

For the term A1, define a set 2, as follows: 2, =
{%TGe F 3 0y = Py + )y 26T Ry +

Yol ;—l’ < 2A} with o = 1,2,

=1 m — 1. Since

@ Springer

32
1,0 = Z;” 219)» , the following inequality holds:
mo 52 mo2 2
=5 Ly 14 )/ 79
> n) s 3y 5 T @9

J
Substituting the above inequality to the term A;, we
have

A <_i1+yﬂ1 52+
:= 24y A ’;

j=1

— B (Z—)1_7 + I

j=1
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(80) 143
2y <—pim—1)" ( a, Rﬂ) + 32
where 'y = ﬂT(Ty Sy > i éi; fl (197)2+V + Z
m ﬁZ(ﬁ*) 2 - Y
0* 1-2
L= o+ Ljm O —ﬂz(z TR (83)

Brmglng (75), (77) and (80) into (74), V is further
calculated as

V< —|a-4161* -

m
2
Z @
j=1

] m
—3 U+ Y i+ lel?
=2
2 m—1
u

— 4+ — 4T r R,

+2+2+ L+ 2+LZ;|| |12
-y [
i[(m—mﬁ ]f%
+

)

(o1l — o1)? ]1+%

Tk

L
-Z

[win (B0 — 5 — 122 ] 1012 (81)

Accordlng to (81), obviously, when t — o0, the
system’s error variables can be stabilized in a residual
set. Therefore, there exist the positive constants ¢* and
@, such that |le|| < e* and ||| < ¢/ hold.

Define a constant D = d — 4||G||2 - ijl zzrjz —
(L + Y,k + w}), which meets D > 2hmax (G),
according to Lemma 6, we have
— Dlle|? < —(e"Ge)' T — (" Ge)' " F +
—Bie” Ge)'* T — By(e” Ge)'~

MR C?
=

IA

'\Sl,

(82)

1 2=y .

where 31 = (€*/Amax (G))! T2 + £ La - Z) v . Simi-

larly, define a constant A, = Amin (E )— 5= 1'[2 which
meets A, > 2Anmax (R,), we obtain

m—1

- Z A& R,
1_,
< —(Za Rat> + 32
1+%
—(m—-1)" (Za Rloc[) :

where 35 = 37 @)%/ dmax (ROIFE 4+ 5(1 -
£ 5 .

Substituting (82)—(83) into (81), according to Lemma
3, the following inequality is obtained:

V < —Bi" Ge)'5 —Bi(m—1)" <Za Ral)H%

_ﬂl(m)_%[i Mwl]u—j

=1

[\

Y

- 512 1-%
—ﬂz(zm)_z

—B» Z[(|Ql|—al) 1/’1]1 2 4T

< —p1hV!*T — pvITT 4T
< - (VR VIR 4 (84)
yT*
where '3 = I+ + 4 ¥ + +Z DRIP40

From the definition of V and Lemma 1, within the
predefined time 27*, the variable o can converge to

2y I3 T*
lo1] Sﬁ%-ﬁ-al-

Thus, the proof of Theorem 1 is completed.

(85)

Remark 4 Due to output quantization ¢(y) is discon-
tinuous, it cannot be applied to the Lyapunov-based
stability analysis of system, but unquantized output
y can be applied to stability analysis. However, only
the output quantization g(y) is utilized to construct
the controller u# (50). Therefore, how to establish the
relationship between quantized signals and unquan-
tized signals is the main challenge in stability analysis.
More specifically, a major difficulty in stability analy-
sis is how to compensate for the effect from the term
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(10m] = Tm)5gm(©m)¥m (u — v) in (75). With the help
of Lemma 9, the above term can be compensated by
(lom| — am)zlﬁm /2; N% /2, which are irrelevant to the
output quantization ¢g(y). Thus, since the relationship
between quantized signals and unquantized signals in
Lemma 9, quantized output g (y) can be applied to con-
trol design and unquantized output y can be applied to
stability analysis.

Remark 5 From (84) and (85), it can be acquired that
increasing the parameters A ; and decreasing the param-
eters y, T*, 0}, k;, by, b, contribute to improve the
converge performance. However, too smaller 7%, o;
may make the amplitude of the control input u too
large, resulting in more control energy consumption.
Thus, we need to a trade-off between the converge per-
formance and control energy consumption.

5 Simulation example

Example 1 The following pure-feedback nonlinear sys-
tem is considered:

U = hi(vr, v2),

Uy = Nz (02, g(u)),

y=ur. (86)
where Uy = [v, va]?, y denote a state variable

and the output of system, respectively; fij(vy, v2) =

sinvjvy + 2vp + %Ug and fiz (U2, g(M)) = vivy +
1

3
q(u) + @ stand for the nonlinear functions. g (u)
indicates the output of the quantizer (2) and takes the
quantized value.

Firstly, five fuzzy sets are defined over the interval
[—2, 2] with the partition points are —2; —1; 0; 1; 2.
The following membership functions are chosen:

N — L (51 =3+0)?
fag (D1) = exp™ 217307,
. Lty —3+40)?
pag(n) = exp 33,

~ L, — 2
pag(Da,p) = exp 22/ 00,

Iag(q(u) p) = exp 2@ =30 12345
&7
The fuzzy basis functions are
ag (O pag (02, f)
Yoo [ttag (D) ag (02, )1

@7 (01, g, ) =

@ Springer

03 (02, q(u) f)
g (O ag(02)pag(q @) )

Y01 [1a0 (D) tag (D20 ag (q () 5)]
(88)
Thus, @1 = (¢}, 97, -, 971" and @2 = (9], ¢3,
o
k) (Pz .
From Theorem 1, we select the virtual controller,
actual controller and parameter adaptive laws as fol-

lows:

Bi
of =~z efl—on'saied)
2
_ﬂz q I—y q 3T
e (o]l — o) Vsgi(ef) — ¥ ¢1(Z1)

11
—(02 + Dsgi(e?) — Zugiﬂ —o1)sgi(e);

P
w =~y Ued =0 se2(ed)
2
— P2 (68— o) sgaed) + &
)=} Q) 2 82(0, 1,2

n 7
—0T 92(29) — 5<|Q§| — 02)s82(0);

01 = ri(lef| — onsgir@Dvi o1 (Z1)
—B19, "7 — (B2 + 3001

52 = M(l0d] — 02)s82(03)V2(03)92(Z2)

—,311?/‘21+y — (B2 + 422)D2,

where o?i] , is generated from (51).

In this simulation, the initial condition is selected
as [vr, v2, 01, ;»] = [0.4,0.2,0.5,0.3]7; 5‘(11,1 =
&f, = 0:9 =[03,03,03,03,0,3]" and 9, =

25

[0.2,0.2,0.2,0.2,0.2]T.
45

Moreover, the parameters of the quantizer (3) are
selected by, = 0.02 and b, = 0.08, respectively; the
parameters of the observer (16) are: k| = 6,k = 8. In
addition, the other parameters in control process are
0y = 0.707,¢1 = 18,01 = 1.1,00 = 0.2, A1 =
0.15, %, = 0.25,y = 0.81. In this simulation, we
choose the predefined time 7* = 4s.

Thus, the results of this simulation can be acquired
in the Fig.s 1-5. Specifically, Fig. 1 exhibits the tra-
jectories of y with and without quantization, and also
displays the trajectories of v; and its estimation 0.
The trajectories of the state vy and its estimation Uy
are shown in Fig. 2. Figure 3 exhibits the curves of
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Fig.1 The quantized
output ¢(y), state v; and its
estimation U in Example

T
—wv; without quantization

- -q(y) with quantization

Time(sec.)

Fig. 2 The state v and its
estimation U, in Example

Time(sec.)

Fig. 3 The controller u
with quantization and
without quantization in
Example

|26
24
22

1.8
1.6

04 06 08

T*=4s

T T T

—u without quantization

- -g(u) with quantization

the control input signal # with and without quantiza-
tion. The curves of the norm of the adaptive param-
eters 91, > and the variable Q? are shown in Fig. 4
and Fig. 5, respectively. From Fig.s 1-5, the proposed
control strategy can ensure that the system (86) under
input and output quantization is practical predefined-
time stable. Moreover, the variable Q({ can converge to
a small domain within a predefined time 4s.

Time(sec.)

To further indicate the superiority of input and out-
put quantization, a comparison is presented with the
existing finite-time control method in [33] under the
same initial conditions. From Fig. 6, both the method
in [33] and the proposed scheme can make the state
variable converge to a relatively small domain. How-
ever, more energy consumption in the method in [33]
is required than the proposed scheme. Thus, the input
and output quantization before transmission can reduce
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Fig. 4 The norm of the s T T . :
adaptive parameters ¢, and
¥ in Example

— 9111

= -|ld:

T*=4s

Time(sec.)

Fig. 5 The variable of in
Example o8l

0.6—

Time(sec.)

—The proposed control scheme sl —The proposed control scheme i
1.5F i
- -The method proposed by Wang et al. sl - -The method proposed by Wang et al. |
1k i
al i
(K13 i
1 ~
S 0‘\ o TN Ny AN S R AN =
) V, [ VY VA" NG N SR TN
uf 47
o5k 0.4 |
0.2
al S AN ]
v v NA T INL
1.5F 02 R
10 12 14 16
2 . . . . 10 . . . .
o 5 20 25 o 20 25

10 15 10 15
(a) Time(sec.) (b) Time(sec.)

Fig. 6 Performance comparison between our proposed method and the method in [33]. (a) Variable Q‘f; (b) Control input «

the energy consumption. Furthermore, to confirm the fined time, the control input increases. Thus, in practi-
validity of the proposed predefined-time scheme, the cal application, we need to a trade-off between control
system performance is verified when the predefined consumption and settling time.

time is 7* = 4s, T* = 7s, respectively. From Figs. 7
(a), it can be acquired that the variable Q‘f can con-
verge to a smaller region by a smaller predefined time.
However, from Fig. 7 (b), with the decrease of prede-
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—of with T* = 4s
- -0 with T* = 7s

8 10 12 14

10 15 20 25
(a)Time(sec.)

al —u with T = 4s i

3+ --u with T = 7s E

6 8 10 12 14

10 15 20 25
(b)Time(sec.)

Fig. 7 Systems Performance within 7% = 4s, T* = 7s, respectively. (a) Variable Q‘f; (b) Control input u

6 Conclusion

For a class of pure-feedback nonlinear systems with
input and output quantization, the issue of adaptive
predefined-time control has been resolved. First of all,
by using the Butterworth filter to transform the sys-
tems to the form of strict-feedback, a class of nonlinear
functions have been constructed. On this basis and by
utilizing the FLSs to approximate them, a new fuzzy
state observer has been built. Secondly, in the back-
stepping control process, the command filtering tech-
nique has been applied to avoid the partial derivatives
of virtual control signals. Furthermore, by applying a
class of smooth functions, an intermediate auxiliary
control signal has been devised. On this basis, an actual
predefined-time controller has been obtained. Thirdly,
Lemma 9 has been proved the boundness of quantiza-
tion errors. Based on Lemma 9, the designed control
scheme has guaranteed the practical predefined-time
stability of the systems. Finally, the feasibility of this
scheme has been proved by an example.

In this proposed scheme, only the issues of control
energy consumption in signal transmission and con-
verge time are researched, but the predefined accuracy
isignored. However, many actual systems have require-
ments of convergence time and control accuracy. Thus,
for a class of pure-feedback nonlinear systems with
input and output quantization, how to design a control
scheme to make stabilization error converge to prede-
fined accuracy within a predefined time is our future
work.
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