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Abstract Due to thermal expansion of the mechan-

ical structure, assembly processes, bearing wear, and

long-term vibration during operation, a clearance fit

may occur between the bearing outer ring and its

pedestal. The clearance fit may result in relative

motion between the bearing outer ring and pedestal,

thereby altering the support characteristics of the rotor

and subsequently impacting the dynamic characteris-

tics of the rotor-bearing system. The stable operation

of the system may be at risk in this case. In this paper,

the dynamic model of the coupling system of a dual

rotor-bearing outer ring-pedestal-casing with clear-

ance fit is established based on the finite element

method and lumped parameter method. The dimen-

sionality of the system equation is reduced using the

fixed-interface component mode synthesis (CMS)

method and solved numerically. The impact of

clearance fit on the vibration characteristics of the

system is investigated under three operational condi-

tions: imbalance of the inner rotor, imbalance of the

outer rotor, and simultaneous imbalance of both two

rotors. Furthermore, an analysis is conducted to

evaluate the motion state of the system with clearance

fit. Lastly, the vibration transmission characteristics

between the rotor-bearing outer ring-pedestal-casing

are studied. The results indicate that the harmonic

components corresponding to the rotational speed

frequency of rotors will appear on the spectrum and

envelope spectrum of the system with clearance fit.

The natural frequency of the system may be excited in

the resonance region. Due to the influence of gravity,

the dynamic characteristics of the system vary signif-

icantly at low and high rotational speeds. Additionally,

the vibration transmission characteristics of the sys-

tem are significantly influenced by both the rotational

speeds and clearance fit.

Keywords Clearance fit �Dual rotor-casing system �
Nonlinear dynamics � Vibration transfer characteristic

1 Introduction

The dynamic characteristics of the rotor system in

rotating machinery play a crucial role in ensuring

stable operation. In rotating machinery such as gas

turbines, a certain clearance is typically reserved

between the bearing outer ring and the pedestal to

prevent excessive stress concentration caused by

temperature changes in the support system. This

allows for structural adjustment during thermal

expansion and contraction, while facilitating assem-

bly. The presence of clearance fit can result in collision

and friction between the bearing outer ring and the
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corresponding surface of the pedestal, leading to

nonlinear and time-varying contact characteristics that

contribute to the dynamic behavior of the rotor-

bearing system.

The impact of the radial clearance within the

bearing on the dynamic characteristics of the rotor-

bearing system has been extensively investigated by

numerous scholars. The contact problem between the

rolling element and the raceway was simplified by

Sunnersjo [1] as a nonlinear spring, and an investiga-

tion was conducted on the varying compliance vibra-

tion of the bearing. Subsequently, some scholars

incorporated the nonlinear bearing force into the rotor

system. Tiwari [2–5] conducted a study on the

unbalanced response of a rotor system supported by

ball bearings. Harsha and Bai [6–10] investigated the

vibration characteristics and stability of the rotor-

bearing system, considering nonlinear factors such as

radial clearance and bearing waviness. The scholars

also initiated the investigation of the nonlinear

response exhibited by intricate rotor systems on this

foundation. The research conducted by Wang [11]

revealed that reducing radial clearance can effectively

decrease overall vibration in aero-engines and

enhance the stability of rotor operation. Zhang [12]

and Jin [13] focused on the impact of radial clearance

in a rolling bearing on the varying compliance

vibration of a rotor system. Chen [14] analyzed the

influence of radial clearance in the intermediate

bearing on the nonlinear dynamic characteristics of

the dual rotor-bearing-casing system.

Additionally, the dynamics characteristics of a

single rotor system under the clearance fit between the

bearing outer ring and the pedestal have also attracted

attention from some scholars. Mao [15] studied the

effect of ring deformation on the dynamic character-

istics of cylindrical roller bearings. The introduction of

the clearance fit into the rotor system was subse-

quently proposed by some scholars. Liu [16, 17]

proposed a simplified model for the connection

between the bearing outer ring and the pedestal, which

consists of two linear spring-damping elements. The

stiffness of the matching interface was determined by

combining the slicing method with integral method,

enabling an investigation into the vibration character-

istics of the rotor-bearing system during bearing

failure. Chen [18] and Wang [19, 20] developed a

clearance fit model, which exhibits similarities to the

classical stator-rotor rubbing model. The investigation

focused on analyzing the impact of tightening torque

and rotor unbalance on a system with clearance fit,

while also examining the influence of a squeezed oil

film damper on system vibration caused by fit

loosening. Cao [21–23] simplified the contact problem

between the bearing outer ring and the pedestal into a

series of spring-damping systems that are uniformly

distributed. By utilizing rigid body elements, a

dynamic model of the rotor-bearing-pedestal system

with clearance fit was established, enabling the study

of its impact on system vibration. Additionally, the

design parameter of fit clearance was taken into

consideration, and an optimal scheme for the fit

clearance of the machine tool spindles was provided.

Wu [24] and Zhang [25] built a rotor-bearing-pedestal

model incorporating multiple fit clearances to inves-

tigate the impact of fit clearances and rotor unbalance

on the dynamic response of the system. Xu [26]

presented a three-dimensional clearance fit model that

incorporates the 6-DOF model of the bearing outer

ring. The vibration and contact characteristics of the

rotor-bearing system were investigated under clear-

ance fit. Furthermore, several scholars have also

focused their attention on the impact of temperature

in the context of clearance fit. The thermal deforma-

tion difference between the bearing outer ring and

pedestal of the all-ceramic bearing was considered by

Shi [27, 28], who investigated the impact of temper-

ature and rotational speed on the dynamic character-

istics of the bearing. Bai [29, 30] developed a

clearance fit model that incorporates temperature

effects to investigate the influence of bearing outer

ring spin motion on the local defect frequency offset

across various fit clearances. Other than that, the

relationship between fit clearance, rotational speed,

and acoustic radiation characteristics of bearings was

explored. Moreover, the issue of bolt loosening faults

in bearing pedestal has attracted attention from some

scholars. Lu [31], Jiang [32], and Yang [33] analyzed

the vibration and stability of the rotor system under the

condition of foundation loosening, and proposed the

assessment method of foundation loosening under

constant rotational speed.

In addition to the aforementioned studies, a

substantial number of scholars have also conducted

research on modeling and the dynamic characteristics

of dual-rotor systems. Fei [34] established a typical

dual rotor model based on the finite element method.

Lu [35] modeled a dynamic model for a dual rotor
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system supported by ball bearings and studied the

time-varying stiffness of the bearings as well as the

vibration characteristics of the system in relation to

radial clearance. Kang [36] investigated the backward

whirling characteristics of a counter-rotating dual

rotor-bearing system.Wang [37] employed theoretical

and experimental methods to obtain the inherent

characteristics and unbalanced response of a dual

rotor system. Hou [38] used the Lagrange equation to

derive the dynamic equation of a dual rotor-bearing

system and discussed its combined resonance prob-

lem. The study conducted by Jin [39] focused on the

dimension reduction method of a complex dual rotor-

bearing model. It is worth noting that Hou [40]

presented a theoretical solution for the vibration

response of the dual rotor system and investigated

the influence of parameters such as speed ratio and

radial clearance on the system’s vibration. The

vibration characteristics of dual-rotor systems with

coupling misalignment have also been the focus of

attention for certain scholars. Lu [41] investigated the

dynamic characteristics of the dual rotor bearing

system with parallel misalignment. Wang [42] pro-

posed a dynamic model of a dual rotor system with

unbalance-misalignment coupling faults. The dual

rotor systems with rub-impact fault have also been the

subject of research by several scholars. Jin [43]

established a model of a dual rotor-coupling misalign-

ment systemwith blade-casing rubbing. Yang [44] and

Wang [45] studied the vibration characteristics of a

dual rotor-casing system in the presence of bearing

loosening and rub-impact faults. Yu [46, 47] built an

ANSYS model for a dual-rotor system in an aero-

engine and investigated the dynamic characteristics of

the system when subjected to sudden unbalance and

rub-impact faults caused by blade shedding. The

vibration response and stability of a dual rotor system

under rub-impact faults were studied by Yang [48],

Sun [49, 50], Fu [51], and Wang [52]. It is worth

noting that Yu [53] focused on the dynamic behaviors

of the dual rotor system in the presence of rub-impact

faults occurring between the low-pressure and high-

pressure rotors. Furthermore, Gao [54] investigated

the mechanism of sudden shock vibration in the dual

rotor system while considering a local defect in the

outer ring of the intermediate bearing. Wang [55] and

Gao [56] analyzed the vibration characteristics of a

dual-rotor system under single point fault and com-

pound fault of the intermediate bearing. Lu [57]

simulated the nonlinear dynamic response of a dual

rotor systemwith crack faults. Gao [58–60] studied the

coupling mechanism between the dynamic behaviors

of a dual rotor system and the thermal behaviors of the

intermediate bearing under dynamic loads.

In the current research, scholars primarily focus on

the modeling method of clearance fit and the issue of

nonlinear vibration response in bearing or single-rotor

systems under clearance fit. The focus of dual-rotor-

bearing systems lies primarily on the modeling and

solution methods, while also exploring the impact of

various factors such as internal radial clearance of

bearings, coupling misalignment, blade-casing rub-

bing, rub-impact faults occurring between the low-

pressure and high-pressure rotor, bolt loosening faults

in bearing pedestal, and thermal behaviors of the

bearing on the rotor systems. However, nonlinear

dynamic problems caused by the clearance fit between

the bearing outer ring and the pedestal are of less

concern in terms of the dual rotor-bearing-pedestal-

casing system. The rolling bearing serves as the core

component of the rotor system in rotating machinery,

such as gas turbines. The presence of a certain

clearance between the bearing outer ring and the

pedestal may arise due to factors such as assembly

design, machining errors, temperature variations, and

wear during operation. This clearance is known as fit

clearance. The fit clearance may result in significant

vibration and shock response within the rotor-bearing

system, thereby inevitably impacting the operational

performance of the system. Additionally, the issue of

clearance fit is present not only in the single rotor-

bearing system but also in the dual rotor-bearing

system. Being distinct from a single rotor, the dual-

rotor system comprises an inner rotor and an outer

rotor that generally operate at distinct rotational

speeds. Consequently, the dual rotor system is simul-

taneously subject to two unbalanced excitations of

different frequencies during operation. More impor-

tantly, the dual-rotor configurations with intermediate

bearings are generally employed in certain gas

turbines, thereby enhancing the dynamic coupling

effect between the inner and outer rotors. In summary,

it is essential to investigate the dynamic characteristics

of the dual rotor-bearing outer ring-pedestal-casing

system and elucidate the correlation between fit

clearance and system vibration, considering both the

imbalances of inner and outer rotors, nonlinearity of
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bearing forces, and clearance fit between bearing outer

ring and the pedestal.

In this paper, the clearance fit model between the

bearing outer ring and the pedestal is established, and

then the dynamic equations of the dual rotor-bearing

outer ring-pedestal-casing are derived based on the

finite element method and lumped parameter method.

The dimensionality of the system equation is reduced

through the application of the fixed-interface CMS

method. The impact of rotor unbalance, rotational

speed, and fit clearance on the vibration characteristics

and stability of the system are investigated. Addition-

ally, it delves into the discussion of vibration transfer

characteristics among the rotor-bearing outer ring-

pedestal-casing. The results presented in this paper

offer a comprehensive understanding of the vibration

behaviors of the dual rotor system under clearance fit,

thereby providing valuable insights into the process of

structural design.

2 Model of a dual rotor–bearing outer ring–

pedestal-casing system

2.1 Geometric structure

A dual rotor-bearing outer ring–pedestal-casing model

is established based on reference [34], as depicted in

Fig. 1. The system consists of an inner rotor, an outer

rotor, a casing, bearings, and pedestals. The blade disk

systems on both rotors have been simplified into rigid

disk elements. The inner rotor is supported by bearings

1 and 2, while bearing 3 supports the outer rotor.

Bearing 4 serves as an intermediate bearing that

connects the inner and outer rotors. The supports 1 and

2 are used to restrict the movement of the casing. The

detailed structural parameters can be found in

Appendix 1. A Timoshenko beam model incorporat-

ing gyroscopic effects is employed for both the inner

and outer rotors, while a non-rotating hollow

Timoshenko beam model is utilized for the casing.

The interference fit is adopted between the bearing

inner ring and rotor. The bearing outer ring and the

pedestal are treated as concentrated masses and their

dynamic models are established using the lumped

parameter method. The interaction between the bear-

ing outer ring and pedestal primarily occurs in the

radial directions, with limitations imposed on their

axial and rotational degrees of freedom.

2.2 The force between the inner and outer rings

of the bearing

Figure 2 shows a model of an elastic restoring force

for a rolling bearing. The contact between the rolling

element and the inner and outer rings is simplified as

two spring-damping systems, namely kin-cin and kout-

cout. Due to the small mass of the rolling body

Fig. 1 The structure diagram of a dual rotor-bearing outer ring-pedestal-casing system
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compared to that of the ring, it can be disregarded, and

the force transfer relationship between the inner and

outer rings can be obtained by connecting their

respective spring-damping systems in series. The

inner and outer rings of the bearing are interconnected

through numerous a multitude of evenly distributed

spring-damping systems. According to Hertz contact

theory for rolling bearings, disregarding damping

effects, the elastic force generated by the contact

between the jth rolling element and the inner and outer

rings is

fj ¼ kbd
1:5
j HðdjÞ ð1Þ

where kb represents the equivalent contact stiffness,

H(�) denotes the Heaviside function, and dj is the

contact deformation and there is

dj ¼ xi � xoð Þ cos hj þ yi � yoð Þ sin hj � d0 ð2Þ

where xi, xo. yi, yo are the displacements of the inner

and outer rings in the x and y direction, respectively. d0
is the radial clearance, and hj is the azimuth of the jth

rolling element, as

hj ¼ wct þ 2p j� 1ð Þ=Z ð3Þ

where wc is the rotational speed of the cage and Z is the

number of rolling elements, then the force between the

inner and outer rings of the bearing is

fx ¼ kb
XZ

j¼1

d1:5j HðdjÞ cos hj ; fy

¼ kb
XZ

j¼1

d1:5j HðdjÞ sin hj ð4Þ

2.3 Clearance fit model between bearing outer

ring and pedestal

The force model between the bearing outer ring and

pedestal is considered as a friction collision model

between the two stators, similar to the rub-impact

model between the blade and the casing [18]. The

collision force and friction are derived in this

section. Figure 3 illustrates the clearance fit model

between the bearing outer ring and the pedestal. The fit

clearance dc is defined as the difference between the

outer radius of the outer ring Ror and the inner radius of

the pedestal Rp. The initial center position of the outer

ring and the pedestal is denoted as pointO, while point

p represents the central position of the outer ring with

respect to the motion of the pedestal. Additionally, b
refers to the angle formed by the contact point of the

outer ring and the pedestal relative to the x-axis. The

generation of supporting force occurs when the

relative displacement between the bearing outer ring

and the pedestal exceeds the fit clearance.

The vibration displacement and velocity of the

outer ring in the x and y directions are denoted as xor,

vxor, yor, and vyor, respectively. Similarly, the vibration

Fig. 2 The model of an elastic restoring force for a rolling bearing
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displacement and velocity of the pedestal in the x and

y directions are represented by xp, vxp, yp, and vyp. The

radial displacement Rop and tangential velocity Vop of

the outer ring concerning the pedestal are

Rop ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xor � xp
� �2þ yor � yp

� �2
q

ð5Þ

Vop ¼ vxor � vxp
� �

sin b� vyor � vyp
� �

cos b ð6Þ

where the angular position b of the contact point shall

satisfy the following equation, as

sin b ¼ yor � yp
� �

=Rop; cos b ¼ xor � xp
� �

=Rop ð7Þ

According to Hertz contact theory and Coulomb

law of friction, the collision force Fn and the friction

force fn can be determined as

Fn ¼ kr Rop � d
� �

; fn ¼ frFnVop

�
Vop

�� �� ð8Þ

where fr is the friction coefficient, the contact stiffness

kr can be calculated using the equation kr-
= 0.3553E0l8/9. The symbol E0 represents the equiv-

alent elastic modulus, while l denotes the effective line

contact length. The contact forces in the x and y

directions can be as follows:

px ¼ �Fn cos b� Vop

Vop

�� �� frFn sin b;

py ¼ �Fn sin bþ Vop

Vop

�� �� frFn cos b
ð9Þ

2.4 Model of outer ring and pedestal

The force transfer model of the supporting system is

illustrated in Fig. 4. It is mainly divided into four parts:

rotor, pedestal, out ring, and casing. The dynamic

equations of the bearing outer ring and pedestal are

derived under the assumption of a linear connection

between each component. However, when considering

the nonlinear force (fx, fy, px, and py) between them, the

linear stiffness can be set to 0 and this nonlinear force

can be introduced into the system as an external force.

Assuming that the ith node of the rotor is connected

to the outer ring and that the jth node of the casing is

connected to the pedestal. The variables xri, xor, xp, xcj,

yri, yp, and ycj denote the displacements of the rotor,

outer ring, pedestal, and casing in the x and y

directions. The stiffness and damping between the

rotor and outer ring are denoted as kro and cro,

respectively, while kop and cop represent the stiffness

and damping between the outer ring and pedestal.

Similarly, cpc and kpc indicate the stiffness and

damping between the pedestal and casing. The differ-

ential equation governing the motion of the outer ring

and pedestal can be formulated as follows:

mor €xor þ cop _xor � _xp
� �

þ kop xor � xp
� �

¼ frorx � morg

mor €yor þ cop _yor � _yp
� �

þ kop yor � yp
� �

¼ frory

mp €xp þ cop _xp � _xor
� �

þ kop xp � xor
� �

¼ fpcx � mpg

mp €yp þ cop _yp � _yor
� �

þ kop yp � yor
� �

¼ fpcy

8
>>>><

>>>>:

ð10Þ

where mor and mp represent the mass of the outer ring

and the pedestal, respectively. The forces exerted by

the rotor on the outer ring in the x and y directions are

Fig. 3 The model of

clearance fit between the

bearing outer ring and the

pedestal
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denoted as frorx and frory, respectively. Similarly, the

forces exerted by the casing on the outer ring in the x

and y directions are denoted as fpcx and fpcy, respec-

tively. There are

Then the dynamic equation of the supporting

system at bearing 1, 2, and 3 is expressed as a matrix

in the following format:

Mop
€Xop þ Cop

_Xop þ KopX ¼ Fopx

Mop
€Yop þ Cop

_Yop þ KopY ¼ Fopy

�
ð12Þ

where Mop, Cop, and Kop are the mass matrix of the

outer ring and the pedestal, respectively. The external

force vectors are denoted as Fopx and Fopy. Xop and Yop

are generalized displacement vectors, depicted as

Xop ¼ xor1; xp1; xor2; xp2; xor3; xp3f gT

Yop ¼ yor1; yp1; yor2; yp2; yor3; yp3f gT
�

ð13Þ

2.5 Dynamic equations of rigid disk and beam

elements

The rotor consists of multiple rigid disk elements,

uniform section and variable section beam elements,

while the casing is divided into several uniform

section beam elements. The equations of these

elements need to be derived in order to obtain the

dynamic equations of the dual rotor and casing. The

models of these three types of elements are shown in

Fig. 5. The displacement vectors of the rigid disk

element in the xos and yos plane are defined as

urd1 = [xd,hy]
T and urd2 = [yd,-hx]

T, respectively. By

substituting the kinetic energy of the disk into the

Lagrange equation, we obtain

Mrd 0
0 Mrd

� 	
€urd1

€urd2

� 

þ 0 Grd

�Grd 0

� 	
_urd1

_urd2

� 


¼ Qrd1

Qrd2

� 


ð14Þ

where Mrd and Grd are the mass matrix and rotation

matrix of the disk respectively. Qrd1 and Qrd2 repre-

sent the external force vectors.

The displacement vectors of the beam element in

the xos plane and yos plane are denoted as ub1 = [xi,-

hyi,xj,hyj]
T and ub2 = [yi,-hxi,yj,-hxj]

T, respectively. The

kinetic energy and potential energy of a beam element

with an equal section can be determined by integrating

the kinetic energy and potential energy of the

microelement ds along the length l of the beam

element. Then the translational inertia matrix MsT,

rotational inertia matrix MsR, gyro matrix Js, and

stiffness matrix Ks can be derived from the Lagrange

equation, which can be written as.

MsT ¼
Z l

0

qANTNds ð15Þ

Js ¼ 2MsR ¼ 2

Z l

0

qIDTDds ð16Þ

Fig. 4 The model of force

transfer of supporting

system

frorx ¼ �cro _xor � _xrið Þ � kro xor � xrið Þ; frory ¼ �cro _yor � _yrið Þ � kro yor � yrið Þ
fpcx ¼ �cpc _xp � _xcj

� �
� kpc xp � xcj

� �
; fpcy ¼ �cpc _yp � _ycj

� �
� kpc yp � ycj

� �
�

ð11Þ
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Ks ¼
Z l

0

EIN000TN00 þ E2I2

lAG
N000TN000

� �
ds ð17Þ

where N and D represent the shape functions [61], q
denotes material density, A is section area, I stands for

the moment of inertia, E andG are the tensile and shear

elastic moduli respectively, while l is the shear

coefficient. However, the section area A and the

moment of inertia I of the beam element of variable

section vary with the axial position and can be

represented by a polynomial function along the axial

position s [62]. The general equation for the variation

in the radius of the section with the highest degree of 2

is derived in this paper. The inner and outer radii are

denoted by rv = ars
2 ? brs ? cr and Rv = aRs

2 ? bR-
s ? cR, respectively. The cross-section shape is linear

(conical beam element) when the coefficient aR = ar-
= 0, there are

IðsÞ ¼
XmI

n¼0

In
s

l


 �n

¼ p
4

c4R � c4r
� �

þ pl bRc
3
R � brc

3
r

� � s

l


 �

þ p
2
l2 2aRc

3
R þ 3b2Rc

2
R � 2arc

3
r � 3b2r c

2
r

� � s

l


 �2

þpl3 3aRbRc
2
R þ b3RcR � 3arbrc

2
r � b3r cr

� � s

l


 �3

þ p
4
l4 6a2Rc

2
R þ 12aRb

2
RcR þ b4R � 6a2r c

2
r � 12arb

2
r cr � b4r

� � s

l


 �4

þpl5 4a2RbRcR þ aRb
3
R � 4a2r brcr � arb

3
r

� � s

l


 �5

þ p
2
l6 3a2Rb

2
R þ 2a3RcR � 3a2r b

2
r � 2a3r cr

� � s

l


 �6

þpl7 a3RbR � a3r br
� � s

l


 �7

þ p
4
l8 a4R � a4r
� � s

l


 �8

ð18Þ

AðsÞ ¼
Xms

n¼0

An
s

l


 �n

¼ p c2R � c2r
� �

þ 2pl bRcR � brcrð Þ s

l


 �

þ pl2 2aRcR þ b2R � 2arcr � b2r
� � s

l


 �2

þ2pl3 aRbR � arbrð Þ s

l


 �3

þpl4 a2R � a2r
� � s

l


 � 4

ð19Þ

The conical shape of the variable section is taken

into consideration in this paper, and the deformation

coefficient uv of the section is assumed to be a

constant, which can be determined by calculating the

section parameters at both ends of the beam element

[39]. The translational inertia matrix MsTv, rotational

inertia matrix MsRv, gyro matrix Jsv, and stiffness

matrix Ksv of conical beam elements can be obtained

by substituting Eq. (18–19) into Eq. (15–17), there are

MsTv ¼
XmS

n¼0

qAð Þn
Z l

0

s

l


 �n

NTNds ð20Þ

Jsv ¼ 2MsRv ¼ 2
XmI

n¼0

ðqIÞn
Z l

0

s

l


 �n

DTDds ð21Þ

Ksv ¼
XmI

n¼0

ðEIÞn
Z l

0

s

l


 �n

N00TN00ds

þ
XmI

n¼0

EIuvl
2

12

� �

n

Z l

0

s

l


 �n

N000TN000ds ð22Þ

Then the dynamic equation of the beam element

can be expressed as follows:

Fig. 5 The models of the three types of elements
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Fig. 6 Assembly diagram of dynamic equations a without boundary conditions; b stiffness matrix with boundary conditions
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Mb 0
0 Mb

� 	
€ub1

€ub2

� 

þ 0 XJb

�XJb 0

� 	
_ub1

_ub2

� 


þ 0 Kb

Kb 0

� 	
ub1

ub2

� 


¼ Qb1

Qb2

� 


ð23Þ

where Mb, Jb, and Kb represent the mass matrix, gyro

matrix, and stiffness matrix of the beam element with

either uniform or variable cross-sections respectively.

X denotes the rotational speed, while Qb1 and Qb2 are

the external force vectors.

2.6 Assembly of dynamic equations

Figure 6 shows the assembly diagram of the dynamic

equations for the system. The equation assembly is

conducted under the assumption that all boundary

conditions are linear. When considering the nonlin-

earity of the boundary conditions, the treatment

remains consistent with Sect. 2.4. The mass matrices

ML, MH, the rotation matrices GL, GH, and the

stiffness matrices KL, KH of the inner and outer rotors

in a plane can be obtained according to the element

combination rule of the finite element method. Sim-

ilarly, the mass matrix MC and stiffness matrix KC of

the casing can also be derived. Kwbc is the stiffness

matrix of the systemwithout considering the boundary

condition, while KRC represents the boundary condi-

tion matrix. Then the total stiffness matrix K can be

expressed as K = Kwbc ? KRC. Then the equation of

the whole system can be formulated as follows:

M €U þ C þ Gð Þ _UþKU ¼ Q ð24Þ

where the mass matrix and rotation matrix are denoted

as M and G, respectively. The Rayleigh damping

matrix is represented by C. Q represents the external

force vector, while U denotes the displacement vector,

as

U ¼ x1; hy1; x2; hy2; � � � ; x20; hy20; xor1; xp1; � � � ; xor3;
�

xp3; y1;�hx1; � � � ; y20;�hy20; � � � ; yor1; � � � ; yp3
�T

ð25Þ

3 The reduction of system dimensions

and validation of dynamic equations.

3.1 The method of dimensionality reduction.

Given the nonlinearity of the equations and a total of

92 degrees of freedom in the system, the fixed-

interface CMS method is employed to effectively

reduce the dimension of equations. The displacement

vector of the system is partition internal degrees of

freedom Ui and interface degrees of freedom Uj. The

Eq. (24) of the system is reorganized based on the

sequence of internal and interface degrees of freedom.

Mii Mij

Mji Mjj

� 	
€Ui
€Uj

� 


þ Cii Cij

Cji Cjj

� 	
þ Gii Gij

Gji Gjj

� 	� �
_Ui
_Uj

� 


þ Kii Kij

Kji Kjj

� 	
Ui

Uj

� 


¼ 0
Qj

� 

ð26Þ

The physical domain equation is transformed into

the modal domain, and the system dimension is

reduced by incorporating low-order modes that pre-

serve internal degrees of freedom. The Craig-Bampton

fixed interface coordinate transformation is

Ui

Uj

� 

¼ wk �K�1

ii Kij

0 Ij

� 	
Pk

Uj

� 

¼ T

Pk

Uj

� 


ð27Þ

where wk represents the pre-k primary mode reserved,

Pk denotes the displacement vector in the modal

domain, Ij stands for the identity matrix, and T is the

coordinate transformation matrix. The equation after

undergoing dimensionality reduction is as follows:

TT Mii Mij

Mji Mjj

� 	
T

€Pk
€Uj

� 


þ TT Cii Cij

Cji Cjj

� 	
þ Gii Gij

Gji Gjj

� 	� �
T

_Pk
_Uj

� 


þ TT Kii Kij

Kji Kjj

� 	
T

Pk

Uj

� 


¼ TT 0
Qj

� 


ð28Þ

123

12856 K. Liu et al.



3.2 Verification of dynamic equations

and analysis of inherent characteristics

The inherent characteristics and unbalanced response

of the system are verified using the software ANSYS,

as well as the initial model and dimensionality

reduction model, in order to validate the accuracy of

the dynamic equation and program derived in this

paper. The beam element in ANSYS modeling is

simulated using the Beam188 element, while the

Combi214 element represents a bearing and the

lumped mass is modeled as the Mass21 element. The

supporting system is linear, with the specific support-

ing parameters provided in Appendix 1. The two rotors

are co-rotation, with the outer rotor rotating at a speed

1.5 times that of the inner rotor. When the rotor is

stationary, the first twelve natural frequencies of the

system are presented in Table 1. Since the inherent

characteristics of plane XOZ and YOZ are identical in

the stationary rotor state, the phenomenon of equal

second-order natural frequencies is observed in

Table 1. The occurrence of this phenomenon is

typically absent during rotor rotation. It can be

observed that the natural frequencies calculated by

the three methods exhibit a high degree of consistency,

with a maximum discrepancy of only 0.08%. The

Campbell diagram of a dual rotor system is presented

in Fig. 7a, where the horizontal axis represents the

Table 1 The natural

frequency of the system

with the rotors at rest

Order Initial model (Hz) ANSYS (Hz) Error (%) CMS (Hz) Error (%)

1, 2 42.92 42.90 0.05 42.92 0.00

3, 4 109.51 109.44 0.06 109.51 0.00

5, 6 175.24 175.23 0.01 175.24 0.00

7, 8 253.77 253.80 0.01 253.77 0.00

9, 10 290.03 289.80 0.08 290.03 0.00

11, 12 344.75 344.56 0.06 344.77 0.01

Fig. 7 The verification of model a Campbell diagram; b unbalanced response

Table 2 The result of critical speeds

Main excitation Order Initial model (r/min) ANSYS (r/

min)

Error (%) CMS(r/

min)

Error (%)

Inner rotor (rotational speed of inner rotor) 1 (A1) 2893 2915 0.76 2893 0.00

2 (A2) 6789 6849 0.88 6789 0.00

3 (A3) 11,117 11,634 4.44 11,117 0.00

Outer rotor (rotational speed of outer rotor) 1 (B1) 2778 2787 0.32 2778 0.00

2 (B2) 6724 6751 0.40 6724 0.00

3 (B3) 10,960 11,180 1.97 10,960 0.00
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rotation speed of the inner rotor. The first three critical

speeds of the inner rotor’s main excitation are denoted

as A1, A2, and A3, while the first three critical speeds

of the outer rotor’s main excitation are represented as

B1, B2, and B3. The comparison of unbalance

responses among the three models at a rotation speed

of 2000 r/min in Fig. 7b, revealing a remarkable

similarity in their respective responses. Additionally,

the critical speeds of these three models are presented

in Table 2. By comparing the three models, it is

observed that the error of the third order critical speed

(11,117 r/min) for the main excitation of the inner

rotor exhibits the highest magnitude, measuring

4.44%. However, comparatively smaller errors are

found in estimating critical speeds for other orders.

Compared to ANSYS, the high-order critical speed

calculated in this paper exhibits a relatively larger

error compared to the low-order calculations. How-

ever, it is important to note that the investigated speed

range of the inner rotor in this study spans from 0 to

10,000 r/min. Besides, the modal shapes correspond-

ing the critical speeds of the inner rotor’s and outer

rotor’s main excitation in XOZ plane are also analyzed

in this paper, as depicted in Fig. 8. The mode shapes

corresponding to the critical speeds of both the inner

and outer rotors exhibit remarkable similarity at the

same order, owing to little differences in the natural

frequencies excited by these two cases. It can be

Fig. 8 The modal shapes corresponding the critical speeds of the inner rotor’s and outer rotor’s main excitation in XOZ plane a inner

rotor-order 1; b outer rotor-order 1; c inner rotor-order 2; d outer rotor-order 2; e inner rotor-order 3; f outer rotor-order 3
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observed that the mode shapes of the system are

primarily manifested as the rotors at this time. In

conclusion, based on the aforementioned analysis of

inherent characteristics in the system, it can be

concluded that the accuracy of both the derived model

and program presented in this paper is suitable and

effective for the following research.

4 Result analysis and discussion

4.1 The impact of clearance fit on system

vibration under linear bearing force

The support system of both the inner and outer rotors

may potentially experience a clearance fit issue.

Without loss of generality, the vibration characteris-

tics of the system are exclusively discussed in this

paper when there is a clearance fit in the inner rotor.

The issue of clearance fit for the outer rotor is similar

to that of the inner rotor. The imbalance between the

inner and outer rotors in the dual rotor system is

inevitable due to factors such as machining, assembly,

wear, and other reasons. In this section, the issue of

clearance fit at the left bearing of the inner rotor is

considered. The fit clearances are assumed to be 0lm,

20lm, and 40lm and all bearing forces are linear. The

unbalanced positions of the inner and outer rotors are

located at disk 1 and disk 3, respectively. It is assumed

that both disk 1 on the inner rotor and disk 3 on the

outer rotor have an eccentricity of 10lm. The

rotational speed range of the inner rotor under

investigation spans from 0 to 10,000 r/min, with the

vibration response of node 1 being chosen as the

designated output. Furthermore, since the ratio

between the rotation speed of the outer rotor and that

of the inner rotor remains constant, it is possible to

calculate the speed of one rotor based on the speed of

the other. In this paper, the rotation speeds of the inner

rotor are utilized to depict the operational condition of

the system.

4.1.1 Vibration characteristics of the system

under unbalance of the inner rotor

In this subsection, the inner rotor is unbalanced, while

the outer rotor is balanced. The impact of the

imbalance of the inner rotor on system vibration is

investigated under clearance fit. Figure 9a shows the

variation in the peak-to-peak value of system vibration

with speed changes across three different fit clear-

ances. The figure displays two resonance regions (I1

and I2), which primarily correspond to the system’s

resonance resulting from the first two critical speeds of

the primary excitation of the inner rotor. When the fit

clearance is 0lm, only two formants are observed.

However, when the fit clearance is 20lm and 40lm,

there will be a significant leftward shift in the positions

of the two main formants, accompanied by the

emergence of additional smaller formants within the

resonance region. Figure 9b illustrates the time

domain curve of acceleration with clearances of 0lm

Fig. 9 Vibration response under the imbalance of the inner rotor a the amplitude-frequency response; b time domain response at

rotational speed 2800 r/min
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and 20lm at a rotational speed of 2800 r/min. The

presence of an impact component in the system signal

is clearly observed, and the time interval T of the

impact signal is directly related to the frequency fi of

the inner rotor speed, satisfying the equation T�fi = 1.

The three-dimensional spectrums for the three

different fit clearances are presented in Fig. 10. The

frequency fi of the inner rotor’s speed primarily

appears in the spectrum when the clearance is 0lm.

However, a distinction arises as the spectrum demon-

strates the presence of multiple frequency components

nfi (n � 2) of the rotational speed when the fit

clearances are 20lm and 40lm. Moreover, a complex

frequency band emerges within the resonance region,

exhibiting greater prominence when the fit clearance is

40lm. The nonlinearity of the system may be ampli-

fied as the clearance increases. Figure 10 also demon-

strates that when there is a fit clearance between the

bearing outer ring and the pedestal, their collision may

induce the first order forward precession mode

frequency fn of the system, resulting in parametric

vibration within the system. It is worth noting that the

mode of the rotor system is unique compared to the

general vibration system, as it undergoes variations

with changes in rotational speed. Furthermore, the

combined frequencies of fi and fn also appear in the

spectrum at the same time.

The spectral characteristics of the displacement

signal and the envelope spectrum of the acceleration

signal are investigated to gain a more comprehensive

understanding, under the condition with a fit clearance

of 20lm. The envelope spectrum exhibits higher

sensitivity towards shock events, and the application

of envelope analysis on vibration acceleration signals

enables better detection of shock signals. The

envelope spectrum and FFT spectrum of rotational

speeds 2800 and 6800 r/min are shown in Fig. 11,

clearly demonstrating the presence of speed frequency

fi and its harmonic frequency nfi (n � 2) in both the

spectrum and envelope spectrum. However, the

amplitude of the harmonic frequency component in

the FFT spectrum is relatively lower compared to that

Fig. 10 Three-dimensional spectra of different fit clearances under unbalance of the inner rotor a 0lm; b 20lm; c 40lm

Fig. 11 The envelope spectrum and FFT spectrum at fit clearance 20lm a 2800 r/min; b 6800 r/min
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of the envelope spectrum. Additionally, both the FFT

spectrum and envelope spectrum indicate the presence

of the first order forward precession mode frequency fn
of the system and the combined frequency nfi � fn
when operating at a rotational speed of 6800 r/min in

the resonance region. The reason lies in the significant

impact force experienced by the bearing outer ring and

pedestal, which can induce resonance at the natural

frequency of the system and result in parametric

vibration.

4.1.2 Vibration characteristics of the system

under unbalance of the outer rotor

In this subsection, the outer rotor is unbalanced, while

the inner rotor is balanced. The impact of the

imbalance of the outer rotor on system vibration is

discussed under clearance fit. The variation curves of

the system’s vibration peak-peak value with rotational

speed are illustrated in Fig. 12 under three distinct fit

clearances. The system exhibits three resonance

regions, namely O1, O2, and O3, which can be

attributed to the resonances induced by the first three

critical speeds of the outer rotor’s main excitation. The

vibration response of the three fit clearances in the

resonance region O1 exhibits a consistent pattern,

while the vibration peak values differ at the resonance

regions O2 and O3 due to variations in fit clearances.

The support characteristics between the bearing outer

ring and the pedestal vary with changes in the fit

clearance, while the vibration of the system is also

influenced by the rotational speed and motion state of

the rotor, thus resulting in this phenomenon. Fig-

ure 12b depicts the time-domain curves of accelera-

tion with clearances of 0lm and 20lm at a rotational

speed of 4400 r/min. It has been observed that the

system exhibits an impact phenomenon when the fit

clearance is 20lm, the time interval T of the impact

signal, as well as the rotational speed frequency fo of

the outer rotor satisfies T � fo = 1.

Similarly, the three-dimensional spectra corre-

sponding to the three fit clearances are shown in

Fig. 13. When the fit clearance is 0lm, the nonlinear

characteristics are not significant, and only the rota-

tional speed frequency fo of the outer rotor exists in the

three-dimensional spectrum. However, when the

clearance is 20lm and 40lm, there are not only

frequency fo but also harmonic frequency components

such as 2fo and 3fo. The resonance region of the system

does not exhibit a natural frequency, which contrasts

Fig. 12 Vibration response

under the imbalance of the

outer rotor a the amplitude-

frequency response; b time

domain response at a

rotational speed 4400 r/min

Fig. 13 Three-dimensional spectrum of different fit clearances under unbalance of the outer rotor a 0lm; b 20lm; c 40lm
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with the unbalanced condition of the inner rotor. The

nonlinearity of the system is manifested in the fit

clearance of the inner rotor. The occurrence of this

phenomenon may be attributed to the transmission of

small vibrations from the unbalanced excitation of the

outer rotor to the inner rotor through the casing and

intermediate bearing.

4.1.3 Vibration characteristics under unbalance

of both the inner and outer rotors

The vibration characteristics of the system under

clearance fit are investigated in this section, consid-

ering both the inner and outer rotors with unbalanced

conditions. Figure 14a depicts the variation of the

system vibration’s peak-to-peak value concerning the

rotational speed for three different fit clearances. The

curve displays four resonance regions, namely IO1,

IO2, IO3, and IO4. Among them, the occurrence of

IO1 and IO3 can be attributed to the first and second

critical speeds, respectively, which arise from the

main excitation of the outer rotor. Similarly, the

appearance of IO2 is associated with the first critical

speed resulting from the main excitation of the inner

rotor. Additionally, the formation of IO4 is primarily

attributed to the second critical speed of the main

excitation of the inner rotor. Indeed, the third critical

speed of the main excitation of the outer rotor also

contributes to the emergence of IO4, albeit with a

smaller magnitude compared to that of the inner rotor.

Figure 14b shows the variations in the positions of the

four formants across different fit clearances. The

formant position gradually shift to the left as the fit

clearance increases, which is most pronounced in the

resonance region IO4 (large vibration). The alteration

of the fit clearance leads to a change in the supporting

characteristics of the rotor system, thereby resulting in

this phenomenon.

The three-dimensional spectrum for varying fit

clearances is shown in Fig. 15. When the fit clearance

Fig. 14 Vibration response when both inner and outer rotors are unbalanced a the amplitude-frequency response; b resonance position

under different fit clearance

Fig. 15 The three-dimensional spectrum for varying fit clearances a 0lm; b 20lm; c 40lm
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is 0lm, only the frequencies fi and fo are present in the

spectrum. However, multiple excitation frequencies

nfi and nfo (n � 1) are observed when the fit clearance

is 20lm and 40lm. Additionally, combined frequen-

cies nfi � mfo (where n and m are positive integers)

also emerge. Then the acceleration envelope spectrum

and time domain curves under three unbalanced

working conditions are shown in Fig. 16, with a fit

clearance of 20lm as the research condition and a

rotational speed of 6800 r/min (IO4 resonance region)

as the output. Compared to the unbalanced condition

of the inner rotor (as depicted in Fig. 10b), the

spectrum exhibits distinct frequencies, including fo,

2fo, fo � fi 2fi ? fo, and other characteristic compo-

nents. However, it should be noted that the natural

frequency of the system is not excited within the

resonance region. The vibration of the system in this

case is lower compared to that caused solely by the

imbalance of the inner rotor. The reason for this is that

the nonlinear system is being stimulated by multiple

distinct frequencies. The imbalance of the outer rotor

can partially mitigate the vibration resulting from the

inner rotor’s imbalance. Furthermore, when the rota-

tional speed is in resonance region IO4, the vibration

caused by the imbalance of the outer rotor is small.

To enhance our understanding of this phenomenon,

Fig. 17 presents the relative displacements of the

bearing outer ring and the pedestal under three

unbalanced working conditions at a rotational speed

of 6800 r/min. The red line represents the boundary of

the fit clearance, which is 20lm. Meanwhile, the blue

line indicates the relative position of the bearing outer

ring in relation to the pedestal. The unbalance of the

inner rotor will result in periodic lifting of the rotor,

Fig. 16 The envelope spectrum and time domain curves at a rotational speed 6800 r/min a envelope spectrum; b time domain curves

Fig. 17 The relative movement of bearing outer ring and pedestal at a rotational speed 6800 r/min a imbalance of the inner rotor;

b imbalance of the outer rotor c imbalance of both the inner and outer rotors
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leading to a complex relative motion orbit. The

bearing outer ring and the pedestal remain in non-

contact for a certain period, followed by a subsequent

collision impact between them. The distinction lies in

the fact that when there is an imbalance in the outer

rotor, the bearing outer ring and pedestal are con-

stantly in a state of contact, with varying contact

positions, yet without any pronounced impact phe-

nomenon. However, when considering the imbalance

between the inner and outer rotors simultaneously, the

rotor also undergoes periodic lifting. Nevertheless,

during this time, the relative motion trajectory remains

relatively stable with only brief periods of non-

contact. Consequently, compared to Fig. 17a, the

collision impact is significantly reduced and does not

induce resonance in the system’s natural frequency.

4.1.4 The impact of fit clearance on system vibration

response

The inner and outer rotors are both considered to be

unbalanced in this subsection, with rotational speeds

of 1000 r/min and 5500 r/min selected in the non-

resonant region. The vibration response of the system

is depicted in Fig. 18 for various fit clearances, while

the positional variation of the contact center between

the bearing outer ring and the pedestal is shown in

Fig. 19. It can be obviously observed that the vibration

in the horizontal (Y) direction is evidently more

pronounced compared to that in the vertical (X) direc-

tion. The inclusion of the vertical direction accounts

for the influence of gravity, which effectively dampens

the vibrations resulting from the imbalance in that

direction. The vibration value in the horizontal

direction increases with the increase of the fit clear-

ance at a low rotational speed of 1000 r/min, while

there is no significant change in the vibration in the

vertical direction with the increase of the fit clearance.

The difference lies in the fact that at a higher rotational

speed 5500 r/min, the vibration peak values exhibit an

increasing trend in both horizontal and vertical

directions with the increment of the fit clearance

within a small range. However, once the fit clearance

reaches a certain extent, the vibration starts to

Fig. 18 The vibration response varied with different fit clearances a 1000 r/min; b 5500 r/min

Fig. 19 The angle range of

the contact center between

the bearing outer ring and

pedestal under different fit

clearances a 1000 r/min;

b 5500 r/min
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decrease. It is believed that the main factor behind this

phenomenon is the imbalance force of the rotor and the

operational state of the system. At low rotational

speeds, the unbalanced force of the rotor is tiny,

preventing periodic lifting of the rotor. The contact

center angle range between the bearing outer ring and

pedestal is observed to be small in Fig. 19a.

In terms of vertical direction, gravity exerts a

dominant influence, resulting in small impact on

system vibration caused by clearance fit. The hori-

zontal vibration is primarily attributed to the imbal-

ance force and the fit clearance force, which impact the

supporting characteristics of the rotor system, conse-

quently leading to an increase in vibration along this

direction. Additionally, the unbalanced force of the

rotor increases at higher rotational speeds, which may

potentially make it lift at a certain time. The contact

center angle range between the bearing outer ring and

pedestal is larger in Fig. 19b compared to low

rotational speeds. However, the range of the contact

center angle will initially expand and then contract as

the fit clearance increases. Similarly, there will be an

initial increase followed by a decrease in system

vibration. Furthermore, when the fit clearance range is

between 30 and 40lm, the angle range of the contact

center becomes relatively large, corresponding to the

position of the peak-to-peak value in Fig. 18b. The

increase in fit clearance may lead to a reduction in

system vibration; however, it can also accelerate the

wear of the bearing outer ring and pedestal, as well as

generate an elevation in mechanical system temper-

ature. Therefore, it is crucial to control the amount of

fit clearance within reasonable limits.

4.1.5 The motion state analysis of the system

with clearance fit

The support characteristics of the rotor become

nonlinear and time-varying when there is a clearance

fit between the bearing outer ring and pedestal, which

may potentially lead to changes in the system’s motion

state. The operating conditions 1, 2, and 3 correspond

to the imbalance of the inner rotor, the imbalance of

the outer rotor, and both imbalances of the inner and

outer rotors respectively in this subsection. The bifur-

cation diagrams of the system are depicted in Figs. 20

and 21, corresponding to the scenarios without a fit

clearance and with a fit clearance of 40lm, respec-

tively. The motion states of operating conditions 1 and

2 exhibit single-period motion in the absence of

clearance fit, as they are both single-frequency exci-

tation systems. However, condition 3 is a dual-

frequency excitation system in which the motion of

the system exhibits both single-period and multi-

period behavior. Furthermore, the presence of a

clearance fit in the system results in the occurrence

of quasi-periodic motion in the second resonance

region of the main excitation of the inner rotor under

operating conditions 1 and 3. The key difference lies in

the fact that the system consistently maintains a single-

period motion state under operating condition 2. This

means that the motion state of the system is less

affected by the unbalance of the outer rotor when there

is a clearance fit in the inner rotor, and within a specific

range of fit clearance, the system exhibits no chaotic

motion.

Fig. 20 Bifurcation diagram without clearance fit a imbalance of the inner rotor; b imbalance of the outer rotor c both imbalances of

the inner and outer rotors
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4.2 The impact of clearance fit on system

vibration under nonlinear bearing force

The vibration characteristics of the system are inves-

tigated in this section, taking into account the nonlin-

ear elastic restoring force of the bearings under

clearance fit. The presence of both the nonlinear force

of the bearing and clearance fit is assumed in system 1,

while only the effect of bearing nonlinear force is

considered in system 2. In system 3, both the linear

force of the bearing and clearance fit are present. The

main focus lies in comparing the differences in

spectral characteristics among these three systems.

Assuming that both the inner and outer rotors exhibit

unbalanced forces, a radial clearance of 1lm is

maintained for all bearings. The response with a fit

clearance of 20lm is selected as the output. Figure 22

shows the three-dimensional spectrum of these three

systems. In comparison to system 3, the resonance

region spectrum of system 1 exhibits the first order

forward precession mode frequency fn and combina-

tion frequency fi� fn. This indicates that the resonance

region experiences a heightened level of vibration in

the system, taking into account both the nonlinearity

Fig. 21 Bifurcation diagram with clearance fit a imbalance of the inner rotor; b imbalance of the outer rotor c both imbalances of the

inner and outer rotors

Fig. 22 The three-dimensional spectrum of systems a system 1; b system 2; c system 3

Fig. 23 The envelope spectrum of the three systems at a rotational speed 1000 r/min a system 1; b system 2; c system 3
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of radial clearance and clearance fit. Additionally, it is

worth noting that when only considering the nonlinear

force of the bearing (system 2), frequencies 2fi, 2fo,

and the combined frequency fi� fowill also be present

in the spectrum; however, the presence of the

combined frequency may be less apparent. Therefore,

the presence of combined frequencies and harmonic

frequencies in the spectrum does not necessarily

indicate that it is solely attributed to clearance fit;

instead, it could also be attributed to bearing nonlin-

earity or other factors.

Furthermore, the comparison of envelope spectrum

between the three systems at low and high rotational

speeds is conducted. When considering the nonlinear

forces exerted by the bearings, the system is also

subjected to the varying compliance (VC) vibration

frequency fvc of the four bearings. Figures 23 and 24

show the envelope spectrum at the rotational speed of

1000 and 5000 r/min, respectively. In Fig. 23, the

spectrum of system 1 not only includes fi, fo, and the

combined frequency mfi � nfo as in system 3, but also

encompasses the combined frequency of fi, fo, and fvc
(f1, f2, f3, f4). The reason for this is that the small

unbalanced force of the rotor at low rotational speed

allows for a conspicuous manifestation of VC vibra-

tion, resulting in the combination of multiple excita-

tion frequencies. The spectrum of system 2 exhibits

the formation of a complex frequency band at low

frequencies, while the intermediate bearing VC

frequency f4 and its harmonics nf4 are observed in

the high-frequency range. In Fig. 24, the significant

imbalance force of the rotor at this moment mitigates

the impact of bearing VC vibration on the system. The

spectral characteristics of systems 1 and 3 are similar

when considering the clearance fit. In system 2,

frequencies fi, fo, and fi � fo only appear in the low-

frequency range, while there is no prominent fre-

quency component in the high-frequency range. To

summarize, the nonlinear force resulting from the

radial clearance of the bearing exerts a more pro-

nounced impact on low-speed operating conditions

and a relatively lesser influence on high-speed work-

ing conditions. However, the spectrum characteristics

of the clearance fit can be observed regardless of

whether the nonlinear force of the bearing is taken into

account.

4.3 The vibration transmission characteristics

among the rotor-outer ring-pedestal-casing

The vibration transmission characteristics among the

rotor-outer ring-pedestal-casing are investigated in

this section, taking into account the imbalance of both

the inner and outer rotors. The ratio g is used to

characterize the transmission characteristics of the

vibration source to the response point of concern by

quantifying the root mean square (RMS) of vibration

acceleration experienced of both the casing and rotor,

that is, vibrational transmissibility is g = RMS(ACas-

ing)/RMS(ARotor). The outputs have been designated as

the responses of the rotor (node 1) and casing (node

12) at the location of bearing 1. The linear stiffness

values for support conditions 1, 2, 3, 4, and 5 are set as

k1 = 5 � 106N/m, k2 = 1 � 107N/m, k3 = 1 � 108N/

m, k4 = 2.5 � 108N/m, and k5 = 1 � 109N/m

respectively between the bearing outer ring and

pedestal. Additionally, support conditions 6 and 7

are defined by fit clearances of 20um and 40um,

respectively. The variation curves of vibrational

transmissibility with rotational speeds across seven

Fig. 24 The envelope spectrum of the three systems at a rotational speed 5000 r/min a system 1; b system 2; c system 3
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distinct support conditions are shown in Fig. 25a. The

support conditions 3 and 7 have been selected for the

purpose of comparing the magnitude of vibration

acceleration in the system with and without clearance

fit, as illustrated in Fig. 25b. It can be observed that the

vibration transmissivity is relatively lower under

support conditions 1 and 2 compared to that under

clearance fit across a majority of the speed range;

however, it is relatively higher under support condi-

tions 3,4 and 5 compared to the clearance fit across a

majority of the speed range. The primary reason for

this phenomenon can be attributed to the disparity in

stiffness between the bearing outer ring and the

pedestal. The observation reveals that in the absence

of a clearance fit, the vibrational transmissibility of the

system increases proportionally with the stiffness

between the bearing outer ring and the pedestal.

Moreover, it is evident that there is a peak value of

vibration transmissibility in the resonance region. In

other words, by reducing the stiffness of the support

system between the rotor and the casing and avoiding

the operation of the rotor within the resonance region,

one can achieve the objective of minimizing casing

vibration. The vibration transmissibility of the system

exhibits multiple convex small peaks (burrs) overall

due to the nonlinearity of the systemwith clearance fit.

Fig. 25 The vibration responses of seven distinct support conditions a vibrational transmissibility; b comparison of support conditions

3 and 7

Fig. 26 The variation curve of RMS of vibration acceleration with rotational speeds a without clearance fit; b clearance fit
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It is worth noting that the vibration transmissibility in

the resonance region surpasses that in the non-

resonance region.

Furthermore, the vibration transmissibility remains

consistent under various fit clearances at low rota-

tional speeds (0–1500 r/min). The reason for this is

that the unbalanced force exerted by the rotor is

relatively smaller than the gravity. The rotor cannot be

lifted periodically under the clearance fit due to the

dominant influence of gravity, resulting in smaller

vibration.

Similarly, support conditions 3 and 7 have been

selected for investigation. The variation curves in

vibration acceleration of the rotor, bearing outer ring,

pedestal, and casing with changes in rotational speeds

are shown in Fig. 26. When there is no clearance fit,

the primary source of system vibration is rotor

imbalance, which leads to a gradual reduction in

vibration levels across the rotor, outer ring, pedestal,

and casing. However, in the case of a clearance fit, the

vibration source of the system can be attributed to the

rotor imbalance, as well as to the contact force and

friction resulting from the clearance fit. The collision

and impact between the bearing outer ring and the

pedestal may result in significant vibration of the

bearing outer ring. The impact energy is transmitted

through two paths: from the outer ring to the rotor, and

from the pedestal to the casing. However, it can be

noted that the vibration of the casing remains very

small.

5 Conclusion

In this paper, a dynamic model of a dual rotor-bearing

outer ring-pedestal-casing system is established using

both the finite element and lumped parameter meth-

ods. The nonlinear force resulting from clearance fit

between the bearing outer ring and the pedestal is

derived. The fixed-interface CMSmethod is employed

to reduce the dimensionality of the system equation,

and the effects of rotor imbalance, fit clearance, and

rotational speed on the dynamic characteristics of the

system are investigated. Additionally, the vibration

transmission characteristics among the rotor-bearing

outer ring-pedestal-casing under clearance fit are

discussed. The main conclusions are summarized as

follows:

(1) The presence of a clearance fit in the system

results in the appearance of the harmonic

component of the rotor’s rotational speed

frequency in the spectrum, considering the

linear stiffness of the bearing. The imbalance

of the inner rotor will excite the natural

frequency of the system within the resonance

region, as well as its combined frequency with

the speed frequency. Additionally, the imbal-

ance of the outer rotor can partially mitigate the

vibration resulting from the inner rotor’s imbal-

ance when there is a clearance fit in the inner

rotor.

(2) The vertical vibration is significantly less than

the horizontal vibration due to the effect of

gravity. The horizontal vibration will exhibit an

increase at low rotational speeds as the fit

clearance increases, while the vertical vibration

will remain relatively unchanged. The vibration

in both vertical and horizontal directions will

increase as the fit clearance increases within the

range of small clearances at higher rotational

speeds. Additionally, the system may exhibit

quasi-periodic motion under clearance fit, but

chaotic motion is not observed.

(3) When considering the nonlinear forces of bear-

ings and unbalanced forces of the two rotors,

harmonic components and combined frequency

of the exciting forces still appear in the spectrum;

however, their presence may not be apparent.

Moreover, the vibration intensity in the reso-

nance region is more pronounced when consid-

ering both the radial clearance of the bearing and

the clearance fit, as compared to a system that

only considers the clearance fit. The influence of

bearing internal excitation on system vibration is

more pronounced in low rotational speed com-

pared to high rotational speed.

(4) The vibrational transmissibility of the rotor-

outer ring-pedestal-casing system increases

proportionally with the stiffness between the

bearing outer ring and the pedestal. At low

rotational speeds, the vibrational transmissibil-

ity remains relatively unchanged for various fit

clearances. Furthermore, the vibrational trans-

missibility is higher in the resonance region

compared to the non-resonance region.
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Appendix 1: The structural geometric parameters

See Tables 3, 4, 5, 6, 7 and 8.

Table 3 Length parameters for dual rotor and casing

Inner rotor Outer rotor Casing

Symbol l1 l2 l3 l4 l5 l6 l7 l8 l9 l10 l11 l12 l13

Length(mm) 100 350 50 100 75 100 75 30 50 100 400 50 30

Table 4 Diameter

parameters for dual rotor

and casing

Inner rotor Outer rotor Casing

Element(N1-N2) – 7–8 8–9 9–10 –

Inner diameter(mm) 0 37 37–47 47 200

Outer diameter(mm) 25 50 50–60 60 204

Table 5 Parameters of

rigid disks
Disk 1 Disk 2 Disk 3 Disk 4

Mass(kg) 9.683 9.683 9.139 9.139

Diameter moment of inertia (kg�m2) 0.0245 0.0245 0.02439 0.02439

Polar moment of inertia (kg�m2) 0.049 0.049 0.04878 0.04878

Eccentricity (lm) 10 0 10 0

Table 6 Linear stiffness and damping of bearing and casing supports

Bearing 1 Bearing 2 Bearing 3 Bearing 4 Support 1 Support 2

Stiffness(N/m) 2.6 9 107 2.6 9 107 1.75 9 107 8.76 9 106 1 9 109 1 9 109

Damping(N�s/m) 1.1 9 103 1.1 9 103 1.1 9 103 1.1 9 103 2.1 9 103 2.1 9 103
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